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1. Evaluate the following integral: ∫
ex cos(x)dx

(a) ex

4
(sin(x) + cos(x)) + C

(b) ex

2
(sin(x) + cos(x)) + C

(c) ex

2
(sin(x)) + C

(d) ex

6
(sin(x) + cos(x)) + C

Call
∫
excos(x)dx = I. Use integration by parts

v = ex

dv = exdx
u = cos(x)dx

du = − sin(x)

I = ex cos(x)−
∫

ex − sin(x)dx

Use integration by parts again

v = ex

dv = exdx
u = − sin(x)dx

du = − cos(x)

I = ex cos(x)− [−ex sin(x)−
∫

−ex cos(x)]dx

I = ex cos(x) + ex sin(x)−
∫

ex cos(x)dx

I = ex(sin(x) + cos(x))− I

2I = ex(sin(x) + cos(x) → I =
ex

2
(sin(x) + cos(x)) + C
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2. What is the best substitution to make in order to solve the following integral?∫
y2
√
y2 + 4dy

(a) y = ln(θ)

(b) y = 2 sec(θ)

(c) y = sin(θ)

(d) y = 2 tan(θ)

(e) y = et + 1

We want to simplify the radical. Recalling that

tan2(θ) + 1 = sec2(θ)

the substitution y = 2 tan(θ) and dy = 2 sec2(θ) yields∫
4 tan2(θ)

√
4(tan2(θ)) + 4(2 sec2(θ))dθ

∫
8 tan2(θ) sec2(θ)

√
4(tan2(θ) + 1dθ

∫
16 tan2(θ) sec3(θ)dθ

3. Evaluate the following integral:

∫ e3

1

4x3 ln(x)

(a) 1+e8

2

(b) 11e12+1
4

(c) 3 + e4

(d) 1+e12

2

(e) 7e8+1
4

We will need to use integration by parts to solve this problem

u = ln(x)

du =
1

x
dx

dv = 4x3dx

v = x4
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∫ e3

1

4x3 ln(x)dx = x4 ln(x)−
∫ e3

1

x4

x
dx

(3e12 − 0)− x4

4
|e31 =

11e12 + 1

4

4. Evaluate the following indefinite integral ∫
x
√
x2 + 2dx

(a) 1
2
x2
√
x2 + 2 + C

(b) 2
3
(x2 + 2)

3
2 + C

(c) 1
3
(x2 + 2)

3
2 + C

(d) (x2 + 2)
3
2 + C

(e) 2
3
x(x2 + 2)

3
2 + C

We will need to use the substitution: u = x2 + 2, du = 2xdx∫
x
√
x2 + 2dx =

1

2

∫
(2x)

√
x2 + 2dx

1

2

∫
(2x)

√
x2 + 2dx =

1

2

∫ √
udu

1

2
(
u

3
2

3
2

) + C

u
3
2

3
+ C =

1

3
(x2 + 2)

3
2 + C

5. Let y = f(x) be defined implicitly by y3 − xy = 10, Find the dy
dx

in terms of y and x

(a) dy
dx

= 10y2

x3

(b) dy
dx

= 10
y2−x

(c) dy
dx

= y
3y2−x

(d) dy
dx

= 10
3y2

+ x
y
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y3 − xy = 10

3y2
dy

dx
− x

dy

dx
− y = 0

dy

dx
=

y

3y2 − x

6. Suppose that f(x) is continuous [0, 1] and differentiable on [0, 1] with f(0) = 2 and f(1) = 5.
Exactly one of the following statements is true.

(a) There exists a point c on (1
2
, 1) such that f ′(c) = 3.

(b) None of the other answers are true.

(c) There exists a point c on (0, 2) such that f(c) = 0.

(d) There exists a point c on (0, 1) such that f ′(c) = 3

(e) There exists a point c on (2, 5) such that f(1
2
) = c.

This is a simple mean value question

If f(0) = 2 and f(1) = 5, then there exists a C with f ′(C) = 3.

The answer is (d). None of the other options are necessarily true.

