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Math 231E − Engineering Calculus Midterm 5 Exam Review

1. Test the following improper integral for convergence. If it converges, find the value∫ ∞

0

e−
4
3
ydy

(a) Diverges

(b) Converges, value is −3
4

(c) Converges, value is 4
3

(d) Converges, value is 3
4

(e) None of the above

This is an improper integral, so we need to check for convergence.
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2. For which value of C does the following series converge?

∞∑
n=3

(
C

n+ 2
− n

3n2 + 1

)
(a) It does not converge for any value of C.

(b) 1
2

(c) 1

(d) 1
3

(e) 0

C

n+ 2
− n

3n2 + 1
=

C(3n2 + 1)

(n+ 2)(3n2 + 1)
− n(n+ 2)

(n+ 2)(3n2 + 1)

3Cn2 + C − n2 − 2n

(n+ 2)(3n2 + 1)
=

(3C − 1)n2 − 2n+ C

3n3 + 6n2 + n+ 2

∞∑
n=3

(3C − 1)n2 − 2n+ C

3n3 + 6n2 + n+ 2

If C =
1

3
, then the limit comparison test with

∑∞
n=3

1
n2 shows that the series converges

If C does not equal 1
3
, then the limit comparison test with

∑∞
n=3

1
n
shows that the series diverges
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3. If an = 3 + ln(n)6√
n
, then the sequence an:

(a) Converges to 3.

(b) Diverges to infinity.

(c) Diverges, but not to infinity.

(d) Converges to 6.

(e) Converges to 4.

an = 3 +
ln(n)6√

n

lim
n→∞

3 +
ln(n)6√

n

For large n, ln(n) < nc < cn

ln(n)6√
n

<
(n

1
24 )6

n
1
2

=
1

n
1
4

lim
n→∞

1

n
1
4

= 0

Therefore,

lim
n→∞

ln(n)6√
n

must also converge to zero.

3 + lim
n→∞

ln(n)6√
n

= 3 + 0 = 3
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4. Determine if the following integral converges or diverges∫ ∞

1

x3 + 12x− 2

x6 + 5x5 + 3x2 − 1
dx

You can use the limit comparison test to prove the behavior of the improper integral

f(x) =
x3 + 12x− 2

x6 + 5x5 + 3x2 − 1
dx

The denominator is bottom heavy by three more powers of x so we expect it to converge

g(x) =
1

x3

lim
x→∞

f(x)

g(x)
= lim

x→∞

x3 + 12x− 2

x6 + 5x5 + 3x2 − 1
∗ x3

1

lim
x→∞

x6 + 12x4 − 2x3

x6 + 5x5 + 3x2 − 1

lim
x→∞

x6 + 12x4 − 2x3

x6 + 5x5 + 3x2 − 1
∗

1
x6

1
x6

lim
x→∞

1 + 12
x2 − 2

x3

1 + 5
x
+ 3

x4 − 1
x6

=
1

1
= 1

∫∞
1

g(x) converges by p-test, therefore
∫∞
1

f(x) also converges by Limit Comparison Test

5 of 17



Math 231E − Engineering Calculus Midterm 5 Exam Review

5. Determine which of the following is true about the series:

∞∑
n=1

(−1)n

n2

(a) Not enough information to make a determination

(b) The series converges to 2
5

(c) The series diverges

(d) The series converges absolutely

(e) The series converges only conditionally

The correct answer for this problem is (d). 1
n2 converges by the p-test. Since an is decreasing and

an → 0 as n → ∞, the series absolutely converges .
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6. Find the sum of the geometric series:

12 + 12

(
7

19

)
+ 12

(
7

19

)2

+ 12

(
7

19

)3

...

(a) 20

(b) 8

(c) 19

(d) 14

(e) 7
19

This is a geometric series

∞∑
n=0

arn =
a

1− r
|r| < 1

r = 7
19
, a = 12 → 12

1− 7
19

= 19
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7. Find the sum of the series:
∞∑
n=0

cosn(x)

3n

(a) 3
3−cos(x)

(b) 1
3−cos(x)

(c) 2
3−cos(x)

(d) 3
3−sin(x)

(e) 1
3−sin(x)

Identify the geometric series

∞∑
n=0

arn−1, r =
(n+ 1)term

nterm

=
[cosn+1(x)

3n+1

] 3n

cosn(x)

cos1(x)

3
=

1

3
cos(x) < 1

This converges to: a
1−r

a = 1, r =
cos(x)

3
→ 3

3− cos(x)
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8. Determine the value of the series, if it converges:

∞∑
n=1

5n+2

6n

(a) 64

(b) The series diverges

(c) 2

(d) 125

(e) 25

∞∑
n=1

5n+2

6n
→

(5
6

)
52 r =

5

6

a
1−r

where a is the first term.

a =
53

6

53

6

( 1

1− 5
6

)
= 53 = 125
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9. Does the series converge or diverge?

∞∑
n=1

e
3
n

Test for divergence

lim
n→∞

e
3
n → 1

It diverges .
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10. Determine whether the sequence

an =

(
n+ 1

n+ 3

)2n

converges or diverges. If it converges, find its limit.

(a) 0

(b) e−2

(c) e−4

(d) 1

(e) The sequence diverges.

Take the natural log:

ln(an) = 2n ln

(
n+ 1

n+ 3

)
.

