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INTRODUCTION: Nanoparticles (NPs) occupy a unique intermediate 
scale between molecules and colloids, exhibiting self-assembly 
behaviors that combine characteristics of both but remain funda-
mentally distinct, often resulting in complex structures that 
combine order and disorder. These partially organized states, 
including chains, clusters, pores, and low-density networks, are 
critical for technological applications yet remain challenging to 
quantify using traditional symmetry-based descriptors. A general 
methodology to quantitatively describe these low-order, low-density 
states is essential for advancing applications that exploit their 
optical, mechanical, and electrical properties.

RATIONALE: We provide graph theory (GT) as a mathematical 
framework to characterize dynamic NP systems transitioning from 
dispersions of free particles to fully assembled colloidal crystals. 
Using wide-frame time-resolved liquid-phase transmission electron 
microscopy (LPTEM), we tracked >400 gold nanocubes in real time, 
supplemented by molecular dynamics (MD) and kinetic Monte Carlo 
(kMC) simulations of systems containing up to 10,000 particles. We 
focused on two new GT metrics: Ollivier-Ricci curvature (ORC), 
which captures global structural and transport patterns by quantify-
ing how local interactions propagate through neighborhoods beyond 
nearest neighbors, and augmented Forman-Ricci curvature (AFRC), 
which quantifies local robustness through three-particle cluster 
dynamics. ORC provides a continuous measure of structural 
complexity, with negative values indicating bridging edges between 
communities and near-zero values representing regular lattices. 
AFRC tracks the formation and dissolution of energetically unfavor-
able three-particle cycles, serving as a proxy for system energy  
and reconfigurability.

RESULTS: Analysis of gold nanocube assembly revealed three distinct 
stages characterized by ORC trajectories. Both the initial and final 
stages of the assembly showed near zero average ORC due to their 
near perfect disorder and order, respectively, whereas the intermedi-
ate stage exhibited strongly negative ORC, corresponding to the 
formation of dynamic mesocrystals (groups of 4 to 20 aligned NPs) 
interconnected by bridging edges. AFRC displayed inverse correla-
tion with mean coordination number and system energy, with 
sigmoidal dependence capturing the progression from reconfigu-
rable to stable states. Notably, we discovered a “Goldilocks regime” 
in which structural complexity maximizes functionality: The peak 
near infrared backscattering intensity (at 820 nm) occurred 
precisely when ORC reached its minimum at ~120 s, corresponding 
to interconnected mesocrystals with low symmetry. This intermedi-
ate state, combining order and disorder, produced 40% higher 
plasmonic response than either fully dispersed particles or perfectly 
ordered superlattices. The generalizability of the GT framework was 
demonstrated across three NP systems: gold nanocubes forming 
rhombic lattices, gold nanoprisms assembling into hexagonal 
superlattices through liquid-like nanocolumn intermediates, and 

indium tin oxide nanospheres forming either crystalline clusters or 
kinetically trapped gels depending on interaction strength.

CONCLUSION: The GT metrics, such as ORC and AFRC, provide 
continuous measures of global connectivity patterns and local 
energetic states throughout dynamic self-assembly processes, 
capturing features invisible to conventional order parameters. Most 
importantly, ORC quantifies effective complexity in NP assemblies, 
enabling experimental validation of decades-old theoretical predic-
tions that functionality peaks at intermediate complexity states 
combining order and disorder. The framework provides a path 
forward for designing and controlling complex nano- and microstuc-
tured materials with properties that emerge from the interplay 
between local order and global connectivity, advancing applications 
in biosensing, photonics, and lightweight nanomaterials. 
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Graph curvature measures quantify disorder and complexity for self-assembled 
particle systems. NP assemblies can be viewed as a series of graphs or networks in 
which nodes represent NPs and edges represent strong interparticle interactions. ORC 
and AFRC can be found for every edge in these graphs, quantifying the structural 
order and complexity in the local area around those edges. Scale bars, 200 nm.
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Decoding collective dynamics and 
complexity in nanoparticle 
assemblies using graph theory
Jonas Hallstrom1,2†, Puquan Pan2,3†, Jayson Sia2,4†,  
Sangwok Bae2,5,6, Dingwen Qian7,8, Chang Qian3,  
Sindy Liu3, Lehan Yao3, Thomas M. Truskett5,7,8*,  
Delia J. Milliron7,8*, Qian Chen2,3*, Xiaoming Mao1,2*,  
Paul Bogdan2,4*, Nicholas A. Kotov2,5,6,7* 

Being intermediate in scale between molecules and colloids, 
nanoparticles combine characteristics of both. The structure of 
their self-assembled states combining order and disorder is 
difficult to quantify using traditional symmetry-based 
descriptors. Here, we applied graph theory (GT) to analyze 
assemblies of 400 to 10,000 nanoparticles across three 
material systems. We show that GT metrics, augmented 
Forman-Ricci curvature (AFRC) and Ollivier-Ricci curvature 
(ORC), capture local and global structural transitions from small 
clusters to extended networks. AFRC reflects the energetic 
state of the assembly, whereas ORC quantifies structural 
complexity and reveals a “Goldilocks” regime that maximizes 
plasmonic response. The generality of this approach is 
demonstrated for gold nanocubes, gold nanoprisms, and indium 
tin oxide nanospheres, providing a unified framework for 
describing and optimizing complex nanoparticle assemblies.

The physical dimensions of inorganic nanoparticles (NPs) place them 
between molecules and colloids, giving rise to self-assembly behaviors 
analogous to but also fundamentally distinct from particles at smaller 
and larger scales (1–5). The interaction potentials of molecules in solu-
tions, driving their self-organization, encompass quantum effects and 
are highly orientation dependent. Their thermal energy, kBT, is com-
parable to the energy of intermolecular interaction. Combined with 
rapid molecular diffusion and extensive sampling of configurations, 
molecular assemblies produce highly ordered structures, either dense 
crystals or porous frameworks, simplifying the description and predic-
tion of emerging structures. By contrast, micrometer-sized colloidal 
particles exhibit much slower diffusion times and shorter ranges of 
interaction compared with particle size. Their interaction potentials 
are mostly isotropic, which again favors a few simple symmetric crys-
tal lattices (6–8), and their thermal energy often cannot overcome 
close-range interparticle interactions, resulting in stochastic flocculation 
determined by collision-limited sticking rather than thermal equili-
bration. Interparticle potentials for NPs are deeper and simpler than 
those for molecules, but they remain nonisotropic because of molecu-
lar anisotropy of surface ligands (2, 9). NPs exhibit rapid Brownian 
dynamics, but not as fast as molecules, which limits their recon-
figurability. Although they are capable of crystallization, gelation, and 

flocculation, they also produce a wide range of highly complex struc-
tures combining order and disorder due to the unique behavior inter-
mediate between molecular chemistry and colloid science.

