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Preface

The first edition of this book was intended to serve as ‘‘a one-semester text
in which the basic material is built up on time-varying fields and their engineering
applications so as to enhance its utility for the one-semester student of engineering
electromagnetics, while enabling the student who will continue to take further
(elective) courses in electromagnetics to learn many of the same field concepts
and mathematical tools and techniques provided by the traditional treatment.’’
Although the basic subject matter remains the same, this revised edition has
been prepared in response to suggestions from users of the first edition and
other reviewers, and to changes occurring continually in electrical engineering
education (and beyond). Particular reference is made in connection with the
latter to the advent of the personal computer as a pedagogical tool.

While it was acknowledged that the first edition met its goal, several
deficiencies were pointed out, the major ones being (1) lack of discussion of
examples involving cylindrical and spherical coordinate systems and (2) deferment
of potential functions to the end of the book. In this revised and expanded
edition, these deficiencies have been eliminated and many other suggested
changes and additions have been incorporated. The basic philosophy of the
first edition, arising from the assertion that as a prerequisite to the first EE
course in fields, most schools have an engineering physics course in which
students are exposed to the historical treatment of electricity and magnetism,
has been preserved.

In making the changes and shifting of topics among the chapters, it was
determined that inclusion of two chapters on transmission lines, one for time-
domain analysis and the second for sinusoidal steady-state analysis, instead
of one as in the first edition, would provide flexibility for the use of the boo
as follows: :

xi



1.

For a three-credit one-semester course or for a four-credit one-quarter
course based upon coverage of a combination of chapters, depending
upon the background preparation of the students and the needs of the
curriculum, some examples of which are

(a) Chaps. 1 through 6.

(b) Chaps. 3 through 6 plus parts of Chaps. 7, 8, and 9.

(c) Chaps. 6 through 10.

For a two-semester or two-quarter sequence covering the entire book.
As a text or supplementary text for a course emphasizing PC-assisted
instruction.

Thus the material is arranged so as to facilitate the use of the book according
to such options. A total of 16 PC programs of varying degrees of complexity
are distributed throughout the book and PC exercises are included at the end
of each chapter. The programs are written in BASIC for the IBM PC; however,
with minor modifications, they can be used with the Apple microcomputers
and many others.

The thread of development of the material is evident from a reading of

the table of contents. Some of the salient features consist of

1.

xii

Developing the bulk of the material through the use of the Cartesian
coordinate system, to keep the geometry simple, while providing a sufficient
number of examples involving the cylindrical and spherical coordinate
systems.

. Discussing materials following the presentation of electric and magnetic

field concepts, and prior to the study of Maxwell’s equations.

. Introducing collectively Maxwell’s equations for time-varying fields first

in integral form and then in differential form.

. Considering boundary conditions following Maxwell’s equations in integral

form, and potential functions and associated equations following Maxwell’s
equations in differential form.

Devoting a chapter to the development of selected topics in static and
quasistatic fields, in addition to the coverage of static fields in earlier
chapters.

Obtaining uniform plane wave solutions by considering the infinite plane
current sheet source first in free space and then in material medium.

. Developing time-domain analysis of transmission lines in a progressive

manner beginning with the case of a resistive load and culminating in
the discussion of interconnections between logic gates.

. Presenting sinusosidal steady-state analysis of transmission lines comprising

the topics of standing waves, resonance, power transfer, and matching,
with emphasis on computer and graphical solutions.

. Discussing waveguides by first introducing the parallel-plate waveguide

by considering the superposition of two obliquely propagating uniform
plane waves between two perfect conductors and then extending to rect-
angular waveguides.
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10. Introducing radiation by obtaining the complete field solution to the
Hertzian dipole field through the magnetic vector potential, and then
developing the basic concepts of antennas.

Other major distinguishing features of this revised edition are (1) discussion
of practical applications of field concepts and phenomena interspersed among
presentations of basic subject matter, (2) descriptions of brief experimental
demonstrations suitable for presentation in the classroom, and (3) inclusion
of drill (D) problems with answers at the end of each section. Retained and
expanded from the first edition are (1) examples distributed throughout the
text and (2) a summary of the material and review questions for each chapter.
End-of-chapter problems are arranged in the same order as the text material,
and answers are provided for about 40% of the problems.

The author wishes to express his appreciation to many colleagues at the
University of Illinois who have taught from the first edition during the period
from August 1977 to December 1985. Listed in alphabetical order are S. L.
Chuang, D. H. Cooper, T. A. DeTemple, S. J. Franke, L. A. Frizzell, R.
Gilbert, S. Gnanalingam, K. Kim, P. W. Klock, S. W. Lee, C. H. Liu, R.
L. Magin, P. E. Mast, E. A. Mechtly, K. L. Miller, P. L. Ransom, C. F.
Sechrist, Jr., L. G. Smith, A. Steinbach, and K. C. Yeh. Thanks are also
due to the users of the book at other schools and to the anonymous reviewers,
who have provided valuable criticism. My son Hariprasad helped in the
preparation of the PC programs. The typing of the manuscript was done very
skillfully by Janice Stephen for this edition and by Patricia Sammann for the
first edition.

The production of this book was carried out while the author was on
assignment as a consultant at the University of Indonesia in Jakarta, Indonesia,
under a World Bank Education Project during the academic year 1985-1986.
It was a pleasure working with my Indonesian colleagues and I wish to mention
particularly Dean Indradjid Soebardjo and Associate Dean Harianto Sunidja
of the Fakultas Teknik in this connection. Joan McCulley performed the task
as production editor in the best possible manner within the constraints of
space and time.

Finally, and most importantly, this book would not have been completed
without the understanding and patience of my wife, Sarojini.

N. Narayana Rao
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Vectors and Fields

Electromagnetics deals with the study of electric and magnetic ‘‘fields.”” It
is at once apparent that we need to familiarize ourselves with the concept of
a ‘“field,”” and in particular with ‘“‘electric’’ and ‘‘magnetic’’ fields. These
fields are vector quantities and their behavior is governed by a set of laws
known as ‘“‘Maxwell’s equations.” The mathematical formulation of Maxwell’s
equations and their subsequent application in our study of the elements of
engineering electromagnetics require that we first learn the basic rules pertinent

.to mathematical manipulations involving vector quantities. With this goal in

mind, we shall devote this chapter to vectors and fields.

We shall first study certain simple rules of vector algebra without the
implication of a coordinate system and then introduce the Cartesian, cylindrical,
and spherical coordinate systems. After learning the vector algebraic rules,
we shall turn our attention to a discussion of scalar and vector fields, static
as well as time-varying, by means of some familiar examples. We shall devote
particular attention to sinusoidally time-varying fields, scalar as well as vector,
and to the phasor technique of dealing with sinusoidally time-varying quantities.
With this general introduction to vectors and fields, we shall then study in
the next chapter the concept of electric and magnetic fields, from considerations
of the experimental laws of Coulomb and Ampere.

1.1 VECTOR ALGEBRA

Vectors
versus
scalars

In the study of elementary physics we come across several quantities such
as mass, temperature, velocity, acceleration, force, and charge. Some of these
quantities have associated with them not only a magnitude but also a direction
in space whereas others are characterized by magnitude only. The former
class of quantities are known as ‘‘vectors’’ and the latter class of quantities

1



Unit vector
defined

are known as ‘‘scalars.”” Mass, temperature, and charge are scalars whereas
velocity, acceleration, and force are vectors. Other examples are voltage and
current for scalars and electric and magnetic fields for vectors.

Vector quantities are represented by boldface roman type symbols, e.g.,
A, in order to distinguish them from scalar quantities which are represented
by lightface italic type symbols, e.g., A. Graphically, a vector, say, A, is
represented by a straight line with an arrowhead pointing in the direction of
A and having a length proportional to the magnitude of A, denoted |A| or
simply A. Figures 1.1(a)-(d) show four vectors drawn to the same scale. If
the top of the page represents north, then vectors A and B are directed
eastward with the magnitude of B being twice that of A. Vector C is directed
toward the northeast and has a magnitude three times that of A. Vector D
is directed toward the southwest and has a magnitude equal to that of C.
Since C and D are equal in magnitude but opposite in direction, one is the
negative of the other.

A B

— B ————
(a) (b)
C D
Figure 1.1. Graphical representation
(©) (d) of vectors.

Since a vector may have in general an arbitrary orientation in three
dimensions, we need to define a set of three reference directions at each and
every point in space in terms of which we can describe vectors drawn at that
point. It is convenient to choose these three reference directions to be mutually
orthogonal as, for example, east, north, and upward or the three contiguous
edges of a rectangular room. Thus let us consider three mutually orthogonal
reference directions and direct ‘‘unit vectors’’ along the three directions as
shown, for example, in Fig. 1.2(a). A unit vector has magnitude unity. We
shall represent a unit vector by the symbol i and use a subscript to denote
its direction. We shall denote the three directions by subscripts 1, 2, and 3.
We note that for a fixed orientation of i;, two combinations are possible for
the orientations of i, and iy, as shown in Figs. 1.2(a) and (b). If we take a
right-hand screw and turn it from i, to i, through the 90°-angle, it progresses
in the direction of i; in Fig. 1.2(a) but opposite to the direction of i, in Fig.
1.2(b). Alternatively, a left-hand screw when turned from i, to i, in Fig. 1.2(b)
will progress in the direction of i;. Hence the set of unit vectors in Fig. 1.2(a)
corresponds to a right-handed system whereas the set in Fig. 1.2(b) corresponds
to a left-handed system. We shall work consistently with. the right-handed
system.

A vector of magnitude different from unity along any of the reference
directions can be represented in terms of the unit vector along that direction.

2 Vectors and Fields Chap. 1



(b)

Figure 1.2. (a) Set of three orthogonal unit vectors in a right-handed system.
(b) Set of three orthogonal unit vectors in a left-handed system.

Thus 4i; represents a vector of magnitude 4 units in the direction of i;, 6i,
represents a vector of magnitude 6 units in the direction of i,, and —2i,
represents a vector of magnitude 2 units in the direction opposite to that of
i3, as shown in Fig. 1.3. Two vectors are added by placing the beginning of
the second vector at the tip of the first vector and then drawing the sum
vector from the beginning of the first vector to the tip of the second vector.
Thus to add 4i; and 6i,, we simply slide 6i, without changing its direction
until its beginning coincides with the tip of 4i, and then draw the vector
(4i; + 6iy) from the beginning of 4i; to the tip of 6i,, as shown in Fig. 1.3.
To see this, imagine that on the floor of an empty rectangular room you are
going from one corner to the opposite corner. Then to reach the destination,
you can first walk along one edge and then along the second edge. Alternatively,
you can go straight to the destination along the diagonal. By adding —2i, to
the vector (4i; + 6i,) in a similar manner, we obtain the vector (4i, + 6i, —
2i;), as shown in Fig. 1.3. We note that the magnitude of (4i, + 6i,) is
V4> + 6 or 7.211 and that the magnitude of (4, + 6i, — 2i;) is
V4 + 6° + 2% or 7.483. Conversely to the foregoing discussion, a vector
A at a given point is simply the superposition of three vectors A,i;, A,i,, and
Asi; which are the projections of A onto the reference directions at that point.
Ay, A;, and A; are known as the components of A along the 1, 2, and 3
directions, respectively. Thus

A = Alil + A2i2 + A3i3 (1.1)

— 6i,

4i, +6i,

Figure 1.3. Graphical addition of
—2i, vectors.

Sec. 1.1 Vector Algebra 3



Dot
product

We now consider three vectors, A, B, and C given by

A= Alil + A2i2 + A3i3 (1-23)
B = Blil + Bziz + B3i3 (12b)
C= C]il + Cziz + C3i3 (1.2C)

at a point and discuss several algebraic operations involving vectors as follows:

Vector Addition and Subtraction. Since a given pair of like components
of two vectors are parallel, addition of two vectors consists simply of adding
the three pairs of like components of the vectors. Thus

A+ B = (Aji, + Aji, + Asiy) + (Byi; + Bui, + Bsiy)
= (A; + B)i; + (A2 + B, + (A3 + By,
Vector subtraction is a special case of addition. Thus
B-C=B+ (-0
= (B\i, + Buiy + Biiy) + (—Ciiy — Ciiy — Ciiy) (1.4)
= (B, — Ci; + (B, — O, + (By — Cy)is

(1.3)

Multiplication and Division by a Scalar. Multiplication of a vector A by
a scalar m is the same as repeated addition of the vector. Thus

mA = m(Alil + A2i2 + A3i3) = mAlil + mAziz + mA3i3 (1.5)
Division by a scalar is a special case of multiplication by a scalar. Thus
B 1 B B B
— = =(B) = =i, + =i, + i (1.6)
n n n n n

Magnitude of a Vector. From the construction of Fig. 1.3 and the as-
sociated discussion, we have

|A| = |Ad, + A, + Asis| = VAL + A2 + A3 a1.mn

Unit Vector Along A. The unit vector i, has a magnitude equal to unity,
but its direction is the same as that of A. Hence

i A = .ﬁ' 4 é& + ﬁ'
AT Al T A" AR T AR (1.8)

Scalar or Dot Product of Two Vectors. The scalar or dot product of
two vectors A and B is a scalar quantity equal to the product of the magnitudes
of A and B and the cosine of the angle between A and B. It is represented
by a dot between A and B. Thus if « is the angle between A and B, then

A+B = |A|[B| cos @ = AB cos « 1.9)
For the unit vectors iy, i,, i;, we have
i] M i] =1 i] M i2 =0 i] . i3 =0 (1.10&)
i2.il = 0 iz .iz = 1 iz.i3 = 0 (1.10b)
i3'i1 =0 i3'i2 =0 i3'i3 =1 (1.100)

4 Vectors and Fields Chap. 1




Finding
angle
between
two vectors

Cross
product

By noting that A « B = A(B cos ) = B(A cos «), we observe that the
dot product operation consists of multiplying the magnitude of one vector by
the scalar obtained by projecting the second vector onto the first vector as
shown in Figs. 1.4(a) and (b). The dot product operation is commutative since

B*A=BAcosa=ABcosa=A*B (1.11)

The distributive property also holds for the dot product as can be seen from
the construction of Fig. 1.4(c), which illustrates that the projection of B + C
onto A is equal to the sum of the projections of B and C onto A. Thus

A*B+C)=A*B+A-C (1.12)
Using this property, we have
A*B = (A, + Ajy + Asi;) * (B, + Byi, + Bsis)
= Aji;*Bji, + Aji;* By, + Aji; ¢ Bsi,
+ Ayl » Bii;, + Auly * Boi, + Ajiy ¢ By
+ Asiy o Bii; + Asi; ¢ By, + Asiy ¢ B,
Then using the relationships (1.10a)-(1.10c), we obtain

A*B = AB, + A,B, + A;B; (1.13)

Thus the dot product of two vectors is the sum of the products of the like
components of the two vectors.

[53

|
|
|
l
|
I
|

\ ke

Bcosa

(a) (b). (©

Figure 1.4. (a) and (b) For showing that the dot product of two vectors A
and B is the product of the magnitude of one vector and the projection of
the second vector onto the first vector. (c) For proving the distributive
property of the dot product operation.

From (1.9) and (1.13), we note that the angle between the vectors A and
B is given by
JA*B _1AB| + AB, + A3B;

_ 1.14
AB 8 AB (1.14)

Thus the dot product operation is useful for finding the angle between two
vectors. In particular, the two vectors are perpendicular if A B = A,B, +
Asz + A3B3 = 0.

a = COS

Vector or Cross Product of Two Vectors. The vector or cross product
of two vectors A and B is a vector quantity whose magnitude is equal to the
product of the magnitudes of A and B and the sine of the smaller angle «
between A and B and whose direction is normal to the plane containing A

Sec. 1.1 Vector Algebra 5



and B and toward the side of advance of a right-hand screw as it is turned
from A to B through the angle «, as shown in Fig. 1.5. It is represented by
a cross between A and B. Thus if iy is the unit vector in the direction of
advance of the right-hand screw, then

A x B = |A|[B| sin iy = AB sin a iy (1.15)
For the unit vectors i, i,, i3, we have
il X i] =0 i] X iz - i3 il X i3 = _iz (1.16a)
i2 X il = - i3 i2 X i2 =0 iz X i3 = i] (1 . 16b)
i3 X i] = iz i3 X i2 = - i] i3 X i3 =0 (1 . 16C)

Note that the cross product of identical vectors is the null vector 0, that is,
a vector whose components are all zero. If we arrange the unit vectors in
the manner iji,i;i,i,, then going to the right the cross product of any two
successive unit vectors is the following unit vector, whereas going to the left
the cross product of any two successive unit vectors is the negative of the

following unit vector.

v

l_ ' Figure 1.5. The cross product opera-
Ly tion A X B.

The cross product operation is not commutative since
B x A = B||A|sina(—iy) = —ABsinaiy= —A X B (1.17)
The distributive property holds for the cross product (we shall prove this later
in this section) so that

AXB+C)=AxB+AXC (1.18)
Using this property and the relationships (1.16a)—(1.16c), we obtain
A X B = (Aji; + Asi, + Asis) X (Bji; + Bii, + Biis)
= A\i; X Bji; + A(i; X Byi; + Ai; X Biis
+ Ai, X Bji; + Ajiy X Boiy + Ajly X Biis
+ Asi; X Bjiy + Asi; X Bji; + Asiy X Biis
= A,B,i; — A Bsi, — A,Bji; + AyBsiy
+ A3Bii, — AsBoi,
= (AB; — A;Byi; + (AsB, - AiBy)ip
+ (A\B, — A,B)i;

6 Vectors and Fields Chap. 1




Finding unit
vector
normal to
two vectors

This can be expressed in determinant form in the manner

LI S
AXB-= A] A2 A3 (1.19)
B, B, B

The cross product operation is useful for obtaining the unit vector normal
to two given vectors at a point. This can be seen by rearranging (1.15) in the
manner

. _AxB _AXB
N" ABsina  |A x B (1.20)

Triple Cross Product. A triple cross product involves three vectors in
two cross product operations. Caution must be exercised in evaluating a triple
cross product since the order of evaluation is important; that is, A X (B X
C) is not in general equal to (A x B) x C. This can be illustrated by means
of a simple example involving unit vectors. Thus if A = i;, B = i,, and
C = i,, then

AX(BXC)=i1X(i1Xi2)=i1><i3= _iz
whereas
AXBXC=Xi)XiLb=0xi=20

Scalar Triple Product. The scalar triple product involves three vectors
in a dot product operation and a cross product operation as, for example,
A+B X C. Itis not necessary to include parentheses since this quantity can
be evaluated in only one manner, that is, by evaluating B X C first and then
dotting the resulting vector with A. It is meaningless to try to evaluate the
dot product first since it results in a scalar quantity, and hence we cannot
proceed any further. From (1.13) and (1.19), we have

R I
A*B X C = (A1i1 + A2i2 + A3i3)' Bl B2 B3

G G G
or
A Ay Ay
A*B x C = Bl Bz B3 (1.21)
G G G IR

Since the value of the determinant on the right side of (1.21) remains unchanged
if the rows are interchanged in a cyclical manner,
A*BXC=BCxXxA=C+AxB (1.22)

The scalar triple product has the geometrical meaning that its absolute value
is the volume of the parallelepiped having the three vectors as three of its
contiguous edges, as will be shown in Sec. 1.2.

We shall now show that the distributive law holds for the cross product

Sec. 1.1 Vector Algebra 7



operation by using (1.22). Thus let us consider A X (B + C). Then if D is
any arbitrary vector, we have
D'AXB+C=B+C+*MDxA)=B+(DxA)+C+(DxA)
=D*AXB+D*AXC=D(AxXxB+ AXC()
where we have used the distributive property of the dot product operation.
Since this equality holds for any D, it follows that
AXB+C=AxXxB+AXC

Example 1.1.
Given three vectors

A=i‘+i2
B=i]+2i2_2i3
C=i2+2i3

let us carry out several of the vector algebraic operations:
(a) A-B= (il + iz) + (i] + 2i2 - 2i3) = 2i1 + 3i2 - 2i3
(b) B-C-= (il + 2i2 - 2i3) - (i2 + 2i3) = i] + i2 - 4i3
(C) 4C = 4(i2 + 2i3) = 4i2 + 8i3

@ |B| = [i + 2i, — 255 = V> + QP + (-2 =3
._E__i1+2i2—2i3__1. z_z
(e) Ipg = |B| - 3 - 311 + 312 313
O AB =G + )G + 2 -2y = A + DQ) + O)(-2) =3
A+B 3
(g) Angle between A and B = cos™! = cos”! = 45°
AB (V2)(3)
i i
hHAxB=|1 1 0f = (=2 -0}, + (0 + 2)i, + 2 — i
1 2 =2
= —2i1 + 2i2 + i3
(i) Unit vector normal to A and B = ﬁi—; = — %il + %iz + —3-i3
i] iz i3
G) AxB)xC=1|-2 2 1| =3i; + 4i, — 20y
01 2
' 11 0
W ABXC=|12 -2 =)@ +1(-2) + ©)1) =4
0 1 2

D1.1. Vector A has a magnitude of 4 units and is directed toward east. Vector B has
a magnitude of 4 units and is directed 120° toward north from east. Vector C
has a magnitude of 3 units and is directed 30° south of east. Find the following:
@A+ B;(b)3A —4C; (c)A+B;and () B x C.

Ans: 4 units and directed 60° toward north from east; 6.21 units and directed
75° toward north from east; —8; 6 units and directed downward.

D1.2. Given three vectors
A =i, +2i, + 3i;

B=3i‘+2i2+i3
C=i1_2i2+i3
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Find the following: (a) 2A + 3C; (b) unit vector along A + B — C; (c) A * B;
(dBxC;and(e) A*B x C. _
Ans: 5i1 - 2i2 + 9i3; (il + 2i2 + i3)/V6; 10, 4i1 - 2i2 - 8i3; —24
D1.3. Three vectors A, B, and C are given by
A=2i1+2i2+i3
B=i1—2i2+2i3
C= 2i1 + iz
Find the following: (a) A X (B x C); (b) B x (C x A); and (¢) C X (A x B).
Ans: 6i; — 12i, + 12i3; 0; — 6i; + 12i, — 12i;

1.2 CARTESIAN COORDINATE SYSTEM

In the previous section we introduced the technique of expressing a vector
at a point in space in terms of its component vectors along a set of three
mutually orthogonal directions defined by three mutually orthogonal unit vectors
at that point. Now to relate vectors at one point in space to vectors at another
point in space, we must define the set of three reference directions at each
and every point in space. To do this in a systematic manner, we need to use
a coordinate system. Although there are several different coordinate systems,
we shall be concerned with only three of those, namely, the Cartesian, cylindrical,
and spherical coordinate systems. The Cartesian coordinate system, also
known as the ‘‘rectangular coordinate system,”’ is the simplest of the three
since it permits the geometry to be simple and yet sufficient to learn many
of the elements of engineering electromagnetics. We shall introduce the Cartesian
coordinate system in this section and devote the next section to the cylindrical
and spherical coordinate systems.

The Cartesian coordinate system is defined by a set of three mutually
orthogonal planes as shown in Fig. 1.6(a). The point at which the three planes
intersect is known as the origin O. The origin is the reference point relative

(a) x (b)
Figure 1.6. Cartesian coordinate system. (a) The three orthogonal planes

defining the coordinate system. (b) To show that the unit vectors in the
Cartesian coordinate system are uniform.
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to which we locate any other point in space. Each pair of planes intersects
in a straight line. Hence the three planes define a set of three straight lines
which form the coordinate axes. These coordinate axes are denoted as the
x-, y-, and z-axes. Values of x, y, and z are measured from the origin, and
hence the coordinates of the origin are (0, 0, 0); that is, x = 0, y = 0, and
z = 0. Directions in which values of x, y, and z increase along the respective
coordinate axes are indicated by arrowheads. The same set of three directions
is used to erect a set of three unit vectors, denoted i,, i,, and i,, as shown
in Fig. 1.6(a), for the purpose of describing vectors drawn at the origin. Note
that the positive x-, y-, and z-directions are chosen such that they form a
right-handed system, that is, a system for which i, X i, = i,.

