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1. Evaluate ∫ π

0

√
1− sin2 x dx.

i. 0

ii. 1

iii. 2

iv. π

v. None of the above

√
1− sin2 x =

√
cos2 x = | cosx|∫ π

0

| cosx| dx =

∫ π/2

0

cosx dx−
∫ π

π/2

cosx dx

= [sinx]
π/2
0 − [sinx]ππ/2 = 1− (−1) = 2

Answer: (c).

2. Evaluate ∫ π/2

0

(sin6 x+ cos6 x) dx.

i.
5π

32

ii.
3π

8

iii.
π

2

iv.
5π

16
v. None of the above

sin6 x+ cos6 x = (sin2 x+ cos2 x)3 − 3 sin2 x cos2 x(sin2 x+ cos2 x)

= 1− 3

4
sin2(2x) =

5

8
+

3

8
cos(4x)∫ π/2

0

(
5

8
+

3

8
cos(4x)

)
dx =

[
5x

8
+

3 sin(4x)

32

]π/2
0

=
5π

16

Answer: (d).
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3. Evaluate ∫ π/2

0

sin3 x cos5 x

(1 + sin2 x)2
dx.

i. 4 ln 2− 11

4

ii. 2 ln 2− 5

4

iii. 4 ln 2− 5

2

iv.
11

4
− 4 ln 2

v. None of the above

u = sin2 x, du = 2 sin x cosx dx, cos4 x = (1− u)2

x = 0 ⇒ u = 0, x =
π

2
⇒ u = 1

I =
1

2

∫ 1

0

u(1− u)2

(1 + u)2
du

u(1− u)2

(1 + u)2
= u− 4 +

8

u+ 1
− 4

(u+ 1)2

I =
1

2

[
u2

2
− 4u+ 8 ln(u+ 1) +

4

u+ 1

]1
0

=
1

2

(
1

2
− 4 + 8 ln 2 + 2− 4

)
= 4 ln 2− 11

4

Answer: (a).

3 of 13



Math 231E − Engineering Calculus Midterm 3 Exam Review

4. Test the integral for convergence. If it converges, find its value.∫ π/2

0

1− cos(2x)

1 + cos(2x)
dx.

i. Converges, value is 0

ii. Converges, value is 1− π

2
iii. Diverges

iv. Converges, value is
π

2
v. None of the above

1− cos(2x)

1 + cos(2x)
=

2 sin2 x

2 cos2 x
= tan2 x

lim
b→(π/2)−

∫ b

0

(sec2 x− 1) dx = lim
b→(π/2)−

[tanx− x]b0 = +∞

Diverges

Answer: (c).

5. Evaluate ∫
dx

(x2 + 4x+ 8)3/2
.

i.
x+ 2

2
√
x2 + 4x+ 8

+ C

ii.
x

4
√
x2 + 4x+ 8

+ C

iii.
x+ 2

4
√
x2 + 4x+ 8

+ C

iv. − 1

2
√
x2 + 4x+ 8

+ C

v. None of the above

x2 + 4x+ 8 = (x+ 2)2 + 4

x+ 2 = 2 tan θ, dx = 2 sec2 θ dθ, −π

2
< θ <

π

2∫
2 sec2 θ

8 sec3 θ
dθ =

1

4

∫
cos θ dθ =

1

4
sin θ + C

sin θ =
x+ 2√

x2 + 4x+ 8

x+ 2

4
√
x2 + 4x+ 8

+ C

Answer: (c).
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6. Evaluate ∫ 3

0

x2

√
9− x2

dx.

i.
3π

4

ii.
9π

2
iii. Diverges

iv.
9π

4
v. None of the above

x = 3 sin θ, dx = 3 cos θ dθ, 0 ≤ θ <
π

2
√
9− x2 = 3 cos θ

I = 9 lim
b→(π/2)−

∫ b

0

sin2 θ dθ

=
9

2
lim

b→(π/2)−

∫ b

0

(1− cos 2θ) dθ

=
9

2
lim

b→(π/2)−

[
θ − sin 2θ

2

]b
0

=
9π

4

Answer: (d).