These differences are particularly important for the formation of 
technologically attractive low-density two-dimensional (2D) films and 
3D solids when NPs form chains, clusters, and pores (5, 10). The orga-
nization and dynamics of these types of structures are strongly affected 
by the dispersions of NPs in shapes and compositions (11), kinetic traps 
(12, 13), and their dynamic reconfiguration (14). Deciphering the com-
plexity and cooperativity of NP interactions is also relevant for dense 
NP solids, the formation of which also deviates from the crystallization 
pathways known for molecules and colloids (15–17). Both the transient 
states and final structures are strongly affected by reconfigurable sur-
face ligands (2, 18–20) and long-range repulsion (1, 21, 22), leading to 
low-density packings (23, 24) with a variety of intricate organiza-
tional patterns.

The common order parameters and theories previously developed 
for crystals are problematic for describing partially organized NP sys-
tems. For example, it is easier to quantify even small structural changes 
in regular NP crystals (15, 25, 26) than big changes in largely irregular 
and often heterogeneous NP gels (27–29). The current order param-
eters for crystals, glasses, and mesoscale states, which range from 
simple descriptors such as coordination numbers to more complex 
descriptors such as bond order parameters, cannot adequately identify 
structural organization without partial translational or rotational sym-
metry, regularity, or self-similarity (tables S1 and S2) that is typically 
absent in most of the practically made self-assembled nanostructures. 
A general methodology to quantitatively describe low-order and low-
density states is also important for applications that exploit optical, 
mechanical, and electrical properties controlled by defects and hierar-
chy of the reconfigurable assemblies (30–32). Even with the constantly 
expanding collection of machine learning and artificial intelligence 
tools, one cannot design, optimize, or (re)produce materials with struc-
tures that one cannot quantify.

We used a graph theory (GT) (33, 34) framework for the character-
ization of dynamic NP systems undergoing the transition from disper-
sions of free NPs to fully assembled colloidal crystals. Wide-frame 
time-resolved liquid-phase transmission electron microscopy (LPTEM) 
(4, 25) enabled us to extract graphs capturing complex dynamics of 
>400 NPs distributed over a large area in real time, and molecular 
dynamics (MD) and kinetic Monte Carlo (kMC) simulations allowed 
us to study dynamic particle systems consisting of 10,000 NPs and 
dozens of intermediate mesoscale crystals. We demonstrate that the 
GT parameters captured essential structural features in the dynamical 
reconfiguration of NP assemblies. They also established relations be-
tween complexity and functionality that allowed us to identify the 
extrema of plasmonic effects.

Dynamic structural graphs from time-resolved electron 
microscopy in liquids
As the primary experimental model, we used dispersions of corner-
truncated gold nanocubes (edge length Le = 63.3 ± 5.2 nm, edge trun-
cation Lt = 17.1 ± 1.2 nm) (Fig. 1A) bearing ionizable long-chain 
carboxylate-terminated thiols [HS(CH2)11(OCH2CH2)6OCH2COOH] that 
undergo long-range electrostatic repulsions in water. Their dynamics 
at the single-particle level were captured by LPTEM (4). Prior studies 
showed that these and similar NPs can form highly ordered superlat-
tices with rhombic symmetry, the assembly of which can be triggered 
by flowing phosphate buffered saline (PBS, pH 8, I = 15 to 26 mM; see 
the materials and methods) inside the liquid cell (Fig. 1, A and B, and 
movies S1 and S2) due to strong van der Waals attraction overrunning 
screened electrostatic repulsion (17, 35). Because the bond angles in this 
NP lattice vary between 60° and 90°, conventional local bond orienta-
tion order parameters for square (ψ4) or hexagonal (ψ6) lattices (tables S1 
and S2) falsely characterized the final assembly as a low-crystallinity 
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state. The classical radial distribution function g(r) with multiple 
peaks (Fig. 1C) revealed a high degree of organization of the final as-
sembly with bond length l (e.g., l = 75.9 ± 5.4 nm at I = 26 mM) and 
a bimodal distribution of the bond angles θ (peaking at θ = 75.5° and 
103.2°) (figs. S1 to S3).

Analysis of the transient states between free-particle dispersions 
and densely packed superlattices was performed with an image seg-
mentation workflow (36) based on the U-Net convolutional neural 
network extracting binary masks of nanocubes in each frame (Fig. 1D 
and figs. S4 and S5). The system states observed during the reconfigu-
ration processes were described by graphs generated by assigning 
nodes to the NP centroids with positions calculated in each frame (see 
the materials and methods). Two NPs were considered as interacting 
and thus connected with an edge if they were less than rc apart, where 

rc is 1.15 times the distance corresponding to the 
first peak of g(r) (Fig. 1C, figs. S6 and S7, and 
supplementary text). The collection of all graphs 
obtained for different assembly times produced 
time-dependent (dynamic) graphs (37) charac-
terizing the entire system transitioning from the 
state of randomly dispersed NPs to a fully as-
sembled crystalline state.

GT parameters for short- and long-range 
structural patterns
Dispersed NPs can produce states that combine 
regularity, fractality, and stochasticity (24, 28), 
which requires a new mathematical toolbox for 
their description. Prior applications of GT and 
network science (38) demonstrated their effi-
cacy in revealing hidden yet repeatable patterns 
characteristic of social media (39), infection trans-
mission (40), and geological events (41), but this 
toolbox of discrete mathematics has only re-
cently been applied to descriptions of complex 
(nano)materials combining order and disorder 
(42). Although GT analysis has been insightful 
for understanding seemingly random organiza-
tion of nanotubes (43), nanofibers, (42) organic 
molecules (44), polymers (45), nanogels (28), 
and polymer films (46), these studies were fo-
cused on static structures and did not address 
their dynamics.

Various short- and long-range correlations 
between NPs can be captured and evaluated un-
ambiguously by the suite of GT parameters. We 
initially considered nodal degree, k (also referred 
to simply as degree), and edge betweenness cen-
trality, β, that describe short- and long-range 
structural patterns in NP systems, respectively 
(Fig. 1, E and F). Physically, k is the number of 
edges incident onto a node. It corresponds to 
several nearest neighbors no farther than rc 
from a specific NP; it is analogous to structural 
parameters of bond order and valency. In the 
same vein, β quantifies the importance of an 
edge in global connectedness of the network, 
which has no counterpart in the existing library 
of materials order parameters. It is defined as 
the ratio of the number of shortest paths be-
tween pairs of nodes that go through a specific 
edge and the total number of shortest paths in 
the system.

Considering the dynamics of corner-truncated 
gold nanocubes, a nearly disordered initial state 

is composed of single particles, pairs, and a few clusters. Such a nano-
system displays a mean degree close to 1 obtained by averaging nodal 
degrees of all NPs in each frame. The mean degree of all the nodes in 
each frame steadily increases to 3.6, nearing 4 in the end state, a 
characteristic k for a 2D rhombic lattice (47). The temporal depen-
dence of mean degree shows mild sigmoidal dependence (Fig. 1, G and 
H), and the variable ∂k/∂t gradient suggests a transient state between 
70 and 150 s of the assembly at time t. Compared with molecules, this 
state is analogous to the atomic configurations, with unusual valences 
corresponding to the transient states in chemical reactions.