On one of the three planes, namely, the yz-plane, the value of x is constant
and equal to zero, its value at the origin, since movement on this plane does
not require any movement in the x-direction. Similarly, on the zx-plane the
value of y is constant and equal to zero, and on the xy-plane the value of z
is constant and equal to zero. Any point other than the origin is now given
by the intersection of three planes

constant
constant (1.23)
constant

Z

obtained by incrementing the values of the coordinates by appropriate amounts.
For example, by displacing the x = 0 plane by 2 units in the positive x-
direction, the y = 0 plane by 5 units in the positive y-direction, and the z =
0 plane by 4 units in the positive z-direction, we obtain the planes x = 2,
y = 5, and z = 4, respectively, which intersect at the point (2, 5, 4) as shown
in Fig. 1.6(b). The intersections of pairs of these planes define three straight
lines along which we can erect the unit vectors i, i,, and i, toward the
directions of increasing values of x, y, and z, respectively, for the purpose of
describing vectors drawn at that point. These unit vectors are parallel to the
corresponding unit vectors drawn at the origin, as can be seen from Fig.
1.6(b). The same is true for any point in space in the Cartesian coordinate
system. Thus each one of the three unit vectors in the Cartesian coordinate
system has the same direction at all points, and hence it is uniform. This
behavior does not, however, hold for all unit vectors in the cylindrical and
spherical coordinate systems, as we shall see in the next section.

It is now a simple matter to apply what we have learned in Sec. 1.1 to
vectors in Cartesian coordinates. All we need to do is to replace the subscripts
1, 2, and 3 for the unit vectors and the components along the unit vectors by
the subscripts x, y, and z, respectively, and also utilize the property that i,
i,, and i, are uniform vectors. Thus let us, for example, obtain the expression
for the vector R,, drawn from point P,(x;, ¥;, 2;) to point Py(x,, y>, 2), as
shown in Fig. 1.7. To do this, we note that the position vector r; drawn from
the origin to the point P, is given by

r, = xlix + )’Iiy + Zliz (1.243)
The ““position vector’ is so termed because it defines the position of the point
in space relative to the origin. Similarly the position vector r, drawn from
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Figure 1.7. For obtaining the expression for the vector R;, from P(x,, y,,
z1) 10 Py(xz, ¥2, 22)-

the origin to the point P, is given by
Iy = Xl + yi, + 2i, (1.24b)

Since, from the rule for vector addition, r, + R,; = r,, we obtain the vector
R;; to be

Rp=r,~r1

. (1.25)
(O — x)i + (¥ — yi, + (2, — 2,

Thus to find the components of the vector drawn from one point to another
in the Cartesian coordinate system, we simply subtract the coordinates of the
initial point from the corresponding coordinates of the final point. These
components are just the distances one has to travel along the x-, y-, and z-
directions, respectively, if one chooses to go from P, to P, by traveling parallel
to the coordinate axes instead of traveling along the direct straight-line path.

Proceeding further, we can obtain the unit vector along the line drawn
from P; to P, to be

_ R O —x)i + (32 — y)i, + (2, — 2)i,
ip=—"= 3 2 M1/2
Ry [ — x)" + (32 — y0* + (2, — z))7]

For a numerical example, if P, is (I, —2, 0) and P, is (4, 2, 5), then
Ry, = 3i, + 4i, + 5i,

(1.26)

. | . .
i, = W—E (3i, + 4i, + 5i,)

Sec. 1.2 Cartesian Coordinate System 11
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In our study of electromagnetic fields, we have to work with line, surface,
and volume integrals. These involve differential lengths, surfaces, and volumes,
obtained by incrementing the coordinates by infinitesimal amounts. Since in
the Cartesian coordinate system the three coordinates represent lengths, the
differential length elements obtained by incrementing one coordinate at a time,
keeping the other two coordinates constant, are dx i, dy i,, and dz i, for the
x-, y-, and z-coordinates, respectively.

Differential Length Vector. The differential length vector dl is the vector
drawn from a point P(x, y, z) to a neighboring point Q(x + dx,y + dy, z +
dz) obtained by incrementing the coordinates of P by infinitesimal amounts.
Thus it is the vector sum of the three differential length elements, as shown
in Fig. 1.8, and given by

dl = dxi, + dyi, + dzi, (1.27)

The differential lengths dx, dy, and dz in (1.27) are, however, not independent
of each other since in the evaluation of line integrals, the integration is performed
along a specified path on which the points P and Q lie. We shall illustrate
this by means of an example.

P(x,y,z)

/’ Figure 1.8. The differential length
vector dl.

Example 1.2.
Let us consider the curve x = y = 7% and obtain the expression for the differential
length vector dl along the curve at the point (1, 1, 1) and having the projection
dz on the z-axis.

The geometry pertinent to the problem is shown in Fig. 1.9. From elementary
calculus, we know that for x = y = 7%, dx = dy = 2z dz. In particular, at the
point (1, 1, 1), dx = dy = 2 dz. Thus

dl = dxi, + dyi, + dzi,
= 2dzi, + 2dzi, + dzi,
= (i, + 2i, + i) dz

Note that the z-component of the dl vector found is dz, thereby satisfying the
requirement of projection dz on the z-axis specified in the problem.

Differential length vectors are useful for finding the unit vector normal

to a surface at a point on that surface. This is done by considering two
differential length vectors at the point under consideration and tangential to
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Figure 1.9. For finding the differential
length vector along a curve.

two curves on the surface and then using (1.20). Thus with reference to Fig.
1.10, we have

. dly xdl,

= L1z dy 1.28
Y= x ayy) (1.28)

Figure 1.10. Finding the unit vector
normal to a surface by using differen-
tial length vectors.

Let us consider an example.

Example 1.3.

Find the unit vector normal to the surface 2x* + y* = 6 at the point (1, 2, 0).

With reference to the construction shown in Fig. 1.11, we consider two
differential length vectors dl; and dl, at the point (1, 2, 0). The vector dl, is
along the straight line x = 1, y = 2, whereas the vector dl, is tangential to the
curve 2x* + y* = 6,z =0. Forx = 2andy = 1, dx = dy = 0. Hence

dll = dZ iz

For 24> + y* = 6and z = 0, 4x dx + 2y dy = 0 and dz = 0. Specifically, at
the point (1, 2, 0), dy = —dx and dz = 0. Hence

dl, = dxi, — dxi, = dx G, — i)

Sec. 1.2 Cartesian Coordinate System 13



/ dl, '\ Figure 1.11. Example of finding the
x i unit vector normal to a surface.

The unit normal vector is then given by
i = dzi, X dx (i, — i)
" |dzi, X dx (i, — )]

1 .
= —2 (ix + ly)

\/_

Differential Surface Vector. Two differential length vectors dl, and dl,
originating at a point define a differential surface whose area dS is that of the
parallelogram having dl, and dl, as two of its adjacent sides, as shown in Fig.
1.12(a). From simple geometry and the definition of the cross product of two
vectors, it can be seen that

as = dl] dlz Sin @ = |dll X dlzl (1.29)
In the evaluation of surface integrals, it is convenient to define a differential
surface vector dS whose magnitude is the area dS and whose direction is

normal to the differential surface. Thus recognizing that the normal vector
can be directed to either side of a surface, we can write

dS = + dSi, = = |dl, x dy|i,

Az

dx
ly /’ dy
dl = ix
i

K

32

dz

ds !

dl, e

(a) (b)

Figure 1.12. (a) For illustrating the differential surface vector concept.
(b) Differential surface vectors in the Cartesian coordinate system.

14 Vectors and Fields  Chap. 1




or

ds = = dl, x dl, (1.30)

Applying (1.30) to pairs of the three differential length elements dx i,,
dy i,, and dz i,, we obtain the differential surface vectors

*dyi, X dzi, = = dy dzi, (1.31a)
*+dzi, X dxi, = = dzdxi, (1.31b)
+dxi, X dyi, = £ dxdyi, (1.31¢c)

associated with the planes x = constant, y = constant, and z = constant,
respectively. These are shown in Fig. 1.12(b) for the plus signs in (1.31a)-
(1.31¢).

Differential Volume. Three differential length vectors dl,, dl,, and dl,
originating at a point define a differential volume dv which is that of the
parallelepiped having dl;, dl,, and dl; as three of its contiguous edges, as
shown in Fig. 1.13(a). From simple geometry and the definitions of cross and
dot products, it can be seen that

dv = area of the base of the parallelepiped X height of the parallelepiped
= |dl, x db}|dl; + i,

| |dl; + dl; % d|
|dl, x d|

= |dly* dl; X dl

= Idll X dlz

or

dv = dl;*dl, x dl, (1.32)

——————— —7 t
/7 T
7
N A
’ / dz
-l 7/
e dy
yd PR i,
dx

(a) (b)

Figure 1.13. (a) Parallelepiped defined by three differential length vectors
originating at a point. (b) Differential volume in the Cartesian coordinate
system.
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For the three differential length elements dx i,, dy i,, and dz i, associated
with the Cartesian coordinate system, we obtain the differential volume to be

dv = dx dy dz (1.33)

which is that of the rectangular parallelepiped shown in Fig. 1.13(b).

We shall conclude this section with a brief review of some elementary
analytic geometrical details that will be useful in our study of electromagnetics.
An arbitrary surface is defined by an equation of the form

fx,y,20=0 (1.34)

In particular, the equation for a plane surface making intercepts a, b, and ¢
on the x-, y-, and z-axes, respectively, is given by

242442 (1.35)
a b ¢

Since a curve is the intersection of two surfaces, an arbitrary curve is defined
by a pair of equations

fx,,20=0 and g(x,y,2) =0 (1.36)
Alternatively, a curve is specified by a set of three parametric equations
=x(t), y=y®, z=20) (1.37)

where ¢ is an independent parameter. For example, a straight line passing
through the origin and making equal angles with the positive x-, y-, and z-
axes is given by the pair of equations y = x and z = x, or by the set of three
parametric equations x = t,y = t,and z = f.

D1.4. Three points P,, P,, and P; are given by (1, 1, 3), (3, 3, 2), and (2, 5, 4),
respectively. Obtain the following: () the vector drawn from P, to P,; (b} the
straight-line distance from P; to P;; and (c) the unit vector along the line from
P 3 tO P 2.

Ans: 2i, + 2i, — i;; 3V/2; %ix - %iy -4

—lz

3

D1.5. For each of the following straight lines, find the differential length vector along
the line and having the projection dz on the z-axis: (@) x = 5,y = 1; (b) x =
y = 4z; and (c) the line passing through the points (0, 2, 0) and (0, 0, 1).
Ans: dz i;; (4i, + 4i, + i) dz; (=2, + i) dz

D1.6. For each of the following pairs of points, obtain the equation for the straight
line passing through the points: (a) (1, 1, 0) and (2, 2, 0); (b) (0, 0, 0) and
1,2, 2); and (¢) (1, 1, 1) and (2, -3, 5).
Ans:y = x,2=0;y =z=2x;4x+y =54 ~-2=3

1.3 CYLINDRICAL AND SPHERICAL COORDINATE SYSTEMS

Cylindrical  In the preceding section we learned that the Cartesian coordinate system is
coordinate  defined by a set of three mutually orthogonal surfaces, all of which are planes.
system The cylindrical and spherical coordinate systems also involve sets of three
mutually orthogonal surfaces. For the cylindrical coordinate system, the three
surfaces are a cylinder and two planes, as shown in Fig. 1.14(a). One of these
planes is the same as the z = constant plane in the Cartesian coordinate
system. The second plane contains the z-axis and makes an angle ¢ with a
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(a) (b)

Figure 1.14. Cylindrical coordinate system. (a) Orthogonal surfaces and unit
vectors. (b) Differential volume formed by incrementing the coordinates.

reference plane, conveniently chosen to be the xz-plane of the Cartesian co-
ordinate system. This plane is therefore defined by ¢ = constant. The cylindrical
surface has the z-axis as its axis. Since the radial distance r from the z-axis
to points on the cylindrical surface is a constant, this surface is defined by
r = constant. Thus the three orthogonal surfaces defining the cylindrical
coordinates of a point are

constant
constant (1.38)
Z = constant

I

S =
Il

Only two of these coordinates (r and z) are distances; the third coordinate
(¢) is an angle. We note that the entire space is spanned by varying r from
0 to oo, ¢ from 0 to 27, and z from —oo to <o,

The origin is given by r = 0, ¢ = 0, and z = 0. Any other point in
space is given by the intersection of three mutually orthogonal surfaces obtained
by incrementing the coordinates by appropriate amounts. For example, the
intersection of the three surfaces r = 2, ¢ = /4, and z = 3 defines the
point A(2, /4, 3), as shown in Fig. 1.14(a). These three orthogonal surfaces
define three curves that are mutually perpendicular. Two of these are straight
lines and the third is a circle. We draw unit vectors, i,, iz, and i, tangential
to these curves at the point A and directed toward increasing values of r, ¢,
and z, respectively. These three unit vectors form a set of mutually orthogonal
unit vectors in terms of which vectors drawn at A can be described. In a
similar manner, we can draw unit vectors at any other point in the cylindrical
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coordinate system, as shown, for example, for point B(l, 37/4, 5) in Fig.
1.14(a). It can now be seen that the unit vectors i, and i, at point B are not
parallel to the corresponding unit vectors at point A. Thus unlike in the
Cartesian coordinate system, the unit vectors i, and i, in the cylindrical coordinate
system do not have the same directions everywhere; that is, they are not
uniform. Only the unit vector i,, which is the same as in the Cartesian
coordinate system, is uniform. Finally, we note that for the choice of ¢ as
in Fig. 1.14(a), that is, increasing from the positive x-axis toward the positive
y-axis, the coordinate system is right-handed, that is, i, X iy = i,.

To obtain expressions for the differential lengths, surfaces, and volume
in the cylindrical coordinate system, we now consider two points P(r, ¢, z)
and Q(r + dr, ¢ + do, z + dz) where Q is obtained by incrementing infin-
itesimally each coordinate from its value at P, as shown in Fig. 1.14(b). The
three orthogonal surfaces intersecting at P, and the three orthogonal surfaces
intersecting at Q define a box which can be considered to be rectangular since
dr, d¢, and dz are infinitesimally small. The three differential length elements
forming the contiguous sides of this box are dr i,, r d¢ is, and dz i,. The
differential length vector dl from P to Q is thus given by

dl = dri, + rdé i, + dz i, (1.39)

The differential surface vectors defined by pairs of the differential length
elements are

+rddi, X dzi, = = rdd dzi, (1.40a)
+dzi, X dri, = xdrdzi, (1.40b)
+dri, X rddi, = £rdrddi, (1.40¢)

These are associated with the » = constant, ¢ = constant, and z = constant
surfaces, respectively. Finally, the differential volume dv formed by the three
differential lengths is simply the volume of the box; that is,

dv = (dr) (rd¢) (dz) = rdrd¢ dz (1.41)

For the spherical coordinate system, the three mutually orthogonal surfaces
are a sphere, a cone, and a plane, as shown in Fig. 1.15(2). The plane is the
same as the ¢ = constant plane in the cylindrical coordinate system. The
sphere has the origin as its center. Since the radial distance r from the origin
to points on the spherical surface is a constant, this surface is defined by r =
constant. The spherical coordinate r should not be confused with the cylindrical
coordinate r. When these two coordinates appear in the same expression, we
shall use the subscripts ¢ and s to distinguish between cylindrical and spherical.

“The cone has its vertex at the origin and its surface is symmetrical about the

z-axis. Since the angle 6 is the angle that the conical surface makes with the
z-axis, this surface is defined by § = constant. Thus the three orthogonal
surfaces defining the spherical coordinates of a point are

r = constant
¢ = constant (1.42)
¢ = constant
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Figure 1.15. Spherical coordinate system. (a) Orthogonal surfaces and unit
vectors. (b) Differential volume formed by incrementing the coordinates.

Only one of these coordinates (r) is distance; the other two coordinates
(6 and ¢) are angles. We note that the entire space is spanned by varying r
from 0 to oo, 4 from 0 to 7, and ¢ from 0 to 2.

The origin is given by r = 0, § = 0, and ¢ = 0. Any other point in
space is given by the intersection of three mutually orthogonal surfaces obtained
by incrementing the coordinates by appropriate amounts. For example, the
intersection of the three surfaces r = 3, @ = 7/6, and ¢ = 7/3 defines the
point A(3, 7/6, w/3) as shown in Fig. 1.15(a). These three orthogonal surfaces
define three curves that are mutually perpendicular. One of these is a straight
line and the other two are circles. We draw unit vectors i,, i,, and iy tangential
to these curves at point A and directed toward increasing values of r, 6, and
¢, respectively. These three unit vectors form a set of mutually orthogonal
unit vectors in terms of which vectors drawn at A can be described. In a
similar manner, we can draw unit vectors at any other point in the spherical
coordinate system, as shown, for example, for point B(1, 7/2, 0) in Fig. 1.15(a).
It can now be seen that these unit vectors at point B are not parallel to the
corresponding unit vectors at point A. Thus in the spherical coordinate system
all three unit vectors i,, iy, and iy do not have the same directions everywhere;
that is, they are not uniform. Finally, we note that for the choice of ¢ as in
Fig. 1.15(a), that is, increasing from the positive z-axis toward the xy-plane,
the coordinate system is right-handed, that is, i, X i, = ig.

To obtain expressions for the differential lengths, surfaces, and volume
in the spherical coordinate system, we now consider two points P(r, 6, d)
and Q(r + dr, 6 + do, ¢ + d¢) where Q is obtained by incrementing
infinitesimally each coordinate from its value at P, as shown in Fig. 1.15(b).
The three erthogonal surfaces intersecting at P and the three orthogonal surfaces
intersecting at Q define a box that can be considered to be rectangular since
dr, d6, and d¢ are infinitesimally small. The three differential length elements
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forming the contiguous sides of this box are dr i,, r d6 iy, and r sin 6 d¢ iy.
The differential length vector dl from P to Q is thus given by

(1.43)

dl=dri, +rdbiy, + rsinfdoi,

The differential surface vectors defined by pairs of the differential length
elements are

= rdfig X rsin@ddi, = = r’sin6dbdei, (1.44a)
+ rsinfdei, X dri, = = rsinfdrddi, (1.44b)
+ dri, X rdfi, = + rdrdoi, (1.44¢)

These are associated with the r = constant, § = constant, and ¢ = constant
surfaces, respectively. Finally, the differential volume dv formed by the three
differential lengths is simply the volume of the box, that is,

dv = (dr) (r d6) (r sin 6 d¢) = r¥sin 0 dr do d¢ (1.45)

In the study of electromagnetics it is useful to be able to convert the
coordinates of a point and vectors drawn at a point from one coordinate
system to another, particularly from the cylindrical system to the Cartesian
system and vice versa, and from the spherical system to the Cartesian system
and vice versa. To derive first the relationships for the conversion of the
coordinates, let us consider Fig. 1.16(a), which illustrates the geometry pertinent
to the coordinates of a point P in the three different coordinate systems. Thus
from simple geometrical considerations, we have

X = r.Ccos ¢ y=r.sin¢o z2=2z (1.46a)
= r, sin 6 cos ¢ y = rysin 0 sin ¢ Z =r,cos (1.46b)
zA
N
N .
\\ 1,
AN 1 irs
Syp / ¢ Tg/
¥s I Y iy i¢x i,
g | PN N
0 1 —>- ) . Le o
iz / i
? N\ | /s x
/
e \\ | // X
% ®) ©
————y
x
(a)
Figure 1.16. (a) For conversion of coordinates of a point from one coordinate
system to another. (b) and (c) For expressing unit vectors in cylindrical and
spherical coordinate systems, respectively, in terms of unit vectors in the
Cartesian coordinate system.
20 Vectors and Fields  Chap. 1



Conversely, we have

re = Vx> + ¥ ¢ = tan‘li 7=z (1.47a)
2 2
x° +
=V +y +22 6= tan‘l—z—y ¢ = tan-l)y—c (1.47b)

Relationships (1.46a) and (1.47a) correspond to conversion from cylindrical
coordinates to Cartesian coordinates and vice versa. Relationships (1.46b)
and (1.47b) correspond to conversion from spherical coordinates to Cartesian
coordinates and vice versa. It should be noted that in computing ¢ from y
and x, consideration should be given to the quadrant of the xy-plane in which
the projection of the point P onto the xy-plane lies.

Considering next the conversion of vectors from one coordinate system
to another, we note that to do this, we need to express each of the unit vectors
of the first coordinate system in terms of its components along the unit vectors
in the second coordinate system. From the definition of the dot product of
two vectors, the component of a unit vector along another unit vector, that
is, the cosine of the angle between the unit vectors, is simply the dot product
of the two unit vectors. Thus considering the sets of unit vectors in the
cylindrical and Cartesian coordinate systems, we have with the aid of Fig.
1.16(b),

i, = cos ¢ ievi, =sing  Q,eQ, =0 (1.48a)
ipoi,= —sing  iyei, =cosd  izei, =0 (1.48b)
iei, =0 iei, =0 ipei, =1 (1.48¢)

Similarly, for the sets of unit vectors in the spherical and Cartesian coordinate
systems, we obtain with the aid of Fig. 1.16(c) and Fig. 1.16(b),

i *i, =sinfcos ¢ i;*i, = sin 6 sin ¢ i i, =cos (1.492)
ipei, = cosfcos ¢ ipel, = cosfsing igei, = —sin@ (1.49b)
igei, = —sing ig*i, = cos¢ igei, =0 (1.49¢)

We shall now illustrate the use of these relationships by means of an example.

Example 1.4.

Let us consider the vector 3i, + 4i, + S5i, at the point (3, 4, 5) and convert it
to one in spherical coordinates.

First, from the relationships (1.47b), we obtain the spherical coordinates
of the point (3, 4, 5) to be

R o PN
VIR

5 =tan"'1 = 45°

6 = tan™!

¢ = tan'1§ = 53.13°

Then noting from the relationships (1.49) that at the point under consideration,
i, = sinf cos ¢ i, + cos O cos ¢ i, — sin ¢ iy
= 0.3V/2i,, + 0.3\/2i, — 0.8i,

Sec. 1.3 Cylindrical and Spherical Coordinate Systems 21



1l

, = sin@sin¢i, + cosfsindi, + cos i,
0.4\/2i,, + 0.4/2i, + 0.6i,
cos 0 i, — sin @i, = 0.5\/21,, — 0.5V/2i,

i

I

i,
we obtain
3, + 4i, + Si; = (0.9V2 + 1.6V/2 + 2.5V/2)i,
+(0.9V2 + 1.6V/2 — 2.5V/2)ig + (—2.4 + 2.4)i, = 5\/2i,
This result is to be expected since the given vector has components equal to
the coordinates of the point at which it is specified. Hence its magnitude is
equal to the distance of the point from the origin, that is, the spherical coordinate
r of the point, and its direction is along the line drawn from the origin to the
point, that is, along the unit vector i, at that point. In fact, the given vector is
a particular case of the position vector xi, + yi, + zi, = rd,, which is the vector
drawn from the origin to the point (x, y, 2).
The listing of a computer program written in the BASIC language for the
IBM PC microcomputer to perform the conversions considered in this example
and the output from a run of the program are reproduced as PL 1.1.

PL 1.1. Program listing and sample output for conversion of vec-
tor in Cartesian coordinates to one in spherical coordinates.