7. For x < −4, use x = 4 sec θ with π/2 < θ < π. Which expression equals
√
x2 − 16?

i. 4 tan θ

ii. −4 tan θ

iii. 4 sec θ

iv. −4 sec θ

v. None of the above

√
x2 − 16 =

√
16 sec2 θ − 16 = 4

√
tan2 θ = 4| tan θ|

π

2
< θ < π ⇒ tan θ < 0

−4 tan θ

Answer: (b).
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8. Which is the complete general partial-fraction form?

x4 + 1

x(x− 1)2(x2 + 1)

i.
A

x
+

B

(x− 1)2
+

Cx+D

x2 + 1

ii.
A

x
+

B

x− 1
+

C

(x− 1)2
+

D

x2 + 1

iii.
A

x
+

B

x− 1
+

C

(x− 1)2
+

Dx+ E

x2 + 1

iv. A+
B

x
+

C

x− 1
+

Dx+ E

x2 + 1
v. None of the above

The numerator has degree 4 and the denominator has degree 5. No polynomial division is needed.

The repeated factor (x − 1)2 requires both powers. The irreducible quadratic requires a general
linear numerator.

A

x
+

B

x− 1
+

C

(x− 1)2
+

Dx+ E

x2 + 1

Answer: (c).

9. Evaluate ∫
x2 + 1

x(x− 1)2
dx.

i. ln |x|+ 2

x− 1
+ C

ii. ln |x| − 2

x− 1
+ C

iii. ln |x|+ 2 ln |x− 1| − 2

x− 1
+ C

iv. x+ ln |x| − 2

x− 1
+ C

v. None of the above

x2 + 1

x(x− 1)2
=

A

x
+

B

x− 1
+

D

(x− 1)2

x2 + 1 = A(x− 1)2 +Bx(x− 1) +Dx

x = 0 : A = 1, x = 1 : D = 2, A+B = 1 : B = 0∫ (
1

x
+

2

(x− 1)2

)
dx = ln |x| − 2

x− 1
+ C

Answer: (b).
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10. Evaluate ∫
x3 + 1

(x− 1)2(x2 + 1)
dx.

i.
1

2
ln |x− 1|+ 1

x− 1
+

1

4
ln
(
x2 + 1

)
+

1

2
arctanx+ C

ii.
1

2
ln |x− 1| − 1

x− 1
+

1

2
ln
(
x2 + 1

)
+

1

2
arctanx+ C

iii.
1

2
ln |x− 1| − 1

x− 1
+

1

4
ln
(
x2 + 1

)
− 1

2
arctanx+ C

iv.
1

2
ln |x− 1| − 1

x− 1
+

1

4
ln
(
x2 + 1

)
+

1

2
arctanx+ C

v. None of the above

x3 + 1

(x− 1)2(x2 + 1)
=

A

x− 1
+

B

(x− 1)2
+

Dx+ E

x2 + 1

x3 + 1 = A(x− 1)(x2 + 1) +B(x2 + 1) + (Dx+ E)(x− 1)2

A+D = 1, −A+B − 2D + E = 0

A+D − 2E = 0, −A+B + E = 1

A =
1

2
, B = 1, D =

1

2
, E =

1

2

I =

∫ (
1

2(x− 1)
+

1

(x− 1)2
+

x

2(x2 + 1)
+

1

2(x2 + 1)

)
dx

1

2
ln |x− 1| − 1

x− 1
+

1

4
ln
(
x2 + 1

)
+

1

2
arctanx+ C

Answer: (d).
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11. Test the integral for convergence. If it converges, find its value.∫ ∞

0

dx

(x+ 1)(x2 + 1)2
.