During the first 70 s, β stays near zero, which reflects the limited 
connectivity between the NPs (Fig. 1I). After 70 s, β starts to increase 
but its growth remains nonmonotonous. Large fluctuations emerge 
because β is highly sensitive to edge connection and disconnection 
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Fig. 1. GT analysis of reconfigurations of NPs during their self-assembly. (A) Schematic of gold nanocubes 
and their colloidal crystals. (B) Pairwise interaction energy of two gold nanocubes approaching in face-to-face 
alignment. (C) Radial distribution functions of NPs at three stages of self-assembly. We applied periodic boundary 
correction (76) to extract the g(r) so that the limited size of the lattice would not affect the g(r) – r profile. (D) Graph 
construction workflow from the LPTEM movies. (E) Snapshots of the LPTEM movies of NPs transitioning from 
fully disordered to fully ordered states. Scale bars, 200 nm. (F) Graph representation of the corresponding frames 
with node and edge colored according to the values of degree and betweenness centrality, respectively. (G) Schematic 
illustrating varying nodal degrees and edge betweenness centrality values. The numbers in the circle label 
different particles. (H) Temporal progression of mean degree with distinct stages corresponding to a slope of 
0.015 s−1 observed before t = 160 s, followed by a state with a slope of 0.009 s−1. (I) Temporal progression of mean 
betweenness centrality, β.
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(Fig. 1I). Coinciding with the decrease in ∂k/∂t shown in Fig. 1H, the 
fluctuations increase substantially at t ~150 s. Although the use of β 
was successful in capturing phase transitions in the past (48), these 
fluctuations make structural analysis difficult, which highlights the 
differences in molecular and colloidal systems and NP dispersions 
and the importance of concerted reconfigurations of particles in 
the latter. Note also that these fluctuations originate from the attach-
ment and detachment of NP clusters, which points to the central 
role of concerted reconfiguration of multi-NP 
segments for evolution from random to crystal-
line states.

Global transient state and 
Ollivier-Ricci curvature
The limitations of common graph metrics in 
analyzing the structures formed by NPs and the 
lack of periodicity and symmetry in transient 
states of NPs prompted the exploration of alter-
native measures for characterizing the recon-
figuration of the system as a whole. Ollivier-Ricci 
curvature (ORC) is an adaptation of Riemannian 
geometry for continuous objects to discrete 
point sets forming graphs (49). For complex 
materials and chemical systems, ORC quanti-
fies how local mechanical, thermal, or chemical 
interactions propagate in the wide neighbor-
hood of an edge, thereby capturing collective 
behavior of multiple particles. Compared with 
order parameters (e.g., coordination number 
and bond order) and other GT descriptors (e.g., 
k) used previously, ORC captures the organiza-
tion of networks beyond the nearest-neighbor 
distance, reflecting connectivity patterns of the 
next-nearest-neighbors and next-next-nearest-
neighbors (Fig. 2A). With values of ORC for 
individual edges always spread between −2 (ex
treme bottleneck) and 1 (multiple redundant 
paths), ORC >0.25 indicates the presence of the 
formation of size-limited subgraphs with strongly 
interconnected nodes (Fig. 2, A and B). ORC ~0 
indicates a “flat” graph with evenly distrib-
uted connections that is often seen in grid-like 
or regularly spaced networks such as the square 
lattice. ORC <−0.25 indicates edges that serve 
as “bridges” between otherwise separate com-
munities. Thus, ORC captures the complex meso-
scale features emerging during the NP assembly 
processes. This metric, therefore, character-
izes the pattern of collective interactions and 
dynamics beyond the single-NP level, a struc-
tural descriptor that was lacking in the sets of 
both traditional order parameters and simple 
GT descriptors.

Unlike k and β, the average ORC does not 
increase or decrease monotonically but has a 
minimum value during an intermediate stage 
of the assembly process, dividing it into three 
stages (Fig. 2, C to E). The initial stage (0 to 60 s) 
exhibits a near-zero ORC reflecting the state 
when most particles are disconnected, which in 
fact matches the stage of β ~0 in Fig. 1I. The 
second stage corresponds to strongly negative 
ORC and the formation of medium-sized, dy-
namically reconfigurable clusters of NPs. They 
can be referred to as mesocrystals, i.e., groups 

of 4 to 20 NPs that are not only within the separation threshold rc but 
also have an aligned relative orientation within 10° of their neighbor, 
which is characteristic of the superlattice. In GT terms, these partially 
organized intermediates correspond to subgraphs containing at least 
four but <20 nodes. The 60 to 120 s stage reflects the formation of 
NP-NP edges bridging the mesocrystals; these edges display large nega-
tive values of ORC that make the global ORC also negative. The 
minimum in ORC curve coincides with the highest occurrence of 
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snapshot with edges color coded to ORC values. Scale bar, 200 nm. (C) Illustrations of the multistep assembly 
process. White edges corresponding to ORC = 0 occur when a system produces a “regular” pattern consistent 
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positions for LPTEM images over time (seconds). (E) Snapshots of NP positions for MD-simulated assemblies 
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frame, with edge color showing ORC. (F) Progression of smoothed mean ORC for the configurations of NP  
system observed in the LPTEM and MD simulations. Minima are at ~120 s and ~100,000 time steps, respectively. 
(G) Evolution of the NP system based on the particle fraction in medium-sized mesocrystals.
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medium-sized mesocrystals (Fig. 2, F and G, and figs. S8 and S9) and 
bridges between them (figs. S10 and S11). Such dynamics highlight the 
ability of ORC to capture both the local (i.e., formation of mesocrystals) 
and the global (i.e., their connectedness throughout the system) orga-
nization of the dispersion. At the final stage (after 120 s), the mean 
ORC increases and approaches zero as mesocrystals merge, becoming 
“flat” in the context of the Riemannian geodesics that correspond to 
the formation of continuous superlattice. Note that for practical sys-
tems, NPs located at the edges of crystalline domains and lattice im-
perfections can be both positive and negative ORC (Fig. 2, D and E) 
while being near perfect zero in the middle of the domains; this also 
highlights the importance of ORC maps for high-density NP solids.

Local transient states and augmented Forman-Ricci curvature
Although average ORC trajectories can effectively describe the global 
organizational patterns in mesoscale (500 to 1000 nm), it would be 
useful to capture the collective behavior of several NPs near each other 
undergoing simultaneous reconfiguration. The simplest arrangement 
of NPs beyond standard pair interactions are three-particle clusters 
that in GT terms are described as 3-cycles. The dynamics of 3-cycles 
capture multiparticle motions on the scale of 
200 to 500 nm corresponding to the local 
reorganization in NP assemblies. Note that 
4-cycles are the basic segments of the rhombic 
lattice, whereas 3-cycles are the deviations 
from the ideal packing in this lattice (Fig. 3A). 
Because they are energetically nonoptimal 
structures, 3-cycles are particularly impor-
tant because they can serve as local transient 
states and can be used to track energy of the 
NP system.

To quantify abundance and connectivity pat-
terns of 3-cycles during system reconfigura-
tion, we used a new GT parameter, augmented 
Forman-Ricci curvature (AFRC; see the materi-
als and methods), obtained by adding three 
times the number of 3-cycles formed by an 
edge to its Forman-Ricci curvature (FRC) (50). 
For material systems, this GT parameter quan-
tifies local robustness of the network, with 
negative FRC corresponding to more stable 
structures and positive FRC corresponding 
to more reconfigurable structures. The modi-
fied version of FRC introduced here, AFRC, 
augments the contribution of triangular ar-
rangements of NPs essential for multipar-
ticle dynamics. AFRC increases with the total 
number of 3-cycles but decreases when fully 
connected 4-cycles are produced (Fig. 3B). For 
practically relevant NP systems with a limited 
number of neighbors, the AFRC values of edges 
will vary between –2 (stable lattices) and ~3 or 
4 (states dominated by 3-cycles). Compared 
with the other geometric and topological de-
scriptors mentioned above, AFRC extends the 
range of structural patterns without causing 
fluctuations as in Fig. 1I.

