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Math 241 − Calculus III

Midterm 1 Worksheet Solutions

The problems in this review are designed to help prepare you for your upcoming exam. Questions pertain

to material covered in the course and are intended to reflect the topics likely to appear in the exam. Keep

in mind that this worksheet was created by CARE tutors, and while it is thorough, it is not comprehensive.

In addition to exam review sessions, CARE also hosts regularly scheduled tutoring hours.

Tutors are available to answer questions, review problems, and help you feel prepared for your
exam during these times:

Session 1: Sep. 20, 4-5:50 pm Meredith, Gabe, Cami, Liz

Session 2: Sep. 21, 4-4:50pm Lydia, Johail, Pallab, Rick

Can’t make it to a session? Here’s our schedule by course:

https://care.grainger.illinois.edu/tutoring/schedule-by-subject

Solutions will be available on our website after the last review session that we host.

Step-by-step login for exam review session:

1. Log into Queue @ Illinois: https://queue.illinois.edu/q/queue/845

2. Click “New Question”

3. Add your NetID and Name

4. Press “Add to Queue”

Please be sure to follow the above steps to add yourself to the Queue.

Good luck with your exam!
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Math 241 − Calculus III Midterm 1 Exam Review

1. Find u⃗× v⃗ if u⃗ = ⟨3,−4, 1⟩ and v⃗ = ⟨5, 2,−6⟩

u⃗× v⃗ =

∣∣∣∣∣∣
î ĵ k̂
3 −4 1
5 2 −6

∣∣∣∣∣∣ =
∣∣∣∣−4 1
2 −6

∣∣∣∣ î− ∣∣∣∣3 1
5 −6

∣∣∣∣ ĵ + ∣∣∣∣3 −4
5 2

∣∣∣∣ k̂
22̂i− (−23)ĵ + 26k̂

⟨22, 23, 26⟩

2. Find an equation for the plane that passes through the point P = (1, 2, 3) and contains the line L
given by the parametric equation:

x(t) = 1− 3t y(t) = 3 z(t) = 6 + 2t

for −∞ < t < ∞

We always need two pieces of information for the equation of a plane:

• Point on the plane, P (x0, y0, z0)

• Vector normal to the plane, N⃗

The equation of a plane, then, is 0 = N⃗ · ⟨x− x0, y − y0, z − z0⟩

Let P0 = (1, 2, 3)

From the given line equations (when t = 0):
P1(1, 3, 6)
Direction vector of the line a⃗ = ⟨−3, 0, 2⟩

In order to compute a cross product and get the normal vector N⃗ , we need one more vector.
Subtract points P1 and P0. This gives us another vector in the plane that we want between P1

and P0.

We get the vector b⃗ = ⟨1− 1, 2− 3, 3− 6⟩ = ⟨0,−1,−3⟩

Now, N⃗ = a⃗× b⃗ = ⟨2,−9, 3⟩

To get the equation of the plane:
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0 = N⃗ ⟨x− x0, y − y0, z − z0⟩
0 = ⟨2,−9, 3⟩ · ⟨x− 1, y − 2, z − 3⟩

2x− 9y + 3x = −7

3. For each equation below, write the corresponding letter in the box next to the picture of the surface
it describes

(A) x2 + y2 − z2 + 1 = 0 (B) 4x2 + y2 + 4z2 − 1 = 0

(A) is top middle (hyperboloid of two sheets)
(B) is bottom right (ellipsoid with longest axis along ŷ)

Here is a little cheat sheet for the equations of quadric surfaces:
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4. Construct an equation for a plane that contains (2, 1, 3), (0,−1, 0), and (3, 2, 1).
To obtain an equation for a plane, we need to first find the normal vector of the plane. For the
given points, we can make two vectors out of the three points with a common tail. The cross
product of these two vectors will then be the normal vector of the plane. Let’s assign the points
with a letter: A = (2, 1, 3), B = (0,−1, 0), C = (3, 2, 1).