100
110
120
130
140
150
160
170
180
190
200
210
220
230
240
250
260
270
280
290
300
310
320
330
340
350
360
370
380
390
400
410
420
430

22
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"% CONVERSION OF VECTOR IN CARTESIAN COORDINATES TO *
'* ONE IN SPHERICAL COORDINATES *
1 s s ke s sk s e ok ofe sk sk sk s sk sk sk sfe o ofe ok st ok o ke sk ol s ok St sfe ok sfe sk sfe sk sfe e sfeokk stk sfe sk sk slesieske dkskeok sk
PI=3.141593:RD=180/PI

DEF FN TRD(ARG)=INT(ARG*10000+.5)/10000:'* ROUNDS ARG
' TO FOUR DECIMAL PLACES *

CLS:PRINT "ENTER CARTESIAN COORDINATES OF POINT:"

INPUT "X = ",X
INPUT "Y = ",Y
INPUT "Z = ",Z:PRINT

PRINT "ENTER COMPONENTS OF VECTOR IN CARTESIAN"
PRINT "COORDINATES:"

INPUT "X COMPONENT = ",VX
INPUT "Y COMPONENT = ",VY
INPUT "Z COMPONENT = ",VZ

'* COMPUTE SPHERICAL COORDINATES OF POINT *
RC=SQR(X*X+Y*Y) :RS=SQR(RC*RC+Z*Z)

IF Z=0 THEN THETA=SGN(RS)*PI/2:GOTO 310
THETA=ATN(RC/Z)

IF Z<0 THEN THETA=THETA+4PI

IF X=0 THEN PHI=SGN(Y)*PI/2:GOTO 360

PHI=ATN(Y/X)

IF X<0 THEN PHI=PHI+PI

'* COMPUTE COMPONENTS OF VECTOR IN SPHERICAL

' COORDINATES *

IF X=0 AND Y=0 THEN VPHI=0:GOTO 430:'* SPECIAL CASE
' OF POINT ON Z-AXIS *

ST=SIN(THETA) :CT=COS(THETA) : SP=SIN(PHI) :CP=COS(PHI)
VRS=VX*ST*CP+VY*ST*SP+VZ*CT
VTHETA=VX*CT*CP+VY*CT*SP-VZ*ST

VPHI=-VX*SP+VY*CP

GOTO 520

IF Z<>0 THEN 470
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PL 1.1. (continued)

440 VRS=SQR(VX*VX+VY*VY+VZ*VZ) :VTHETA=0:'%* SPECIAL CASE
450 ' OF POINT AT ORIGIN *

460 GOTO 520

470 IF VX=0 THEN PHI=SGN(VY)*PI/2:GOTO 500

480 PHI=ATN(VY/VX)

490 IF VX<0 THEN PHI=PHI+PI

500 VRS=SGN(Z)*VZ

510 VTHETA=SGN(Z)*SQR(VX*VX4+VY*VY)

520 PRINT:PRINT

530 PRINT "SPHERICAL COORDINATES OF POINT ARE:"
540 PRINT "RS =";FN TRD(RS)

550 PRINT "THETA =";FN TRD(THETA*RD);"DEG"

560 PRINT "PHI =";FN TRD(PHI*RD);"DEG":PRINT

570 PRINT "COMPONENTS OF THE VECTOR IN SPHERICAL"
580 PRINT "COORDINATES ARE:"

590 PRINT "RS COMPONENT =";FN TRD(VRS)

600 PRINT "THETA COMPONENT =";FN TRD(VTHETA)

610 PRINT "PHI COMPONENT =";FN TRD(VPHI)

620 PRINT:PRINT "PRESS ANY KEY TO CONTINUE";:C$=INPUT$(1)
630 GOTO 170

640 END

RUN

ENTER CARTESIAN COORDINATES OF POINT:
X 3

Y 4

Z 5

ENTER COMPONENTS OF VECTOR IN CARTESIAN
COORDINATES:
X COMPONENT
Y COMPONENT
Z COMPONENT

3
4
5

SPHERICAL COORDINATES OF POINT ARE:
RS = 7.0711

THETA = 45 DEG

PHI = 53.1301 DEG

COMPONENTS OF THE VECTOR IN SPHERICAL
COORDINATES ARE:

RS COMPONENT = 7.0711

THETA COMPONENT = O

PHI COMPONENT = O

PRESS ANY KEY TO CONTINUE

D1.7. Convert into Cartesian coordinates each of the following points: (a) (2, /3, 1)
in cylindrical coordinates; (b) (4, 2ar/3, 2) in cylindrical coordinates; (c) (4, 7/3,
m/3) in spherical coordinates; and (d) (2, 27/3, 3#/4) in spherical coordinates.
Ans: (1, V3, 1); (-2, 2V/3, 2); (\/3, 3, 2); (—1.225, 1.225, — 1)

D1.8. Convert into cylindrical coordinates the following three points specified in Cartesian
coordinates: (a) (-2, 0, 1); (b) (\/2,V/2, 3); and (¢) (1, —1/3, 5).
Ans: 2, m, 1); 2, w/4, 3); 2, 57/3, 5)
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D1.9. Convert into spherical coordinates the following three points specified in Cartesian
coordinates: (a) (0, —2, 0); (b) (3, V3, —2); and (¢) (-vV3, -3, 2.
Ans: 2, 7/2, 3w/2); 4, 27/3, w/6); 4, w/3, 47/3)

1.4 SCALAR AND VECTOR FIELDS

Scalar fields

Before we take up the task of studying electromagnetic fields, we must understand
what is meant by a ““field.”” A field is associated with a region in space, and
we say that a field exists in the region if there is a physical phenomenon
associated with points in that region. For example, in everyday life we are
familiar with the earth’s gravitational field. We do not ‘“‘see’’ the field in the
same manner as we see light rays, but we know of its existence in the sense
that objects are acted upon by the gravitational force of the earth. Ina broader
context, we can talk of the field of any physical quantity as being a description,
mathematical or graphical, of how the quantity varies from one point to another
in the region of the field and with time. We can talk of scalar or vector fields
depending on whether the quantity of interest is a scalar or a vector. We can
talk of static or time-varying fields depending on whether the quantity of
interest is independent of or changing with time.

We shall begin our discussion of fields with some simple examples of
scalar fields. Thus let us consider the case of the conical pyramid shown in
Fig. 1.17(a). A description of the height of the pyramidal surface versus
position on its base is an example of a scalar field involving two variables.
Choosing the origin to be the projection of the vertex of the cone onto the
base and setting up an xy-coordinate system to locate points on the base, we
obtain the height field as a function of x and y to be

h(x,y) = 6 — 2\/x* +¥° (1.50)
Although we are able to depict the height variation of points on the conical
surface graphically by using the third coordinate for 4, we will have to be
content with the visualization of the height field by a set of constant-height
contours on the xy-plane if only two coordinates were available, as in the
case of a two-dimensional space. For the field under consideration, the constant-
height contours are circles in the xy-plane centered at the origin and equally
spaced for equal increments of the height value as shown in Fig. 1.17(a).
For an example of a scalar field in three dimensions, let us consider a
rectangular room and the distance field of points in the room from one corner
of the room as shown in Fig. 1.17(b). For convenience, we choose this corner
to be the origin O and set up a Cartesian coordinate system with the three
contiguous edges meeting at that point as the coordinate axes. Each point in
the room is defined by a set of values for the three coordinates x, y, and z.
The distance r from the origin to that point is \/x* + y* + z*. Thus the
distance field of points in the room from the origin is given by

Hx,y,2) =V +y + 2 (1.51)
Since the three coordinates are already used up for defining the points in the
field region, we have to visualize the distance field by means of a set of
constant-distance surfaces. A constant-distance surface is a surface for which
points on it correspond to a particular constant value of r. For the case under
consideration, the constant-distance surfaces are spherical surfaces centered
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Vector fields

(@) (b)

Figure 1.17. (a) A conical pyramid lying above the xy-plane and a set of
constant-height contours for the conical surface. (b) A rectangular room and
a set of constant-distance surfaces depicting the distance field of points in
the room from one corner of the room.

at the origin and are equally spaced for equal increments in the value of the
distance as shown in Fig. 1.17(b).

The fields we have discussed thus far are static fields. A simple example
of a time-varying scalar field is provided by the temperature field associated
with points in a room, especially when it is being heated or cooled. Just as
in the case of the distance field of Fig. 1.17(b), we set up a three-dimensional
coordinate system and to each set of three coordinates corresponding to the
location of a point in the room, we assign a number to represent the temperature
T at that point. Since the temperature at that point, however, varies with
time ¢, this number is a function of time. Thus we describe mathematically
the time-varying temperature field in the room by a function T(x, y, z, #). For
any given instant of time, we can visualize a set of constant-temperature or
isothermal surfaces corresponding to particular values of T as representing
the temperature field for that value of time. For a different instant of time,
we will have a different set of isothermal surfaces for the same values of 7.
Thus we can visualize the time-varying temperature field in the room by a
set of isothermal surfaces continuously changing their shapes as though in a
motion picture.

The foregoing discussion of scalar fields may now be extended to vector
fields by recalling that a vector quantity has associated with it a direction in
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space in addition to magnitude. Hence to describe a vector field we attribute
to each point in the field region a vector that represents the magnitude and
direction of the physical quantity under consideration at that point. Since a
vector at a given point can be expressed as the sum of its components along
the set of unit vectors at that point, a mathematical description of the vector
field involves simply the descriptions of the three component scalar fields.
Thus for a vector field F in the Cartesian coordinate system, we have

F(x,y, 2, 1) = Fix,y, 2, i, + F,(x,y, 2, Di, + F(x, 5,2z, i, | (1.52)

Similar expressions in cylindrical and spherical coordinate systems are as
follows:

F(ry ¢Z9 Z, [) = Fr(r’ (ll)a 2, t)ir + Fd)(r5 ¢’ Z, t)iqS + Fz(r9 (;b, 25 t)iz (1533)
F(r, 0’ d)’ t) = Fr(r’ 0’ d’y t)ir + Fo(r, 0’ ¢7 t)ie + Fd)(r, 0’ ¢’5 t)i¢ (153b)

We should however recall that the unit vectors i, and i, in (1.53a) and all
three unit vectors in (1.53b) are themselves nonuniform but known functions
of the coordinates.

A vector field is described by a set of ““‘direction lines,”’ also known as
““stream lines,”” and ‘‘flux lines.”” A direction line is a curve constructed such
that the field is tangential to the curve for all points on the curve. To find
the equations for the direction lines for a specified vector field F, we consider
the differential length vector dl tangential to the curve. Then since F and dl
are parallel, their components must be in the same ratio. Thus in the Cartesian
coordinate system, we obtain the differential equation

dx _dy _ dz

1.54
F."F " F (139

which upon integration gives the required algebraic equation. Similar expressions
in cylindrical and spherical coordinate systems are as follows:

dr rd¢ dz

F-F, = F (1.55)
dr rdd rsin@do

£ 127 _ v ey 1.5
F. F, Fy (1.56)

We shall illustrate the concept of direction lines and the use of (1.54)—(1.56)
to obtain the equations for the direction lines by means of an example.

Example 1.5.
Consider a circular disk of radius a rotating with constant angular velocity o
about an axis normal to the disk and passing through its center. We wish to
describe the linear velocity vector field associated with points on the rotating
disk.

We choose the center of the disk to be the origin and set up a two-
dimensional coordinate system as shown in Fig. 1.18(a). Note that we have a
choice of the coordinates (x, y) or the coordinates (r, ¢). We know that the
magnitude of the linear velocity of a point on the disk is then equal to the product
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(a) (b)

Figure 1.18. (a) Rotating disk. (b) Linear velocity vector field associated
with points on the rotating disk. (c) Same as (b) except that the vectors are
omitted and the density of direction lines is used to indicate the magnitude
variation.

of the angular velocity » and the radial distance r of the point from the center
of the disk. The direction of the linear velocity is tangential to the circle drawn
through that point and concentric with the disk. Hence we may depict the linear
velocity field by drawing at several points on the disk vectors that are tangential
to the circles concentric with the disk and passing through those points, and
whose lengths are proportional to the radii of the circles, as shown in Fig. 1.18(b),
where the points are carefully selected to reveal the circular symmetry of the
field with respect to the center of the disk. We, however, find that this method
of representation of the vector field results in a congested sketch of vectors.
Hence we may simplify the sketch by omitting the vectors and simply placing
arrowheads along the circles thereby obtaining a set of direction lines. We note
that for the field under consideration the direction lines are also contours of
constant magnitude of the velocity, and hence by increasing the density of the
direction lines as r increases, we can indicate the magnitude variation, as shown
in Fig. 1.18(c).

For this simple example, we have been able to obtain the direction lines
without resorting to the use of mathematics. We shall now consider the math-
ematical determination of the direction lines and show that the same result is
obtained. To do this, we note that the linear velocity vector field is given by

v(r, ¢) = wriy

Then considering that the geometry associated with the problem is two dimensional
and using (1.55), we have

rd¢

wr

ol%
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or
dr=10
constant

r

which represents circles centered at the origin, as in Fig. 1.18(c).
If we wish to obtain the equations for the direction lines using Cartesian
coordinates, we first write

v(x, y)

wr(i¢ . ix)ix + wr(i¢ . .y)iy

or(—sin ¢ i, + cos ¢ i,)

o(=yi, + xi,)
Then from (1.54), we have
dx _dy

-y x
or

xdx +ydy =20

x* + y* = constant
which again represents circles centered at the origin.

D1.10. Obtain functions of x, y, and z for the following three-dimensional scalar fields:
(a) constant-value surfaces are plane surfaces making equal intercepts on the
x-, y-, and z-axes and value along the x-axis is equal to x; (b) constant-value
surfaces are plane surfaces making intercepts on the x-, y-, and z-axes in the
ratio 2: —2:3 and value along the x-axis is equal to x*; and (c) constant-value
surfaces are cylinders having the line x = 2, y = 0 as their axis and value on
the surface x = 2 is equal to y*. :

2
Ans:x+y+z;(x—y+§Z)2;(x—2)2+)’2

D1.11. The time-varying temperature field in a certain region of space is given by

2 2
x 2y 2
= + +
Ttx, v, 2.0 = To [(2 + sin m) <2 — cos 7'rt> ‘ ]

where T, is a constant. Find the shapes of the constant-temperature surfaces
for each of the following values of #: (a) 1 s; (b) 1.5 s; and () 2.5 s.
Ans: Ellipsoids; spheres; ellipsoids

D1.12. A vector field is given in cylindrical coordinates by

cosdp, sing,
I + —51
rz r r2 ¢

Express the vector F in Cartesian coordinates at each of the following points
specified in Cartesian coordinates: (a) (0, 1, 0); (b) (1, 1, 2); and (¢) (\/3, 1,

—4). _
L1 V3
Ans: —i,; b gl + < b

1.5 SINUSOIDALLY TIME-VARYING FIELDS

In our study of electromagnetics, we will be particularly interested in fields
that vary sinusoidally with time. Sinusoidally time-varying fields are important
because of their natural occurrence and ease of generation. For example,
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when we speak, we emit sine waves; when we tune our radio dial to a broadcast
station, we receive sine waves; and so on. Also, any function for which the
time-variation is arbitrary can be expressed in terms of sinusoidally time-
varying functions having a discrete or continuous spectrum of frequencies,
depending upon whether the function is periodic or aperiodic. Thus if the
response of a system to a sinusoidal excitation is known, its response for a
nonsinusoidal excitation can be found.

Let us first consider a scalar sinusoidal function of time. Such a function
is given by an expression of the form A cos (wf + ¢). In this expression, A
is the amplitude of the sinusoidal variation and (w¢ + ¢) is the phase. In
particular, the phase of the function at ¢ = 0 is ¢. The quantity w = 2nf =
27/T is the rate of change of phase with time and is known as the radian
frequency, having the units radians per second. The quantity f = w/27 is
the number of times the phase changes by 27 radians in 1 second and is
known as the linear frequency or simply frequency, having the units hertz,
abbreviated Hz. The quantity T = 1/f = 2m/w is the period, that is, the
time interval in which the phase changes by 27 radians. A plot of the function
versus ¢ shown in Fig. 1.19 illustrates how the function changes periodically
between positive and negative values. Note that the value of the function at
t = 0is A cos ¢ and that a positive maximum occurs for wz + ¢ = 0 or
t = —¢/w. For a numerical example, let us consider a sinusoidal function
having the period 107> s, amplitude 5 units, and a positive maximum at ¢ =
2 x 107* 5. Then the expression for the function is given by 5 cos 27 X
10% — 0.4m).

AA cos (wt + ¢)

+ 4

|

| A cos ¢

|

[

|
i 1 1 [l ] 1 1 | 1 1 1 ] 1 /‘t
] I T T T ) 1 T 1 { ¥ 1 gl
af e |° K4 2n 3r

w w w w

T

Figure 1.19. Sinusoidally time-varying scalar function A cos (wt + ¢).

If we now have a sinusoidally time-varying scalar field, we can visualize
the field quantity varying sinusoidally with time at each point in the field
region with the amplitude and phase governed by the spatial dependence of
the field quantity. Thus, for example, the field Ae™** cos (ot — Bz) where
A, o, and 8 are positive constants is characterized by sinusoidal time variations
with amplitude decreasing exponentially with z and the phase at any given
time decreasing linearly with z.

For a sinusoidally time-varying vector field, the behavior of each component
of the field may be visualized in the manner just discussed. If we now fix
our attention on a particular point in the field region, we can visualize the
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(a

sinusoidal variation with time of a particular component at that point by a
vector changing its magnitude and direction as shown, for example, for the
x-component in Fig. 1.20(a). Since the tip of the vector simply moves back
and forth along a line, which in this case is parallel to the x-axis, the component
vector is said to be “‘linearly polarized’’ in the x-direction. Similarly, the
sinusoidal variation with time of the y-component of the field can be visualized
by a vector changing its magnitude and direction as shown in Fig. 1.20(b),
not necessarily with the same amplitude and phase as those of the x-component.
Since the tip of the vector moves back and forth parallel to the y-axis, the
y-component is said to be linearly polarized in the y-direction. In the same
‘manner, the z-component is linearly polarized in the z-direction.

Figure 1.20. (2) Time-variation of a linearly polarized vector in the x-direction.
(b) Time-variation of a linearly polarized vector in the y-direction.

When two component sinusoidally time-varying vectors at a point are
added, the polarization of the resulting sinusoidally time-varying vector can
be linear, circular, or elliptical, that is, the tip of the vector can describe a
straight line, a circle, or an ellipse with time, as shown in Fig. 1.21, depending
upon the relative amplitudes and phase angles of the component vectors.

Note that in the case of linear polarization, the direction of the vector
remains along a straight line, but its magnitude changes with time. For circular
polarization, the magnitude remains constant, but its direction changes with
time. Elliptical polarization is characterized by both magnitude and direction
of the vector changing with time.

NE N\t
SO

Figure 1.21. (a) Linear, (b) circular,
and (c) elliptical polarizations.
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If two component sinusoidally time-varying vectors have arbitrary am-
plitudes but are in phase as, for example,

F; = Fycos (wt + ¢) i, (1.57a)
F, = F,cos (wt + ¢) i, (1.57b)

then the sum vector F = F, + F, is linearly polarized in a direction making
an angle
' F, F.
= tan"'= = tan" 2 1.58
@ F. TF, (1.58)
with the x-direction as shown in the series of sketches in Fig. 1.22 illustrating
the time history of the magnitude and direction of F over an interval of one
period. The reasoning can be extended to two (or more) linearly polarized
vectors not necessarily along the coordinate axes but all of them in phase.
Thus the sum vector of any number of linearly polarized vectors having
different directions and amplitudes but are in phase is also a linearly polarized
vector.

Figure 1.22. The sum vector of two linearly polarized vectors in phase is a
linearly polarized vector.

If two component sinusoidally time-varying vectors have equal amplitudes,
differ in direction by 90°, and differ in phase by 7/2, as, for example,

F, = Fycos (wt + ¢) i, (1.59a)
F, = Fysin (wt + ¢) i, (1.59b)
then, to determine the ‘‘polarization’ of the sum vector F = F, + F,, we
note that the magnitude of F is given by
|F| = |Fycos (ot + @) i, + Fysin(wt + ¢) iy| = F, (1.60)
and that the angle « which F makes with i, is given by

_F _1| Fysin (ot + ¢)
— 12y _ 1 0
@=fan % = tan [Fo cos (@ + &)

Thus the sum vector rotates with constant magnitude F, and at a rate of w
rad/s so that its tip describes a circle. The sum vector is then said to be
““circularly polarized.”” The series of sketches in Fig. 1.23 illustrates the time
history of the magnitude and direction of F over an interval of one period.
The reasoning can be generalized to two linearly polarized vectors not
necessarily along the coordinate axes. Thus if two linearly polarized vectors
satisfy the three conditions of (a) equal amplitudes, (b) perpendicularity in

=wt+ ¢ (1.61)
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direction, and (c) phase difference of 90°, then thefr sum vector is circularly

polarized. We shall illustrate this by means of an example.

o—

Figure 1.23. Circular polarization.

Example 1.6.

Given two vectors

F, = Gi, — 4i,) cos 27 X 10%

F, = 5i, sin 2 X 10%
at a point. Note that the vector F, consists of two components which are in
phase. Hence it is linearly polarized but along the direction of (3i, — 4i,). The
vector F, is linearly polarized along the y-direction. We wish to determine the
polarization of the vector F = F; + F,.

Since the two linearly polarized vectors F, and F, are not in phase, we
rule out the possibility of F being linearly polarized. In fact, since F, varies with
time in a cosine manner whereas F, varies in a sine manner, we note that F,
and F, differ in phase by 90°. The amplitude of F, is \/3? + (—4)?, or 5, which
is equal to that of F,. Also,

Fi*F, = (3i, — 4i)*5i, =0
so that F, and F, are perpendicular. Thus F, and F, satisfy all three conditions
for the sum of two linearly polarized vectors to be circularly polarized. Therefore
F is circularly polarized.
Alternatively, we observe that

[F| = [F, + F)|
= [3 cos 27 x 10°% i, + 5sin 27 x 10% i, — 4 cos 2w x 10% i
= (25 cos? 2m x 10% + 25 sin? 27 X 10%)"/?
= /25 = 5, a constant with time

Hence F is circularly polarized.

For the general case in which the conditions for the sum vector to be
linearly polarized or circularly polarized are not satisfied, the sum vector is
“elliptically polarized’’; that is, its tip describes an ellipse. Thus linear and
circular polarizations are special cases of elliptical polarization. The listing
of a PC program for demonstrating linear, circular, and elliptical polarizations
as resulting from the superposition of two sinusoidally time-varying, orthogonal
component vectors F; = A cos (vt + ¢) i, and F, = B cos (ot + 6) i, of
the same frequency under different conditions pertaining to their amplitudes
and phase angles is reproduced in PL 1.2. The ellipse obtained from a run
of the program for A = 40, B = 60, ¢ = 60°, and = 105° is shown in Fig.
1.24.
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PL 1.2. Listing of program for demonstration pertinent to polari-
zation of sinusoidally time-varying vector fields.

100 7 sestesk ol sk ok sk sde o seofeodeoke sk ok o sl s sfe e kel ok ok sk o s e sk 3k ok s s ek ok ok ok ok st st sk sk ek skl sk ol sk

110 '* POLARIZATION OF SINUSOIDALLY TIME-VARYING VECTOR *
120 '* FIELDS *
130 " steskoslestesto sk ok sk st st sfesfe sk sk ok ok ol ok s o sl ke e ok ok ok sk sk st st ke sk ok s sk s ke sk ok e o ok sk sl sk oke sk koK 3K
140 SC=1,2:'* SCALE FACTOR TO EQUALIZE VERTICAL AND

150 ' HORIZONTAL SCALES *

160 PI=3.1416:DR=PI/180:XC=80:YC=160

170 CLS:SCREEN 1:COLOR 0,1

180 PRINT "ENTER VALUES OF A, B, PHI, AND THETA:"

190 PRINT:INPUT "A = ",AV:'* AMPLITUDE OF VERTICAL

200 ' COMPONENT *

210 PRINT:INPUT "B = ",AH:'#* AMPLITUDE OF HORIZONTAL
220 ' COMPONENT *

230 PRINT:INPUT "PHI IN DEG = ",PV:'* PHASE ANGLE OF
240 ' VERTICAL COMPONENT *

250 PRINT:INPUT "THETA IN DEG = ",PH:'* PHASE ANGLE OF

260 ' HORIZONTAL COMPONENT *

270 PRINT:PRINT "PRESS ANY KEY TO CONTINUE":C$=INPUT$(1)
280 '* PRINT VALUES OF INPUT PARAMETERS *

290 CLS:LOCATE 21,1:PRINT "A =";AV;" PHI =";PV;"DEG"
300 PRINT "B =";AH;" THETA =";PH;"DEG"

310 '* SCALE A AND B SO THAT THE LARGEST OF A AND B IS
320 ' EQUAL TO 60 *

330 IF AV>AH THEN AX=60:AY=60%AH/AV:GOTO 350

340 AY=60:AX=60%AV/AH

350 AY=AY*8C:C=0:D=0:CC=XC:DD=YC

360 '* DRAW COMPONENT AND RESULTANT VECTORS, AND PLOT
370 ' POINTS ALONG TRAJECTORIES OF TIPS OF VECTORS, AT
380 ' INTERVALS OF ONE-HUNDRENTHS OF A PERIOD *

390 FOR I=0 TO 100

400 A=AX*COS(PI*I/50+PV*DR)

410 IF ABS(A)<ABS(C) THEN COLR=0 ELSE COLR=3

420 LINE (YC,CC)-(YC,XC-A),COLR:PSET (YC,CC)

430 B=AY*COS(PI*I/50+PH*DR)

440 TF ABS(B)<ABS(D) THEN COLR=0 ELSE COLR=3

450 LINE (DD,XC)-(YC+B,XC),COLR:PSET (DD,XC)

460 LINE (YC,XC)-(DD,CC),0:PSET (DD,CC)

470 C=A:D=B:CC=XC-C:DD=YC+D

480 LINE (YC,XC)~(YC,CC)

490 LINE (YC,XC)-(DD,XC)

500 LINE (YC,XC)-(DD,CC)

510 NEXT

520 '* PLOTTING COMPLETED *

530 LOCATE 23,1:PRINT "PRESS ANY KEY TO CONTINUE"

540 C$=INPUT$(1)

550 GOTO 170

560 END

Relevance of An example in which polarization is relevant is in the reception of radio
polarization waves. Here when we talk about polarization, we generally refer to the
in reception direction of the electric field of the wave. If the incoming signal is linearly
of radio polarized, then for maximum voltage to be induced in a linear receiving antenna,
waves the antenna must be oriented parallel to the direction of polarization of the

signal. Any other orientation of the antenna will result in a smaller induced
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voltage since the antenna ‘‘sees’’ only that component of the electric field
parallel to itself. In particular, if the antenna is in the plane perpendicular to
the direction of polarization of the incoming signal, no voltage is induced.
On the other hand, if the incoming signal is circularly or elliptically polarized,
a voltage is induced in the antenna except for one orientation which is along
the line perpendicular to the plane of the circle or the ellipse.