Altogether, these differences, along with 
computational efficiency, make AFRC particu-
larly suitable for capturing the reconfigurability 
system through complex states. The sigmoidal 
dependence of AFRC along the self-assembly 
pathway indicates its correlation to the total 
energy of the NP system (Fig. 3, D and F). These 
points can be further supported by the fact that 

AFRC displays the opposite trend as mean degree, reaching a mini-
mum for a strongly bonded fully assembled superlattice with limited 
ability to reconfigure (Fig. 3, E and G). To gain additional and inde-
pendent confirmation of the AFRC relation to energy of the system, 
we extracted the graphs from the coarse-grained MD simulations de-
scription of 2D NP assemblies observed by LPTEM (Fig. 1E and see the 
materials and methods) based on “nanosquares” interacting through 
Lennard-Jones potential. This was validated by accurate descriptions 
of the interactions of gold nanocubes studied previously (see the ma-
terials and methods, note S2, and fig. S12). Additionally, our MD model 
containing 4000 NPs also allowed us to evaluate the effect of system 
size that can be significant for small networks (51).

The final rhombic lattice obtained in simulations (Figs. 2E and 3E) 
had structural parameters nearly identical to those of experimental 
superlattices, with a lattice constant of 79 nm and average rhombus cell 
angle of 79°. Furthermore, the simulated trajectories consistently repli-
cated the experimental ones observed by LPTEM (movie S2 and figs. S8 
to S12). For example, intermediate formation of mesocrystals from the 
initially disordered NPs was consistently observed; these interconnected 
mesocrystals then reconfigured until they merged into a superlattice.
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The visual assessment of the trajectories was enhanced by the quan-
titative analysis of GT parameters. We calculated the Pearsons correla-
tion coefficient, pτ, between AFRC and the lifetime of edges (Fig. 3C), 
τ, in structural graphs obtained from MD simulation (52). A clear 
inverse correlation between AFRC and τ confirmed the propensity of 
edges with high AFRC to reconfigure (fig. S13). We also note that the 
values of pτ for AFRC were much higher than for k with the edge 
lifetime, persisting over the entire trajectory, which confirms the sig-
nificance of 3-cycles and the ability of AFRC to describe system recon-
figurability. Finally, the strong anticorrelation between AFRC and 
mean degree observed in experimental structural graphs was repro-
duced with high fidelity in the simulated system (fig. S14), indicating 
that the size of the NP system in LPTEM was sufficient to establish 
the general relations to be observed for larger systems. This strong 
correlation between bond lifetime and AFRC highlights the impor-
tance of 3-cycles in reconfigurability, where information beyond im-
mediate neighbors affects the breaking of bonds, and AFRC precisely 
characterizes this effect.

The experimentally measured ORC aligns with those obtained from 
MD simulations (Fig. 2F). It is less negative than that experimental 
ORC (Fig. 2F) because simulation did not have as high of a fraction of 
low-ORC “branching” structures and “bridging” edges (figs. S10 and 
S11). This difference is attributed to size variations of nanocubes, long-
range interactions, and multibody effects not captured in simulations.

Optical properties of NP systems and complex assembly states
Although the plasmonic effects of metal NPs are well known, a meth-
odology for quantitative description of the multiparticle states deter-
mining the plasmonic response at macroscale remains a challenge. 
These complex states emerge during self-assembly of 
NPs and are applicable to a variety of optical responses 
from dynamic nanosystems affected by short- and 
long-range interparticle interactions. To relate the 
GT analysis of NP dispersions to the macroscale ob-
servables, we calculated the scattering and backscat-
tering spectra for 300- to 1100-nm wavelengths for NP 
configurations extracted from the LPTEM data (Fig. 4, 
A and B, and fig. S15). The peak intensities in the near 
infrared (NIR) range between 700 and 1000 nm deserve 
special attention because of their importance to (bio)
sensors (53, 54). These NIR peaks observed for back-
scattered photons are the ones responsible for a com-
mon functionality: the appearance of blue lines in a 
variety of flow assays, exemplified by pregnancy and 
COVID tests.

At t = 0.0 s of the assembly time, all optical proper-
ties of the NP dispersions were dominated by single 
NPs that displayed a strong plasmonic band at 550 nm 
without any peaks found in the NIR (Fig. 4, A, C, and 
H). The formation of small clusters (Fig. 4D), meso-
crystals (Fig. 4E), and superlattices (Fig. 4, F and G) 
observed at later stages of the assembly process pro-
motes collective plasmonic resonances between mul-
tiple particles, leading to the resonances in the NIR 
region (55). The tight packing of the NPs into fully 
ordered superlattices (Fig. 4G) results in broadening 
of the spectrum (56) and decreases the amplitude of 
the application-critical NIR bands in 800- to 850-nm 
window. The greatest backscattering, scattering, and 
extinction intensity (fig. S15) with optimal signal-to-
noise ratio was observed at t = 121.6 s, when NPs formed 
complex systems of interconnected mesocrystals with 
low symmetry (Fig. 4E).

The progression of peak amplitudes and the timing 
of the maximal NIR scattering (Fig. 4B) matches closely 

the progression of ORC values and the timing of its maximum (Figs. 2F 
and 4B). This match is not coincidental, because the formation of in-
terconnected mesoscale clusters resulted in minimal values of negative 
ORC and maximal scattering intensities, as can be demonstrated by 
the series of models shown in Fig. 4, C to G. Physically, this trajectory 
highlights the power of ORC to capture the dynamics of the network 
of multiple interactions in the NP system as a whole affecting its mac-
roscopic physical properties. For example, the partially ordered NP 
systems with small, asymmetric, and interconnected clusters result in 
the maximal spectral shift that is favorable for biosensing and photonic 
applications (53, 54, 57).

Considering that GT provides mathematical tools for the quantifi-
cation of complexity (14, 58, 59), NP assemblies offer a platform for 
examining the relations between complexity and functionality typical 
for biological materials hypothesized by several theoreticians >50 years 
ago (60–62). Using the terminology coined by Gell-Mann (60), the rela-
tion between effective complexity, EC, and functionality should follow a 
bell-shaped curve, peaking at the intermediate states combining order 
and disorder (fig. S16). Although intellectually appealing, the pathway 
to experimental substantiation of this hypothesis was not possible 
because experimentally accessible measures of EC were not available.

