
MATH 231 REVIEW



Topics Covered

• Integration by Parts
• Trigonometric Integrals
• Trigonometric Substitution
• Integration of Rational Functions by Partial Fractions
• Approximate Integration
• Improper Integrals
• Arc Length



Integration by Parts

!𝑢𝑑𝑣 = 𝑢𝑣	 −	!𝑣𝑑𝑢

Where

𝑢 = 𝑓 𝑥 𝑑𝑢 = 𝑓′(𝑥)

𝑑𝑣 = 𝑔 𝑥 𝑑𝑥 𝑣 = +𝑔 𝑥 𝑑𝑥

Note: May have to repeat process more than once to completely solve



How to Choose “u”?

Use LIATE!

L-ogarithmic     ln(x)
I-nverse Trig     𝑠𝑖𝑛!"(x)
A-lgebraic     𝑥# + 3𝑥
T-rigonometric functions  sin(x)
E-xponential functions   𝑒$



Trigonometric Integrals

• 𝑐𝑜𝑠, 𝑥 + 𝑠𝑖𝑛, 𝑥 = 1
• 𝑡𝑎𝑛, 𝑥 + 1 = 𝑠𝑒𝑐, 𝑥
• 𝑡𝑎𝑛, 𝑥 = 𝑠𝑒𝑐, 𝑥 −1
• sin 2𝑥 = 2 sin 𝑥 cos 𝑥

• 𝑠𝑖𝑛,𝑥 = -
, 1 − cos 2𝑥

• 𝑐𝑜𝑠,𝑥 = -
,
	(1 + cos 2x )

• cos 2𝑥 = 𝑐𝑜𝑠, x − 𝑠𝑖𝑛, x
         = 1- 2𝑠𝑖𝑛, x
                   = 2𝑐𝑜𝑠, x -1

• Used the following trig identities 
and others to rewrite and simplify 
trig equations under an integral

Ex  ∫ sin(𝑥).cos(𝑥)/𝑑𝑥



Trigonometric Substitution

Format Substitution Derivative Substitution Trig Identity

𝑎! − 𝑥! 𝑥 = 𝑎 ∗ sin(𝜃) 𝑑𝑥 = 𝑎 ∗ cos(𝜃) 𝑑𝜃 𝑐𝑜𝑠!(𝜃) + 𝑠𝑖𝑛!(𝜃) = 1

𝑎! + 𝑥! 𝑥 = 𝑎 ∗ 𝑡𝑎𝑛(𝜃) 𝑑𝑥 = 𝑎 ∗ 𝑠𝑒𝑐!(𝜃) 𝑑𝜃 𝑡𝑎𝑛! 𝜃 + 1 = 𝑠𝑒𝑐!(𝜃)

𝑥! − 𝑎! 𝑥 = 𝑎 ∗ s𝑒𝑐(𝜃) 𝑑𝑥 = 𝑎 ∗ sec 𝜃 tan(𝜃) 𝑑𝜃 𝑡𝑎𝑛! 𝜃 = 𝑠𝑒𝑐! 𝜃 −1

𝑎! − 𝑥!

𝑎! +
𝑥!a

a

x x

𝜃 𝜃

Steps to Solve:
1. Identify format
2. Replace x and dx
3. Simply and/or use trig identity
4. Convert back to numerical 

using triangle



Integration of Rational Functions by Partial 
Fractions

Rational Function Partial Fraction
𝑝𝑥 + 𝑞

(𝑥 − 𝑎)(𝑥 − 𝑏)
, a ≠ 𝑏

𝐴
(𝑥 − 𝑎) +

𝐵
(𝑥 − 𝑏)

𝑝𝑥 + 𝑞
(𝑥 − 𝑎)!

𝐴
(𝑥 − 𝑎) +

𝐵
(𝑥 − 𝑎)!

𝑝𝑥! + 𝑞𝑥 + 𝑟
(𝑥 − 𝑎)(𝑥 − 𝑏)(𝑥 − 𝑐)

𝐴
(𝑥 − 𝑎) +

𝐵
𝑥 − 𝑏 +

𝐶
(𝑥 − 𝑐)

𝑝𝑥! + 𝑞𝑥 + 𝑟
(𝑥 − 𝑎)!(𝑥 − 𝑏)

𝐴
(𝑥 − 𝑎) +

𝐵
(𝑥 − 𝑎)! +

𝐶
(𝑥 − 𝑏)

𝑝𝑥! + 𝑞𝑥 + 𝑟
(𝑥 − 𝑎)(𝑥! − 𝑏𝑥 − 𝑐)

𝐴
(𝑥 − 𝑎) +

𝐵𝑥 + 𝐶
(𝑥! − 𝑏𝑥 − 𝑐)



Approximate Integration

𝐿" = 𝑓 𝑥# Δ𝑥 + 𝑓 𝑥$ Δ𝑥 +⋯𝑓 𝑥"%$ Δ𝑥 = ∑&'#"%$ 𝑓 𝑥& Δ𝑥 𝑅" = 𝑓 𝑥$ Δ𝑥 + 𝑓 𝑥! Δ𝑥 +⋯𝑓 𝑥" Δ𝑥 = ∑&'#"%$ 𝑓 𝑥& Δ𝑥

Where Δ𝑥 = !"#
$



Approximate Integration

𝑀" = 𝑓 𝑥̅$ Δ𝑥 + 𝑓 𝑥̅! Δ𝑥 +⋯𝑓 𝑥̅" Δ𝑥 = ∑&'#"%$ 𝑓 𝑥̅& Δ𝑥

Where 𝑥̅ = (!"#%(!
!

Trapezoidal Rule

𝑇" =
)(
!
(𝑓 𝑥# Δ𝑥 +  2𝑓 𝑥$ Δ𝑥 +⋯2𝑓 𝑥"%$ + 𝑓(𝑥")) =

∑&'#"%$(𝑓 𝑥"%$ + 𝑓(𝑥"))
∆($
!



Approximate Integration: Simpson’s Rule

𝑆$ =
Δ𝑥
3
(𝑓 𝑥% Δ𝑥 +  4𝑓 𝑥& Δ𝑥+2𝑓 𝑥' Δ𝑥 +⋯𝑓(𝑥$)) ≈ -

%

$
𝑓(𝑥)

• Has the lowest error, therefore the most accurate
• Closest of the methods to finding the actual integration or area under the curve



Questions?


