I ILLINOIS

Center for Academic Resources in Engineering (CARE)
Peer Exam Review Session

Math 231E — Engineering Calculus

Midterm 3 Worksheet Solutions

The problems in this review are designed to help prepare you for your upcoming exam. Questions pertain
to material covered in the course and are intended to reflect the topics likely to appear in the exam. Keep
in mind that this worksheet was created by CARFE tutors, and while it is thorough, it is not comprehensive.
In addition to exam review sessions, CARE also hosts reqularly scheduled tutoring hours.

Tutors are available to answer questions, review problems, and help you feel prepared for your
exam during these times:

Tutors: Oct. 11, 3-4:50pm Aadya and Amishi

Can’t make it to a session? Here’s our schedule by course:
https://care.grainger.illinois.edu/tutoring/schedule-by-subject

Solutions will be available on our website after the last review session that we host.

Step-by-step login for exam review session:

. Log into Queue @ Illinois: https://queue.illinois.edu/q/queue/979
. Click “New Question”
. Add your NetID and Name

. Press “Add to Queue”

Please be sure to follow the above steps to add yourself to the Queue.

Good luck with your exam!


https://care.grainger.illinois.edu/programs/exam-review-sessions/
https://care.grainger.illinois.edu/tutoring/schedule-by-subject
https://queue.illinois.edu/q/queue/979
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. Evaluate -
/ V1 —sin? z dz.
0
0
1
2
T
. None of the above

V1 —sin?2 = Vcos? x = | cos x|

T w/2 ™
/ ]cos:c|d:c—/ cos:cd:r:—/ cos x dx
0 0 /2

= [singc]g/2 — [sinxﬁ/g =1—(-1)=

Answer: (c).

. Evaluate

w/2
/ (sin z + cos® z) du.
0

5%

Wl He| FE

5T
16

. None of the above

sin® x + cos®

3 5)
=1— —sin®(22) = -

3
1 3 -+ 3 cos(4x)

x = (sin®x + cos? 2)* — 3sin® z cos® x(sin® x + cos® x)

"2 (5 3 5z 3sin(dz)]™®  [brm
4 2cos(da) ) do = | = 4+ 22 =22
/o (8 + 8(:05( a")) T {8 + 5 ] 16

0

Answer: (d).
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3. Evaluate
/ /2 gin® 2 cos® x
—  dx
o (1+sin®z)?
11
4In2 — —
i. 41n 1
5
1. 2In2 — —
ii. 2In 1
5
iii. 4In2 — =
iii. 41n 5
11
iv. Z—41n2

v. None of the above

u = sin’z, du = 2sinx cos x dz, costz = (1 —u)?
r=0=>u=0, x:giuzl
1 1 1— 2
]_/ ul—w)f®
2 )y U+
1 — 2
(1+u)? u+1l  (u+1)2
1 [u? 4 7
[=—-|——-4 81 1
2[2 u+ 8In(u + )+u+1L
L(1 448n2+4+2-4 41n2 1
= — —_— n — — n -
2\ 2 4

Answer: (a).
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4. Test the integral for convergence. If it converges, find its value.

w/2 1 — 92
/ cos(2x) I
o 1+ cos(2z)
i. Converges, value is 0
. . T
ii. Converges, value is 1 — —
iii. Diverges
. .m
iv. Converges, value is 5

v. None of the above

1 —cos(2z)  2sin’z
1 +cos(2z)  2cos’w

= tan’x

b
lim / (sec?z — 1)dr = lim [tanz — 2]} = +o0
b—(/2)~ Jo b—(m/2)~

Diverges

Answer: (c).