In this context, free NP dispersions and closely packed crystalline 
NP superlattices represent the two terminal states: fully disordered 
and fully ordered. NP dispersions with multiple partially ordered in-
termediate states with specific structural patterns but no periodicity 
offer a nearly ideal case for testing the theoretical relations of EC and 
materials functionality (fig. S16). The self-assembled structures shown 
in Fig. 1, E and F, and Fig. 2, D and E, represent the progression 
of intermediate states with correlated disorder. Furthermore, ORC 
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34.4 s (predominantly singular NPs), 121.6 s (interconnected mesocrystals), and 244.0 s (continuous 
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provides a continuous measure of local and global organization of the 
system, whereas k and AFRC reflect the collective interactions and 
local transition states. The negative of ORC can therefore serve as a 
quantitative representation of EC. Indeed, ORC values are small for 
both fully ordered and fully disordered states. The negative ORC is at 
its maximum when NPs form a network of interconnected mesocrys-
tals, representing an obvious case of order-disorder combination. 
Because backscattering resonances represent the key functionality of 
the dynamic systems from gold NPs, the “Goldilocks curve” for plas-
monic scattering (Fig. 4B) following the trajectory of ORC completes 
the complexity-functionality relations analogous to those shown in 
fig. S16. It also demonstrates that the states observed for NP systems 
combining order and disorder do reveal greater functionality, as was 
hypothesized by Gell-Mann (60) and others (61, 63, 64).

Generalizability of GT-based analysis of assembly pathways
To demonstrate the generalizability of the GT framework beyond gold 
nanocubes, we applied it to the assembly of gold nanoprisms that un-
dergo the transition from freely dis-
persed NPs to a hexagonal lattice made 
from nanocolumns (Fig. 5, A and B). 
Different from nanocubes, this NP sys-
tem involves two complex intermedi-
ates characteristic of nonclassical 
crystallization pathways (4): (i) nano-
columns self-assembled from stacked 
nanoprisms misaligned around their 
short axis and (ii) a liquid-like state from 
the entire nanocolumns forming be-
fore the hexagonal superlattice.

The analysis of GT trajectories for 
the nanoprisms shown in Fig. 5, C and 
D, and fig. S17 demonstrates their simi-
larity to GT trajectories for the nano-
cubes shown in Fig. 2F. Sparse graphs 
appropriately describe the initial stage 
(0 to 15 s) of the trajectory correspond-
ing to the gas-like state of the system 
and its transition to the intermediate 
liquid phase (Fig. 5, A and C). The to-
pology of the assembled structures in 
the intermediate stage (15 to 100 s), 
characterized by large cycles, is cor-
rectly identified by a negative mean 
ORC reaching the low extremum indi-
cating the presence of the complex 
transient states mentioned above. In 
the crystallization stage (100 to 120 s), 
the system transitions from the dense 
liquid to the ordered solid. This transi-
tion involves the coalescence of liquid 
domains and the removal of “bridges” 
with negative ORC between them, which 
corresponds to a sharp, rapid increase 
in the mean ORC. In the final stage 
(>120 s), the large-scale crystalline 
phase stabilizes, causing the mean 
ORC to plateau near zero, reflecting a 
“flat” and highly ordered hexagonal 
graph. The trajectory for AFRC in fig. S18 
also displays a trajectory like that for 
nanocubes shown in Fig. 3, E and G, 
and its connection to the total energy 
of the system. We can also use AFRC 
to identify local structural motifs 

corresponding to the liquid- and solid-like states (fig. S18A). As the 
columns form the liquid phase, which is a more connected graph with 
fewer 3-cycles, AFRC becomes more negative (fig. S18A). As the system 
crystallizes into a hexagonal lattice of the columns of the solid-like 
state, AFRC approaches ~−1.5, conforming to the expectations of a 
theoretical AFRC for a perfect, fully 3-cycle–based hexagonal lattice 
with each edge having AFRC = 4 − 6 − 6 + 3*(2) = −2, as shown in 
fig. S18B, a visualization of the distribution of the different phases. 
This steady decrease of AFRC (fig. S18C) captures the increasing stabil-
ity of the system and decrease of its potential energy, consistent with 
our observations with the nanocubes (Fig. 3E). The transitions from 
a liquid-like state to a solid-like state can be also identified using the 
number of edges corresponding to the liquid- and solid-like states 
(fig. S18D). A solid cluster emerges beyond the cluster size of ~250 
highlighting the liquid-solid transition, which demonstrates the capa-
bilities of the GT approach.

The second NP system we considered involves self-assembly of freely 
dispersed spherical tin-doped indium-oxide (ITO) NPs into a gel (65). 

Fig. 5. Generalizability of ORC-based assembly pathway analysis. (A) TEM snapshots obtained from supplementary 
video 4 of (4) for the real-time self-assembly dynamics at 0, 50.8, and 150.7 s, with nanoprism columns colored according to 
|ψ6j|

2: gas-, liquid-, and solid-like states of nanocolumns are colored yellow, blue and red, respectively. Time stamps are given 
above the TEM images. Scale bars, 200 nm. (B) Schematics of the hexagonal lattice self-assembled from gold triangular 
nanoprisms. (C) Graph representations of TEM images in (A) with edges colored according to ORC. (D) Trajectory of 
smoothed mean ORC for the configuration of nanocolumns (black, left ordinate) and the numbers of liquid- (green) and 
solid-like (purple) columns from (4). (E and G) Simulations of 10,000 ITO nanospheres undergoing assembly at attraction 
strengths of 3.5 kBT (E) and 10 kBT (G) shown at 1000, 5000, and 10,000 time steps, with edges colored by ORC. (F and  
H) Smoothed trajectories of the mean ORC (blue, left ordinate) and the spectral maximum of the extinction efficiency of the 
clustered particles (red, right ordinate) for the 3.5 kBT (F) and 10 kBT (H) simulations shown from time steps 1000 to  
10,000. Shaded regions denote SDs computed over a 1000–time step window.
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This system was chosen as a test case both for being a fully 3D system 
and for having plasmonic effects like those of gold NPs (Fig. 4). We 
analyzed kMC simulations and optical properties as described and 
validated through experimental data in (29), where NPs interact through 
a short-ranged isotropic attraction of tunable strength, ε.

Figure 5, E and G, compare two cases with ε = 3.5 kBT and ε = 10 kBT, 
corresponding to systems that form local crystalline clusters and a 
complex globally connected gel-like network, respectively. The differ-
ence between these structures was also borne out in the average ORC 
trends over time. The structure with mostly crystalline clusters had 
an average close to zero (Fig. 5, E and F). The gel-like structure had a 
significantly positive ORC due to the thin filaments of the gel having 
an excess of 3-cycles and densely connected neighborhoods that do 
not exist in a bulk crystal (Fig. 5, G and H).

Similar to gold nanocubes, we found qualitative correlations be-
tween a system’s ORC and optical properties over time. We calculated 
the spectral maximum of the extinction efficiency for the clustered 
particles over the course of the ITO NP simulations. Comparing the 
extinction maximum trajectory with the ORC trajectory in the 3.5 kBT 
simulation (fig. S19) revealed a minimum mirrored by the trajectory 
for optical extinction (Fig. 5F). Note that the behavior of ORC was 
fundamentally different when the energy of particle attraction was 10 
times the thermal energy, i.e., ε = 10 kBT, corresponding to rapidly 
flocculated (nano)colloids. Remaining always positive, ORC monotoni-
cally decreased over time without a maximum in this case, reflecting 
the gradually increasing complexity while retaining the same struc-
tural motif. The monotonic ORC trend was mirrored by a monotoni-
cally decreasing trajectory for extinction maximum (Fig. 5H). This 
comparison demonstrates the ability of ORC to distinguish between 
self-assembly pathways leading to crystalline clusters and kinetically 
trapped gels.