D1.13. Write the expression for each of the sinusoidal functions of time having the
following characteristics: (a) period equal to 10~¢ s, amplitude equal to 10 units,
and a positive maximum occurring at ¢ = 0; (b) frequency equal to 2 Hz, value
at t = 0 equal to —3, and a positive maximum occurring at t = } s; (c) period
equal to 4 s, amplitude equal to 5 units, and a negative maximum occurring
att = 1} s.

Ans: 10 cos 27 X 10%; 10 cos (4wt — 4m/3); 5 cos (0.57t + w/4)
D1.14. For each of the following sinusoidally time-varying vector fields given at a
‘ point, find the polarization: _
(@) 1 cos (wt + 60° i, + /2 cos (ot + 60°) i,
(b) 1 cos (wt + 60°) i, + 1 cos (wt — 30° i,
(c) 1 cos (ot + 60° i, + V2 cos (wt — 30°) i,
(d) 1 cos (wt + 60° i, + 1 cos (wt + 30° i,
Ans: Linear; circular; elliptical; elliptical
D1.15. Two sinusoidally time-varying vector fields are given by
F, = Fycos 37 X 10% — 2mz) i,
F, = Fycos 3w x 10°% — 37z) i,
Find the polarization of F; + F, at each of the following points: (a) (2, 3, 0);
(b) 3, —4, 0.1); and (¢) (—1, 2, 0.5).
Ans: Linear, elliptical; circular

1.6 COMPLEX NUMBERS AND PHASOR TECHNIQUE

In this section, we shall discuss a mathematical technique known as the phasor
technique pertinent to operations involving sinusoidally time-varying quantities.
The technique simplifies the solution of a differential equation, in which the
steady-state response for a sinusoidally time-varying excitation is to be de-
termined by reducing the differential equation to an algebraic equation involving
phasors. A phasor is a complex number or a complex variable. We shall
first review complex numbers and associated operations.

A complex number has two parts: a real part and an imaginary part.
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Imaginary numbers are square roots of negative real numbers. To introduce
the concept of an imaginary number, we define

V-1=j (1.62a)

or

()P = ~1 (1.62b)

Thus, j5 is the positive square root of —25, —;10 is the negative square root
of —100, and so on. A complex number is written in the form a + jb, where
a is the real part and b is the imaginary part. Examples are

3+j4, -4+ 41, -2 —42,2—-j3,...

Rectangular A complex number is represented graphically in a complex plane by
form using two orthogonal axes, corresponding to the real and imaginary parts, as
shown in Fig. 1.25, in which are plotted the numbers just listed. Since the
set of orthogonal axes resembles the rectangular coordinate axes, the repre-
sentation (a + jb) is known as the rectangular form.
Exponential An alternate form of representation of a complex number is the exponential
and polar form Ae’® where A is the magnitude and ¢ is the phase angle. To convert
Sforms from one form to another, we first recall that
2 3
¥ _ X r .
e—1+x+2!+3!+ (1.63)
Substituting x = j¢, we have
N2 < 48\3
e _ P 0 0
=1+ + o+ T
2 3
=1+jé - o~ g+
2! 3! (1.64)
3 ¢2 ) ¢3
-—(1—2! + )+J(¢>*3! + )
= Ccos ¢ + jsin ¢
A Imaginary
) G+
-
1
] |
— 1Y@ — — — — ———— — —1
(-4 + ]l)T— = 5 l
I N L1 >
-4 ! 0 I 3 Real
B |
|
|
(2= b2 |
—3-——4(2-j3)
- Figure 1.25. Graphical representation
of complex numbers in rectangular
form.
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This is the so-called Euler’s identity. Thus

Ae’”® = A(cos ¢ + j sin' ®) (1.65)
= Acos¢ + jAsing
Now, equating the two forms of the complex numbers, we have
a+jb=Acos¢ + jAsind
or
a=Acos¢ (1.66a)
b = Asin ¢ (1.66b)

These expressions enable us to convert from exponential form to rectangular
form. To convert from rectangular form to exponential form, we note that

a+ b =A

, sin¢>=2, and tan¢=§

cos ¢ = A

SE

Thus

A=\l + b (1.67a)

b= tan'ls (1.67b)

Note that in the determination of ¢, the signs of cos ¢ and sin ¢ should be
considered to see if it is necessary to add = to the angle obtained by taking
the inverse tangent of b/a.

In terms of graphical representation, A is simply the distance from the
origin of the complex plane to the point under consideration, and ¢ is the
angle measured counterclockwise from the positive real axis (¢ = 0) to the
line drawn from the origin to the complex number, as shown in Fig. 1.26.
Since this representation is akin to the polar coordinate representation of

points in two-dimensional space, the complex number is also written as A/P,
the polar form.

Imaginary

(a + jb) = Ael®

Figure 1.26. Graphical representation
of a complex number in exponential
form or polar form.

-»— Real

Turning now to the Euler’s identity, we see that for ¢ = * 7/2, Ae £l —

A cos /2 = jAsin /2 = = jA. Thus purely imaginary numbers correspond
to ¢ = = w/2. This justifies why the vertical axis, which is orthogonal to
the real (horizontal) axis is the imaginary axis.

The complex numbers in rectangular form plotted in Fig. 1.25 may now
be converted to exponential form (or polar form):
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Conversion 344 =3+ 4 WD < 5,005 553 130
from 4 4 il = \/AT 1 12 a1/ _ 092m _ o
rectangular 4+j1 =4 +1 { ] = 4..12e = 4.12/165.96
to =2 = j2 = /2% 4 P70 < g 83,1257 — ) 83 /9050
Z’ﬁ”p"o’if;’i”'“l 2-j3 = V2 + 37 ICID 2 3 61030 2 3 61/ 56.31°
Sform These are shown plotted in Fig. 1.27. It can be noted that in converting from
rectangular to exponential (or polar) form, the angle ¢ can be correctly determined
if the number is first plotted in the complex plane to see in which quadrant
it lies. Also note that angles traversed in the clockwise sense from the positive
real axis are negative angles. Furthermore, adding or subtracting an integer
multiple of 27 to the angle does not change the complex number.
A Imaginary
B+4
5
s 47, 165.96°
(47D o212 53.13°
1Y 4y 1 > Real
225° 4 56.31°
'\»o'o &
(=2-72) S
(2 ~j3)
Figure 1.27. Polar form representa-
tions of the complex numbers of Fig.
1.25.
Arithmetic Complex numbers are added (or subtracted) by simply adding (or sub-
of complex  tracting) their real and imaginary parts separately as follows:
numbers G+ +Q2-j3)=5+j1

@=j3) ~(-4+jD)=6-ja
Graphically, this procedure is identical to the parallelogram law of addition
(or subtraction) of two vectors.

Two complex numbers are multiplied by multiplying each part of one
complex number by each part of the second complex number and adding the
four products according to the rule of addition as follows:

B +jHQ2-j3)=6-,9+j8 - j12)
=6—-j9+,j8+ 12
18 — jl1

Two complex numbers whose real parts are equal but whose imaginary
parts are the negative of each other are known as complex conjugates. Thus
(a — jb) is the complex conjugate of (a + jb) and vice versa. The product
of two complex conjugates is a real number:

(a + jb)(a — jb) = a* — jab + jba + b* = @* + b* (1.68)
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Phasor
defined

This property is used in division of one complex number by another by

multiplying both the numerator and the denominator by the complex conjugate

of the denominator and then performing the division by real number. For
example,

B+ _ G+jH2+j3) _ —6+j17 _

-3 Q-j»H2+jj3 13

The exponential form is particularly useful for multiplication, division,

and other operations such as raising to the power, etc., since the rules associated
with exponential functions are applicable. Thus

—0.46 + j1.31

(Alejdn) (Azejtbz) — AlAzej(¢1+¢z) (1693)
A, e’ A

A;ef‘f’z - ;(;ej(d)l $2) (1.69b)
(Ae™®)" = A"e’™? (1.69¢)

Let us consider some numerical examples:

(a) (Sej0.2951-r) (3.61€_j0'313") — 18.05e_j0'018‘"
5ej0.2957r

©®) 3 s1e

(©) (2.83¢"" 7™ = 64.14¢"" = 64.14e"

(d) V4127927 = [4.12e5ORTHO2 | =0, 1, 2, ...

4.12ej(0.461‘rr+k7r)’ k = 0’ 1
2.03¢4' or 2.03¢%M"

= 1.39¢/%%

(1]

Note that in evaluating the square roots, although k can assume an infinite
number of integer values, only the first two need be considered since the
numbers repeat themselves for higher values of integers. Similar considerations
apply for cube roots, etc.

Having reviewed complex numbers, we are now ready to discuss the
phasor technique. The basis behind the phasor technique lies in the fact that
since

Ae” = Acosx + jAsinx (1.70)

we can write

A cos x = Re[de”] (1.71)

where Re stands for ‘‘real part of.”” In particular, if x = wt + 6, then we
have

A cos (ot + 6) = Re[Ae/™* 7]
= Re[Ae’e’™™ 1.72)
= Re[A /]
where A = Ae” is known as the phasor (the overbar denotes that A is complex)
corresponding to A cos (wt + ). Thus the phasor corresponding to a cosi-

nusoidally time-varying function is a complex number having magnitude same
as the amplitude of the cosine function and phase angle equal to the phase
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Addition
of two sine
functions

of the cosine function for ¢+ = 0. To find the phasor corresponding to a sine
function, we first convert it into a cosine function and proceed as in (1.72).
Thus

B sin (wt + ¢) = Bceos (wt + ¢ — 7/2)
= Re[Be/“'*¢~"/D] (1.73)
— Re[Bej(¢—1T/2)ejwt]
Hence, the phasor corresponding to B sin (wt + ¢) is Be’®™™?, or Be/*e ="/,
or —jBe”.
Let us now consider the addition of two sinusoidally time-varying functions

(of the same frequency), for example, 5 cos w? and 10 sin (w¢t — 30°), by usmg
the phasor technique. To do this, we proceed as follows:

5 cos wt + 10 sin (ot — 30°) = 5 cos wt + 10 cos (wt — 120°
= Re[5¢’] + Re[10¢/ )]
= Re[5¢”%¢™] + Re[10e /*"3¢™']
= Re[5e”%e¢’’ + 10e/2¢/]
= Re[(5¢” + 10e 72?)e/] (1.74)
= Re{[(5 +j0) + (—5 — j8.66)]e™"}
= Re[(0 — j8.66)e’™]
= Re[8.66e /"2¢/]
= Re[8.66¢’“ /7]
= 8.66 cos (wt — 90°)

In practice, we need not write all the steps just shown. First, we express
all functions in their cosine forms and then recognize the phasor corresponding
to each function. For the foregoing example, the complex numbers Se® and
10e > are the phasors corresponding to 5 cos w? and 10 sin (wf — 30°),
respectively. Then we add the phasors and from the sum phasor write the
required cosine function as one having the amplitude same as the magnitude
of the sum phasor and argument equal to wt plus the phase angle of the sum

phasor. Thus the steps involved are as shown in the block diagram of Fig.
1.28.

5 cos wt + 10 sin (wt — 30%)
Y ¥
5 cos wt + 10 cos (wt — 120°)
\ i
5¢/0 + 10¢ /273 (Phasors)
= 8.66¢ 2 (Sum Phasor)

Figure 1.28. Block diagram of steps
Y involved in the application of phasor
8.66 cos (wt — 90°) teghniquq to the a.ddition qf two sinu-
soidally time-varying functions.
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Solution of We shall now discuss the solution of a differential equation for sinusoidal

differential  steady-state response by using the phasor technique. To do this, let us consider

equation the problem of finding the steady-state solution for the current I(f) in the
simple R—-L series circuit driven by the voltage source V() = V,, cos (ot + ¢),
as shown in Fig. 1.29. From Kirchoff’s voltage law, we then have

RI(t) + LE‘% =V, cos (wt + ¢) (1.75)

R 1)

V() @) g L

Figure 1.29. R-L series circuit.

We know that the steady-state solution for the current must also be a
cosine function of time having the same frequency as that of the voltage
source but not necessarily in phase with it. Hence let us assume

It = I, cos (wt + 6) (1.76)
The problem now consists of finding I,, and 6.
Using the phasor concept, we write

V,, cos (wt + ¢) = Re[V, e/ +¥]

= Re[V,e”%e’] (1.77a)
= Re[Ve™

I, cos (ot + 6) = Re[l,e™*?]
= Re[l,e”e™] (1.77b)
= Re[Te™']

where V = V,e’® and T = I,e’”® are the phasors corresponding to V(1) =
V,, cos (wt + ¢) and I() = I, cos (wt + 6), respectively. Substituting these
into the differential equation, we have

R{Re[Ie™1} + Ldit {Re[Te™T} = Re[Ve™] (1.78)

Since R and L are constants, and since d/dt and Re can be interchanged, we
can simplify this equation in accordance with the following steps:

Re[RIe™] + Re[Ldﬁt (Te™] = Re[Ve™]

Re[RIe’'] + Re[jwLIe’™] = Re[Ve’']
Re[(RT + joLT)e™] = Re[Ve™] (1.79)

Let us now consider two values of wt, say, ot = 0 and ot = 7/2. For wt =
0, we obtain

Re(RI + joLI) = Re(V) (1.80)
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For wt = w/2, we obtain
Re[J(RT + jowLI)] = Re[jV]
or
Im(RI + joLI) = Im(V) (1.81)
where Im stands for ‘‘imaginary part of.”” Now, since the real parts as well

as the imaginary parts of (RI + jwLI) and V are equal, it follows that the
two complex numbers are equal. Thus

RI + joLl =V (1.82)

By solving this equation, we obtain I and hence I,, and 9. Note that by using
the phasor technique, we have reduced the problem of solving the differential
equation (1.75) to one of solving the phasor (algebraic) equation (1.82). In
fact, the phasor equation can be written directly from the differential equation
without the necessity of the intermediate steps by recognizing that the time
functions I(f) and V() are replaced by their phasors I and V, respectively,
and d/dr is replaced by jo. We have here included the intermediate steps
merely to illustrate the basis behind the phasor techmique. We shall now
consider an example.
Example 1.7.

For the circuit of Fig. 1.29, let us assume R = 1 Q, L = 107* H, and V(?) =

10 cos (1000t + 30°) V and obtain the steady-state solution for I(t)

The differential equation for I(¢) is given by

I+ 10-3% = 10 cos (1000z + 30°)

Replacing the current and voltage by their phasors I and 10¢™°, respectively,
and d/dt by jo = j1000, we obtain the phasor equation

I + 1073(j1000 7) = 10e/®
or
I(1 + j1) = 10e
10" 10eS
1441 e
= 7.07¢~1
Having determined the value of I, we now find the required solution to be
I() = Re[le™]
= Re[7.07¢ /7/12¢/1000]
= 7.07 cos (1000t — 15°) A

D1.16. Express the following complex numbers in exponential form: (a) 12 + j5;
(b) =7 — j24; and (¢) —V/8 + jl.
AnS: 13ej0.1267r; 258j1.411r; 3ej0‘892'n'

D1.17. Find the following: (a) 5¢/**" — (2 + j5) in exponential form; (b) (\/3 + j1)°
in rectangular form; and (¢) (3 + j1)/(1 — j3) in polar form.
Ans: 2.83¢ 57 _27.71 + j16; 1/90°

D1.18. Using the phasor technique, express each of the following functions as a single
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cosinusoidal function of time: (a) 3 cos (wt + 60°) — 4 cos (wt + 150°) and
(b) 10 cos (wt — 30°) — 10 sin (wt + 120°) — 6 sin wt.
Ans: 5 cos (wt + 6.87°); 4 cos (wt — 90°)

1.7 SUMMARY

We first learned in this chapter several rules of vector algebra that are necessary
for our study of the elements of engineering electromagnetics by considering
vectors expressed in terms of their components along three mutually orthogonal
directions. To carry out the manipulations involving vectors at different points
in space in a systematic manner, we then introduced the Cartesian coordinate
system and discussed the application of the vector algebraic rules to vectors
in the Cartesian coordinate system. To summarize these rules, we consider
three vectors

A=A, + Aj, + Aj,

B = B,i, + B,i, + Bj,

C = Cid, + Ciji, + Cj,
in a right-handed Cartesian coordinate system, that is, with i, x i, = i,. We
then have

A+ B = (A, + B)i, + (4, + B)i, + (4, + B,
B — C = (B, — C)i, + (B, — C)i, + (B, — C)i,
mA = mAJ, + mAj, + mAj,
B_ B, B, B,
—=—L +—I, + —
n n n n
[A] = VA2 + A2 + A?
Ax . A)’ : AZ :
ST ot T oot e
VAZ + A2 + A2 VAL + A2 + A? VAL + A2 + A?
A*B =AB, + AB, + AB,

iy

I P T
AXB=|A, A A,
B, B, B,

A, A, A,

A*BXxC= (B, B, B,
C, C C,

Other useful expressions are
dl = dxi, + dyi, + dzi,
dS = xdydzi,, +dzdxi,, xdxdyi,
dv = dx dy dz

We then discussed the cylindrical and spherical coordinate systems, and
conversions between these coordinate systems and the Cartesian coordinate
system. Relationships for carrying out the coordinate conversions are as
follows:
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Cylindrical to Cartesian and vice versa:
X =rcos¢ y =rsing Z =z

r=V¥+yY ¢=tan'd =g,
Spherical to Cartesian and vice versa:
x = rsin 6 cos ¢ y = rsin@sin ¢ Z = rcosé
S —
BT E— X+
r=VxX+y +7 6= tan“——~\/ Y 4 =tan'2
z X
Other useful expressions are as follows:
Cylindrical:
dl = dri, + rddiy + dzi,
dS = *rdd dzi,, xdrdziy, +rdrdoi,
dv = rdrde dz
Spherical:

dl = dri, + rdbi, + rsin 0do i,
dS = =r*sin@dodgi,, +rsin 0 drde i, *rdrdfi,
dv = r*sin 0 dr do d¢

Next we discussed the concepts of scalar and vector fields, static and
time-varying, by means of some simple examples such as the height of points
on a conical surface above its base, the temperature field of points in a room,
and the velocity vector field associated with points on a disk rotating about
its center. We learned about the visualization of fields by means of constant-
magnitude contours or surfaces and in addition by means of direction lines
in the case of vector fields. We also discussed the mathematical technique
of obtaining the equations for the direction lines of a vector field.

Particular attention was then devoted to sinusoidally time-varying fields,
in view of their importance in our study of electromagnetics. Polarization of
sinusoidally time-varying vector fields was then considered. In the general
case, the polarization is elliptical; that is, the tip of the vector at a point
describes an ellipse with time. Linear and circular polarizations are special
cases.

Finally, a review of complex numbers and associated operations was
presented as a prelude to the discussion of phasor technique. The phasor
technique was illustrated by considering two examples: (a) addition of two
sinusoidal functions of time and (b) solution of a differential equation for the
steady-state response due to a sinusoidal excitation.

REVIEW QUESTIONS

R1.1. Give some examples of scalars.
R1.2. Give some examples of vectors.
R1.3. Is it necessary for the reference vectors i, i, and i; to be an orthogonal set?
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R1.4.

R1.5.
R1.6.
R1.7.
R1.8.
R1.9.

R1.10.
R1.11.

R1.12.

R1.13.

R1.14.

R1.15.

R1.16.

R1.17.

R1.18.

R1.19.
R1.20.

R1.21.
R1.22.
R1.23.
R1.24.

R1.25.
R1.26.

R1.27.

R1.28.

R1.29.

R1.30.
R1.31.

State whether i;, i,, and i; directed westward, northward, and downward,
respectively, is a right-handed or a left-handed set.

State all conditions for which A « B = 0.

State all conditions for which A X B = 0.

What is the significance of A+ B x C = 0?

What is the significance of A x (B x C) = 0?

What is the particular advantageous characteristic associated with the unit
vectors in the Cartesian coordinate system?

What is the ‘‘position vector”?

What is the total distance around the circumference of a circle of radius 1 m?
What is the total vector distance around the circle?

Discuss the application of differential length vectors to find a unit vector normal
to a surface at a point on the surface.

Discuss the concept of a differential surface vector.

What is the total surface area of a cube of sides 1 m? Assuming the normals
to the surfaces to be directed outward of the cubical volume, what is the total
vector surface area of the cube?

Describe the three orthogonal surfaces that define the cylindrical coordinates
of a point.

Which of the unit vectors in the cylindrical coordinate system are not uniform?
Explain.

Discuss the conversion from the cylindrical coordinates of a point to its Cartesian
coordinates and vice versa.

Describe the three orthogonal surfaces that define the spherical coordinates of
a point.

Discuss the nonuniformity of the unit vectors in the spherical coordinate system.
Discuss the conversion from the spherical coordinates of a point to its Cartesian
coordinates and vice versa.

Describe briefly your concept of a scalar field and illustrate with an example.
Describe briefly your concept of a vector field and illustrate with an example.
How do you depict pictorially the gravitational field of the earth?

Discuss the procedure for obtaining the equations for the direction lines of a
vector field.

Discuss the parameters associated with a sinusoidal function of time.

A sinusoidally time-varying vector is expressed in terms of its components
along the x-, y-, and z-axes. What is the polarization of each of the components?

What are the conditions for the sum of two linearly polarized sinusoidally time-
varying vectors to be circularly polarized?

What is the polarization for the general case of the sum of two sinusoidally
time-varying linearly polarized vectors having arbitrary amplitudes, phase angles,
and directions?

Considering the second hand on your analog watch to be a vector, state its
polarization. What is the frequency?

Discuss the relevance of polarization in the reception of radio waves.

Discuss the conversion of a complex number from rectangular form to exponential
(or polar) form.
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R1.32.

R1.33.
R1.34.
R1.35.
R1.36.

How do you perform division of one complex number by another using their
rectangular forms?

What is a phasor?
Is there any relationship between a phasor and a vector? Explain.
Describe the phasor technique of adding two sinusoidal functions of time.

Describe the phasor technique of solving a differential equation for the sinusoidal
steady-state solution.

PROBLEMS

P1.1.

P1.2

P1.3.

P1.4.

P1.5.

P1.6

P1.7.

Chap.

A bug starts at a point and travels 1 m northward, s m eastward, s’ m southward,
s* m westward, and so on, where s < 1, making a 90°-turn to the right and
traveling in the new direction s times the distance traveled in the previous
direction. Find the value of s for each of the following cases: (a) the total
distance traveled by the bug is 1.5 m, (b) the straight-line distance from the
initial position to the final position of the bug is 0.8 m; and (c) the final position
of the bug relative to its initial position is 30° east of north.

Three vectors A, B, and C satisfy the equations
A+B-C=2+1i
A+ 2B+ 3C = —2i; + 5i, + 5i;
2A -B +C =i + 5i,
Find (@) A; (b) A — B;and (c)2A + B — C.
Four vectors drawn from a common point are given as follows:
A =2i, — mi, — i
B = mi; + i, — 2i;
C=1i + mi, + 2i,
D = mi, + mi, + i
Find the value(s) of m for each of the following cases: (a) A is perpendicular

to B; (b) B is parallel to C; (c) A, B, and C lie in the same plane; and (d) D
is perpendicular to both A and B.

