APPENDIX B

Curl, Divergence, Gradient, and
Laplacian in Cylindrical and
Spherical Coordinate Systems
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In Chapter 3, we introduced the curl, divergence, gradient, and Laplacian and
derived the expressions for them in the Cartesian coordinate system. In this ap-
pendix, we derive the corresponding expressions in the cylindrical and spherical
coordinate systems. Considering first the cylindrical coordinate system, we re-
call from Section 1.3 that the infinitesimal box defined by the three orthogonal
surfaces intersecting at point P(r, ¢, z) and the three orthogonal surfaces inter-
secting at point Q(r + dr, ¢ + d¢, z + dz) is as shown in Fig. B.1.

From the basic definition of the curl of a vector introduced in Section 3.3
and given by

VX A= lim
AS—0

faea

B.1
AS :|maxan ( )

we find the components of V X A as follows, with the aid of Fig. B.1:

}gzbcda A-dl
(Vx A) = dldgll}o area abcd
dz—0
{ [Ad)](r,z) rde + [Az](r,¢+d¢>) dz }
- [A¢](l',z+dz) r d¢ - [AZ](r,d)) dz

= l'
dfi‘o rdedz (B.2a)
dz—0
o [Adperas) — [Adeey . [Asli — [Aglpzran
= lim + lim
dp—0 rdg dz—0 dz
104, 94,
o d¢ 0z
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O(r +dr,d + d, z + dz)

4
FIGURE B.1
(r + dr) do Infinitesimal box formed by
incrementing the coordinates in the
f cylindrical coordinate system.
$ i A dl
. defa
VX A), = lim
( o szlglg area adef
{ [Az](r,d>) dz + [Ar](¢,z+dz) dr }
- im _[Az](r+dr,¢>) dz — [Ar](d),z) dr
dz 0 dr dz (B.2b)
A @) ~ [Adws | [Adee) — [Adprarg)
= lim + lim
dz—0 dz dr—0 dr
oA, 04,
ez or
¢ dr=0 area afgb
{[Ar](¢,z) dr + [A<1)](r+dr,z)(r + dr) dd)}
- lim - [Ar](</>+d¢,z) dr — [Ad)](r,z)r dd)
%)H% rdr d(;b (B.ZC)
. rAglprars = [FAgleey . [Adwe) = [Adg+dss
= lim + lim
dr—0 rdr dp—0 rdé
19 10A,
Cror (rdg) r a¢
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Combining (B.2a), (B.2b), and (B.2c), we obtain the expression for the curl of a
vector in cylindrical coordinates as

190A, 0Ay 0A, 0A,
VxA=|-——"——la, + - - |ag
r d¢p 0z 0z ar
1] 9 A,
+ = A
Lr (rde) - e }az
a, a, a (B.3)
r r
_|9e 99
ar  Jdp 9z
A, rAy A,

To find the expression for the divergence, we use the basic definition of the di-
vergence of a vector, introduced in Section 3.3 and given by

$A-dS

VASIm TN (B4

Evaluating the right side of (B.4) for the box of Fig. B.1, we obtain

{[Ar]r+dr(r + dr) d¢ dZ - [Ar]rrdd) dZ + [A¢]¢+d¢ dr dZ}
B [A¢]¢ drdz + [Az]z+dz rdr d(,b - [AZ]Z rdr d(]_’)

V-A=dlig0
0 rdrde¢dz
dz—0
rAr r+dr rAr r A - [A
iy A = AL [Adliag — [Asly (B5)
dr—0 rdr dp—0 rd¢
+ lim [Az]z+dz B [Az]z
dz—0 dz
10 1044  9A,
=——(rA,) +— Rk
ror r d¢ 0z

To obtain the expression for the gradient of a scalar, we recall from
Section 1.3 that in cylindrical coordinates,

dl =dra, + rdpa, + dza, (B.6)
Therefore,
do = @d + —d)dq’) + @d
od 10® a(I) (B.7)
+ = +—a_ |- + -
( Py " T, > (dra, + rdpa, + dza,)

= Vd-dl
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Thus,

i 10D I
VO ="—a, +-"—a,+ —a

B.8
ar r o 4y 9z ¢ ( )

To derive the expression for the Laplacian of a scalar, we recall from
Section 5.1 that

V’d = V-V (B.9)

Then using (B.5) and (B.8), we obtain

) 1o a® 19 (1ad a (9
Vé=——\r—|+—-—— -7 +—|—
ror\ or rap \r do 0z \ 0z

10 ( a@) 18D  0*d
=——|r— )+ 55—+ —
ror\’ or rrap’ 9z’

(B.10)