In conclusion, taking advantage of real-time, real-space data on NPs 
transitioning from low-density freely dispersed states to closely packed 
crystalline states, this work addresses the problem of structural de-
scription of partially disordered particle systems. We performed GT 
analysis of large NP systems comprising up to several thousand par-
ticles, not assuming their symmetries or self-similarity. As a result, we 
showed that (i) GT parameters can be successfully used for quantifying 
both local and global structural changes throughout the self-assembly 
process and (ii) the collective movements of small clusters of a few 
NPs rather than individual particle dynamics define the assembly path-
way. The development of new metrics for continuous assessment of 
structural organization of NP systems from fully ordered to fully dis-
ordered states made it possible to quantify the effective complexity 
hypothesized in prior theoretical studies, which reflects the functional-
ity of the material.

The proposed GT parameters offer a framework generalizable to 
multiple other dispersions of nanoscale particles. Similar approaches 
can also be useful for solids, slurries, and dispersions from molecular, 
mesoscale, and microscale particles that can be characterized as high-
entropy materials with correlated disorder. Additional work is needed 
to explore other particle systems with 2D and 3D lattices with a range 
of degrees and symmetries. More complex assembly pathways and 
structures can also be expected for highly anisotropic NPs, which are 
likely to enrich our knowledge about intermediate states and high-
complexity materials.

Materials and methods
Chemicals
Sodium borohydride (99%, Sigma-Aldrich), silver nitrate (≥99.0%, 
Sigma-Aldrich), L-ascorbic acid (BioXtra, ≥99.0%, Sigma-Aldrich), 
hexadecyltrimethylammonium bromide (BioXtra, ≥99%, Sigma-
Aldrich), gold (III) chloride trihydrate (≥99.9%, Sigma-Aldrich), hexa-
decylpyridinium chloride monohydrate (>98.0%, TCI), sodium 
phosphate monobasic monohydrate (99.0 to 102.0%, EMD Millipore), 

sodium phosphate dibasic anhydrous (99%+, Acros), potassium bromide 
(99.999%, Acros), hydrochloric acid (99.999%, Alfa Aesar), sodium oleate 
(> 97%, TCI), and 2-(2-[2(11-mercapto-undecyloxy)-ethoxy]-ethoxy)-
ethoxy-ethoxy-ethoxy-acetic acid (≥ 95%, HS(CH2)11(OCH2CH2)6OCH2COOH, 
Prochimia Surfaces) were used as purchased without further purifica-
tion. All glassware was treated with aqua regia (a mixture of HCl and 
HNO3 with a volume ratio of 3:1), thoroughly rinsed with water, and 
dried before use. Nanopure water (with a resistivity of 18.2 MΩ cm 
at 25°C) purified by a Milli-Q Advantage A10 system was used in 
this work.

Gold nanocube synthesis and surface modification and LPTEM sample 
preparation and imaging
Gold nanocubes were synthesized with adaptations to a universal 
seeded growth method (4, 25, 66). The synthesis includes three steps: (i) 
preparation of gold nanorods, (ii) preparation of monodisperse spheri-
cal seeds from the gold nanorods by iterative etching and regrowth, and 
(iii) growth of the gold nanocubes from the monodisperse spherical 
seeds. The gold nanocubes obtained above were coated with hexadecyl-
trimethylammonium bromide (CTAB) ligands. The ligands were exchanged 
with carboxylate-terminated thiols (HS(CH2)11(OCH2CH2)6OCH2COOH) 
following literature procedures (36) to improve the stability of the NPs 
in solution. LPTEM imaging was performed using a Hitachi 9500 TEM 
with a LaB6 emitter at 200 kV and an electrochemical liquid flow TEM 
holder (Hummingbird Scientific). The SiNx microchips used in our 
experiments were purchased from Hummingbird Scientific (200-nm 
spacer microchip with a window size of 50 μm × 200 μm × 50 nm; 
rectangular top microchip with a window size of 30 μm × 650 μm × 
50 nm). Right before the microchip assembly, the flow tubing was 
wetted with water and the microchips were treated with oxygen plasma 
(Harrick Plasma Cleaner PDC-23G) at a low radiofrequency (RF) 
level for 27 s to clean their surfaces and render them hydrophilic. 
LPTEM imaging was performed at low electron dose rates (11.2 to 
15.4 e‒ Å‒2 s‒1) to minimize beam-induced reactions and to preserve 
inter-NP interactions (figs. S1 and S2). Also, extensive prior testing 
indicated minimal beam-induced reactions and impact on NP behavior 
(36). The LPTEM movies (movies S1 and S2) were captured with a 
Gatan Orius fiber-optically coupled CCD camera with an exposure time 
of 0.1 s per frame at a rate of 10 fps. During postprocessing, for 
movie S1, we chose one frame every eight frames so that the final 
frame rate was 1.25 fps; for movie S2, the frame rate was not processed 
and was 10 fps.

Particle tracking
For the NP tracking, to train the U-Net model, we first generated a 
large dataset of simulated LPTEM images that served as the input, 
along with their corresponding ground truth masks (fig. S4). 3D mod-
els of the nanocubes were constructed based on the geometry and 
polydispersity observed in experimental TEM images (Fig. 1). These 
models were then placed in random positions with random in-plane 
orientations. From these 3D models, an NP thickness map was calcu-
lated for each simulated image (fig. S4B). Based on the thickness map, 
we could obtain the ground truth for training. Then, this map was 
blurred by filtering it with a disk filter. This step replicates the loss of 
sharpness caused by defocusing and electron scattering from the liquid 
and SiNx windows in experimental LPTEM data.

Next, the blurred thickness maps were used to calculate the pixel 
intensities by applying the Beer-Lambert law:

where I and I0 are the transmitted and incident beam intensities, re-
spectively, and ti and λi represent the thickness and inelastic mean free 
path, respectively, for each species i (e.g., NP, water, and SiNx window) 

I = I0e
−

∑
i

ti

λi
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along the electron beam path (fig. S4A). To further mimic experimental 
conditions, shot noise, which follows a Poisson distribution relative to 
the electron dose rate, and readout noise, which follows a Gaussian 
distribution added to match the noise levels from the detector readout, 
were included. Finally, the simulated images were multiplied by the 
modulation transfer function derived from experimental LPTEM im-
ages. This step reproduces the nearby-pixel correlations observed in 
experimental data, improving the trained network’s performance. 
(fig. S4B).

This simulation workflow generates the training and validation da-
tasets needed to effectively train the U-Net model (fig. S4C). Once 
trained, the model was applied to experimental LPTEM movies. The 
raw TEM images were cropped into smaller blocks as input for the 
U-Net. The resulting predictions were combined into a single binary 
image for each frame and postprocessed by built-in Matlab functions 
of watershed.m, regionprops.m, and a rectangle-fitting algorithm. 
After that, the position of each nanocube and their orientation could 
be obtained.