Two vectors A and B are drawn from a common point. Without the implication
of the components of A and B, obtain the expressions for (a) the component
of A along B and (b) the area of the triangle having A and B as two of its sides.
Then compute their values for A = 2i; + i, + i; and B = i — 2i, + 2i;.
Show that the tips of three vectors A, B, and C originating from a common
point lie along a straight line if A X B+ B X C + C X A = 0. Provide a
geometric interpretation for this result.

Show that the tips of four vectors A, B, C, and D originating from a common
point lie in a plane if (A — B)+ (A ~ C) X (A — D) = 0. Then determine if
the tips of A = i;, B = 2i;, C = 2i;, and D = i; + 2i, — 2i; lic in a plane.
The tips of three vectors A, B, and C originating from a common point determine
a plane. Show that the perpendicular distance from the point to the plane is
[A*B x C|//[Ax B+ B xC+ C x Al. Compute its value for A = i,
B =1i,, and C = 2i,.
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P1.8.

P1.9.

P1.10.

P1.11.

P1.12.

P1.13.

P1.14.

P1.15.

P1.16.

P1.17.

P1.18.

P1.19.
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Three points are given by A(12, 0, 0), B(0, 15, 0), and C(0, 0, —20). Find (a)
the distance from B to C, (b) the component of the vector from A to C along
the vector from B to C, and (c) the perpendicular distance from A to the line
through B and C.
Three points A, B, and C are given by (1, 0, 1), 2, 2, 2), and (-1, 1, 3),
respectively. Three other points D, E, and F are given by 4, —4, —4), (4, 6,
4), and (4, 4, 4), respectively. (a) Determine which one of the points D, E,
and F lies on the straight line through A and B. (b) Determine which one of
the points D, E, and F lies in the plane formed by A4, B, and C but not on the
line through A and B.
Three points P,, P,, and P; are given by (1, 0, 1), 2, 2, 2), and (-1, 1, 3),
respectively. Three vectors A, B, and C are given as follows:

A = 3i, + 4i, + 5i,

B = 3i, — 4i, — 5i

C = 3i, — 4i, + 5i,
(a) Determine which one of the vectors A, B, and C is perpendicular to the
plane containing P, P,, and P;. (b) Determine which one of the vectors A,
B, and C is parallel to the plane containing P;, P, and P;.
Find the expression for the differential length vector tangential to the curve
x +y = 2,y = Z* at an arbitrary point on the curve and having the projection
dz on the z-axis. Then obtain the differential length vectors tangential to the
curve at the points (a) (2, 0, 0), (b) (1, 1, 1), and (c) (-2, 4, 2).
Find the expression for the unit vector tangential to the curve given by the
parametric equations x = sin z, y = cos t, and z = ¢, at an arbitrary point on
the curve. Then obtain the unit vectors tangential to the curve at the points
(@ (0, 1, 0), (b) 1/N/2, 1/V/2, w/4), and (c) (1, 0, 7/2).
By considering two differential length vectors tangential to the surface xy =
2, find the expression for the unit vector normal to the surface at an arbitrary
point on the surface. Then obtain the unit vectors normal to the surface at
the points (a) (1, 2, 0), (b) (V2,V/2, 2), and (c) (2, 1, —1).
Consider the differential surface lying on the plane 2x + z = 2 and having the
projection on the xy-plane the differential surface of area dx dy. Obtain the
expression for the vector dS associated with that surface.
Three points are given in cylindrical coordinates by A(0, 0, 1), B(2, w/6, 1),
and C(4, 57/6, 4). Find (a) the component of the vector from A to B along
the vector from A to C and (b) the area of the triangle formed by A, B, and
C.
Four points are given in spherical coordinates by A(l, 7/2, 0), B(\/g, /4,
w/3), C(1,0,0), and D(\/12, /6, 7/2). Show that these four points are situated
at the corners of a parallelogram and find the area of the parallelogram.
Three unit vectors are given in cylindrical coordinates as follows: A = i, at
a,w/2,0,B =i, at (2, #/3, 1), and C = i, at (1, w/4, 0). Find (a) A * B,
(b)A x B,and (c) B+ C.
Three unit vectors are given in spherical coordinates as follows: A = i, at (1,
w/3, 0) B = iy at (2, /2, w/2), and C = i, at (1, w/2, w/4). Find (a) A * B,
(b)B+C, and (¢c) [C x A
Convert the vector i, + i, — \/2i, at the point (1, 1, 1/2) to one in spherical
coordinates.
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P1.20.

P1.21.

P1.22.

P1.23.

P1.24,

P1.25.

P1.26.

P1.27.

P1.28.

P1.29.

P1.30.

P1.31.

P1.32,

Determine if the vector (i,, — \/3 iy + 3i,) at the point (3, 7/3, 5) in cylindrical
coordinates is equal to the vector (3i,, — \/3i, — iy) at the point (1, #/3, 7/6)
in spherical coordinates.

Find the unit vector tangential to the curve r* cos 2¢
V2, w/6, 0) in cylindrical coordinates.

Find the unit vector tangential to the curve »* sin 2¢
point (\/2, /6, 7/8) in spherical coordinates.
Consider a spherical ball of radius a lying on a flat floor. Assuming the origin
to be the point of contact of the ball with the floor, obtain the expression for
the two-dimensional scalar field describing the height 4 above the floor of points
on the lower half of the ball, in each of two coordinate systems: (a) rectangular
(x, ¥) and (b) polar (r, ¢). Repeat for points on the upper half of the ball.
Assuming the origin to be at the center of the earth and the z-axis to be passing
through the poles, write vector functions for the force experienced by a mass
m in the gravitational field of the earth (mass M) in each of the three coordinate

systems: (a) Cartesian, (b) cylindrical, and (c) spherical. Describe the constant
magnitude surfaces and direction lines.

Assuming the origin to be at the center of the earth and the z axis to be passing
through the poles, write vector functions for the linear velocity of points inside
the earth due to its spin motion, in each of the three coordinate systems: (a)
Cartesian, (b) cylindrical, and (c) spherical. Describe the constant magnitude
surfaces and direction lines.

Obtain the equations for the direction lines for the following vector fields: (a)
2yi, — xiy, (b) xi, + ¥i, + zi,, and (c) yi, + xi,.

Obtain the equation for the direction lines for the vector field given in cylindrical
coordinates by (sin ¢ i, + cos ¢ iy).

Obtain the equation for the direction lines for the vector field given in spherical
coordinates by (2 cos 6 i, + sin 8 ig).

Given f(z, £) = 10 cos 37 X 10t + 0.1mz), draw on the same graph sketches
of fversus zfort = 0,4 x 1077 s, and § x 1077 s. Discuss the nature of the
function.

Given f(z, ) = 10 cos 0.1zz cos.37 X 107t, draw on the same graph sketches
of fversus zfor¢t = 0,7 X 10775, 34 X 1077s,2 x 10775, and 4 x 1077 s.
Discuss the nature of the function.

Two sinusoidally time-varying linearly polarized vector fields are given at a
point by

I

1, z = 0, at the point

\/2, 6 = m/6, at the

1l

F; = (i, + 4i, + 5i,) cos 27 x 10%
F, = (i, + 4i, — 5i,) sin 27 X 10%
(a) Show that the polarization of F = F, + F, is circular. (b) Find the unit

vector normal to the plane in which the tip of the vector F rotates. (c) What
is the direction of F for t = % us?

Three sinusoidally time-varying linearly polarized vector fields are given at a
point by

F, = V/3i, cos Q7 x 10% + 30°)
F;, = i,cos Q7 x 10% + 30°)

3
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P1.33.

P1.34.

P1.35.

P1.36.
P1.37.

P1.38.

P1.39.

P1.40.

Determine the polarization of (2) F; + F,, (b)) F; + F, + Fy, and ) F, — F;
+ F3 .
Two sinusoidally time-varying, linearly polarized vector fields are given at a
point by

F, = (Ci, + Ci, + i;) cos 27 x 10%

F, = (Ci, + i, — 2i) sin 27 x 10%
where C is a constant. (a) Determine the polarization of the vector F, + F,
for C = 2. (b) Find the value(s) of C for which the tip of the vector F; + F,
traces a circle with time.
Consider an analog watch that keeps accurate time and assume the origin to
be at the center of the dial, the x-axis to be passing through the *“12’’ mark,
and the y-axis to be passing through the ¢3” mark. (a) Obtain the expression
for the time-varying unit vector directed along the hour hand of the watch. (b)
Obtain the specific expression for the unit vector when the time is 7:40 p.M.

(-1+j2)
4 —
Find all values of \/ —8 + j8\/3 and express in rectangular form.

Find the value of In (1 + j1) having the smallest magnitude and express in
polar form.
Find the steady-state solution for the differential equation

dl

5 x 1078~
dt

by using the phasor technique.
Find the steady-state solution for the integro-differential equation

Z—f+41+5f1dt=4c05(3t~60°)

P —j0. 17
Find \/ G = Jj4 U477 and express in rectangular form.

+ 12I = 13 sin (10% + 30°)

by using the phasor technique.

Find the steady-state solution for the differential equation
1 dl
i

by using the phasor technique.

+I=2cost+ S5cos2t

PC EXERCISES

PCl1.1.

PC1.2.
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Consider four points A, B, C, and D where the coordinates of each point are
specified in any of the three coordinate systems. Write a program to compute
and print (a) the component of the vector from A to B along the vector from
C to D; (b) the area of the triangle formed by A, B, and C; and (c) the volume
of the parallelepiped having AB, AC, and AD as three of its contiguous edges.
Consider as input to the program the coordinates of each point and a code for
each set of the coordinates to specify the coordinate system.

Write a program to compute and print the perpendicular distance from a point
P to the plane containing the tips of three vectors A, B, and C originating at
P. Consider as input to the program the Cartesian coordinates of P and the
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PC1.3.

PC1.4.

components of each of the vectors to be in any of the three coordinate systems,
specified by a code. The program is to check if A, B, and C do not lie in a
plane and then only compute the required distance.

Consider the plotting of F(x;), the sum of the first (n + 1) terms in the Fourier
series
f&x)= > a,cos mux + b, sin mwx
m=0,12,..,

in the range —1 < x < 1, so that the input to the program are the values of

n, the coefficients a,, and b,,, m = 0, 1, 2, . . ., n, and an odd number for p,
the number of points to be plotted. Write a program to compute F(x;) for
x=-1+2/(p-1,i=0,1,2,..., p — 1, and plot F(x})/|F(x;)|mx versus
x.

Write a program to compute the n distinct nth roots of a complex number

(a + jb). The input to the program are the values of a, b, and n. The nth
roots are to be computed and printed in rectangular form.
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Fields and Materials

In Chap. 1 we provided a general introduction to vectors and fields. Basic
to our study of the elements of engineering electromagnetics is an understanding
of the concepts of electric and magnetic fields. Hence in this chapter we shall
first study these concepts from considerations of the experimental laws of
Coulomb and Ampere. We shall learn how to compute the electric and magnetic
fields due to charge and current distributions, respectively. Combining the
electric and magnetic field concepts, we shall introduce the Lorentz force
equation and use it to discuss charged particle motion in electric and magnetic
fields. We shall devote the remainder of the chapter to materials.

Materials contain charged particles which respond to applied electric and
magnetic fields to produce secondary fields. We shall learn that there are
three basic phenomena resulting from the interaction of the charged particles
with the electric and magnetic fields. These are conduction, polarization, and
magnetization. Although a given material may exhibit all three properties, it
is classified as a conductor (including semiconductor), a dielectric, or a magnetic
material, depending on whether conduction, polarization, or magnetization is
the predominant phenomenon. Thus we shall introduce these materials one
at a time and develop a set of relations known as the constitutive relations
which enable us to avoid the necessity of explicitly taking into account the
interaction of the charged particles with the fields.

2.1 THE ELECTRIC FIELD

From our study of Newton’s law of gravitation in elementary physics, we are
familiar with the gravitational force field associated with material bodies by
virtue of their physical property known as ‘‘mass.”” Newton’s experiments
showed that the gravitational force of attraction between two bodies of masses

50



Coulomb’s
law

m; and m, separated by a distance R, which is very large compared to their
sizes, is equal to m;m,G/R* where G is the universal constant of gravitation.
In a similar manner, a force field known as the “‘electric field’’ is associated
with bodies that are ‘‘charged.”” A material body may be charged positively
or negatively or may possess no net charge. In the International System of
Units which we shall use throughout this book, the unit of charge is coulomb,
abbreviated C. The charge of an electron is —1.60219 x 10~ C. Alternatively,
approximately 6.24 X 10" electrons represent a charge of one negative coulomb.

Experiments conducted by Coulomb showed that the following hold for
two charged bodies that are very small in size compared to their separation
so that they can be considered as “‘point charges’’:

1. The magnitude of the force is proportional to the product of the magnitudes
of the charges.

2. The magnitude of the force is inversely proportional to the square of the
distance between the charges.

3. The magnitude of the force depends on the medium.

4. The direction of the force is along the line joining the charges.

5. Like charges repel; unlike charges attract.

For free space, the constant of proportionality is 1/47e, where &, is known
as the permittivity of free space, having a value 8.854 x 10~ or approximately
equal to 107°/367. Thus if we consider two point charges Q; C and Q, C
separated R m in free space, as shown in Fig. 2.1, then the forces F, and F,
experienced by O, and Q,, respectively, are given by

0, .

1= I
47e,R?

(2.1a)

and

00 .

2 = I
47T80R2

(2.1b)

where i, and i;, are unit vectors along the line joining @, and @, as shown
in Fig. 2.1. Equations (2.1a) and (2.1b) represent Coulomb’s law. Since the
units of force are newtons, we note that &, has the units (coulomb)® per

—

&0,

F/ iy Figure 2.1. Forces experienced by

two point charges O, and Q,.
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Electric field
defined

Electrostatic

(newton-meter?). These are commonly known as ‘‘farads per meter’’ where
a farad is (coulomb)’ per newton-meter.

In the case of the gravitational field of a material body, we define the
gravitational field intensity as the force per unit mass experienced by a small
test mass placed in that field. In a similar manner, the force per unit charge
experienced by a small test charge placed in an electric field is known as the
“electric field intensity,”” denoted by the symbol E. Alternatively, if in a
region of space, a test charge g experiences a force F, then the region is said
to be characterized by an electric field of intensity E given by

_F 2.2)
q
The unit of electric field intensity is newton per coulomb, or more commonly
volt per meter, where a volt is newton-meter per coulomb. The test charge
should be so small that it does not alter the electric field in which it is placed.
Ideally, E is defined in the limit that g tends to zero; that is,

E = limE (2.3)

=04

Equation (2.3) is the defining equation for the electric field intensity irrespective
of the source of the electric field. Just as one body by virtue of its mass is
the source of a gravitational field acting upon other bodies by virtue of their
masses, a charged body is the source of an electric field acting upon other
charged bodies. We will, however, learn in Chap. 3 that there exists another
source for the electric field, namely, a time-varying magnetic field.

Equation (2.2) or (2.3) tells us that the force experienced by a charged

separation of particle placed at a point in an external electric field is in the same direction

minerals

Cathode ray
tube

as that of the electric field if the charge is positive, but opposite to that of
the electric field if the charge is negative, as shown in Fig. 2.2. This phenomenon
is the basis behind *‘electrostatic separation,”” a process widely used in industry
to separate minerals.' An example is illustrated in Fig. 2.3. Phosphate ore
composed of granules of quartz and phosphate rock is dropped through a
hopper onto a vibrating feeder. The friction between the two types of granules
resulting from the vibration causes the quartz particles to be positively charged
and the phosphate particles to be negatively charged. The oppositely charged
particles are then passed through a chute into the electric field region between
two parallel plates where they are separated and subsequently collected
separately.

There are many other devices based upon the electric force on a charged
particle. We shall, however, discuss only one other application, the cathode
ray tube, which is widely used in oscilloscopes, TV receivers, computer display
terminals, etc. The schematic of a cathode ray tube is shown in Fig. 2.4.
Electrons are emitted from the heated cathode and are accelerated toward
the anode by an electric field directed from the anode toward the cathode.
After passing through the anode, they enter a region between two orthogonal
pairs of parallel plates, one pair being horizontal and the other vertical. A

! See, e.g., A. D. Moore, ed., Electrostatics and Its Applications (New York: John Wiley,
1973), Chap. 10.
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Figure 2.2. Forces experienced by
positive and negative charges in an
electric field.

Hopper

Quartz

QOO Phosphat
IR beedao o

Vibrating
Feeder

Grid

QO Formi
\@eca( Chute
&

=&
1

Figure 2.3. An example for illustrating
““electrostatic separation’’ of minerals.
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Figure 2.4. Schematic diagram of a cathode ray tube.
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Electric
field due to
a point
charge

voltage applied to the horizontal set of plates produces an electric field between
the plates directed vertically, thereby deflecting the electrons vertically and
imparting to them a vertical component of velocity as they leave the region
between the plates. Likewise, a voltage applied to the vertical set of plates
deflects the electrons horizontally sideways and imparts to them a sideways
component of velocity as they leave the region between the plates. Thus, by
varying the voltages applied to the two sets of plates, the electron beam can
be made to strike the fluorescent screen and produce a bright spot at any
point on the screen.

Returning now to Coulomb’s law and letting one of the two charges in
Fig. 2.1 say, Q,, be a small test charge g, we have

_ Qg i
2 47780R2 12

The electric field intensity E, at the test charge due to the point charge Q, is
then given by

2.4

F, O .
E,=—"=——= 2.5
2 q 47, R2112 (2.5)
Generalizing this result by making R a variable, that is, by moving the test
charge around in the medium, writing the expression for the force experienced
by it, and dividing the force by the test charge, we obtain the electric field

intensity E due to a point charge Q to be

(2.6)

47T€0R2

where R is the distance from the point charge to the point at which the field
intensity is to be computed and i is the unit vector along the line joining the
two points under consideration and directed away from the point charge. The
electric field intensity due to a point charge is thus directed everywhere radially
away from the point charge and its constant-magnitude surfaces are spherical
surfaces centered at the point charge, as shown by the cross-sectional view
in Fig. 2.5.

Using (2.6) in conjunction with (1.25) and (1.26), we can obtain the
expression for the electric field intensity at a point P(x, y, z) due to a point
charge Q located at a point P'(x’, y', z'). Thus noting that the vector R from
P’ to P is given by [(x — x)i, + (y — ¥)i, + (z — 2')i,] and the unit vector

Figure 2.5. Direction lines and
constant-magnitude surfaces of electric
field due to a point charge.
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ir is equal to R/R, we obtain

__OR

h 47e,R?

_ 0 G-xi -y + @ 2,
dreg[(x — X'V + (y —yV + @ — 2)P”

2.7

For a numerical example, if P and P’ are (3, 1, 1) and (1, —1, 0), respectively,

then
E = Q (2i, + 2i, + i)
_ 1087e, * 7o
If we now have several point charges Q;, O, . . ., as shown in Fig. 2.6,

the force experienced by a test charge situated at a point P is the vector sum
of the forces experienced by the test charge due to the individual charges. It
then follows that the electric field intensity at point P is the superposition of
the electric field intensities due to the individual charges; that is,

Ql . QZ . Qn

= ig, + ig, + ... + —=i
4meoR2T T Ame,RE T de,RET

(2.8)

We shall illustrate the application of (2.8) by means of an example involving
two point charges.

é\ i Rn
1 R i

lR

Figure 2.6. A collection of point
charges and unit vectors along the di-
rections of their electric fields at a
point P.

//

Example 2.1.
Let us consider two point charges Q; = 8wg, C and Q, = —4ms, C situated at
(-1, 0, 0) and (1, O, 0), respectively. We wish to (a) find the electric field
intensity at the point (0, 0, 1) and (b) discuss computer generation of the direction
line of E passing through that point.

(a) Using (2.8) and (2.7) in conjunction with the geometry in Fig. 2.7(a), we
obtain
[Elo.0,n = [Edeen + Edeo,n

8mey (i, + i)  dwey (—i, + iy
=20 S o 0 S 2.9)

47,

3i, + i
= 1.118 { /==
(\/10)
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3, +i,

4.8i, +1i,
V10 49
- ’
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0\ ////”’ ~~~~~~ —i}—_‘>
/‘rﬁ:%, 0, 1.052)
0,0,1) 0.095, 0, 1.032)

(b)

(a)

Figure 2.7. (a) Computation of the resultant electric field due to two point charges.
(b) Generation of direction line of the electric field of (a).

Note that the direction of E is given by the unit vector (3i, + i)/V/10
pointing away from the positive charge Q. The field vectors E; and E,,
and the resultant field vector E, are shown in Fig. 2.7(a).

(b) To discuss the computer generation of the direction line of E, we recall
that a direction line is a curve such that at any given point on the curve,
the field is tangential to the curve. For the case of the electric field, it is
also the path followed by an infinitesimal test charge when released at a
point on the curve. To obtain the direction line through the point (0, 0,
1), we go by an incremental distance from (0, 0, 1) along the direction of
the electric field vector at that point to reach a new point, compute the
field at the new point, and continue the process. Thus choosing for the
purpose of illustration an incremental distance of 0.1 m and going along
the unit vector (3i, + i,)/4/10 from (0, 0, 1), we obtain the new point to be
(0.095, 0, 1.032), as shown in Fig. 2.7(b). The electric field at this point is

8me, (1.095i, + 1.032i)  4mey (—0.905i, + 1.032i)

(Elosso10 = dmeg (1.095% + 1.032972  4ms, (0.905° + 1.032%)°
4.8, + i,
4.9

Note that the direction of this electric field, which is along the unit vector
(4.8i, + i,)/4.9, is slanted more toward the negative charge O, than that
of the electric field at the point (0, 0, 1), as shown in Fig. 2.7(b), indicating
the swing of the direction line toward Q,. The procedure is continued by
going the incremental distance of 0.1 m from (0.095, 0, 1.032) along the
unit vector (4.8i, + i,)/4.9 to the new point (0.193, 0, 1.052) and computing
the field vector at that point, and so on, unti! the direction line is terminated
close to the point charge Q,. The same can be done to obtain the portion
of the direction line from (0, 0, 1) toward the point charge Q,, by moving
opposite to E.

= 1.015 ( (2.10

The listing of a PC program for generating the direction line in the manner
just discussed and the output from a run of the program are given as PL 2.1. It
can be seen from the output of the computer program that to compute the
direction line, the test charge takes 17 steps toward Q, but only 14 steps back
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PL 2.1. Program listing for generating the direction line of elec-
tric field due to the two point charges of Fig. 2.7(a) and the out-
put from a run of the program.

