I The Grainger College of Engineering
Center for Academic Resources in Engineering

MATH 241

— Midterm 1 Review S

DISCLAIMER:
Keep in mind that this presentation was created by CARE tutors, and while it is thorough, it is not comprehensive.



The queue contains the worksheet and the solution to this review session



Vectors

e Has both magnitude and direction e \Vectors are added “tip to tail”
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Magnitude of a Vector

e Magnitude/Length of Vector: |v|

Magnitude= \l 3k y2 4+ 72 (for 3D vectors)

e Unit Vector

unit vector vector
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Dot Product

Dot product from components. #rvv-es

(—1.'-5= a1by + asby + asbsy

Dot product from length/angle. #rvv-ed

Length and angle from dot product. #rvv-el




Cross Product

Cross product in components. #rvv-ex

axb= (az2bs — a3zba) © + (azby — a1b3) 7 + (a1b2 — azbl)i:

Cross products of basis vectors. #rvv-eo

NP

X ¥
&~y )
Il
o
PER
L el
Il
=)
~y A
X X
Il
S

o
TNy ey
Il

l

LRCS

Ly e
Il
I
o
Il
|
=)




Projection and Components
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Scalar Triple Product

o A-(BxQO

e Represents the parallelepiped
volume enclosed by the three
vectors

A‘ = (alr 32, 33)1 E = (bl) b2r b3)) E = (C]_J Cz; C3)

a; dp; ag
A (B p.4 C) = det [b1 b, b3]
¢t C C3



Equations for Lines and Planes

- The equation for a line L on a plane can be parametrized:
- Here, r,is a vector between the origin and a point on the plane

- Andvis aline on the plane

r(t) = o + tvy

y(t) = yo + tvs
2(t) = zo + tus

L =7ry+tv
< Zo, Yo, 20 >
17 =< v1,V9,V3 >
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Equation of Plane
Ax + By + Cz =

Describes a plane in which

. A, B, and C are the

n: (Q o P) =0 components of the normal

where @ = (z,y, 2), vector

p— - Tofind D, you need a point
o (:130, Yo; ZO) on the plane:

n is the normal vector of the plane. < g, Yo, 20 >

D = A.’,B() —|—By() —|—CZ()
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Functions of several variables
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Functions of several variables
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Level Sets

- Curve generated by “slicing” a multivariable function at a constant
function value (height)




Contour Map

- Map of many level sets at different function values (heights)




Quadric Surface

All traces are ellipses.
If a = b = c, the ellipsoid is
a sphere.

Surface Equation Surface Equation
. . xZ yl Z2 zZ x2 y2
Ellipsoid Pl + e + a2 1 Cone =7 + o7

Horizontal traces are ellipses.
Vertical traces in the planes
x=kandy = k are
hyperbolas if k£ # 0 but are
pairs of lines if K = 0.

Elliptic Paraboloid
z

c a* b

Horizontal traces are ellipses.

Vertical traces are parabolas.

The variable raised to the
first power indicates the axis
of the paraboloid.

Hyperboloid of One Sheet

xl yZ 22
=t 2"z
a b ¢

Horizontal traces are ellipses.

=1

Vertical traces are hyperbolas.
The axis of symmetry
corresponds to the variable
whose coefficient is negative.

2

¢ a b?
Horizontal traces are
hyperbolas.

7z %% oy
2

Vertical traces are parabolas.

The case where ¢ < 0 is
illustrated.

Hyperboloid of Two Sheets

z

Horizontal traces in z = k are
ellipses if k > cork < —c.

Vertical traces are hyperbolas.

The two minus signs indicate
two sheets.




Example Question #1

Let P be the plane with equation x + 2z = 0. Find the distance
from the point (-1, 3, 0) to the plane P.



Example Solution #1

The plane passes through (0,0, 0) and the normal vector N is (1,0, 2)
Create a vector V from (0,0,0) to the point (—1,3,0) » (—1,3,0)

The magnitude of the projection of V onto N will be the distance from the point to the plane

|¥°

proja| = |(“Vs)" + ¥ =/ 4

The distance is 1/V5




Example Question #2

Let C be the curve parameterized by r(t) = <sin(t?), cos(t?), t>> for
0 <t < 2 vm. Check the corresponding picture of C.