5. Evaluate

/ dx
(22 + 4z + 8)3/2
T+ 2

+C
2vx2 + 4z + 8

X

+C
42?2 +4x + 8
2
i, Tt +C
4v/ 22 + 4x + 8
1

+C
2vVx2 + 40+ 8

v. None of the above

ii.

v, —

2’ fdr+8=(z+2)°%+4

r+2=2tané, dr = 2sec? 0 db, —g<9<g
2sec? 1 1 .
/8SOC30d0:4/cos€d9:431110+0
) T+ 2
sinf) = ——————
Va2 +4r+8

T+ 2
+C
A a2 + 40+ 8

Answer: (c).
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. Evaluate

3

4
97

2
Diverges
I

4

. None of the above

™

x = 3sinb, dxr = 3cosfdb, 0§9<2

V9 — 22 = 3cosb

b
=9 lim sin? 6 do
b—(/2)~ Jo
9 b
== lim (1 — cos26)df
2 b=(r/2)~ Jo

4

) _
2 b—(n/2)~ 2

. b
lim [9 _ sin 29} O

0
Answer: (d).

For x < —4, use x = 4sec with /2 < 6 < w. Which expression equals vz — 167

4tanf
—4tan 6
4sect
—4sech

. None of the above

V2 —16 = V16sec2§ — 16 = 4Vtan? = 4| tan 0|

g<9<7r = tanfd <0

Answer: (b).
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8. Which is the complete general partial-fraction form?

rt+1
x(r —1)%(x2 4+ 1)

B Cx+D
>2+ 2+ 1
C D

x—1+(:v—1)2+x2+1
B C Dz +FE
T T 2t
Dz + E

2?2 +1

+
)
|
—

+

ii.

1ii.

SHISSEC R R IS
Sy

+

r—1

B
iv. A+E+ ¢

z—1
v. None of the above

The numerator has degree 4 and the denominator has degree 5. No polynomial division is needed.

The repeated factor (z — 1)? requires both powers. The irreducible quadratic requires a general

linear numerator.

A B . C Dx+ E
x -1 (x—=1)2 22+1
Answer: (c).
9. Evaluate
/x2+1 p
— dx.
z(z —1)2
i ln|x|+—1+C’
2
i. njz| - ——+C
r—1
2
iii. Inlz|+2n|z -1 - ——+C
r—1
2
iv. 4+ Iz - ——+C
r—1

v. None of the above

11 A, B D

r(z—1)2 =z -1 (z—1)2

2> +1=A(x —1)*+ Bx(x — 1) + Dx

r=0: A=1, r=1: D=2, A+B=1:

2
In|z|] - ——+C
r—1

/Cﬁ(x—Ql)?) e

Answer: (b).
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10. Evaluate

1 1 1 1
i. 5111|31:—1|+—+4 n(z® +1) + 58 arctanx + C'

1 1 1 1
ii. 51n]x—1|——+21n(x2+1)+§ arctanz + C'
Lo 1 5 1
iii. §ln|x—1|——+4ln(x +1) — 58 arctanz + C'

1 1 1 1
iv. 51n]:c—1|——+4—11n(:c2—|—1) 52 arctanz + C'
v. None of the above

3+ 1 A B Dx+ FE

G122 +1) 1—-1 (@=12 " 2+1
P+ 1=Alrx—-1) (2> + 1)+ B@* + 1)+ (Dx + E)(x — 1)

A+D=1, —A+B-2D+E=0
A+D-2E=0, —-A+B+E=1
aclopoy ool el

2 2 2

1= / (2(:1;1— TR —1 e 2(x2x+ nt 2(:c21+ 1)> de

1 1 1 1
§1n]$—1\—E+Zln(x2+1)+§arctanx+0

Answer: (d).
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11. Test the integral for convergence. If it converges, find its value.

/ > dx
o (x+1)(x2+1)2
-2

i. Converges, value is WT

.. o+ 1

ii. Converges, value is 1
iii. Diverges

. .o —1
iv. Converges, value is 0

v. None of the above

1 A Bxr+D FEx+F

Cr D)@ +1)? 241 241 T @rp

1=A@*+1)*+ (B + D)(z + 1)(2* + 1) + (Ex + F)(z + 1)
1 1 1 1

A==, B=—--, D=-, E=-—-, F=
4 4 4 2

1 1 T 1 x 1

Gt )@ +12 i+ 1) HZ11) 4240 22412 22+ 1)p

r = tan6, /d—x:/COS29d9
2 +1)?

