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1. A farmer wishes to fence off three identical adjoining rectangular pens as in the diagram shown,
but only has 600 feet of fencing available. Determine the values for x and y which will maximize
the total area enclosed by these three pens.

y

x x x

Area = 3xy
Total fencing = 600 = 6x+ 4y

4y = 600− 6x

y = 150− 1.5x

Area is now equivalent to:

Area = 3x ∗ (150− 1.5x)
Area = 450x− 4.5x2

Now, we must maximize A for x in the range of (0, 100)

0 =
dA

dx

0 = 450− 9x

9x = 450

x = 50

Check for the values of A’:

0 50 100

+ + + −−−

So we can see that there is an absolute maximum at x = 50. Evaluate y at x = 50

y = 150− 1.5 ∗ (50)
y = 75

Area = 3 ∗ 50 ∗ 75 = 11, 250 ft2
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2. Let R be the finite region bounded by the graphs of y = 3 sin(x), y = 6, x = 0, and x = π. Set
up, but do not evaluate, definite integrals which represent the following quantities. Integrate with
respect to x.

(a) The area of the region, R.

(b) The volume of the solid formed when R is revolved around the line y = 8.

(c) The volume of the solid formed when R is revolved around the line x = −2.

(a)

A =

∫ x−max

x−min

(Ytop − Ybottom)dx =

∫ π

0

(6− 3 sin(x))dx

(b)

V =

∫ x−max

x−min

(cross-sectional area)dx =

∫ π

0

π((rout)
2 − (rin)

2)

V =

∫ π

0

π((8− 3 sin(x))2 − (8− 6)2)dx

(c)

V =

∫ x−max

x−min

(surface area)dx =

∫ π

0

2π ∗ r ∗ hdx =

∫ π

0

2π ∗ (x+ 2) ∗ (6− 3 sin(x))dx

3. Evaluate the following indefinite integral:∫
sin2(x)

sec(x) csc4(x)
dx

∫
sin2(x)

1
cos(x)

∗ 1
sin4(x)

dx =

∫
sin6(x) cos(x)dx

Need to use u-sub for this problem: (u = sin(x)) and (du = cos(x)dx).

∫
u6du =

1

7
u7 + C =

1

7
∗ sin7(x) + C
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4. Find the average value of the function below on the interval [1, 9]. Simplify.

f(x) =
8x

x2 + 9

Average Value

( 1

9− 1

)
∗
∫ 9

1

8x

(x2 + 9)
dx

Need to use u-sub and set u = x2 + 9 and 4du = 8xdx. Remember to replace the limits of
integration, as we are now integrating with respect to u rather than x.

1

8

∫ 90

10

(4
u

)
du =

1

2

(
ln(90)− ln(10)

)
=

1

2
ln(9)

5. Evaluate the indefinite integral: ∫
e9x

e18x + 1
dx

Need to use u-sub to solve this problem: u = e9x and

1

9
du = e9xdx

∫
1

u2 + 1
∗ 1

9
du =

1

9

(
arctan(u)

)
+ C =

1

9

(
arctan

(
e9x

))
+ C

6. At t hours, a population of bacteria is growing at a rate of

r(t) =
21e

√
t

√
t

bacteria per hour

Compute the change in population size between times t = 169 s and t = 225 s. Simplify your
answer.

Net change in population from t = 169 to t = 225 is defined as:∫ 225

169

r(t)dt

=

∫ 225

169

(21 ∗ et
1
2 )

t
1
2

dt
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→ u-sub u = t
1
2 and 2du = ( 1

t
1
2
)dt and t = 169 equates to u = 13 and t = 225 equates to u = 15

∫ 15

13

(21 ∗ 2 ∗ eu)du = 42 ∗ e15 − 42 ∗ e13 bacteria

7. The function f(x) = 10x3 − 20x + 1 has one root in the interval [1, 2]. In order to approximate
this root, begin with an initial estimate of x1 = 2 and use Newton’s Method to obtain a second
estimate x2, then write it in decimal form.

f ′(x) = 30x2 − 20

xn+1 = xn −
f(xn)

f ′(xn)

x2 = x1 −
f(x1)

f ′(x1)

x2 = 2− f(2)

f ′(2)

x2 = 2− 41

100
= 2− 0.41 = 1.59
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8. Express the definite integral as the limit of Riemann Sums. Do not evaluate the limit.∫ 5

−3

x2esin(x)dx

f(x) = x2 ∗ esin(x)

lim
n→∞

n∑
k=1

f(xk)δx → lim
n→∞

n∑
k=1

(xk)
2(δx)(esin(x))

δx =
(b− a)

n
=

8

n

x = a+ k ∗ (δx) = −3 +

(
8

n

)
k

lim
n→∞

n∑
k=1

(
− 3 +

(8k
n

))2(
esin

(
−3+ 8k

n

))(
8

n

)

9. Evaluate the definite integral: ∫ 3

1

12x+ 18

x2 + 3x+ 10
dx

We can use u-sub to solve this. ∫ 3

1

6(2x+ 3)

x2 + 3x+ 10
dx

If we consider u = x2+3x+10, that requires that du = (2x+3)dx, which we see in the numerator.∫ 28

14

6du

u

Notice that the bounds have changed; they were previously x = 1 and x = 3, but we used the
definition of u to redefine them as u = 12+3(1)+10 = 14 and u = 32+3(3)+10 = 28, respectively.

6

∫ 28

14

1

u
du

6 ln |u|
∣∣∣28
14

6(ln(28)− ln(14))

6 ln

(
28

14

)
6 ln(2)
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10. Some of the values of a polynomial f(x) are shown below in the table. If g(x) = 8xf ′(x2), then
find the average value of g(x) on the interval [0, 2]. Simplify your answer.

x f(x)
0 3
1 5
2 8
3 13
4 21
5 34
6 55
7 89
8 144
9 233

Average-value (
1

2− 0

)∫ 2

0

g(x)dx =
1

2

∫ 2

0

8x ∗ f ′(x2)dx

→ use u-sub where u = x2 and 4du = 8xdx

Average-value
1

2

∫ 4

0

4f ′(u)du = 2
(
f(4)− f(0)

)
= 36
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11. Check if the Fundamental Theorem of Calculus applies, then evaluate the given integral if it does.

(a)
d

dx

∫ x

−π

sin(t)dt, x ∈ [−π, π]

(b)
d

dx

∫ x

−5

1

t
dt, x ∈ [−5, 3]

(a) This takes the form d
dx

∫ x

a
f(t)dt where f is continuous on the given interval. We therefore can say

immediately that this evaluates to f(x), or in this case, sin(x) on this interval.

Alternatively, one can evaluate the integral as follows:

d

dx

∫ x

−π

sin(t)dt =
d

dx
(− cos(x)− (− cos(π))

=
d

dx
(− cos(x)− 1)

= sin(x)

(b) This appears to take a similar form as part (a), but it is important to notice that the given function
1/x is not continuous on the given interval (it has a discontinuity at x = 0). Therefore, the FTC
does not apply to this problem. It would apply on an interval such as [−5,−1].
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