MD simulation
All simulations were implemented as 2D MD simulations in HOOMD-
blue (67). Only one type of simplified “nanosquare” was used in all 
simulations, a rigid body containing 25 point-particles arranged in 
a square grid that interacted with other such particles through a 
Lennard-Jones potential. Taking the simulation length unit as nano-
meters to be analogous to the experiment, the simulated nanosquares 
had an edge length of 50 nm, and the Lennard-Jones interactions of 
the constituent point particles had a σ of 26.5 nm and an interaction 
cutoff at 100 nm. The minimum energy configuration for two such 
nanosquares is to be closely aligned at a separation of 78 nm, and the 
minimum energy configuration for a small rhombic lattice of 2 by 
2 units cells is to have a rhombic cell of length 78 nm and small angle 
of ~79° (fig. S7 and supplementary text).

For the system settings, all simulations initialized particles in either 
a square or hexagonal grid with random orientations at a density of 8 
× 10–5 particles/nm2. These simulations then underwent a short “ran-
domizing” simulation, where the Lennard-Jones interactions were cut 
off to only include the repulsion at short distances and the NPs moved 
around for a short time without attracting or assembling. All simula-
tions were also run at a temperature of kBT = 0.5 energy units, where 
the nanosquares have a Lennard-Jones epsilon of 0.13 energy units 
and the strongest bond between two nanosquares is −3.7 energy units. 
This temperature was chosen simply because it was somewhat below 
the observed simulation crystallization temperature of ~kBT = 0.7. All 
simulations were based on the Langevin equation of motion, and those 
shown here used friction coefficients of γ = 0.1 and γr = 0.1.

The first simulation used in most of the data presented here, includ-
ing those in Fig. 2, D and F, Fig. 3, middle column, and Fig. 4, B to D, 
is the so-called wavefront simulation. This simulation, in addition to 
the parameters discussed above, also strongly inhibited the motion 
of the nanosquares until a plane wavefront moving from the top left to 
the bottom right released them to move more freely. This type of simu-
lation was made to more closely be analogous to the experiment, which 
began with NPs strongly attached to their current dispersed position 
and then had the rotational and translation movements of those par-
ticles many times increased as the assembly progresses from the one 
corner of the LPTEM movie to the other. To implement this in simula-
tion, we tried increasing the γ coefficients of the inhibited particles by 
1000× until they were freed by the wavefront and increasing the mass 
of the particles by 500× until they were freed, with both implementa-
tions leading to similar results. In the simulation used in the above 
figures, the γ and γr coefficients of the inhibited particles were multi-
plied by 1000 until they were freed by the wavefront, and the wavefront 
had an angle of 45° and moved from the top left to the bottom right at 
a uniform speed. In the first 20 frames, all nanosquares were inhibited, 

then the wavefront spread at a uniform speed in several stages until 
all particles were uninhibited at frame 160, and from frame 160 through 
210, all particles remained uninhibited. This speed was chosen to be 
comparable to experiment, where about half the particles appeared to 
be uninhibited in their rotational and translation movements by about 
halfway through the total number of frames (Fig. 2).

The second simulation was a more simplified and general scenario 
in which there were no gradients or waves affecting the system inho-
mogeneously like the experiment and wavefront simulation, but rather 
all nanosquares were uninhibited immediately and assembly com-
menced everywhere instantaneously.

The results shown in Figs. 3 and 4 were found to be largely consis-
tent in further wavefront simulations, with kBT values ranging from 
0.4 to 0.7, γ values ranging from 0.01 to 1, γr values ranging from 0.01 
to 10, and wavefront travel times ranging from instantaneous to 280 
frames (280,000 time steps). Figures and data for these additional 
simulations are provided in the supplementary materials (supplemen-
tary text and figs. S8 and S9).

Graph construction
Based on the tracked centroid positions of NPs obtained from particle-
tracking method described above, we first quantified the rhombic 
positional order in each frame of LPTEM movies using the radial 
distribution function g(r) of the lattice as a function of r, the center-
to-center distance of the NPs. g(r) – r was calculated for the rhombic 
lattice consisting of all the NPs tracked in the final frames of the movie. 
From the first peak of g(r), we defined a threshold rc as 1.15 times this 
first peak or first nearest-neighbor distance. When r < rc, we consid-
ered the two nanocubes as nearest neighbors linked by a bond. These 
nearest-neighbor relationships were used to construct a graph repre-
sentation of the NP assembly. In this graph, each NP is represented as 
a node, and a bond between two NPs, defined by the condition r < rc, 
is represented as an edge connecting two nodes. The result is an un-
directed graph in which the spatial relationships between the NPs are 
mapped directly into a network of nodes and edges.

To create this graph, we first assigned a node to every NP segmented 
in each of the TEM movie frames. For each NP, we evaluated the 
center-to-center distance with every other NP in the system. If the 
distance between two NPs was less than the defined threshold 𝑟𝑐, then 
an unweighted edge was drawn between the corresponding nodes in 
the graph. We used distance thresholding because it captures the 
strongest nearest-neighbor interactions and is generalizable, requiring 
only tracked NP positions as inputs. The process was repeated for all 
particle pairs in the system, ensuring that all nearest-neighbor con-
nections were accurately captured in the graph.

We also considered alternative ways to connect edges, such as weigh-
ing the physical distance of NPs with different forms of interaction 
potentials. There are many possible choices for how to weight edges, 
but at least some choices do not significantly change our analysis.

Once all the edges were defined, the resulting graph provided a 
direct representation of the positional relationships among the NPs 
in the assembly, where the nodes and edges correspond to the particles 
and their spatial interactions, respectively.

Although this graph construction describes the primary “interaction 
graph” used for most of the analyses presented here, we also used an 
“auxiliary graph” for analysis of mesocrystal structures. In addition to 
the separation of two particles being below the 1.15× threshold, edges 
were only added in the auxiliary graph if the two particles also had 
orientations that were aligned within 10°, as shown in fig. S1B. Because 
the nanocubes considered here had fourfold symmetry in this 2D as-
sembly, this orientation step normalized the directors of the particles 
to between 0° and 90° before checking the difference or alignment 
between those directors. Once the auxiliary graph was obtained, me-
socrystals were defined as connected components in the auxiliary 
graph that had at least four particles.
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Graph curvature
ORC: The ORC (49) is a concept derived from Riemannian geometry 
and adapted to discrete structures such as graphs and networks. In 
continuous manifolds, positive curvature characterizes spherical sur-
faces where geodesics converge, whereas the negative curvature de-
scribes hyperbolic surfaces with diverging geodesics (see Fig. 2A and 
fig. S3A for a schematic geometric representation). The zero curva-
ture corresponds to Euclidean flat surfaces with parallel geodesics. 
The ORC provides a measure of the “bending” or “curvature” of the 
space in a manner similar to classical Ricci curvature but is specifi-
cally tailored to metric spaces and graphs. The ORC concept has found 
applications in various fields, including network analysis and biologi-
cal and economic networks, due to its ability to capture intrinsic geo-
metric properties of complex structures (68).