Example Solution #2

r(t) = <sin(t?), cos(t?), t>>for 0 <t < 2 vm




Example Question #3

Find the vector function representing the curve of intersection
between the circular cylinder of radius 4 centered on the z-axis
and the surface z = xy.



Example Solution #3

Find the vector function representing the curve of intersection
between the circular cylinder of radius 4 centered on the z-axis
and the surface z = xy.

Tcy = (4cost, 4sint)
z = xy = 16cost - sint

r(t) = (4cost, 4sint, 16cost - sint)




Limits

When computing multivariable limits,

©)

Check multiple paths (lines and power functions) to see if there are
conflicting values. If so, limits DNE
Factor (difference of squares)
Use polar coordinates

Try squeeze theorem

r=+/a? 41
x =1 -cosd
y=r-sind




Squeeze Theorem

- We have three functions such that near x: f(z) < g(x) < h(z)

- Iflim f(z) = lim h(z) = L then lim g(x) = L

rT—a rT—a TrT—a

- Great to use for functions that are hard to evaluate with limit laws
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Limit Laws

Sum Law
Difference Law
Constant Multiple Law

Product Law
Quotient Law

. The limit of a sum is the sum of the limits.
2. The limit of a difference is the difference of the limits.

. The limit of a constant times a function is the constant times the limit of the

function.

. The limit of a product is the product of the limits.
. The limit of a quotient is the quotient of the limits (provided that the limit of the

denominator is not 0).



Continuity

- A function f(x,y) is continuous at point (x,y) if

lim(w,y)%(a,b)f(xa y) — f(a'a b)

- If this holds for all points (a,b), then the function is
continuous over the 2D plane.




Partial Derivatives

# g f(w+h,y’)L—f(=v,y) fy (@.y) = lim (m,y+h’1—f(w,y)
fey) = R =g & ey = o
gi-{ = (% (gir S %(fx) = (f)e = fux d‘fg 2 :y (g{) _ (%(fr) RN e
72 (‘3’ -5 ==t |[EL_2 (af)=—(fy) (et
Y Yy \oy drdy Odxr \ Oy







Chain Rule

43_325_;_( 22 dy

dt ~ ax dt 9y dt

chansein
Z with

respecf o ¢

Z x

chan,cin
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Linear Approximation & Tangent planes

e |fz=1(x,y)andfis differentiable at (a, b), then the value of f(m, n) can
be approximated by

f(m,n) =~ L(m,n)
L(m,n) = f(a,b) + f4(a,b) - (m —a) + fy(a,b) - (n — b)




Example Question #4

e A contour map for a function f of x, y, and a point P in the plane are given
below. Determine if the following quantities are negative, zero, or
positive: f (P), f_(P), f, (P)
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Example Solution #4

o f (P): positive
o f (P):positive
° fxy(P): negative
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Example Question #5

e Compute the following limits

x3 4 x? +xy + 3

lim
xy)~(1,0)x%y — 5xy +y2 + 1

2
. " - (_)
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e Determine whether the following function is continuous at (0, 0)

fx,y) = |x? +g+yz' (x,y) # (0,0)
0 , (x,y) = (0,0)




Example Solution #5

e Compute the following limits

x3

lim =0 (Use polar coordinates
xy)~(0,0) X2 + y?2 ( P )

4

1 _— = = 4 = 4
(X'yl)l_gl(lo,o)xz_l_yi; DNE (Check x=y"and x = -y*)

lim x3cos (3) =0 (Squeeze Theorem)
x—0 X
X2 +xy + 3 =4 (Plugin (-1, 0) directly)

lim
&xy)-(1,00x%y — 5xy +y? + 1



Example Solution #5

e Determine whether the following function is continuous at (0, 0)

flx,y) = X2 +g+y2' (x,y) # (0,0)
. ,(x,y) = (0,0)

On liney =X, f(x, y) = 1/3 at any point except (0, 0). Since there is
a discontinuity at (0, 0), the function is not continuous.



Velocity and Acceleration

Pl =Vw) — v = 7© de

V&) = ag) = Vo = [0l




