
Coilsiclcr ;1. lincw cli;r.in of N i~toiiis, c;l.c,li wit,l~ wit11 illitis 111. 'I'lic ;~.k~riis irrls 
;~rrangcd on ;I. Ii~tti(:(: with sl)acilig ( I .  Tlic: t,ot,i~l lcllgt,li of 1,t1(: cllilir~ is I ,  - ~Yrl. 
Thc at.orns a.rct colipled to cacli ot,licr by cla.stic forccs with s1,riiig c:orist,n~it. Ii 
wliich coliple only nearest neighbor atonis. Thc: norma.l inodes of this cliaiii, 
with periodic borind:~ry conclition:;, arc Inbelled k>y a wave vcct,o~- k ill t , l~c l~irllgc 
Ik( < 7r/d wit11 spacing Ak = 27r/iV(l. The 11ol.nial n~otl(:s of t.liis cliail~ il,rc. 
acoustic w:r.ves. To sirnplify tlie analysis wc will use tlie following a,l)l)rosiiiri~t.c: 
frccluencics: 

where us is the speed of sound in tliis chain. In Qliantuni Mechariics this systein 
is described by a set of quanta, acoustic phonons of energy E ( k )  = liv,lk(. The 
total energy of a state ({n(k))) ,  with n (k)  = 0 , .  . . , ca acoustic phonons, in the 
thermodynamic limit is 

(a) Use the methods of Statistical Mechanics to derive a formula for 
the internal energy of this linear chain, U = (E) a t  te1rij)erature T. 
Express your results in the forrri of integrals over the wave vector k. 
Find an expression for U in term of this integral written in terms 
of a dimensionless variable, and of the physical parameters of the 
problem, and of the Debye temperature, defined by koOD = 7rfwS/d. 
( D o  n o t  c o m p u t e  t h e  g r o u n d  state energy!) 

(b) Consider the classicu~l limit for this system. Use tlie classical Equipar- 
tition Theorem to compute the heat capacity of a 1inea.r cha.in. For 
what range of temperatures do you expect tliis result to apply? 

(c) Dcrive a formula for the heat ~ a p a c i t ~ y  C of this chain, a t  constant, 
length. 

(d) Use the result derived in (c) to calculate the heat capacity in thc 
high teniperature regime. Explain in physical terms the tcml~erature 
dependence. 

(e) Use the result derived in (c) to  calculate the temperature dependence 
of the heat capacity a t  low temperatures. Using a dimensional argu- 
ment, justify the power law with which T enters your answer. (Hint: 
it mighl be lielpful to  recall your answer to  part a). 

Useful integrals: 
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