Using l’Hôpital’s rule,

lim
x→∞

2 ln
(
x+1
x+3

)
1/x

= lim
x→∞

−4x2

(x+ 1)(x+ 3)
= −4.

Therefore,

lim
n→∞

an = e−4 .

The answer is (c).
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11. Determine whether the series
∞∑
n=1

(−1)n−1

√
n

n+ 1

converges absolutely, converges conditionally, or diverges.

(a) It converges absolutely by the ratio test.

(b) It converges conditionally.

(c) It diverges because its terms do not approach zero.

(d) It converges absolutely by comparison with
∞∑
n=1

1

n2
.

(e) It diverges because the magnitudes of its terms increase.

Use the alternating series test.

bn =

√
n

n+ 1
→ 0.

To check that the terms decrease,

f(x) =

√
x

x+ 1
, f ′(x) =

1− x

2
√
x(x+ 1)2

≤ 0 for x ≥ 1.

So the alternating series converges.

For absolute convergence, compare with
∑

1/
√
n:

lim
n→∞

√
n/(n+ 1)

1/
√
n

= lim
n→∞

n

n+ 1
= 1.

Since
∑

1/
√
n diverges by the p-test, the original series converges conditionally . The answer is

(b).
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12. Use the ratio test to analyze the convergence of

∞∑
n=1

(−1)n
3nn!

nn
.

Which option gives the correct value of

L = lim
n→∞

∣∣∣∣an+1

an

∣∣∣∣
and the corresponding conclusion?

(a) L = 0; the series converges absolutely.

(b) L = 1; the test is inconclusive.

(c) L = e/3; the series converges absolutely.

(d) L = 3/e; the series diverges.

(e) L = 1/3; the series converges absolutely.

Using the ratio test, ∣∣∣∣an+1

an

∣∣∣∣ = 3n+1(n+ 1)!

(n+ 1)n+1

nn

3nn!
= 3

(
n

n+ 1

)n

.

L = lim
n→∞

3

(1 + 1/n)n
=

3

e
> 1.

Therefore, the series diverges . The answer is (d).
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13. Find the radius and interval of convergence of the power series

∞∑
n=1

(x− 2)n

n 3n
.

(a) R = 3, I = [−1, 5)

(b) R = 3, I = (−1, 5]

(c) R = 3, I = (−1, 5)

(d) R = 3, I = [−1, 5]

(e) R = 1, I = (1, 3)

Use the ratio test:

L = lim
n→∞

|x− 2|
3

n

n+ 1
=

|x− 2|
3

.

|x− 2|
3

< 1 =⇒ −1 < x < 5.

Check the endpoints:

x = −1 :
∞∑
n=1

(−1)n

n
converges by the alternating series test.

x = 5 :
∞∑
n=1

1

n
diverges.

Therefore, R = 3, I = [−1, 5) . The answer is (a).
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14. Find a power series representation for

f(x) =
1

3− x

centered at x = 0.

(a)
∞∑
n=0

xn

3n

(b)
∞∑
n=0

(−1)nxn

3n+1

(c)
∞∑
n=0

xn

3n+1

(d)
∞∑
n=0

3nxn

(e)
∞∑
n=0

xn+1

3n+1

Use the geometric series:
1

1− r
=

∞∑
n=0

rn, |r| < 1.

1

3− x
=

1

3

1

1− x/3
=

1

3

∞∑
n=0

(x
3

)n

=
∞∑
n=0

xn

3n+1
.

This is valid for |x| < 3. The answer is (c).
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15. By differentiating a geometric series, find a power series representation for

f(x) =
1

(2− x)2

centered at x = 0.

(a)
∞∑
n=0

(n+ 1)xn

2n+1

(b)
∞∑
n=0

(n+ 1)xn

2n+2

(c)
∞∑
n=0

xn

2n+2

(d)
∞∑
n=0

(−1)n(n+ 1)xn

2n+2

(e)
∞∑
n=0

nxn

2n+2

Start with the geometric series:

1

2− x
=

1

2

1

1− x/2
=

∞∑
n=0

xn

2n+1
.

Differentiate both sides:
1

(2− x)2
=

∞∑
n=1

nxn−1

2n+1
.

Change the index so the sum starts at n = 0:

1

(2− x)2
=

∞∑
n=0

(n+ 1)xn

2n+2
.

This is valid for |x| < 2. The answer is (b).
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16. By integrating a geometric series, find a power series representation for

f(x) = ln(1 + 2x)

centered at x = 0.

(a)
∞∑
n=1

(2x)n

n

(b)
∞∑
n=1

(−1)n−1(2x)n

(c)
∞∑
n=1

(−1)n(2x)n

n

(d)
∞∑
n=1

(−1)n−1(2x)n

n+ 1

(e)
∞∑
n=1

(−1)n−1(2x)n

n

Start with
2

1 + 2x
= 2

∞∑
n=0

(−2x)n =
∞∑
n=0

(−1)n2n+1xn.

Integrate both sides:

ln(1 + 2x) = C +
∞∑
n=0

(−1)n2n+1xn+1

n+ 1
.

At x = 0, ln 1 = 0, so C = 0. Changing the index gives

ln(1 + 2x) =
∞∑
n=1

(−1)n−1(2x)n

n
.

This is valid for |x| < 1/2. The answer is (e).
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