For the last term:

Combining the terms:

b—o0

1 1 1 1 7°
I = lim |:Z hl(l‘ + 1) — gln(:pQ + 1) + 5 arctan x + 4(22——:_1):|

0

1 1 1 b+ 1)
Zm@+m—§mwﬁu):—m((+))—%o

8 b2+ 1
T 1 T—1
_[: — —_—— =
O—|—4+0 1 1

Answer: (d).
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For which real values of p and ¢ does the integral converge?

/0 |z — 1|9(1 + 22) a

.p>—-1, g<1, p<qg+1

p>—1, qg<1
p>—1, g>1, p<qg+1

. None of the above

Let ,
x
1@ = Ty
Atz =0:
TG
z—0+ P
1/2
/ 2P dx converges <= p > —1.
0
Atz =1: .
im @) 1
z—1 |aj — 1|7q 2
1/2
/ t~1dt converges <= q < 1.
0
At infinity:

i

z—00 P42

=1

/ 2P~ dx converges <= p—q—2 < —1.
2

’p>—1, q <1, p<q—|—1‘

Equality at any boundary gives a divergent integral of the form [ dt/t.

Answer: (a).
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13. For which real value of a does the integral converge, and what is its value?

/oo I’Q B a "
o \(224+4)32 z+2 '

i. a =1, value is In2

ii. a=1, valueisIn2 — 1

1

iii. a = —, valueis = In2 —1
2 2

iv. Diverges for every real a
v. None of the above

xr = 2tan6, dz = 2sec® 0 db, 0§9<g

z? tan? 6
/de—/ sec de—/(sece—cosg)dg

= In|secf + tan 6| — sinf + C

1 <x+\/:c2+4> x
=1In —

2 x2+4

+C

I = lim
b—00

(e VPEa) b
2 V0?2 +4

14+ +/1+4/b2
= lim [(1—a)lllb—i—ln< + 2+ / )— ! —aln(l—i—Z/b)—l—aan]

—aln(b+2) +aln2]

b—o0 \/m

The limit is finite only when a = 1.

[=0+0-1-0+1n2=[In2—1]

Answer: (b).
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Which statement is correct?

B 2 .I\/l‘2—4’ B 2 X

2_4'

. Both converge.

I converges and J diverges.
I diverges and J converges.
Both diverge.

. None of the above

For I:
r = 2secl,

dx
zvx? —4

1 /4 1
I == lim / df + —

a—0t

For J:

. 3 dx 1 .
lim ——— = — lim
a=2t J, 2 —4  4as2t

:1 lim <ln1—ln

4 g—2+ 5

dx = 2sect tan 0 df,

1
—df
2

r—2
+ 2

)= oc

’I converges and J divorgos‘

Answer: (b).
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15. Evaluate using trigonometric substitution and partial fractions.

/‘/5 V22 + 4
o (

2+

+

ii.

iii. —— ——— ——1In

ln(2 + \/3)
2v/3

v. None of the above

1v.

=~ W oo

x = 2tand, dr = 2sec® 0 db, Va?+4 = 2sech

0 <6 < arctan (?)
/o /arcwn(\/gﬂ) 8 tan  sec® 0 0
) (4tan?6 + 1)2(4tan® 6 + 3)

4tan® 6 + 1 = 4sec? 0 — 3, 4tan®h + 3 = 4sec? 6 — 1
u = 2sec, du = 2sect tan 6 df
r=0=u=2, r=vV5=u=3

3 uQ
I = d
/2 (W =32 —1) "

First split the rational expression:

u? A . B N D
(w2 —3)2(w2—1) w2—-3 (u2—3)2 wu2-1
uw? = A(u® —3)(u® — 1) + B(u® — 1) + D(u® — 3)?
3 1 1
2_-3: = — 2_1: = — A =0: A= —=
u"=3: B 5 u D 1 +D=0 1
u? 1 3 1

(2 —32@—1) 4@—3) 232 iZ-1)

Let r = /3. Factoring the remaining denominators gives

u? 1 1 1 1 1 1 1 1 1
== - += + +2 -
(u? —3)%(u? —1) dr \u—r u+r 8\ (u—r)2  (u+r)? S\u—1 wu+1

1 w—r 1/ 1 1 1. (u—1\1°
I=|——In - = + +-1In
4r u-+r 8\u—r u+r 8 ut+1l)],
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Answer: (b).
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