7. A 4m long ladder is propped up against a wall. The ladder begins to slip. At time t = 3 s, the
base of the ladder is 2 m from the wall and moving away from the wall at 3 m/s. How fast is the
top of the ladder moving vertically along the wall?

(a) −
√
3 m/s

(b) −2 m/s

(c) −3
√
2 m/s

(d) −13
4
m/s

(e) −3
√
3 m/s

Let us denote the height of the ladder’s contact with the wall as h, the distance from the wall to
the base of the ladder as w and the length of the ladder is fixed at L = 4

h

w

L
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Then we know from Pythagorean’s Theorem that: w2 + h2 = L2

Differentiating gives us:

2w
dw

dt
+ 2h

dh

dt
= 0

Given that w = 2 and dw
dt

= 3, we need to find h

h =
√
42 − 22 =

√
12 = 2

√
3

Now, we can plug in and obtain:

2(3) + 2
√
3
dh

dt
= 0

dh

dt
= −

√
3

8. We want to evaluate

∫ 2

0

x2dx

using a Riemann sum of n = 3 terms. Let us define L3 as the Riemann Sum if we choose the left
endpoints, and R3 if we choose the right endpoints. Then:

(a) L3 =
9
32
, R3 =

15
32

(b) L3 =
40
27
, R3 =

112
27

(c) L3 =
15
81
, R3 =

41
81

(d) L3 =
7
32
, R3 =

55
36

(e) L3 =
53
36
, R3 =

55
36

We have ∆x = 2
3

Choose the left-hand end points

x1 = 0, x2 =
2
3
, x3 =

4
3

L3 = f(x1)δx+ f(x2)∆x+ f(x3)∆x

02
(2
3

)
+
(2
3

)2(2
3

)
+
(4
3

)2(2
3

)

L3 =
40

27
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Now, choose the right endpoints

x1 =
2
3
, x2 =

4
3
, x3 = 2

R3 = f(x1)∆x+ f(x2)δx+ f(x3)∆x

(2
3

)2(2
3

)
+
(4
3

)2(2
3

)
+ (2)2

(2
3

)

R3 =
112

27

9. A Farmer wants to build a rectangular field next to a river. The farmer will use the river as one
side of the rectangle, but must build the other three sides of the rectangle with fence. There is
a total amount of 120 meters of fence available. What is the largest possible area that can be
enclosed?

(a) 2400 m2

(b) 1600 m2

(c) 1800 m2

(d) 800 m2

Let d1 = the length of the side parallel to the river
Let d2 = the length of the side perpendicular to the river

R
iv
er

d2

d2

d1

d1 + 2d2 = 120 or d2 = 60− d1
2

A = d1d2 = d1(60− d1
2
) = 60d1 − (d1)2

2

Now, find the critical points
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d

d1x
(60d1 −

(d1)
2

2
= 60− d1 = 0

d1 = 60

60(30) = 1800 m2

10. Let us define f(x) by:

∫ x2cos(x)

−3

e−t2dt

Compute f ′(x)

(a) 2x cos(x)e−x4 cos2(x) − x2 sin(x)e−x4 cos2(x)

(b) x cos(x)e−x4 cos2(x) + 2x2 sin(x)e−x4 cos2(x)

(c) e−x4 cos2(x) − e−9

(d) 2x cos(x)e−x2 cos2(x) − x2 sin(x)e−x2 cos2(x)

(e) ex
4 cos2(x)

If we write: h(x) =
∫ x

−3
e−t2dt, then the fundamental theorem of calculus tells us:

h′(x) = e−x2
where f(h(x))h′(x)

We then have f(x) = h(x2 cos(x)), so:

f ′(x) = h(x2 cos(x)) ∗ d

dx
(x2 cos(x))

f ′(x) = h(x2 cos(x))(2x cos(x)− x2 sin(x))

f ′(x) = e−x4 cos2(x)(2x cos(x)− x2 sin(x)) = 2x cos(x)e−x4 cos2(x) − x2 sin(x)e−x4 cos2(x)