B⃗A = (2, 1, 3)− (0,−1, 0) = ⟨2, 2, 3⟩

B⃗C = (3, 2, 1)− (0,−1, 0) = ⟨3, 3, 1⟩

n⃗ = B⃗A× B⃗C =

∣∣∣∣∣∣
î ĵ k̂
2 2 3
3 3 1

∣∣∣∣∣∣ = ⟨−7, 7, 0⟩

The plane equation is now −7x + 7y + d = 0. To solve for d, we can plug in any of the given
points. In this case, we choose (2,1,3).

−14 + 7 + d = 0 → d = 7

−7x+ 7y + 7 = 0

5. Consider two points A and B.

A = (0, 7, 2)
B = (1, 2, 0)

(a) Find the vector that represents the displacement between the points (vector drawn from A to B)

(b) What is the projection of this vector onto r⃗ = ⟨5,−2, 7⟩?
(c) What is the projection of the vector from part (a) onto the plane represented by the equation

5x− 2y + 7z = 10

(a)

s⃗ = B − A = ⟨1,−5,−2⟩

(b) To project onto r⃗ = ⟨5,−2, 7⟩ we use the projection formula

projr⃗ s⃗ =
( r⃗ · s⃗
r⃗ · r⃗

)
r⃗〈 5

78
,
−2

78
,
7

78

〉
(c) Notice that the normal vector of the plane is the same as vector r⃗ in part (b). To project s⃗ onto

the plane, we can do an orthogonal projection of s⃗ onto the plane’s normal vector r⃗ and then do
vector subtraction to find the orthogonal component (which is what we want).

orthr⃗ s⃗ = s⃗− projr⃗(s⃗) = ⟨1,−5,−2⟩ −
〈 5

78
,
−2

78
,
7

78

〉
〈73
78

,−194

39
,−163

78

〉
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6. Determine if the two lines intersect. If so, find their point of intersection.
x = 3t− 3

y = −2t+ 1

z = 4t− 2


x = 2s+ 3

y = 2s− 1

z = s+ 2

If these two lines intersect, there will be a value t = t0 and s = s0 (not necessarily the same),
such that each component of the first line equals each component of the second line. Thus we can
equate the x and y components of each one, solve for t and s, and see if these values also satisfy
the z component.

3t− 3 = 2s+ 3

−2t+ 1 = 2s− 1

Solving these two gives t = 8
5
and s = −3

5
. We can plug these into the equations for z to see if

they will also match up.

z = 4(
8

5
)− 2 =

22

5

z = −3

5
+ 2 =

7

5

These lines do not intersect
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7. Find the equation of the line of intersection of the following two planes: 2x + y − 2z = 2 and
−2x+ y + z = 6.
We are looking for the equation of a line, which means we need a starting point and a direction
vector. Finding a starting point is easy, we just need a point that is on both planes. To do this,
we will let z = 0 and solve the two equations for x and y.

2x+ y = 2

−2x+ y = 6

Solving gives a point on both planes (−1, 4, 0). This will be our starting vector.

Now we need a direction vector. Notice that this vector will be perpendicular to each plane’s
normal vector. Therefore, we can take a cross product.∣∣∣∣∣∣

î ĵ k̂
2 1 −2
−2 1 1

∣∣∣∣∣∣ = ⟨3, 2, 4⟩

Therefore, the equation of the line of intersection is 1

r⃗(t) = ⟨−1 + 3t, 4 + 2t, 4t⟩

8. Explain why a⃗ · (⃗a× b⃗) = 0.

a⃗× b⃗ is perpendicular to both a⃗ and b⃗. The dot product of perpendicular vectors is zero.

9. Let r(t) = ⟨sin(t), cos2 t⟩, 0 ≤ t ≤ 2π. Which graph below represents this curve?

y

x

A

—1

y

x

B

|
1

—1

y

x

C

—1

y

x

D

|
1

—1

Converting this into a Cartesian equation gives

y + x2 = 1 → y = 1− x2

Which is a concave down parabola with its vertex at (0, 1) shown in graph C.

1Other answers are possible depending on which starting vector you use, but the direction vector should be
parallel to this one
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10. Assume you are walking around the surface of a spherical planet with a radius of 2. If you are
walking clockwise on the xy-plane, what is the parametrization of the path after circling it twice?

The equation for a sphere (with radius 2) is x2 + y2 + z2 = 4. On the xy-plane, z = 0.