Turning now to the spherical coordinate system, we recall from Section 1.3
that the infinitesimal box defined by the three orthogonal surfaces intersecting
at P(r, 0, ¢) and the three orthogonal surfaces intersecting at Q(r + dr, 6 + d6,
¢ + d¢) is as shown in Fig. B.2. From the basic definition of the curl of a vector
given by (B.1), we then find the components of V X A as follows, with the aid of
Fig. B.2:

QO(r + dr,0 + do, ¢ + do)

FIGURE B.2

Infinitesimal box formed by
incrementing the coordinates in
the spherical coordinate system.
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(V x A),

(VX A)

(Vx A)

lim ﬁzbcda A-dl
d0—0 area abcd
dp—0

{[Ag](r’d,)}’ do + [Ad,](,,%dg)r sin(H + d@) d¢}
- [A9](,’¢+d¢)r do — [Ad)](r,@)r Slnﬂdd)

dleimo
dd—0 r?sin 0 do d¢ ( )
) ) B.1la
o [Agsin 0], 91a9) — [Agsin 0]
lim :
do—0 rsin 6 do
- [Adrg) = [Adl(rprdae)
+ lim :
dp—0 rsin 6 d¢
1 9 1 94,
rsin080( s 5in 0) rsin 6 d¢
im fadefaA ~dl
d¢—0 area adef
dr—0
{[A¢](r,0) rsin 0 do + [A ] g+ap) dr }
_[A¢](r+dr,9)(r + dr) sin ¢ dd) - [Ar](ﬁ,d)) dr
dp—0 rsin 6 dr de
=0 (B.11b)
i [A0.prde) = [Arlio, )
dp—0 rsin 6 d¢
o [rAs)e) — [rAglir+ar. 0
+ lim
dr—0 rdr
1 094, 109
———(rA
rsin @ d¢ rar(r +)
- ¢, feba A+ 1
im s
%:(()) area af gb
{[Ar](a,¢>) dr + [Agl(r+are)(r + dr) d9}
. —[Ado+a0g) dr — [Agl(rg) r dO
lim
dr—0 rdrdo
do—0 (B.110)
. [rAH](r+dr,¢) - [rAH](r,qS) ‘
lim
dr—0 rdr
- [Adwe) dr = [Ado+ang) dr
+ lim
do—0 rdo
109 1 0A,
Carra) =

r 00
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Combining (B.11a), (B.11b), and (B.11c), we obtain the expression for the curl
of a vector in spherical coordinates as

1 [a 9A
VXA-= [(Ad, sin 6) — ae]a

rsin 600 ¢
11 1 0dA, d
— - —(rA
r [sin 0 JIp ar (r d’)}ae
1|4 A,
+ —|—(rd,)) — —
r [8r (rde) = }ad’ (B.12)
a, Ay ﬁ
r2sin@® rsinf r
_| 9 9 9
ar 26 o
A, rAp, rsinf A,

To find the expression for the divergence, we use the basic definition of
the divergence of a vector given by (B.4), and by evaluating its right side for the
box of Fig. B.2, we obtain

[A,),+a(r + dr)*sin6d6 dé — [A,],*sin 0 d d¢
+ [A9]0+ 4o rsin(0 + dO) dr d¢p — [A0]6 rsin 0 dr d¢
lim + [A¢]¢+d¢ rdrdf — [A¢]¢r dr do
dr—0

do—0 r*sin 6 dr d6 d¢
d¢p—0

B
>
Il

. [rZAr]r+dr B [rzAr]r . [Ag sin 6]0+d0 - [AO sin 6]0 (Bl?))
lim + lim -
dr—0 2 dr d6—0 rsin 0 do

[Aplpras — [Asly

+ lim -
dp—0 rsin 6 d¢
1o , 1 9 . 1 9Ay
=——(r4,) + —(Apsin0) + -—
r28r(r ) rsin080( o sin 0) rsin@ d¢

To obtain the expression for the gradient of a scalar, we recall from
Section 1.3 that in spherical coordinates,

dl = dra, + rdoay + rsinfdeay (B.14)
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Therefore,
L) L)
dd = —dr + —d@ + —dq,’)
ar d¢
L) 100 1 9
_ ( g 130, 1 ad)) (B.15)
ar r a6 rsin 6 d¢
*(dra, + rdfa, + rsinfdda,)
= Vod-dl
Thus,
L) 100 1 9
Vb =—a, + ———ay+ ——_-a, (B.16)
ar r 06 rsin 6 d¢

To derive the expression for the Laplacian of a scalar, we use (B.9), in con-
junction with (B.13) and (B.16). Thus, we obtain

10 od 1 10d
V2P = 2<r2> + — (smO)
reor ar rsinf 00 \ r 960
SN —
rsin 6 d¢ \ r sin 6 d¢

1 9/( ,00 1 a (. b
=S5\t 5 —\( sinf —
reor ar r“sin 6 90 00

1 &0
r?sin’0 9¢°

(B.17)