11. Evaluate the following integral ∫
5x− 1

(x− 2)2(x+ 1)

(a) ln |x− 2|+ 4
2−x

− 2 ln |x+ 1|+ C

(b) 1
3
ln |x− 4|+ 3

1−x
− 2

3
ln |x+ 3|+ C

(c) ln |x− 2|+ 3
2−x

− ln |x+ 1|+ C
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(d) 2
3
ln |x− 2|+ 3

2−x
− 2

3
ln |x+ 1|+ C

(e) 1
4
ln |x− 2|+ 3

1−x
− 2

3
ln |x+ 1|+ C

First, decompose the given problem using partial fraction decomposition. Recall that there will
be two terms for the squared term

5x− 1

(x− 2)2(x+ 1)
=

A

x− 2
+

B

(x− 2)2
+

C

x+ 1

5x− 1 = A(x− 2)(x+ 1) +B(x+ 1) + C(x− 2)2

5x− 1 = Ax2 − Ax− 2A+Bx+B + Cx2 − 4Cx+ 4C

5x− 1 = x2(A+ C) + x(−A+B − 4C) + (−2A+B + 4C)

From this we can get our three equations with three unknowns and solve:

(I) A+ C = 0 (II) −A+B − 4C = 5 (III) −2A+B + 4C = −1

9C = −6

C = −2
3

A = −C = 2
3

B = 5 + 4C + A = 5− 8
3
+ 2

3
= 3

∫
5x− 1

(x− 2)2(x+ 1)
=

∫ 2
3

x− 2
+

3

(x− 2)2
−

2
3

x+ 1
dx

=
2

3
ln |x− 2|+ 3

2− x
− 2

3
ln |x+ 1|+ C

12. Evaluate the following integral ∫
2x2 − x+ 4

x3 + 4x
dx

(a) ln |x|+ ln(x2 + 4)− 1
4
arctan

(
x
2

)
+ C

(b) ln |x|+ 1
2
ln(x2 + 4)− 1

2
arctan

(
x
2

)
+ C

(c) ln |x|+ 1
2
ln(x2 + 8)− 1

2
arctan

(
x
4

)
+ C

(d) 1
2
ln |x|+ 1

2
ln(x2 + 4)− 1

3
arctan

(
x
2

)
+ C

(e) 1
2
ln |x|+ 1

2
ln(x2 + 2)− 1

3
arctan

(
x
4

)
+ C
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x3 + 4x = x(x2 + 4x)

2x2 − x+ 4

x(x2 + 4)
=

A

x
+

Bx+ C

x2 + 4

2x2 − x+ 4 = A(x2 + 4) + (Bx+ C)x

2x2 − x+ 4 = (A+B)x2 + Cx+ 4A

A+B = 2, C = −1, and 4A = 4

A = 1, B = 1, C = −1 ∫
2x2 − x+ 4

x3 + 4x
dx =

∫
1

x
+

x− 1

x2 + 4
dx

∫
1

x
+

x

x2 + 4
− 1

x2 + 4
dx = ln |x|+ 1

2
ln
(
x2 + 4

)
− 1

2
arctan

(x
2

)
+ C

Note: For the second term, use U-sub where u = x2 + 4. For the third term in the integral, use
trig integral for tangent

13. Evaluate the following integral

∫ 4

0

dx

(x2 + 16)
3
2

(a) 1
8
√
2

(b) 1
16

√
3

(c) 1
16

√
2

(d) 1√
2

(e) 1
8
√
3

Note that this is a perfect integral to use TRIG-SUB to solve. Use the following substitution in
order to solve the problem:

x = 4 tan(θ) and dx = 4 sec2(θ)

∫ 4

0

4 sec2(θ)

43 sec3(θ)
dθ
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1

16

∫ 4

0

1

sec(θ)
dθ

1

16

∫ 4

0

cos(θ)dθ

1

16
sin(θ)|40

4

x

√
x2 + 16

θ

1

16

x√
x2 + 16

∣∣∣4
0

1

16

( 4√
32

− 0
)
=

1

16
√
2
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