The equation then becomes x2 + y2 = 4, which yields the parametrization ⟨2 cos t,−2 sin t, 0⟩ for

the clockwise direction.
2 rounds around the planet means that the domain of t is 0 ≤ t ≤ 4π .
Since there is no restraint on where the curve starts, the answer can also be ⟨2 sin t, 2 cos t, 0⟩ or
⟨−2 cos t, 2 sin t, 0⟩.

11. Consider the vector function r⃗(t) = ⟨2 cos t, 2 sin t, t⟩. Find the length from (2, 0, 0) to (2, 0, 4π) of
the vector function.

Need to figure out the values of t at start and end point

a: (2, 0, 0)→ z = 0 = t → t = 0

b: (2, 0, 4π) → z = 4π = t → t = 4π

L =
∫ 4π

0

√
(−2sint)2 + (2cost)2 + 12dt =

∫ 4π

0

√
4sin2t+ 4cos2t+ 1dt =

∫ 4π

0

√
5dt = 4

√
5π

Match the vector functions below to the corresponding graph.

12. (i) x = t, y = 1/(1 + t2), z = t2

(ii) x = cos t, y = sin t, z = cos 2t

(iii) x = cos t, y = sin t, z = 1/(1 + t2)

(iv) x = t cos t, y = t, z = t sin t, t ≥ 0

(III), (II), (IV), (I)

Tricks: If (x, y, z) are all sin/cos → close trace

Coefficients in sin/cos → more curves along that axis (see II)
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If only 2 sin/cos → circular path around the sin/cos axis (see III)

If multiplied by t, radius increases.

Take x = 0 / y = 0 / z = 0 to examine cross sectional curves.

13. Find the derivatives of the function f(x, y) = x2 + y2 + xy + y3.

(i) fx, fy

(ii) Total differential

(iii) fxx, fyy

(iv) fxy, fyx

(i) fx = 2x+ 0 + y + 0 = 2x+ y

fy = 0 + 2y + x+ 3y2 = 2y + x+ 3y2

(ii) df = df
dx
dx+ df

dy
dy = (2x+ y)dx+ (2y + x+ 3y2)dy

(iii) fxx = d
dx
(fx) = 2 + 0 = 2

fyy =
d
dy
(fy) = 2 + 0 + 6y = 2 + 6y

(iv) fxy =
d
dy
(fx) = 0 + 1 = 1

fyx = d
dx
(fy) = 0 + 1 + 0 = 1

→ fxy = fyx, function is continuous.

14. Find the limits for the following expressions:

(i)

lim
(x,y)→(−1,0)

x2 + xy + 3

x2y − 5xy + y2 + 1

(ii)

lim
(x,y)→(0,0)

x3

x2 + y2

(iii)

lim
(x,y)→(0,0)

xy4

x2 + y8

(iv)

lim
(x,y)→(0,0)

x6 + x2y4

x2 + y2

(i) Plug the point into the function.

=
(−1)2 + (−1)(0) + 3

(−1)2 · (0)− 5(−1)(0) + (0)2 + 1
= 4

(ii) Polar coordinates! As r approaches 0, the whole function approaches 0

r3 cos3(θ)

r2
= r cos3(θ) → 0
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(iii) Test two different lines.
Test path

x = y4

=
y8

y8 + y8
=

1

2

Test path x = 0

=
(0) y4

02 + y8
= 0

These limits are not equal, so DNE!

(iv) More polar coordinates!

=
r6 cos6(θ) + r2 cos2(θ) · r4 sin4(θ)

r2

= r4 cos6(θ) + cos2(θ) · r4 sin4(θ)

= r4
(
cos6(θ) + cos2(θ) sin4(θ)

)
= 0

As r approaches 0, the whole function approaches 0.

15. Match the multi-variable equations to the corresponding graph and contour line.

(i) z = sinx− sin y

(ii) z = ex cos y

(iii) z = (1− x2)(1− y2)

(iv) z = sin(xy)

(v) z = (x− y)/(1 + x2 + y2)

(vi) z = sin(x− y)
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(i), E, III
(ii), A, IV
(iii), B, II
(iv), C, VI
(v), D, V
(vi), F, I
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