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Two particles of mass m move in one dimension with
coordinates x1, X2, and interact with a potential energy

1
Vixg—x1) =75 mw2(xg-x1)2.
(a) By means of a coordinate rotation from x1, x2 to
y = (xz—xl)/\/g; zZ= (x1+x2)/\/§
show that the Hamiltonian can be written in the form X,

}I(y,Z) = Hho(y) + HpW(Z)7

in which Hy,, has harmonic oscillator solutions 9]

¢n(y) and Hpy has plane wave solutions y¢(z).

Express the eigenfunction Wp(y,z) for the system in terms of ¢(y) and
Yq(z) and give the corresponding energies Epq in terms of m,w, and the
quantum numbers n and q. Nowhere in this problem do you need to give

explicit forms for the harmonic oscillator functions ¢y,.
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{Hint: For a coordinate rotation ax% + axg = 8y2 + ﬁ
(b) Given that the rms value of the coordinate for a harmonic oscillator with
mass M, frequency Q, is \ (h/2MQ) , determine (y2)1/2 for the ground

state of the present problem.

]

(¢) Suppose that the two particles are spinless bosons. By considering how this
constrains the solutions, write down the two lowest energy solutions for
q = 0, together with their energies. Sketch these eigenstates.

(d) Now suppose instead that the two particles are spin 1/2 fermions, and
that appropriate wave functions consist of a product of the above
coordinate functions with a spin function. The latter is a combination
of the up and down spin functions sy(1), sq(1), su(2), sq(2) for the
separate particles. By considering how this constrains the solutions,
write down explicitly the four lowest energy wave functions, including
spin dependence, for q = 0, together with their energies.