100  ? skskskok sk ok sk ks ok ok o ok e ok ke o ok ok ok o sk ok ke sk ke e ok 3 o ok e o o o e o ok ke o o ok ok ke skl ok ok ok
110 '# DIRECTION LINE OF ELECTRIC FIELD DUE TO A PAIR OF *
120 '* POSITIVE AND NEGATIVE POINT CHARGES *
130 " skokskkdkedke ook e ok sk o ool e ok ok ok o sl ok e ok ok ok e ok ok sk ok sk o e s ok ok ok ok ok ke sk o ok ok ok ok ek ok sk ok ke
140 K1=2:K2=-1:'* VALUES OF POINT CHARGES IN MULTIPLES OF
150 ' 4*PI*PERMITTIVITY *

160 '¥ COMPUTE DIRECTION LINE TOWARD THE NEGATIVE CHARGE *
170 X=0:Z=1:DL=.1:N=0

180 GOSUB 290:N=N+1 .

190 IF ((X-1)"2+Z*Z)<DL*DL THEN 210

200 GOTO 180

210 GOSUB 290:PRINT "NUMBER OF STEPS =";N

220 '* COMPUTE DIRECTION LINE TOWARD THE POSITIVE CHARGE *
230 PRINT:X=0:Z=1:DL=-.1:N=0

240 GOSUB 290:N=N+1

250 IF ((X+1)"2+Z*Z)<DL*DL THEN 270

260 GOTO 240

270 GOSUB 290:PRINT "NUMBER OF STEPS =";N

280 END

290 '* SUBPROGRAM TO COMPUTE EX AND EZ AND STEP ALONG THE
300 ' DIRECTION LINE *

310 D1=((X+1)"24Z2%Z)"1,.5:D2=((X-1)"24Z*Z)"1.5

320 EX=K1*(X+1)/D1+K2*(X-1)/D2:EZ=(K1/D14+K2/D2)*Z

330 E=SQR(EX*EX+EZ*EZ):'* MAGNITUDE OF E *

340 UX=EX/E:UZ=EZ/E:'* COMPONENTS OF UNIT VECTOR ALONG THE
350 ' FIELD *

360 PRINT USING "X=#.###";X;

370 PRINT USING " Z=#.###";Z;

380 PRINT USING " E=###.###";E;

390 PRINT USING " UX=##.###";UX;

400 PRINT USING "™ UZ=##.###";U0Z

410 X=X+DL*UX:Z=Z+DL*UZ

420 RETURN
RUN

X=0.000 Z=1.000 E= 1,118 UX= 0.949 UZ= 0.316
X=0.095 Z=1.032 E= 1.015 UX= 0,979 UZ= 0.204
X=0,193 Z=1.052 E= 0.942 UX= 0.997 UZ= 0.076
X=0.292 Z=1.060 E= 0.898 UX= 0.998 TUZ=-0.065
X=0,392 Z=1.053 E= 0.882 UX= 0.977 UZ=-0.215
X=0.490 2Z=1.032 E= 0,898 UX= 0.930 UZ=-0.368
X=0,583 Z=0.995 E= 0.951 UX= 0,858 UZ=-0.513
X=0.669 Z=0.944 E= 1.051 UX= 0.766 UZ=-0.643
X=0.745 Z=0.879 E= 1.212 UX= 0.660 UZ=-0.751
X=0.811 Z=0.804 E= 1.459 UX= 0.548 UZ=-0.836
X=0.866 Z=0.721 E= 1.837 UX= 0.439 UZ=-0.899
X=0.910 Z=0.631 E= 2.426 UX= 0,337 UZ=-0.942
X=0,944 Z=0.536 E= 3,391 UX= 0.246 UZ=-0.969
X=0,968 2=0.440 E= 5.100 UX= 0.167 UZ=-0.986
X=0,985 2Z=0.341 E= 8,537 UX= 0.101 UZ=-0.995
X=0.995 2=0.241 E= 17,101 UX= 0.049 UZ=-0.999
X=1,000 Z=0.142 E= 49.846 UX= 0.010 UZ=-1.000

X=1.001 Z=0.042 E=577,540 UX=-0.023 UZ=-1.000
NUMBER OF STEPS = 17
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PL 2.1. (continued)

¥=0.000 Z=1.000
X=-.095 Z=0.968
X=-.186 Z7=0.926
X=-,272 Z=0.876
=-,353 Z=0.818
=~,430 Z=0.754
X=-.503 Z=0.685

E 1.118 UX= 0.949 UZ= 0.316
E
E
E
E
E
E
¥=-.571 Z=0.612 E
E=
E
E
E
E
E
E
1

= 1,243 UX= 0.908 UZ= 0.420
= 1,411 UX= 0.862 UZ= 0.507
= 1.634 UX= 0.815 UZ= 0.580
= 1.931 UX= 0.768 1UZ= 0,640
= 2,333 UX= 0.724 UZ= 0.689
= 2.888 UX= 0.684 UZ= 0.730
= 3,681 UX= 0.648 UZ= 0.762
4,871 UX= 0.616 UZ= 0.788
= 6,769 UX= 0.590 UZ= 0.808
= 10,074 UX= 0.568 UZ= 0.823
= 16,616 UX= 0.551 UZ= 0.835
= 32,588 UX= 0.538 UZ= 0.843
= 91,176 UX= 0.529 UZ= 0.849
=860.610 UX= 0.522 UZ= 0.8533
4

X=-.636 Z=0.536
=-.697 Z=0.457
X=-.756 Z=0.376
=-,813 Z=0.294
X=-.868 Z=0.210
X=-.922 Z=0.126
X=-.975 Z=0.041
NUMBER OF STEPS =

toward Q,. Finally, since there is a (cumulative) error associated with each step
in the simple procedure employed here for the generation of the direction line,
it is necessary to use a more sophisticated technique if the accuracy is not
sufficient.

The foregoing illustration of the computation of the electric field intensity
due to two point charges can be extended to the computation of the field
intensity due to continuous charge distributions. Continuous charge distributions
are of three types: line charges, surface charges, and volume charges, depending
on whether the charge is distributed along a line like chalk powder along a
thin line drawn on the blackboard, on a surface like chalk powder on the
erasing surface of a blackboard eraser, or in a volume like chalk powder in
the chalk itself. The corresponding charge densities are the line charge density
pL, the surface charge density ps, and the volume charge density p, having
the units of charge per unit length (coulombs per meter), charge per unit area
(coulombs per meter squared), and charge per unit volume (coulombs per
meter cubed), respectively. The technique of finding the electric field intensity
due to a given charge distribution consists of dividing the region of the charge
distribution into a number of differential lengths, surfaces, or volumes, depending
on the type of the distribution, considering the charge in each differential
element to be a point charge, and using superposition. We shall illustrate the
procedure by means of two examples.

Example 2.2.
Charge Q C is distributed with uniform density along a circular ring of radius a
lying in the xy-plane and having its center at the origin, as shown in Fig. 2.8.
We wish to find the electric field intensity at a point on the z-axis.

Let us divide the ring into a large number of segments so that the charge
in each segment can be considered to be a point charge located at the center of
the segment. Let the segments be of equal length and numbered 1, 2, 3, . . .,
2n, as shown in Fig. 2.8. Then the electric field intensity at the point (0, 0, 2)
due to the charge in the jth segment is given by

j .
&g
T AmeRE
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2n 172737 .. Figure 2.8. Determination of electric
field due to a circular ring of charge of
x uniform density.

where Q; is the charge in the jth segment and R; and i, are as shown in the
figure. Since the charge is uniformly distributed, Q; is the same for all j and is
equal to the charge density times the length of the segment. Thus

(L) (%7 _ 2
Q= (27ra> <2n) T 2n

Furthermore, since the point (0, 0, z) is along the axis of the ring, it is equidistant
from all segments so that R; is the same for all j. Hence
Rj = \/Z2 +

Now, from symmetry considerations, we note that for every segment 1,
2,3, ..., n, there is a corresponding segment diametrically opposite to it in the
other half of the ring such that the electric field intensity due to the two segments
together is directed along the z-axis. Hence to find E due to the entire ring
charge, it is sufficient if we consider the z-component of E;, multiply it by 2,
and sum from j = 1toj = n. Thus we obtain the required electric field intensity
to be

n

20, ...
[E](0,0,z) = 2 47T8QOJR2 (le. lz)lz
= J

=3 =i @.11)

n Qz i

21 4meon( + a?)

e
dare + a?)*

Note that [Ey, , is directed in the + z-direction above the origin (z > 0) and
in the —z-direction below the origin (z < 0), as to be expected.
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Alternative to the summation procedure just employed, we can obtain E;
at (0, 0, z) by setting up an integral expression and evaluating it. Thus considering
a differential length a d¢ of the ring charge at the point (a, ¢, 0), as shown in
Fig. 2.8, and making use of symmetry considerations as discussed in connection
with the summation procedure, we obtain

7 2AQ/?2ma)add z
[E oo = J¢=o dred@ + D) @+ DV

0z f "’
= d 2.12
Artey(a® + 2% Jo=0 ¢ ( )
9
47780(02 + Z2)3/2
For this example, the two results given by (2.11) and (2.12) are identical. In
general, however, the summation procedure gives an approximate result for any
finite value of n, and the integral gives the exact result, provided it can be
evaluated in closed form. The summation procedure is, however, more illuminating
as to the application of superposition and is convenient for computer solution.

Example 2.3.

60

Let us consider an infinite plane sheet of charge in the xy-plane with uniform
surface charge density ps, C/m” and find the electric field intensity due to it
everywhere.

Let us first consider a point (0, 0, z) on the z-axis, as shown in Fig. 2.9(a).
Then the solution can be carried out by dividing the sheet into a number of
infinitesimal surfaces in Cartesian coordinates and using superposition. An alternate
procedure consists of using the result of Ex. 2.2 by dividing the sheet into
concentric rings centered at the origin and each having infinitesimal width dr in
the radial direction. One such ring having the arbitrary radius » and width dr
is shown in Fig. 2.9(a). The charge in that ring is equal to ps(2mr dr), the product
of the uniform surface charge density and the area of the ring. According to
the result obtained in Ex. 2.2, the electric field intensity at (0, 0, z) due to this

4

|

Pso .
0,E= —i
2eq °

T

e
z=0

4 ————
+ ——

(a) (b)

Figure 2.9. (a) Determination of electric field due to an infinite plane sheet of uniform
surface charge density pso C/m? (b) Electric field due to the infinite plane sheet of
charge of (a).

Fields and Materials Chap. 2



ring charge is given by

(pso 27y dr)z ;
drrey(r? + 72)PF

The electric field intensity due to the entire sheet of charge is then given by

(Eloo.n = fr _o [9Eloo.

_ Jw Pso ¥z dr i
r=0 280(r2 + z2)3/2 Z

[dE]eg,» =

_ pso [_;]“’
_ PsoZi
2¢qlz|
Finally, since the charge density is uniform and the origin of the coordinate

system can be chosen anywhere on the infinite sheet without changing the geometry,
this result is valid everywhere. Thus the required electric field intensity is

E = ig—:’iz forz =0 2.13)

0

which has the magnitude pg/2¢, everywhere and directed normally away from
the sheet, as shown by the cross-sectional view in Fig. 2.9(b). Defining i, to be
the unit normal vector directed away from the sheet, that is,

i,==i, forz=0
we have

E =29 .14)
280

D2.1. Find the following, both in direction and magnitude: (a) the electric field intensity
at a point at which an electron experiences an acceleration of 10° m/s? along
the positive x-axis; (b) the electric field intensity at a point at which a proton
experiences an acceleration of 10° m/s? along the positive x-axis; and (c) the
electric field intensity required to counteract the earth’s gravitational force on
an electron.

Ans: —5.7 x 107, N/C; 1.04 x 107%, N/C; 55.8 x 10~> N/C downward.

D2.2. A point charge of value 4me, C is situated at (1, 2, —2). Find the electric field
intensities at the following points: (a) (0, 0, 0); (b) (1, 2, 0); and (c) (3, 3, 0).

Ans: 27 (—i, — 2i, + 2i) V/m; 1k V/m; > Q2. + i, + 2i) V/m

D2.3. Three point charges Q,, @», and Qs each of value \/47g, C are located at the
points (0, 0, 0), (\/-3_ , 0,0), and (0, —1, 0), respectively. Find the electric forces
F,, F;, and F; acting on Q,, Q,, and Qs, respectively.
Ans: (—3i; + i) N; (0.55i, + 0.125i,) N; (—0.217i, — 1.1254) N

D2.4. Infinite plane sheets of charge lie in the z = 0, z = 2, and z = 4 planes with
uniform surface charge densities pg,, ps,, and pg;, respectively. Given that the
resulting electric field intensities at the points (1, 1, 1), (=2, 1, 3), and (3, 4,
—5) are i;, 0, and —2i, V/m, respectively, find the following: (a) ps, (b) ps2,
(c) ps3, and (d) the electric field intensity at (1, —2, 6).
Ans: 3g, C/m*; —gy C/m% 2g, C/m?%; 2i, V/m
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2.2 THE MAGNETIC FIELD

Ampere’s
law of force

In the preceding section we presented an experimental law known as Coulomb’s
law having to do with the electric force associated with two charged bodies,
and we introduced the electric field intensity vector as the force per unit
charge experienced by a test charge placed in the electric field. In this section
we present another experimental law known as ‘‘Ampere’s law of force,”
analogous to Coulomb’s law, and use it to introduce the magnetic field concept.

Ampere’s law of force is concerned with ‘‘magnetic’ forces associated
with two loops of wire carrying currents by virtue of motion of charges in
the loops. Figure 2.10 shows two loops of wire carrying currents I, and I,
and each of which is divided into a large number of elements having infinitesimal
lengths. The total force experienced by a loop is the vector sum of forces
experienced by the infinitesimal current elements comprising the loop. The
force experienced by each of these current elements is the vector sum of the
forces exerted on it by the infinitesimal current elements comprising the second
loop. If the number of elements in loop 1 is m and the number of elements
in loop 2 is n, then there are m X n pairs of elements. A pair of magnetic
forces is associated with each pair of these elements just as a pair of electric
forces is associated with a pair of point charges. Thus if we consider an
element dl, in loop 1 and an element dl, in loop 2, then the forces dF, and
dF, experienced by the elements dl, and dl,, respectively, are given by

dF, = I, d1, X (kid}l;—fﬂ) (2.152)
dF, = L dl, X (ﬂ%#‘—ﬂ (2.15b)

where i, and i, are unit vectors along the line joining the two current elements,
R is the distance between them, and k is a constant of proportionality that
depends on the medium. For free space, k is equal to wo/4m where uyg is
known as the permeability of free space, having a value 47 X 1077, From
(2.15a) or (2.15b), we note that the units of u, are newtons per ampere squared.
These are commonly known as ‘‘henrys per meter”” where a henry is a newton-
meter per ampere squared.

Equations (2.15a) and (2.15b) represent Ampere’s force law as applied

Figure 2.10. Two loops of wire carrying currents [, and L.
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to a pair of current elements. Some of the features evident from these equations
are as follows:

1. The magnitude of the force is proportional to the product of the two
currents and to the product of the lengths of the two current elements.

2. The magnitude of the force is inversely proportional to the square of the
distance between the current elements.

3. To determine the direction of the force acting on the current element
dl;, we first find the cross product dl, X i,, and then cross dl, into the
resulting vector. Similarly, to determine the direction of the force acting
on the current element dl,, we first find the cross product dl; X i, and
then cross dl, into the resulting vector. For the general case of arbitrary
orientations of dl;, and dl,, these operations yield dF;, and dF,, which
are not equal and opposite. This is not a violation of Newton’s third
law since isolated current elements do not exist without sources and
sinks of charges at their ends. Newton’s third law, however, must and
does hold for complete current loops.

The forms of (2.15a) and (2.15b) suggest that each current element is
acted upon by a field which is due to the other current element. By definition,
this field is the magnetic field and is characterized by a quantity known as
the ‘‘magnetic flux density vector,”” denoted by the symbol B. Thus we note
from (2.15b) that the magnetic flux density at the element dl, due to the
element dl, is given by

_ ﬂll dll X i12

B, = yy = (2.16)
and that this flux density acting upon dl, results in a force on it given by
dF2 = Iz dlz X Bl (2.17)

Similarly, we note from (2.15a) that the magnetic flux density at the element
dl; due to the element dl, is given by

_ ﬂ)llz dlz X i21

B, = .
27 g R? (2.18)

and that this flux density acting upon dl; results in a force on it given by
dFl = I] dl] X Bz (2.19)

From (2.18) and (2.19), we see that the units of B are newtons per ampere-
meter, commonly known as ‘‘webers per meter squared’’ (or tesla) where a
weber is a newton-meter per ampere. The units of webers per unit area give
the character of flux density to the quantity B.

Generalizing (2.17) and (2.19), we say that an infinitesimal current element
of length dl and current I placed in a magnetic field of flux density B experiences
a force dF given by

dF =1dl x B (2.20)

as shown in Fig. 2.11. Alternatively, if a current element experiences a force
in a region of space, then the region is said to be characterized by a magnetic
field.
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dF
B
B
dl
I
Figure 2.11. Force experienced by a
current element in a magnetic field.

There are many devices using the principle of magnetic force on a current
carrying wire. One such device in everyday life is the loudspeaker. As shown
by the cross-sectional view in Fig. 2.12, the loudspeaker consists of a permanent
magnet between the poles of which is a coil wound around a cylinder attached
to the apex of a movable cone-shaped diaphragm. Current through the coil
varies in accordance with the audio signal from the output stage of the hi-fi
amplifier or radio receiver. A magnetic force is thus exerted on the coil,
vibrating it back and forth in step with the changes in the current. Since the
coil assembly is attached to the cone, the cone also vibrates, thereby producing
sound waves in the air.

™~ Moving
S Cone

TN fogm s |- A

voo—\ Vibration

Figure 2.12. Cross-sectional view of a
loudspeaker.

Returning now to (2.16) and (2.18) and generalizing, we obtain the magnetic
flux density due to an infinitesimal current element of length dl and carrying
current / to be

B
4w  R?

(2.21)

where R is the distance from the current element to the point at which the
flux density is to be computed and i is the unit vector along the line joining
the current element and the point under consideration and directed away from
the current element, as shown in Fig. 2.13. Equation (2.21) is known as the
“Bjot-Savart law”’ and is analogous to the expression for the electric field
intensity due to a point charge. The Biot-Savart law tells us that the magnitude
of B at a point P is proportional to the current I, the element length dl, and
the sine of the angle « between the current element and the line joining it to
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Figure 2.13. Magnetic flux density
due to an infinitesimal current element.

the point P and is inversely proportional to the square of the distance from
the current element to the point P. Hence the magnetic flux density is zero
at points along the axis of the current element and increases in magnitude as
the point P is moved away from the axis on a spherical surface centered at
the current element, becoming a maximum for « equal to 90°. This is in
contrast to the behavior of the electric field intensity due to a point charge
which remains the same in magnitude at points on a spherical surface centered
at the point charge. The direction of B at point P is normal to the plane
containing the current element and the line joining the current element to P
as given by the cross product operation dl X ig, that is, right circular to the
axis of the wire. Thus the direction lines of the magnetic flux density due to
a current element are circles centered at points on the axis of the current
element and lying in planes normal to the axis. This is in contrast to the
direction lines of the electric field intensity due to a point charge which are
radial lines emanating from the point charge.

Example 2.4.
Let us consider an infinitesimal length 10~ m of wire located at the point (1, 0,
0) and carrying current 2 A in the direction of the unit vector i,. We wish to
find the magnetic flux density due to the current element at the point (0, 2, 2).
Noting that the current element is given by
Id1 = 2)(107%ji, = 0.002i,

and the vector R from the location (1, 0, 0) of the current element to the point

0, 2, 2) is given by
R

Il

©0-Di, + @2 -0, + 2 - 0j,
= —i, + 2i, + 2i

and using Biot-Savart law, we obtain

[B](0,2,2) = r_;!_‘ﬂmﬁe

_ M ldlXR

C4r R

_ M 0.002i, X (—i, + 2§, + 2i)

47 27

_0.001 g
27

(—i, + i) Wb/m®
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The Biot-Savart law can be used to find the magnetic flux density due
to a current carrying filamentary wire of any length and shape by dividing the
wire into a number of infinitesimal elements and using superposition. We
shall illustrate the procedure by means of an example.

Example 2.5.

Infinitely Let us consider an infinitely long, straight wire situated along the z-axis and
long, carrying current I A in the +z-direction. We wish to find the magnetic flux
straight wire density everywhere.

Let us consider a point on the xy-plane specified by the cylindrical coordinates
(r, ¢, 0), as shown in Fig. 2.14(a). Then the solution for the magnetic flux density
at (r, ¢, 0) can be obtained by considering a differential length dz of the wire
at the point (0, 0, z) and using superposition. Applying Biot-Savart law (2.21)
to the geometry in Fig. 2.14(a), we obtain the magnetic flux density at (r, ¢, 0)
due to the current element 7 dz i, at (0, 0, z) to be
Idzi, X i
[dBli.s0 = r_;%
ol dz sin a,
. T s
4 R
ol dz v,
- 47 qub
_ [L()Ir dz .
T @

The magnetic flux density due to the entire wire is then given by

oo

[B](r,¢,o) = J. dB

_ = Molr .
B .L—eo 47(z® + r2)3/2dZ Yo

,U.()Ir |: 4 ]m .
= -4— R — ig
T rZ ZZ + r2 2= —oo

_ ol
2ar ®
z
A
A
loj
BN
I
B= —j
B 2nr ‘s
)
6 > - z out of page
Iy
(r, ¢,0)
X
(a) (b)

. Figure 2.14. (a) Determination of magnetic field due to an infinitely long,
straight wire of current I A. (b) Magnetic field due to the wire of (a).
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Now, since the origin can be chosen to be anywhere on the wire without changing
the geometry, this result is valid everywhere. Thus the required magnetic flux
density is
ol .
B=— .
Y (2.22)
which has the magnitude wol/2mr and surrounds the wire, as shown by the cross-
sectional view in Fig. 2.14(b).

The magnetic field computation illustrated in Ex. 2.5 can be extended
to current distributions. Current distributions are of two types: surface currents
and volume currents, depending upon whether current flows on a surface like
rain water flowing down a smooth wall or in a volume like rain water flowing
down a gutter downspout. The corresponding current densities are the surface
current density Js and the volume current density, or simply the current density
J, having the units of current crossing unit length (amperes per meter) and
current crossing unit area (amperes per meter squared), respectively. Note
that the current densities are vector quantities since flow is involved. Assuming
for simplicity surface current of uniform density flowing on a plane sheet as
shown in Fig. 2.15(a), one obtains the current I on the sheet by multiplying
the magnitude of Js by the dimension w of the sheet normal to the direction
of Js. Similarly for volume current of uniform density flowing in a straight
wire as shown in Fig. 2.15(b), the current I in the wire is given by the product
of the magnitude of J and the area of cross section A of the wire normal to
the direction of J. We shall illustrate the determination of the magnetic field
due to a current distribution by means of an example.

4 Figure 2.15. Determination of cur-
rents due to (a) surface current and (b)

, volume current distributions of uniform
(a) (b) densities.

Example 2.6.

Let us consider an infinite plane sheet of current in the xz-plane with uniform
surface current density Js = Jgi, A/m and find the magnetic flux density
everywhere.

Let us first consider a point (0, y, 0) on the positive y-axis, as shown in
Fig. 2.16(a). Then the solution can be carried out by dividing the sheet into a
number of thin vertical strips and using superposition. Two such strips, which
are on either side of the z-axis and equidistant from it, are shown in Fig. 2.16(a).
Each strip is an infinitely long filamentary wire of current Js, dx. Then applying
the result of Ex. 2.5. to each strip and noting that the resultant magnetic flux
density at (0, y, 0) due to the two strips together has only an x-component, we
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Figure 2.16. (a) Determination of magnetic field due to an infinite plane sheet of current

density Jgi, A/m. (b) Magnetic field due to the current sheet of (a).

obtain
dB = dBl + dB2
= —2dB,cosai,
= _2 ol so dx Y i
21 \/x2 + y2 \/x2 + y2
- _ Bolsoy dx
al + y)”

The magnetic flux density due to the entire sheet is then given by

oo

Blo,yo = 0 dB
< oty .
= — ——d
J.‘x:O '7T(x2 + y2) X 1
_ o 50y [l tan"" f:| i,
T y y x=0
J
= — Mozsoix fory>0

Since the magnetic field due to each strip is circular to that strip, a similar result
applies for a point on the negative y-axis except for +x-direction for the field.

Thus

J.
(Bloyo = &0—2‘& i, fory<o

Now, since the origin can be chosen to be anywhere on the sheet without
changing the geometry, the foregoing results are valid everywhere in the respective

regions. Thus the required magnetic flux density is

J
B = 2% fory=0
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which has the magnitude poJs,/2 everywhere and is directed in the Fi, direction
for y = 0, as shown in Fig. 2.16(b). Defining i, to be the unit normal vector
directed away from the sheet, that is,

i, = i, foryz0
and noting that

B = %(Jsoiz) x (+i) fory =0

we can write

= %Js X i, (2.24)

Returning now to (2.20), we can formulate the magnetic force in terms
of moving charge, since current is due to flow of charges. Thus if the time
taken by the charge dg contained in the length dl of the current element to
flow with a velocity v across the infinitesimal cross-sectional area of the
element is dt, then I = dg/dt, and dl = v dt so that

dF=%vdth=dquB (2.25)

It then follows that the force F experienced by a test charge g moving with
a velocity v in a magnetic field of flux density B is given by

F=gvxB (2.26)

We may now obtain a defining equation for B in terms of the moving
test charge. To do this, we note from (2.26) that the magnetic force is directed
normally to both v and B as shown in Fig. 2.17 and that its magnitude is equal
to quB sin § where 8 is the angle between v and B. A knowledge of the force
F acting on a test charge moving with an arbitrary velocity v provides only
the value of B sin 8. To find B, we must determine the maximum force quB
that occurs for & equal to 90° by trying out several directions of v, keeping
its magnitude constant. Thus if this maximum force is F,, and it occurs for
a velocity ui,,, then

_F, xi,
qu

As in the case of defining the electric field intensity, we assume that the test

charge does not alter the magnetic field in which it is placed. Ideally, B is

B (2.27)

Figure 2.17. Force experienced by a
test charge ¢ moving with a velocity v

in a magnetic field B.
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defined in the limit that qu tends to zero; that is,

F, xi
B = lim ~m 2 tm
qu—0  qU

(2.28)

Equation (2.28) is the defining equation for the magnetic flux density irrespective
of the source of the magnetic field. We have learned in this section that an
electric current or a charge in motion is a source of the magnetic field. We
will learn in Chap. 3 that there exists another source for the magnetic field,
namely, a time-varying electric field.