i. Converges, value is
π − 2

8

ii. Converges, value is
π + 1

4
iii. Diverges

iv. Converges, value is
π − 1

4
v. None of the above

1

(x+ 1)(x2 + 1)2
=

A

x+ 1
+

Bx+D

x2 + 1
+

Ex+ F

(x2 + 1)2

1 = A(x2 + 1)2 + (Bx+D)(x+ 1)(x2 + 1) + (Ex+ F )(x+ 1)

A =
1

4
, B = −1

4
, D =

1

4
, E = −1

2
, F =

1

2

1

(x+ 1)(x2 + 1)2
=

1

4(x+ 1)
− x

4(x2 + 1)
+

1

4(x2 + 1)
− x

2(x2 + 1)2
+

1

2(x2 + 1)2

For the last term:

x = tan θ,

∫
dx

(x2 + 1)2
=

∫
cos2 θ dθ

=
θ

2
+

sin 2θ

4
+ C =

1

2
arctanx+

x

2(x2 + 1)
+ C

Combining the terms:

I = lim
b→∞

[
1

4
ln(x+ 1)− 1

8
ln
(
x2 + 1

)
+

1

2
arctanx+

x+ 1

4(x2 + 1)

]b
0

1

4
ln(b+ 1)− 1

8
ln
(
b2 + 1

)
=

1

8
ln

(
(b+ 1)2

b2 + 1

)
−→ 0

I = 0 +
π

4
+ 0− 1

4
=

π − 1

4

Answer: (d).
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12. For which real values of p and q does the integral converge?∫ ∞

0

xp

|x− 1|q(1 + x2)
dx.

i. p > −1, q < 1, p < q + 1

ii. p > −1, q < 1

iii. p ≥ −1, q ≤ 1, p ≤ q + 1

iv. p > −1, q > 1, p < q + 1

v. None of the above

Let

f(x) =
xp

|x− 1|q(1 + x2)
.

At x = 0:

lim
x→0+

f(x)

xp
= 1∫ 1/2

0

xp dx converges ⇐⇒ p > −1.

At x = 1:

lim
x→1

f(x)

|x− 1|−q
=

1

2∫ 1/2

0

t−q dt converges ⇐⇒ q < 1.

At infinity:

lim
x→∞

f(x)

xp−q−2
= 1∫ ∞

2

xp−q−2 dx converges ⇐⇒ p− q − 2 < −1.

p > −1, q < 1, p < q + 1

Equality at any boundary gives a divergent integral of the form
∫
dt/t.

Answer: (a).
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13. For which real value of a does the integral converge, and what is its value?∫ ∞

0

(
x2

(x2 + 4)3/2
− a

x+ 2

)
dx.

i. a = 1, value is ln 2

ii. a = 1, value is ln 2− 1

iii. a =
1

2
, value is

1

2
ln 2− 1

iv. Diverges for every real a

v. None of the above

x = 2 tan θ, dx = 2 sec2 θ dθ, 0 ≤ θ <
π

2∫
x2

(x2 + 4)3/2
dx =

∫
tan2 θ

sec θ
dθ =

∫
(sec θ − cos θ) dθ

= ln | sec θ + tan θ| − sin θ + C

= ln

(
x+

√
x2 + 4

2

)
− x√

x2 + 4
+ C

I = lim
b→∞

[
ln

(
b+

√
b2 + 4

2

)
− b√

b2 + 4
− a ln(b+ 2) + a ln 2

]

= lim
b→∞

[
(1− a) ln b+ ln

(
1 +

√
1 + 4/b2

2

)
− 1√

1 + 4/b2
− a ln(1 + 2/b) + a ln 2

]
The limit is finite only when a = 1.

I = 0 + 0− 1− 0 + ln 2 = ln 2− 1

Answer: (b).
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14. Which statement is correct?

