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1. Which of the following are equivalent to the following?

1

4 + i

(a) 4− i

(b) i+ 4

(c)
4

17
− i

17

(d)
4√
17

− i√
17

To start off, we need to multiply by the conjugate of

1

4 + i

1

4 + i
∗ 4− i

4− i
=

4− i

16 + 1

4− i

16 + 1
=

4

17
− i

17

2. What is the simplified form of the following?

( 2 + i

1 + 4i

)2
(a)

3

8i− 15

(b)
24

5
+

7

5
i

(c) −20

46
− 30

46
i

(d)
−13

289
− 84

289
i

To start solving this problem, we need to multiply by the conjugate.

2 + i

1 + 4i
∗ 1− 4i

1− 4i
=

6− 7i

17

But we still need to square this value!

(6− 7i

17

)2
=

36− 84i− 49

289
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36− 84i− 49

289
=

−13

289
− 84i

289

3. Compute the value of

(
−1 + i

√
3
)2026

(1 + i)2020

(a) 21016ei
5π
3

(b) 21016ei
π
3

(c) 21010ei
5π
3

(d) 22026ei
5π
3

First, convert the complex numbers into polar form.

For −1 + i
√
3,

r =

√
(−1)2 + (

√
3)2 = 2

Since the point (−1,
√
3) lies in Quadrant II and has angle π

3
,

θ = π − π

3
=

2π

3

=⇒ −1 + i
√
3 = 2ei

2π
3

Similarly, 1 + i =
√
2ei

π
4

Now, substitute these into the original expression

(
−1 + i

√
3
)2026

(1 + i)2020
=

(
2ei

2π
3

)2026
(√

2ei
π
4

)2020
=

22026

(
√
2)2020

ei(2026∗
2π
3
−2020∗π

4 )

Simplify the magnitude

22026

21010
= 21016

Now, simplify the angle
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2026 ∗ 2π

3
− 2020 ∗ π

4
=

4052π

3
− 505π

=
2537π

3

Since angles that differ by a full rotation of 2π represent the same point in the complex plane, we
can subtract whole multiples of 2π until the angle is between 0 and 2π.

We choose 422 full rotations because it is the largest whole number of full rotations we can subtract
without going below 0.

422(2π) = 844π =
2532π

3

2537π

3
− 2532π

3
=

5π

3

=⇒
(
−1 + i

√
3
)2026

(1 + i)2020
= 21016ei

5π
3

4. Compute the Limit:

lim
x→∞

2x+ sin(x)

x

(a) 2

(b) 1
4

(c) ∞
(d) 0

lim
x→∞

2x+ sin(x)

x
= lim

x→∞
2 +

sin(x)

x

lim
x→∞

2 +
sin(x)

x
= 2 + lim

x→∞

sin(x)

x

The rest of this problem can be handled with the squeeze theorem

lim
x→∞

sin(x)

x
= lim

x→ 0+
x sin

(1
x

)
For x > 0

−1 < sin
(1
x

)
< 1

−x < x sin
(1
x

)
< x
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lim
x→ 0+

x = 0
So the Squeeze Theorem tells us this limit equals
zero.

BUT! We still have a value of 2 from earlier so this limit equals 2

5. Compute the Limit:

lim
x→∞

9x6968 + x6967 sin(5x) + 27x1789

45x6968 + 54x1789

(a)
1

5
(b) 0

(c)
1

3
(d) does not exist

First, divide both the numerator and denominator by the highest power, x6968

lim
x→∞

9x6968 + x6967 sin(5x) + 27x1789

45x6968 + 54x1789
= lim

x→∞

9 + sin(5x)
x

+ 27x−5179

45 + 54x−5179

We know that

−1 ≤ sin(5x) ≤ 1

−1

x
≤ sin(5x)

x
≤ 1

x

As x → ∞,

−1

x
→ 0 and

1

x
→ 0

So, by the Squeeze Theorem,

lim
x→∞

sin(5x)

x
= 0

=⇒ lim
x→∞

9 + sin(5x)
x

+ 27x−5179

45 + 54x−5179
=

9 + 0 + 0

45 + 0
=

1

5
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6. Compute the Limit:

lim
x→0

sin(x2)− x2 + x6

6

x10

(a) 0

(b)
1

120

(c) − 1

120

(d)
1

6

sin(x) = x− x3

3!
+

x5

5!
− ...

sin
(
x2
)
= x2 − x6

6
+

x10

120
− ...

Now, substitute this into the limit

lim
x→0

(
x2 − x6

6
+ x10

120
− ...