There are many devices based on the magnetic force on a moving charge.
Of particular interest is the motion of a charged particle in a uniform magnetic
field, as shown in Fig. 2.18. In this figure, a particle of mass m and charge
g entering the magnetic field region with velocity v perpendicular to B experiences
a force quB perpendicular to v. Hence the particle describes a circular path
of radius R, equal to mv/gB, obtained by equating the centripetal force mv*/R
to the magnetic force quB. The fact that the radius is equal to muv/gB is used
in several different applications. In the mass spectrograph, the mass-to-charge
ratio of the particles is obtained by measuring the radius of the circular orbit
for known values of v and B. For ions of the same charge but of different
masses, the radii of the circular paths are directly proportional to their masses
and to their velocities. This forms the basis for electromagnetic separation
of isotopes, two or more forms of a chemical element having the same chemical
properties and the same atomic number but different atomic weights. In the
cyclotron, a particle accelerator, the particle undergoes a series of semicircular
orbits of successively increasing velocities and hence radii before it exits the
field region with high energy.

. Figure 2.18. Circular motion of a
charged particle entering a uniform
magnetic field region.

D2.5. For I, dl;, = I, dz i, located at the origin and I, dl, = I dx i, located at
(1, 0, 0), find dF, and dF,.
M

Ans: 0; 4—;1112 dx dz i,

D2.6. Given B = (yi, — xi,)) Wb/ m?, find the magnetic force acting on each of the
following current elements: (a) I = 2 A, dl = 0.01i; m at ©0,1,0;MdI=
1A,dl=00limat(l,1,0);and (c) I = 1 A, dl = 001G, — i + i) mat
1, 2, 0).

Ans: 0.02i, N; —0.01i, N; 0.01(, + 2i, + i) N

D2.7. Given B = (By/3) i, + i, + 2i,), for each of the following velocities of a test

charge g, find the magnitude of the magnetic force acting on the charge: @v=
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@o/VE6) G + 25, + i) ®) v = W/ + 24, — 2i); and () v =
@o/3) @iy + i, + 2i).

1
Ans: %qUoBo; queBg; 0

D2.8. Infinite plane sheets of current lie in the x = 0, y = 0, and z = 0 planes with
uniform surface current densities Jgi,, —2J5i,, and Jgi, A/m, respectively.
Find the resulting magnetic flux densities at the following points: (a) (1, 1, 1);
(b) 2, —1, 3); and (c) (—4, 3, 5).

J
Ans: —~"°21 N3+ i) —"°2 i, + i); BIog )

2

2.3 LORENTZ FORCE EQUATION

Determin-
ation of
electric and
magnetic
fields from
forces on a
test charge

In Sec. 2.1 we learned that a test charge g placed in an electric field of intensity
E experiences a force

Fr =qE (2.29)

and in Sec. 2.2 we learned that a test charge g moving with a velocity v in
a magnetic field of flux density B experiences a force

Fy=qvXxXB (2.30)

Combining (2.29) and (2.30), we can write the expression for the total force
acting on a test charge ¢ moving with velocity v in a region characterized by
electric field of intensity E and magnetic field of flux density B to be

F=Fg;+Fy=qE+v xB) (2.31)

Equation (2.31) is known as the “Lorentz force equation.”

We observe from (2.31) that the electric and magnetic fields at a point
can be determined from a knowledge of the forces experienced by a test
charge at that point for several different velocities. For a given B, E can be
found from the force for one velocity, since Fg acts in the direction of E. For
a given E, B can be found from two forces for two noncollinear velocities,
since F,, acts perpendicular to both v and B. Thus to find both E and B, the
knowledge of a minimum of three forces is necessary. We shall illustrate the
determination of E and B from three forces by means of an example.

Example 2.7.
The forces experienced by a test charge g for three different velocities at a point
in a region of electric and magnetic fields are given by

F] = qE(]ix for vV = UOix
Fz = qu(ziX + iy) for A7)

Uoiy
F3 = qEO(ix + iy) for V3 = Ugiz

where vy and Ej are constants. We wish to find E and B at that point.
From the Lorentz force equation, we have

gE + quoi, X B = gEqi, (2.32a)
gE + quii, X B = q(2Ei, + Eii,) (2.32b)
gE + quel, X B = q(Eoi, + Eoiy) (2.32¢)
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Eliminating E by subtracting (2.32a) from (2.32b) and (2.32c) from (2.32b), we
obtain

voli, — i) X B = Eg(i, + i) (2.33a)

v(iy, — i) X B = Egi, (2.33b)
Since the cross product of two vectors is perpendicular to the two vectors, it
follows from (2.33a) that (i, + i,) is perpendicular to B and from (2.33b) that i,
is perpendicular to B. Thus B is perpendicular to both (i, + i,) and i,. But the
cross product of (i, + i,) and i, is perpendicular to both of them. Therefore, B
must be directed parallel to (i, + i) % i,. Thus we can write

B =CG, + i) xi, = —Ci, (2.34)
where C is a proportionality constant to be determined. To do this, we substitute
(2.34) into (2.33b) to obtain

vo(i, — i) X (=Ci) = Eyi,

_U()Cix = EOix

or C = —Ey/v,. Thus we get

E
B = =Y,
Vo
Alternatively, we can obtain this result by assuming B = B,i, + B,i, +
B.i,, substituting in (2.33a) and (2.33b), equating the like components, and solving
the resulting algebraic equations. Thus substituting in (2.33a), we have

i,
-1 1
B, B,

Uy = EO(ix + iy)

oy © &

b4
or
vlBi, + Bi, — (B, + Byi,] = Eii, + Eqi,

E
BZ=U—° and (B, + B) =0
0

Substituting in (2.33b), we have

i i i
[ 0 1 -1 = EOix
B, B, B,

or
vl(B, + B)i, — Bii, — B.,] = Eqi,
E,
B,+B,=— and B, =0
Uy
Thus we obtain B, = Ey/vy, B, = 0, B, = 0, and hence
Ey
B =Y
12 .
Finally, we can find E by substituting the result obtained for B in any one
of the three equations (2.32a)—(2.32c). Thus substituting B = (Ey/vy) i, in (2.32¢),
we obtain

E = Eyi, + i)
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Applications
based on
Lorentz
force
equation

Tracing of
charged
particle
motion in
electric and
magnetic
fields

The Lorentz force equation is a fundamental equation in electromagnetics.
Together with the pertinent laws of mechanics, it constitutes the starting point
for the study of charged particle motion in electric and/or magnetic fields.
Devices based upon charged particle motion in fields are abundant in practice.
Examples, some of which we have already discussed in Secs. 2.1 and 2.2,
are cathode ray tubes, ink-jet printers, electron microscopes, mass spectrographs,
particle accelerators, and microwave tubes such as klystrons, magnetrons,
and traveling wave tubes. Interaction between charged particles and fields is
the basis for the study of the electromagnetic properties of materials and for
the study of radio wave propagation in gaseous media such as the earth’s
ionosphere, in which the constituent gasses are partially ionized by the solar
radiation. .

Tracing the path of a charged particle in a region of electric and magnetic
fields involves setting the mechanical force, as given by the product of the
mass of the test charge and its acceleration, equal to the electromagnetic
force, as given by the Lorentz force equation, and solving the resulting differential
equation(s) subject to initial condition(s). For simplicity, we shall consider a
two-dimensional situation in which the motion is confined to the xy-plane
in a region of uniform, crossed electric and magnetic fields, E = Eyi,and B =
Byi,, as shown in Fig. 2.19, where E, and B, are constants. We shall assume
that a test charge g having mass m starts at ¢ = 0 at the point (x,, y,, 0) with
initial velocity v = vy, + Ui, .

From Lorentz force equation (2.31) the force exerted by the crossed
electric and magnetic fields on the test charge is given by

F =gE + v xB)
= qEoi, + q(uid, + v,i, + v,i,) X Byi, (2.35)
= qBy)i, + (gE, — qBw,)i,
The equations of motion of the test charge can then be written as

dv, _ gB,

a7 m? (2.36a)
vy _ gEy _ 4By, (2.36b)
at m. m

dv

&Y _ 3

” 0 (2.36¢)

Equation (2.36c) together with the initial conditions v, = 0 and z = Q at ¢ =
0 simply tells us that the path of the test charge is confined to the z = 0
plane.

A B A .VA TR ,
) (x:y/:o) ) J_Tc

Figure 2.19. Test charge g in a region
. . . of crossed electric and magnetic fields.
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Eliminating v, from (2.36a) and (2.36b), we obtain

d’v, (4B’ g\’
+ = _ 2.37
7 ( ) o= (o) Boko (2.37)
the solution for which is
E .
U, = EO + C,cos wt + C,sin w.t (2.38a)
]

where C, and C, are constants to be determined from the initial conditions
and w, = qB,/m. From (2.36a), the solution for v, is then given by

v, = —C;sinwt + C,cos .t (2.38b)

Using initial conditions v, = v,y and v, = v, at ¢ = 0 to evaluate C; and C,
in (2.38a) and (2.38b), we obtain

E, E, .
U, = Eo + Uy — E) COS Wt + Uy SIN wf (2.39a)
Ey\ .
v, = — <vx0 - ﬁ) Sin Wyt + Uy COS @1 (2.39b)
0

Integrating (2.39a) and (2.39b) with respect to ¢ and using initial conditions
= xoand y = y, at t = 0 to evaluate the constants of integration, we then
obtain

E, 1 E
X=X + EZt + o (vxo - EZ) sin w.t + 5o (1 — cosw.d) | (2.40a)

c

1 E,
Y=Y — — (Uxo - —0) (1 - coswt) + 90 gin .t (2.40b)
. B,

c

Equations (2.40a) and (2.40b) give the position of the test charge versus
time, whereas (2.39a) and (2.39b) give the corresponding velocity components.
For B, = 0, w, — 0, and the solutions reduce to

X =Xy + Uyt (2.41a)
1 gE,
Y = Yo + Uyt + 57‘72 (2.41b)
v, = Uy (2.41c)
v, = Uy + L2 (2.41d)
m

These can also be obtained directly from (2.36a) and (2.36b) with B, set equal
to zero.

We may now trace the path of a test charge in the crossed electric and
magnetic fields by using (2.40a) and (2.40b) for B, not equal to zero and (2.41a)
and (2.41b) for B, equal to zero. To illustrate by means of an example, we
shall consider the test charge to be an electron so that g/m = —1.7578 X
10" C/kg and the field components to be given by E, = —k; X 10’ V/m and
By, = ~k, X 107* Wb/m®. We shall assume the initial position (x,, y,) of
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the electron to be (0, 0) at time ¢+ = 0 and the initial velocity components to
be v, = ky X 10" m/s and v,y = k; X 10’ m/s and compute the positions
of the electron using a time increment At = ks X 107°s. The listing of a PC
program for tracing the path of the electron in this manner is given as PL
2.2.

PL 2.2. Program listing for tracing the path of an electron in a
region of crossed electric and magnetic fields.

100 '******************************************************

110 '* MOTION OF ELECTRON IN A REGION OF CROSSED ELECTRIC *
120 '# AND MAGNETIC FIELDS *
130 '******************************************************
140 SC=1.2:'* SCALE FACTOR TO EQUALIZE VERTICAL AND
150 ' HORIZONTAL SCALES *
160 QM=-1.7578%10"11:PI=3.1416
170 '* DRAW BOUNDARY OF REGION, AXES, AND SCALE MARKS *
180 CLS:SCREEN 1:COLOR 0,1:X1=52:X2=X1+180*SC
190 LINE (X1,0)-(X2,120),3,B:LINE (X1,60)-(X2,60)
200 FOR I=1 TO 5
210 IC=I*30%SC
220 LINE (X1+4IC,0)-(X1+IC,2)
230 LINE (X1+4IC,59)-(X1+IC,61)
240 LINE (X1+IC,118)-(X1+IC,120)
250 NEXT
260 LINE (X1,30)-(X1+2,30)
270 LINE (X1,90)-(X1+2,90)
280 LINE (X2-2,30)-(X2,30)
290 LINE (X2-2,90)-(X%X2,90)
300 '* ENTER AND PRINT VALUES OF INPUT PARAMETERS *
310 LOCATE 20,1:PRINT "ENTER VALUES OF K1, K2, K3, K4, AND
K5":INPUT K1,K2,K3,K4,K5
320 LOCATE 20,1:PRINT "
"

330 PRINT "K1 =";K1;" K2 =";K2;" K3 =";K3;" K4 =";K4;" K5 =
";KS

340 "* PLOT PATH OF ELECTRON FOR SPECIFIED VALUES OF K1,

350 ' K2, K3, K4, AND K5 *

360 E0=-K1*1000:B0=-K2*,0001:VX=K3*1E+07:VY=K4*1E+07

370 DT=K5*10"-9:0T=0:T=0

380 IF BO THEN EB=EO/BO:0C=QM*BO:VB=VX-EB:GOTO 410

390 T=T+DT:X=VX*T:Y=VY*T+,5%QM*EO*T*T:G0OTO 480:'* SPECIAL

400 ' CASE OF K2 EQUAL TO ZERQ *

410 T=T+DT:0T=0C*T

420 IF EO THEN 450

430 IF OT>2*PI THEN 530:'* IF K1 IS ZERO, THEN STOP TRACING

440 ' CIRCULAR PATH OF ELECTRON AFTER ONE REVOLUTION *

450 ST=SIN(OT):CT=COS(OT)

460 X=EB*T+VB*ST/0C+VY*(1-CT)/0C

470 Y=-VB*(1-CT)/0C+VY*ST/0C

480 IF X<0 OR X>12 OR ABS(Y)>4 THEN 530:'* CHECK IF

490 ' ELECTRON GOES OUT OF THE REGION *

500 PSET (X1+15%*SC*X,60-15%Y)

510 IF BO THEN 410

520 GOTO 390

530 LOCATE 23,1:PRINT "PRESS ANY KEY TO CONTINUE"

540 C$=INPUT$(1):GOTO 180

550 END
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The plot obtained by running the program with values of ki, = 1, k, =1,
ky = 1, k, = 3, and ks = 5 is shown in Fig. 2.20. With minor changes, the
program can also be used to trace approximately the path of the electron for
the case in which E, and B, are functions of x and y, so long as a time
increment is used such that the field components do not vary appreciably
between two successive points on the plot.

et Figure 2.20. A specific example of
computer plotting of the path of an
electron in crossed electric and mag-
netic fields using the program listed in
PL 2.2.

D2.9. In a region of uniform electric and magnetic fields E = Eoi, and B = Bi,,
respectively, a test charge g of mass m moves in the manner

E .

x = wc;o (wct — sin w.t)
E,

y = % 1 - cos wy)

chO

where w, = gBo/m. Find the forces acting on the test charge for the following
times: (@) ¢t = 0; (b) t = 7/2w,; and () t = 7/w,.
Ans: gEi,; gEi,; —qEoi,

D2.10. A magnetic field B = Byi, + 2i, — 4i,) exists at a point. For each of the
following velocities of a test charge g, find the electric field E at that point for
which the acceleration experienced by the test charge is zero: (a) vy(2i, +
i, + i); (b) vo(i, + 2i, — 4i); and (€) vo(3i, — i, + 2iy.
Ans: 3veBo(2i, = 3i, — i); 0; —TueBo(2i, + i)

2.4 CONDUCTORS AND SEMICONDUCTORS

Conduction

In our discussion of electric and magnetic fields thus far, we considered the
medium to be free space. We shall now introduce materials. Materials contain
charged particles that respond to applied electric and magnetic fields. Depending
upon their response to an applied electric field, they may be classified as
conductors, semiconductors, or dielectrics. According to the classical model,
an atom consists of a tightly bound, positively charged nucleus surrounded
by a diffuse electron cloud having an equal and opposite charge to the nucleus.
While the electrons for the most part are less tightly bound, the majority of
them are associated with the nucleus and are known as ‘‘bound’’ electrons.
These bound electrons can be displaced but not removed from the influence
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of the nucleus upon application of an electric field. Not taking part in this
bonding mechanism are the “‘free” or ‘“‘conduction’ electrons. These electrons
are constantly under thermal agitation, being released from the parent atom
at one point and recaptured at another point. In the absence of an applied
electric field, their motion is completely random; that is, the average thermal
velocity on a macroscopic scale is zero so that there is no net current and
the electron cloud maintains a fixed position. When an electric field is applied,
an additional velocity is superimposed on the random velocities, thereby causing
a ““drift” of the average position of the electrons along the direction opposite
to that of the electric field. This process is known as ‘‘conduction.”’ In certain
materials, a large number of electrons may take part in this process. These
materials are known as ‘‘conductors.” In certain other materials, only very
few or a negligible number of electrons may participate in conduction. These
materials are known as ‘‘dielectrics’ or insulators. A class of materials for
which conduction occurs not only by electrons but also by another type of
carriers known as ‘‘holes’’—vacancies created by detachment of electrons
due to breaking of covalent bonds with other atoms—is intermediate to that
of conductors and dielectrics. These materials are called ‘‘semiconductors.’’

The quantum theory describes the motion of the current carriers in terms
of energy levels. According to this theory, the electrons in an atom can have
associated with them only certain discrete values of energy. When a large
number of atoms are packed together, as in a crystalline solid, each energy
level in the individual atom splits into a number of levels with slightly different
energies, with the degree of splitting governed by the interatomic spacing,
thereby giving rise to allowed bands of energy levels which may be widely
separated, may be close together, or may even overlap. Four possible energy
band diagrams are shown in Figs. 2.21(a)~(d), in which a forbidden band
consists of energy levels which no electron in any atom of the solid can occupy.
For case (a), the lower allowed band is only partially filled at the temperature
of absolute zero. At higher temperatures, the electron population in the band
spreads out somewhat, but only very few electrons reach higher energy levels.
Thus, since there are many unfilled levels in the same band, it is possible to
increase the energy of the system by moving the electrons to these unoccupied
levels very easily by the application of an electric field, thereby resulting in

Allowed Empty. Allowed Allowed
Empty Empty Empty
R Forbidden
Forbidden Forbidden Allowed
Allowed  Partially 22
VT Allowed Allowed Filled
/i’;’ﬁ;:f?% Filled Filled //
oy O o
(a) (b) () (d)

Figure 2.21. Energy band diagrams for different cases: (a) and (d) conductor,
(b) dielectric, and (c) semiconductor.
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drift of the electrons. The material is then classified as a conductor. For
cases (b) and (c), the lower band is completely filled whereas the next higher
band is completely empty at the temperature of absolute zero. If the width
of the forbidden band is very large as in (b), the situation at normal temperatures
is essentially the same as at absolute zero, and hence there are no neighboring
empty energy levels for the electrons to move. The only way for conduction
to take place is for the electrons in the filled band to get excited and move
to the next higher band. But this is very difficult to achieve with reasonable
electric fields and the material is then classified as a dielectric. Only by
supplying a very large amount of energy can an electron be excited to move
from the lower band to the higher band where it has available neighboring
empty levels for causing conduction. The dielectric is said to break down
under such conditions. If, on the other hand, the width of the forbidden band
in which the Fermi level lies is not too large, as in (c), some of the electrons
in the lower band move into the upper band at normal temperatures so that
conduction can take place under the influence of an electric field, not only in
the upper band but also in the lower band because of the vacancies (holes)
left by the electrons which moved into the upper band. The material is then
classified as a semiconductor. A semiconductor crystal in pure form is known
as an intrinsic semiconductor. The properties of an intrinsic crystal can be
altered by introducing impurities into it. The crystal is then said to be an
extrinsic semiconductor. For case (d), two allowed bands overlap; one or
both of the bands is only partially filled and the situation corresponds to a
conductor.

In the foregoing discussion we classified materials on the basis of their
ability to permit conduction of electrons under the application of an external
electric field. For conductors, we are interested in knowing about the relationship
between the *‘drift velocity’’ of the electrons and the applied electric field,
since the predominant process is conduction. But for collisions with the atomic
lattice, the electric field continuously accelerates the electrons in the direction
opposite to it as they move about at random. Collisions with the atomic
lattice, however, provide the frictional mechanism by means of which the
electrons lose some of the momentum gained between collisions. The net
effect is as though the electrons drift with an average drift velocity v,, under
the influence of the force exerted by the applied electric field and an opposing
force due to the frictional mechanism. This opposing force is proportional to
the momentum of the electron and inversely proportional to the average time
+ between collisions. Thus the equation of motion of an electron is given by

miYe _ gg MY (2.42)
dt T
where e and m are the charge and mass of an electron.
Rearranging (2.42), we have

d

md 4 By, = eE (2.43)
dt T

For the sudden application of a constant electric field Eq at 7 = 0, the solution

for (2.43) is given by

(2.44)
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Mobility

Conduction
current

where we have evaluated the arbitrary constant of integration by using the
initial condition that v, = 0 at t = 0. The values of = for typical conductors
such as copper are of the order of 107" s so that the exponential term on
the right side of (2.44) decays to a negligible value in a time much shorter
than that of practical interest. Thus, neglecting this term, we have

w=%% (2.45)

and the drift velocity is proportional in magnitude and opposite in direction
to the applied electric field since the value of e is negative.

In fact, since we can represent a time-varying field as a superposition
of step functions starting at appropriate times, the exponential term in (2.44)
may be neglected as long as the electric field varies slowly compared to r.
For fields varying sinusoidally with time, this means that as long as the period
T of the sinusoidal variation is several times the value of 7, or the radian
frequency w << 27/7, the drift velocity follows the variations in the electric
field. Since 1/7 = 10", this condition is satisfied even at frequencies up to
several hundred gigahertz, where a gigahertz is 10° Hz. Thus, for all practical
purposes, we can assume that

W=ZE (2.46)

Now, we define the “‘mobility,”” u, of the electron as the ratio of the
magnitudes of the drift velocity and the applied electric field. Then we have

v e
e = lﬁ% = %r 2.47)
and
vy, = —uE for electrons (2.48a)

For values of 7 typically of the order of 107" s, we note by substituting for
le| and m on the right side of (2.47) that the electron mobilitics are of the
order of 107* C-s/kg. Alternative units for the mobility are square meters
per volt-second. In semiconductors, conduction is due not only to the movement
of electrons but also to the movement of holes. We can define the mobility
#y of a hole similarly to u, as the ratio of the drift velocity of the hole to the
applied electric field. Thus we have

vy = w,E for holes (2.48b)

Note from (2.48b) that conduction of a hole takes place along the direction
of the applied electric field since a hole is a vacancy created by the removal
of an electron and hence a hole movement is equivalent to the movement of
a positive charge of value equal to the magnitude of the charge of an electron.
In general, the mobility of holes is lower than the mobility of electrons for a
particular semiconductor. For example, for silicon, the values of u, and u,
are 0.135 m*/V-s and 0.048 m?/V-s, respectively.

The drift of electrons in a conductor and that of electrons and holes in
a semiconductor is equivalent to a current flow. This current is known as
the conduction current. The conduction current density may be obtained in
the following manner. If there are N, free electrons per cubic meter of the
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Conductivity

material, then the amount of charge AQ passing through an infinitesimal area
AS normal to the drift velocity at a point in the material in a time At is given
by

AQ = N.,e(AS)(v, AP (2.49)
The current AJ flowing across AS is given by
A
Al = % = N,lelvs; AS (2.50)

The magnitude of the current density at the point is the ratio of Al to AS in
the limit AS tends to zero, and the direction is opposite to that of v,. Thus
the conduction current density J. resulting from the drift of electrons in the
conductor is given by

J. = —N|e|vq (2.51)
Substituting for v, from (2.48a), we have
J. = pNJe|E (2.52)
Defining a quantity o as
o = p.N,e| (2.53)

we obtain the simple and important relationship between J. and E

J. = oE ' (2.54)

The quantity o is known as the electrical conductivity of the material, and
Eq. (2.54) is known as Ohm’s law valid at a point. We shall show later that
the well-known Ohm’s law in circuit theory follows from it. In a semiconductor,
the current density is the sum of the contributions due to the drifts of electrons
and holes. If the densities of holes and electrons are N, and N,, respectively,
the conduction current density is given by

Je = (wNile| + N JeDE 2.55)

Thus the conductivity of a semiconducting material is given by

o = wNjle| + u.Ne| (2.56a)

For an intrinsic semiconductor, N, = N, so that (2.56a) reduces to

g = (“’h + /*(‘e)Ne|e| (256b)

The units of conductivity are (meterz/volt-second)(coulomb/meterS) or
ampere/volt-meter, also commonly known as mhos per meter, where a mho
(“‘ohm’’ spelled in reverse) is an ampere per volt. The ranges of conductivities
for conductors, semiconductors, and dielectrics are shown in Fig. 2.22. Values
of conductivities for a few materials are listed in Table 2.1. The constant
values of conductivities do not imply that the conduction current density is
proportional to the applied electric field intensity for all values of current
density and field intensity. However, the range of current densities for which
the material is linear, that is, for which the conductivity is a constant, is very
large for conductors.
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Figure 2.22, Ranges of conductivities for conductors, semiconductors, and
dielectrics.