The ORC is defined using the notion of Wasershtein distance (69) 
(sometimes spelled as Vaserstein, with original spelling in Russian 
being Л. Н. Ваcерштейн, and also known as the Earth mover’s distance 
or the Earthmover distance) between probability measures. For a given 
graph G = (V, E) with vertex set V and edge set E, the ORC along an 
edge (u, v) is defined as

where W1(mu, mv) is the Waserstein distance between the probability 
measures mu and mv centered at vertices u and v, respectively, and 
d(u, v) is the graph distance between vertices u and v. The Wasserstein 
distance is given by

with Π(mu, mv) being the set of probability measures μu,v that satisfies

The ORC has proven to be a valuable tool in the areas of clustering 
and community detection within networks (49, 70, 71). By leveraging 
the curvature values, one can identify clusters or communities that 
exhibit strong intracluster and weak intercluster connectivity. In prac-
tical terms, edges with high positive curvature often indicate robust 
connections within the same community, whereas edges with negative 
curvature signify bridges between different communities. Edges with 
zero curvature resemble grid-like structures. This makes ORC particu-
larly effective in detecting the modular structure of complex networks, 
aiding in the identification of natural groupings within the network.

FRC and AFRC: The FRC (72) is a concept in discrete differential geom-
etry that extends the notion of Ricci curvature from smooth Riemannian 
manifolds to combinatorial and discrete structures such as graphs 
and simplicial complexes. This curvature provides a measure of the 
“bending” of the space in a manner that is computationally efficient 
and suitable for combinatorial structures. For a given graph G = (N, 
E) with set of nodes N interconnected by a set of edges E, the FRC of 
an edge e = (u, v) between nodes u and v is defined based on the weights 
assigned to neighboring vertices and edges. Let wu, wv be the weights 
of the vertices u and v, respectively, and we be the weight of the edge 
e. Then, the FRC of an edge e = (u, v) is given by

where the summation Puvw is taken over all nodes n that are adjacent 
to either nodes u or v. For graphs where all nodes and edges are un-
weighted or equal to 1, this simplifies to

where k(u) and k(v) are the degree of each node defining the edge e.
In turn, we define AFRC (73) of an edge as

where m is the number of 3-cycles (triangles) of which e is a part. For 
graphs resulting from the reconfigurations of particles in 2D and with 
edges that cannot cross over one another, m(e) can have a value of 0, 1, or 2.

Note that the FRC primarily focuses on local geometric properties 
and the AFRC accounts for multiparticle structures that are also 
known as simplicial complexes. The latter are particularly important 
in capturing polyadic interactions, which refer to interactions involving 
more than two elements simultaneously. Traditional graph-based models 
focus on pairwise relationships (edges), and simplicial complexes 
extend this to higher-dimensional structures [e.g., vertices correspond 
to individual entities such as nodes in a graph, edges (1-simplices) 
represent pairwise interactions, and triangles (2-simplices) capture 
interactions between three entities at once]. Also note that AFRC pro-
vides a computationally efficient way to explore the geometric and 
topological properties of complex weighted networks. This has been 
used in various applications, including brain networks and phase tran-
sition analysis (74).

Electromagnetic simulations for gold NP assemblies
Electromagnetic simulations were conducted at 14 designated time 
points throughout the entire self-assembly process of gold NPs. Using 
LPTEM images, we determined the geometric factors of the gold NPs 
and performed 3D modeling using Autodesk’s 3ds Max (Autodesk, Inc., 
USA) software. Additionally, based on the LPTEM images and particle-
tracking information (including coordinate and rotational data), we 
accurately replicated the positions, orientations, and self-assembled 
structures of the gold NPs across the 14 time points. Subsequently, 
using the commercial software package Lumerical FDTD Solutions 
2024R1.4 (Ansys, Inc., Canada), we computed the electromagnetic (op-
tical) responses at each time point. The gold NPs were positioned in 
the x-y plane, and unpolarized light ranging from 300 to 900 nm was 
irradiated from the z-axis direction. We obtained data on light extinc-
tion, particularly scattering and backscattering, based on the positions 
and formed structures of time points. To minimize the effects of reflec-
tions at various boundaries, perfectly matched layer boundary condi-
tions were applied. Additionally, the refractive index was determined 
based on the standard refractive index for the PBS solution in which 
the gold NPs were dispersed. Frequency-domain field and power moni-
tors were placed to collect electric field distribution images at 820 nm. 
All simulations and calculations at each time point were conducted 
under the same conditions and factors.

kMC simulations for ITO assemblies
We performed kMC simulations of N = 10,000 nanocrystals of core radius 
a = 6 nm in a cubic periodic box of volume V at a core volume fraction 
η = 4πa3N/(3V) = 0.01 using customized software. Details were as re-
ported previously (65). Particles interacted with the combination of a 
hardcore interaction and a square well attraction potential as follows

where σHS = 14.4 nm is the thermodynamic diameter of the nanopar-
ticles, ϵ refers to the depth of the square well potential, and δ = 0.05σHS 
is the width of the square well potential.

Optical properties calculation for ITO assemblies
The mutual polarization method was used to compute the optical 
properties of large-scale ITO NP assemblies in 3D. This method is an 
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efficient coupled-dipole method that uses matrix-free, spectrally ac-
curate Ewald summation to solve the following linear equations for 
the coupled dipoles of the nanocrystals (29):

where E0 is the incident optical field, pj is the dipole moment of par-
ticle j, α = 4πa3(εp – εm)/(εp + 2εm) is the nanocrystal’s dipole polariz-
ability, εp is the particle permittivity, εm is the medium permittivity, a 
is the radius of the optical core, rij = xi – xj, xi is particle i’s position, 
rij = |rij|, and r̂ij = rij. The parameters for the particle permittivity εp 
and medium permittivity εm were reported in (65). The particle permit-
tivity, εp, was derived from the experimental extinction spectrum of a 
nanocrystal dispersion fitted using the heterogeneous ensemble Drude 
approximation (HEDA) model (75).

The per-particle extinction cross sections of clustered particles were com-
puted from the dipole moments by Cext = kIm(

∑Nc

i=1
E∗

0
∙p

i
)∕

(
N

c
||E0

||2
)

(29), where k is the wavenumber of the incident optical field, Nc is the 
number of clustered particles, and Im(•) denotes the imaginary part. 
The extinction efficiency was defined as the ratio of the extinction 
cross section per particle to the geometrical area of a spherical nanopar-
ticle, Qext = Cext/(πa2). For comparison of extinction to the ORC, which 
is a property of graph edges and is independent of isolated particles, 
only clustered particles were included. Figure 5, F and H, shows extinc-
tion efficiency maxima as a function of simulation time. The trajecto-
ries of the fractions of clustered particles for the two systems are 
shown in fig. S19.
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Editor’s summary
Self-assembly of nanoparticles often produces structures that lie between crystalline order and complete disorder,
but describing these states remains challenging. Hallstrom et al. applied graph theory to quantify the evolution of
truncated gold nanocube assemblies imaged using electron microscopy. They showed that Ollivier-Ricci curvature and
augmented Forman-Ricci curvature can track global structural complexity and local energetic stability, respectively.
Moreover, they revealed that an intermediate, partially ordered network coincides with the strongest plasmonic
responses. Finally, they confirmed that this theory is generalizable to other systems such as gold nanoprisms and
indium tin oxide nanospheres. —Jack Huang
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