)
− x2 + x6

6

x10

lim
x→0

x10

120
− ...

x10

Divide everything by x10

lim
x→0

(
1

120
− ...

)
As x → 0, all the remaining terms go to 0

1

120

7. Compute the Limit:

lim
x→0

1− cos(3x)

x2

(a) 0

(b) 3
2

(c) 9
2
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(d) does not exist

Direct substitution gives 0
0
, so we need to simplify using the half angle formula

cos(x) = 1− 2 sin2
(x
2

)
Therefore,

lim
x→0

1− cos(3x)

x2
= lim

x→0

2 sin2
(
3x
2

)
x2

Rewrite the expression so that we can use the standard limit

lim
u→0

sin(u)

u
= 1

= 2

(
3

2

)2

lim
x→0

(
sin
(
3x
2

)
3x
2

)2

= 2

(
9

4

)
(1)2 =

9

2

8. If f(y) = y2 ln(y)
1+y

, compute f ′(1).

(a) 1
2

(b) 1
4

(c) 1

(d) 0

We will need to use the product, quotient, and chain rules for this problem

d

dy

(
y2 ln(y)

1 + y

)
=

(1 + y)
(
2y ln(y) + y2 ∗ 1

y

)
− y2 ln(y)

(1 + y)2

=
(1 + y)(2y ln(y) + y)− y2 ln(y)

(1 + y)2

f ′(1) =
(2)(0 + 1)− 0

(2)2
=

1

2

9. Compute f ′(x) where f(x) = x cos(x4)
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(a) −4x4 sin(x4)

(b) sin(x4)− 4x4 cos(x4)

(c) cos(x4)− 4x4 sin(x4)

(d) cos(x4)

We will need to use the product and chain rules for this problem

d

dx
(x cos

(
x4
)
) = cos

(
x4
)
∗ 1 + x(

d

dx
(cos

(
x4
)
))

d

dx
(x cos

(
x4
)
) = cos

(
x4
)
+ x(−4x3 sin

(
x4
)
)

d

dx
(x cos

(
x4
)
) = cos

(
x4
)
− 4x4 sin

(
x4
)
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10. If f(x) =
(
(x2 + 1)3 + 4x

)2
, them find f ′(1).

(a) 144

(b) 672

(c) 512

(d) 48

d

dx
((x2 + 1)3 + 4x)2 = 2((x2 + 1)3 + 4x)(3(x2 + 1)2(2x) + 4)

f ′(x) = 2((x2 + 1)3 + 4x)(6x(x2 + 1)2 + 4)

Now, substitute 1 in for x

f ′(1) = 2((11 + 1)3 + 4(1))(6(1)(12 + 1)2 + 4)

f ′(1) = 2(12)(28) = 672

f ′(1) = 672
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11. The Maclaurin series expansion of esinx is:

(a) 1 + x− x2

2
+

x4

12
− · · ·

(b) 1− x+
x2

2
− x4

8
+ · · ·

(c) 1 + x+
x2

2
− x4

8
+ · · ·

(d) 1 + x+
x2

2
− x4

12
+ · · ·

Let f(x) = esinx.

f ′(x) = esinx cosx = f(x) cosx

f ′′(x) = f ′(x) cosx− f(x) sinx

f ′′′(x) = f ′′(x) cosx− f ′(x) sinx− (f(x) cosx+ f ′(x) sinx)

= f ′′(x) cosx− 2f ′(x) sinx− f ′(x)

f 4(x) = f ′′′(x) cosx− f ′′(x) sinx− 2(f ′(x) cosx+ f ′′(x) sinx)− f ′′(x)

= f ′′′(x) cosx− 3f ′′(x) sinx− 2f ′(x) cosx− f ′′(x)

Calculating higher order derivatives at x = 0,

f(0) = 1

f ′(0) = 1× 1 = 1

f ′′(0) = 1− 0 = 1

f ′′′(0) = 1− 0− 1 = 0

f 4(0) = 0− 0− 2− 1 = −3

f 5(0) = f 4(0) cos 0− 3f ′′(0) cos 0− 2f ′′(0) cos 0− f ′′′(0)

= −3− 3− 2− 0 = −8

Using Maclaurin’s expansion for infinite series,

f(x) = f(0) + xf ′(0) +
x2

2!
f ′′(0) +

x3

3!
f ′′′(0)+

x4

4!
f 4(0) +

x5

5!
f 5(0) +

x6

6!
f 6(0) + . . .

esinx = 1 + x+
x2

2!
× 1 + 0 +

x4

4!
× (−3) +

x5

5!
× (−8) . . .

= 1 + x+
x2

2
− x4

8
− x5

15
. . .
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