I =

∫ ∞

2

dx

x
√
x2 − 4

, J =

∫ ∞

2

dx

x2 − 4
.

i. Both converge.

ii. I converges and J diverges.

iii. I diverges and J converges.

iv. Both diverge.

v. None of the above

For I:
x = 2 sec θ, dx = 2 sec θ tan θ dθ, 0 < θ <

π

2

dx

x
√
x2 − 4

=
1

2
dθ

I =
1

2
lim

α→0+

∫ π/4

α

dθ +
1

2
lim

β→(π/2)−

∫ β

π/4

dθ

=
π

8
+

π

8
=

π

4

For J :
1

x2 − 4
=

1

4

(
1

x− 2
− 1

x+ 2

)
lim
a→2+

∫ 3

a

dx

x2 − 4
=

1

4
lim
a→2+

[
ln

∣∣∣∣x− 2

x+ 2

∣∣∣∣]3
a

=
1

4
lim
a→2+

(
ln

1

5
− ln

a− 2

a+ 2

)
= +∞

I converges and J diverges

Answer: (b).
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15. Evaluate using trigonometric substitution and partial fractions.∫ √
5

0

x
√
x2 + 4

(x2 + 1)2(x2 + 3)
dx.

i.
3

8
+

ln
(
2 +

√
3
)

4
√
3

+
1

8
ln

(
3

2

)
ii.

3

8
−

ln
(
2 +

√
3
)

4
√
3

+
1

8
ln

(
3

2

)
iii.

3

8
−

ln
(
2 +

√
3
)

4
√
3

− 1

8
ln

(
3

2

)
iv.

3

4
−

ln
(
2 +

√
3
)

2
√
3

+
1

4
ln

(
3

2

)
v. None of the above

x = 2 tan θ, dx = 2 sec2 θ dθ,
√
x2 + 4 = 2 sec θ

0 ≤ θ ≤ arctan

(√
5

2

)

I =

∫ arctan(
√
5/2)

0

8 tan θ sec3 θ

(4 tan2 θ + 1)2(4 tan2 θ + 3)
dθ

4 tan2 θ + 1 = 4 sec2 θ − 3, 4 tan2 θ + 3 = 4 sec2 θ − 1

u = 2 sec θ, du = 2 sec θ tan θ dθ

x = 0 ⇒ u = 2, x =
√
5 ⇒ u = 3

I =

∫ 3

2

u2

(u2 − 3)2(u2 − 1)
du

First split the rational expression:

u2

(u2 − 3)2(u2 − 1)
=

A

u2 − 3
+

B

(u2 − 3)2
+

D

u2 − 1

u2 = A(u2 − 3)(u2 − 1) +B(u2 − 1) +D(u2 − 3)2

u2 = 3 : B =
3

2
, u2 = 1 : D =

1

4
, A+D = 0 : A = −1

4

u2

(u2 − 3)2(u2 − 1)
= − 1

4(u2 − 3)
+

3

2(u2 − 3)2
+

1

4(u2 − 1)

Let r =
√
3. Factoring the remaining denominators gives

u2

(u2 − 3)2(u2 − 1)
= − 1

4r

(
1

u− r
− 1

u+ r

)
+

1

8

(
1

(u− r)2
+

1

(u+ r)2

)
+

1

8

(
1

u− 1
− 1

u+ 1

)

I =

[
− 1

4r
ln

(
u− r

u+ r

)
− 1

8

(
1

u− r
+

1

u+ r

)
+

1

8
ln

(
u− 1

u+ 1

)]3
2
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=

[
− 1

4r
ln

(
u− r

u+ r

)
− u

4(u2 − 3)
+

1

8
ln

(
u− 1

u+ 1

)]3
2

(3− r)(2 + r)

(3 + r)(2− r)
= 2 + r,

(3− 1)/(3 + 1)

(2− 1)/(2 + 1)
=

3

2

I = − ln(2 + r)

4r
+

(
−1

8
+

1

2

)
+

1

8
ln

(
3

2

)
3

8
−

ln
(
2 +

√
3
)

4
√
3

+
1

8
ln

(
3

2

)
Answer: (b).
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