Let us now consider a conductor placed in a static electric field, as
shown in Fig. 2.23(a). The free electrons in the conductor move opposite to
the direction lines of the electric field. If there is a way by means of which
the flow of electrons can be continued to form a closed circuit, then a continuous
flow of current takes place. Since the conductor is bounded by free space,
the electrons are held at the boundary from moving further. Thus a negative
surface charge forms on the boundary, accompanied by an equal amount of
positive surface charge, as shown in Fig. 2.23(b), since the conductor as a
whole is neutral. The surface charge distribution formed in this manner produces
a secondary electric field which, together with the applied electric field, makes
the field inside the conductor zero. We shall illustrate the computation of the
surface charge densities by means of a simple example.

Example 2.8.
Let us consider an infinite plane conducting slab of thickness d occupying the
region between z = 0 and z = d and in a uniform electric field E = Fyi, produced
by two infinite plane sheets of equal and opposite uniform charge densities on
either side of the slab, as shown in Fig. 2.24(a). We wish to find the charge
densities induced on the surfaces of the slab.
Since the applied electric field is uniform and is directed along the z-

TABLE 2.1 CONDUCTIVITIES OF SOME MATERIALS

Conductivity Conductivity
Material mhos/m Material mhos/m
Silver 6.1 x 10’ Sea water 4
Copper 5.8 x 107 Intrinsic germanium 2.2
Gold 4.1 x 107 Intrinsic silicon 1.6 x 1073
Aluminum 3.5 x 107 Fresh water 1073
Tungsten 1.8 x 107 Distilled water 2 x 107
Brass 1.5 x 107 Dry earth 107°
Solder 7.0 x 10 Bakelite 10°°
Lead 4.8 x 10° Glass 1071°—10-*
Constantin 2.0 x 10 Mica 107"—10""%
Mercury 1.0 x 10° Fused quartz 0.4 x 1077
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z=0

(a) (b)

Figure 2.23. For illustrating the surface charge formation at the boundary
of a conductor placed in a static electric field.

direction, a negative charge of uniform density forms on the surface z = 0 due
to the accumulation of free electrons at that surface. A positive charge of equal
and opposite uniform density forms on the surface z = d due to a deficiency of
electrons at that surface. Let these surface charge densities be —pg and pgo,
respectively. To satisfy the property that the field in the interior of the conductor
is zero, the secondary field produced by the surface charges must be equal and
opposite to the applied field; that is, it must be equal to — Ei;. Now, each
surface charge produces a field intensity directed normally from it and having a
magnitude 1/2z, times the charge density so that the field due to the two surface
charges together is equal to —(pso/e0)i, inside the conductor and zero outside

- - - - — ps = ~€ky
R
f z z=d J
: : ] ! | + + + + + Pso
| ] | E=- =i
I I I I ] i i i i ! € °
B
= “Pso
+ + + + + ps = €gEy
@ (b)
Pt
z=d
+ + + + +j:ps =eyEy
L= b= - - - - ps = ~€Ey

- ——
- ——

1

()

Figure 2.24. (a) Infinite plane slab conductor in a uniform applied field. (b) Induced
surface charge at the boundaries of the conductor and the secondary field. (c) Sum of
the applied and the secondary fields.

-

4+ Ps=¢€gEy
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Ohm’s law,
resistance

the conductor, as shown in Fig. 2.24(b). Thus, for zero field inside the conductor,

_&qiz = _EOiz
&o
or
Pso = &y

The field outside the conductor remains the same as the applied field since the
secondary field in that region due to the surface charges is zero. The induced
surface charge distribution and the fields inside and outside the conductor are
shown in Fig. 2.24(c). In the general case, the induced surface charge produces
a secondary field outside the conductor also, thereby changing the applied field.

Returning now to (2.54), we shall show that the well-known Ohm’s law
in circuit theory follows from it. To do this, let us consider a bar of conducting
material of conductivity o, length [, and uniform cross-sectional area A and
between the ends of which a voltage V is applied, as shown in Fig. 2.25. The
voltage sets up an electric field directed along the length of the conductor,
thereby giving rise to conduction current. We shall define voltage rigorously
in Sec. 3.1, but for the purpose of discussion here, the voltage between the
two ends of the conductor is simply the electric field intensity times the length
of the conductor, that is,

V = El 2.57)
Then from (2.54) and (2.57), the conduction current density magnitude is given
by
1%
J, = oE = GT (2.58)

Assuming uniformity of the field and hence of the conduction current density
in the cross-sectional area of the conductor, we then obtain the conduction
current to be

I=JA=—V (2.59)
Upon rearrangement, we get

l
V= I(;Z) (2.60)

which is the form of the familiar Ohm’s law

V =IR (2.61)

1y

[ Figure 2.25. For the derivation of
R Ohm’s law in circuit theory.
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Hall effect

From (2.60), the resistance R of the conducting bar can now be identified as

R=— (2.62)

the units of R being ohms.

We shall conclude this section with a discussion of the Hall effect, an
important phenomenon employed in the determination of charge densities in
conducting and semiconducting materials, as well as in other techniques such
as the measurement of fluid flow using electromagnetic flow meters. Let us
consider the p-type semiconducting material in the form of a rectangular bar
shown in Fig. 2.26, in which holes drift in the x-direction with a velocity
v = v, due to an applied voltage between the two ends of the bar. If a
magnetic field B = Bii, is applied in a perpendicular direction, then the drifting
holes will experience a magnetic force F,, which deflects them in the i, X i,
or —i,-direction. This deflection of holes toward the —y-direction establishes
an electric field E; = E,i, in the material, resulting in the development of a
voltage between the two sides of the bar. This phenomenon is known as the
Hall effect, and the voltage developed is known as the Hall voltage. If it
were not for the establishment of the Hall electric field, the holes will continually
deflect toward the —y-direction as they drift in the x-direction. The Hall
electric field exerts force Fj on the holes in the +y-direction, which in the
steady-state balances exactly the magnetic force F,, in the —y-direction so
that the net y-directed force is zero. According to the Lorentz force equation
(2.31), the Hall electric field which achieves this balance is given by

q(Ey + v X B) = g(Eji, + v,i, X Bji,)
) = q(E, — v,B)i, = 0
or E, = v, B,. Using this result, the hole density can be computed from a
measurement of the Hall voltage for known values of the magnetic field B,
the current I, and the cross-sectional dimensions of the bar. If the material

is n-type instead of p-type, then the charge carriers are electrons, and v would
be in the —x-direction. The deflection of the charge carriers will still be

(2.63)

B { ///
A |
|
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/By
Hole
F, Fy
7 z
v.7
7
s y
s
7/ / X
/
// Figure 2.26. For illustrating the Hall
7 effect phenomenon.
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toward the — y-direction since the charge is negative. This results in an electric
field in the —y-direction and hence in a Hall voltage of opposite polarity to
that in the case of the p-type material. Thus the polarity of the Hall voltage
can be used to determine if the charge carriers are holes or electrons.

D2.11. Find the magnitude of the electric field intensity required to establish the flow
of a conduction current of 0.1 A across an area of 1 cm? normal to the field
for each of the following cases: (a) in copper; (b) in an intrinsic semiconductor
material with hole and electron mobilities of 1900 cm?/V-s and 3900 cm?/V-s,
respectively, and hole and electron densities of 2.5 x 10" cm™>; and (¢) in a
metallic wire of length 1 m, area of cross section 1 mm?, and resistance 1 ohm.
Ans: 17.24 uV/m; 430.5 V/m; 1 mV/m

2.5 DIELECTRICS

Polarization, In the previous section we learned that conductors are characterized by abun-

electric
dipole

dance of ‘‘conduction’ or ‘‘free’’ electrons that give rise to conduction current
under the influence of an applied electric field. In this section we turn our
attention to dielectric materials in which the ‘‘bound’’ electrons are predominant.
Under the application of an external electric field, the bound electrons of an
atom are displaced such that the centroid of the electron cloud is separated
from the centroid of the nucleus. The atom is then said to be ‘‘polarized,”
thereby creating an ‘‘electric dipole,” as shown in Fig. 2.27(a). This kind of
polarization is called “‘electronic polarization.”” The schematic representation
of an electric dipole is shown in Fig. 2.27(b). The strength of the dipole is
defined by the electric dipole moment p given by

p=0d (2.64)

where d is the vector displacement between the centroids of the positive and
negative charges, each of magnitude Q coulombs.

In certain dielectric materials, polarization may exist in the molecular
structure of the material even under the application of no external electric
field. The polarization of individual atoms and molecules, however, is randomly
oriented, and hence the net polarization on a ‘‘macroscopic’’ scale is zero.
The application of an external field results in torques acting on the ‘‘microscopic’’
dipoles, as shown in Fig. 2.28, to convert the initially random polarization
into a partially coherent one along the field, on a macroscopic scale. This
kind of polarization is known as ‘‘orientational polarization.”” A third kind
of polarization known as ‘“‘ionic polarization’’ results from the separation of
positive and negative ions in molecules formed by the transfer of electrons

OL
E
d

—@ Figure 2.27. (a) An electric dipole.
(b) Schematic representation of an
(a) (b) electric dipole.
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Dielectric
in an electric

field

Figure 2.28. Torque acting on an
electric dipole in an external electric
field.

from one atom to another in the molecule. Certain materials exhibit permanent
polarization, that is, polarization even in the absence of an applied electric
field. Electrets, when allowed to solidify in the applied electric field, become
permanently polarized, and ferroelectric materials exhibit spontaneous, per-
manent polarization.

On a macroscopic scale, we define a vector P, called the ‘‘polarization
vector,” as the ‘‘electric dipole moment per unit volume.” Thus if N denotes
the number of molecules per unit volume of the material, then there are
N Av molecules in a volume Av and

N

Av
> p=Np (2.65)

Jj=1

1
P=—
Av

where p is the average dipole moment per molecule. The units of P are
coulomb-meter/meter’ or coulombs per square meter. It is found that for
many dielectric materials the polarization vector is related to the electric-field
E in the dielectric in the simple manner given by

P= SOXeE (2.66)

where x., a dimensionless parameter, is known as the ‘‘electric susceptibility.”’
The quantity ¥, is a measure of the ability of the material to become polarized
and differs from one dielectric to another.

When a dielectric material is placed in an electric field, the induced
dipoles produce a secondary electric field such that the resultant field, that
is, the sum of the originally applied field and the secondary field, and the
polarization vector satisfy (2.66). We shall illustrate this by means of a simple
example.

Example 2.9.
Let us consider an infinite plane dielectric slab of thickness d sandwiched between
two infinite plane sheets of equal and opposite uniform charge densities pso and
—pso in the z = 0 and z = d planes, respectively, as shown in Fig. 2.29(a). We
wish to investigate the effect of polarization in the dielectric.
In the absence of the dielectric, the electric field between the sheets of
charge is given by

E, = 2%, .67)
&
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Figure 2.29. For investigating the effect of polarization induced in a dielectric material

sandwiched between two infinite plane sheets of charge.

In the presence of the dielectric, this field acts as the applied electric field inducing
dipole moments in the dielectric with the negative charges separated from the
positive charges and pulled away from the direction of the field. Since the electric
field and the electric susceptibility are uniform, the density of the induced dipole
moments, that is, the polarization vector P, is uniform as shown in Fig. 2.29(b).
Such a distribution results in exact neutralization of all the charges except at
the boundaries of the dielectric since, for each positive (or negative) charge not
on the surface, there is the same amount of negative (or positive) charge associated
with the dipole adjacent to it, thereby cancelling its effect. Thus the net result
is the formation of a positive surface charge at the boundary z = d and a negative
surface charge at the boundary z = 0 as shown in Fig. 2.29(c). These surface
charges are known as polarization surface charges since they are due to the
polarization in the dielectric. In view of the uniform density of the dipole moments,
the surface charge densities are uniform. Also, in the absence of a net charge
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in the interior of the dielectric, the surface charge densities must be equal in
magnitude to preserve the charge neutrality of the dielectric.
Let us therefore denote the surface charge densities as

_ poso forz=d
ppS { — Ppso for = 0 (268)
where the subscript p in addition to the other subscripts stands for polarization.
If we now consider a vertical column of infinitesimal rectangular cross-sectional
area AS cut out from the dielectric as shown in Fig. 2.29(d), the equal and
opposite surface charges make the column appear as a dipole of moment (p,so
AS)di,. On the other hand, writing

P = P, (2.69)
where P, is a constant in view of the uniformity of the induced polarization, the
dipole moment of the column is equal to P times the volume of the column, or
Py(d AS)i,. Equating the dipole moments computed in the two different ways,
we have

Ppso = Py (2.70)

Thus we have related the surface charge density to the magnitude of the

polarization vector. Now, the surface charge distribution produces a secondary
field E, given by

P
_Pesoy — Y for0<z<d
E, = & Eo (2.71)
0 otherwise
Denoting the total field in the dielectric to be E;, we have
pso. P,

E, =E, +E =—i ——I,
& €0 2.72)

= (b = PO
But from (2.66),
P = goxE; 2.73)
Substituting (2.69) and (2.72) into (2.73), we obtain
Py = Xeolpso — Po)
or

Xe0 Pso
= S 2.74
1+ Xeo @749

Thus the polarization surface charge densities are given by

0

IXej_P ;0 forz = d
Pps = < (2.75)
_ Xeo Pso forz = 0
1+ Xe0
and the electric field intensity in the dielectric is
Pso .
E, =————i (2.76)
" el + Xe)

as shown in Fig. 2.29(e).
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Displacement
Aux density,
permittivity

We have just learned that the electric field in a dielectric material is the
superposition of an applied field E, and a secondary field E, which results
from the polarization P, which in turn is induced by the total field (E, + E,).
Thus we have

P = gx.(E, + E,) 2.77a)
E, = f(P) (2.77b)
where f(P) denotes a function of P. Determination of the secondary field E,
and hence the total field (E, + E,) for a given applied field E, requires a
simultaneous solution of (2.77a) and (2.77b). To eliminate the need for the

explicit determination of P, we now define a new vector field D, known as
the displacement flux density as

D=¢gE-+P (2.78)

Note that the units of D are the same as those of P, that is, coulombs per
square meter. .
Substituting for P in (2.78) by using (2.66), we obtain

D= SoE + Soer

= g1 + x)E 2.79)
= 808,.E
or
D = ¢E (2.80)
where we define
g =1+ x (2.81)
and
£ = got, (2.82)

The quantity ¢, is known as the ‘relative permittivity’’ or ‘“dielectric constant’’
of the dielectric, and ¢ is the “‘permittivity’” of the dielectric. The permittivity
€ takes into account the effects of polarization, and there is no need to consider
them when we use & for g,! The relative permittivity is an experimentally
measurable parameter, as we shall discuss in Sec. 3.3. Its values for several
dielectric materials are listed in Table 2.2. .

Returning now to Ex. 2.9, we observe that in the absence of the dielectric
between the sheets of charge,

E = E, = 2% (2.832)
€o
D = SoEa = psoiz (2.83b)

since P is equal to zero. In the presence of the dielectric between the sheets
of charge,

Pso . Pso.
E=E =——"7—j =2= 2.84
’ g1 + Xeo)lz ] k ( 2)
D = ¢E = psoiz (2.84b)
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dielectric
materials

TABLE 2.2 RELATIVE PERMITTIVITIES OF SOME MATERIALS

Relative Relative
Material permittivity Material permittivity
Air 1.0006 Dry earth 5
Paper 2.0-3.0 Mica 6
Teflon 2.1 Neoprene 6.7
Polystyrene 2.56 Wet earth 10
Plexiglass 2.6-3.5 Ethyl alcohol 24.3
Nylon 3.5 Glycerol 42.5
Fused quartz 3.8 Distilled water 81
Bakelite 4.9 Titanium dioxide 100

Thus the D fields are the same in both cases whereas the expressions for the
E fields differ in the permittivities, that is, with g, replaced by . The situation
in general is however not so simple because the dielectric alters the original
field distribution. In the case of Ex. 2.9, the geometry is such that the original
field distribution is not altered by the dielectric. Also in the general case of
a nonuniform field, the situation is equivalent to having a polarization volume
charge inside the dielectric in addition to polarization surface charges on its
boundaries. Furthermore for time-varying fields, the electric dipoles oscillate
with time, creating the equivalent of a polarization current in the dielectric.
However, all these are implicitly taken into account by the permittivity & of
the dielectric.

The nature of Eq. (2.54), which is characteristic of conductors, and of
Eq. (2.80), which is characteristic of dielectrics, imply that J_ in the case of
conductors and D in the case of dielectrics are in the same direction as that
of E. Such materials are said to be “‘isotropic’’ materials. For ‘‘anisotropic’’
materials, this is not necessarily the case. To explain, we shall consider
“‘anisotropic dielectric materials.”” Then D is not in general in the same
direction as that of E. This arises because the induced polarization is such
that the polarization vector P is not necessarily in the same direction as that
of E. In fact, the angle between the directions of the applied E and the
resulting P depends upon the direction of E. The relationship between D and
E is then expressed in the form of a matrix equation as

DX sxx sxy SXZ EX
D,| =&, &, &:||E (2.85)
D, €x &y 8l LE;

Thus each component of D is in general dependent upon each component of
E. The square matrix in (2.85) is known as the ‘‘permittivity tensor’’ of the
anisotropic dielectric.

Although D is not in general parallel to E for anisotropic dielectrics,
there are certain polarizations of E for which D is parallel to E. These are
said to correspond to the characteristic polarizations, where the word ‘‘po-
larization’’ here refers to the direction of the field, and not to the creation of
electric dipoles. We shall consider an example to investigate the characteristic
polarizations.
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Example 2.10.
An anisotropic dielectric material is characterized by the permittivity tensor

720
[el=¢2 4 0
0 0 3

Let us find D for several cases of E.

Substituting the given permittivity matrix into (2.85), we obtain
D, = TgE, + 28,E,
D, = 2¢F, + 4g(E,
D, = 3&E,

For E = Eyi,, D = 3¢ Eyi, = 3gE; D is parallel to E.

For E = Eyi,, D = TgoEyi, + 2e4Ei,; D is not parallel to E.

For E = Eii,, D = 2¢.Ei, + 4gFi,; D is not parallel to E.

For E = Eyi, + 2i), D = llgKEi, + 10&yEyi, ; D is not parallel to E.
For E = Ey2i, + i), D = 165Eyi, + 8eoEyi, = 8g0E(2i, + i)

= 85E; D is parallel to E.
When D is parallel to E, that is, for the characteristic polarizations of E,

one can define an ‘“‘effective permittivity”” as the ratio of D to E. Thus for the
case of E = Eyi,, the effective permittivity is 3y, and for the case of E =
Eo2i, + i), the effective permittivity is 8gy. For the characteristic polarizations,
the anisotropic material behaves effectively as an isotropic dielectric having the
permittivity equal to the corresponding effective permittivity.

D2.12.

D2.13.

Infinite plane sheets of uniform charge densities 1 #C/m?and — 1 uC/m? occupy
the planes z = 0 and z = d, respectively. The region 0 < z < d is a dielectric
of permittivity 4sy. Find the values of (2) D, (b) E, and (c) P, in the region
0<z<d.

Ans: 107%, C/m?% 90007i, V/m; 0.75 x 107%, C/m’

Assume that an anisotropic dielectric material is characterized by the D to E

relationship
D .| 19 3 -7V2][E,
D, =ZO 3 19 -7V2||E
D, -V2 -1V2 2 E,

Find the value of the effective permittivity for each of the characteristic polar-
izations: (a) E = Egi, — i,); (b) E = Eqi, + i, + \/2i,); and (¢) E = Ei, +

i — V2i).

Ans: 4gg; 2g; g,

2.6 MAGNETIC MATERIALS

Magnetiza-
tion,
magnetic
dipole

In the preceding two sections we have been concerned with the response of
materials to electric fields. We now turn our attention to materials known as
magnetic materials which, as the name implies, are classified according to
their magnetic behavior. According to a simplified atomic model, the electrons
associated with a particular nucleus orbit around the nucleus in circular paths
while spinning about themselves. In addition, the nucleus itself has a spin
motion associated with it. Since the movement of charge constitutes a current,
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these orbital and spin motions are equivalent to current loops of atomic di-
mensions. A current loop is the magnetic analog of the electric dipole. Thus
each atom can be characterized by a superposition of magnetic dipole moments
corresponding to the electron orbital motions, electron spin motions, and the
nuclear spin. However, owing to the heavy mass of the nucleus, the angular
velocity of the nuclear spin is much smaller than that of an electron spin and
hence the equivalent current associated with the nuclear spin is much smaller
than the equivalent current associated with an electron spin. The dipole
moment due to the nuclear spin can therefore be neglected in comparison
with the other two effects. The schematic representations of a magnetic dipole
as seen from along its axis and from a point in its plane are shown in Figs.
2.30(a) and 2.30(b), respectively. The strength of the dipole is defined by the
magnetic dipole moment m given by

m = JAi, (2.86)

where A is the area enclosed by the current loop and i,,' is the unit vector
normal to the plane of the loop and directed in the right-hand sense.

Iin Iout
I ¥——0
() Figure 2.30. Schematic representation
of a magnetic dipole as seen from
(a) along its axis and (b) a point in its
(a) plane.

In many materials the net magnetic moment of each atom is zero; that
is, on the average, the magnetic dipole moments corresponding to the various
electronic orbital and spin motions add up to zero. An external magnetic field
has the effect of inducing a net dipole moment by changing the angular velocities
of the electronic orbits, thereby magnetizing the material. This kind of mag-
netization, known as ‘‘diamagnetism,”” is in fact prevalent in all materials. In
certain materials known as ‘‘paramagnetic materials,” the individual atoms
possess net nonzero magnetic moments even in the absence of an external
magnetic field. These ‘‘permanent’’ magnetic moments of the individual atoms
are, however, randomly oriented so that the net magnetization on a macroscopic
scale is zero. An applied magnetic field has the effect of exerting torges on
the individual permanent dipoles as shown in Fig. 2.31 to convert, on a
macroscopic scale, the initially random alignment into a partially coherent one
along the magnetic field, that is, with the normal to the current loop directed
along the magnetic field. This kind of magnetization is known as ‘‘para-

1dlxB

; \ /
N
e 7
Figure 2.31. Torque acting on a mag-
netic dipole in an external magnetic

IdixB field.
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Magnetic
material in a
magnetic
field

magnetism.”” Certain materials known as *‘ferromagnetic,” ‘‘antiferromagnetic,”’
and ““ferrimagnetic’’ materials exhibit permanent magnetization, that is, mag-
netization even in the absence of an applied magnetic field.

On a macroscopic scale we define a vector M, called the ‘‘magnetization
vector,”” as the ‘‘magnetic dipole moment per unit volume.’’ Thus if N denotes
the number of molecules per unit volume of the material, then there are
N Av molecules in a volume Av and

1
M=+ El m; = Nm (2.87)

where m is the average dipole moment per molecule. The units of M are
ampere-meter’/meter’ or amperes per meter. It is found that for many magnetic
materials, the magnetization vector is related to the magnetic field B in the
material in the simple manner given by

M=_Xn B (2.88)

—1+Xml~l'0

where x,,, a dimensionless parameter, is known as the ‘‘magnetic susceptibility.”’
The quantity x,, is a measure of the ability of the material to become magnetized
and differs from one magnetic material to another.

When a magnetic material is placed in a magnetic field, the induced
dipoles produce a secondary magnetic field such that the resultant field, that
is, the sum of the originally applied field and the secondary field, and the
magnetization vector satisfy (2.88). We shall illustrate this by means of an
example.

Example 2.11.
Let us consider an infinite plane magnetic material slab of thickness d sandwiched
between two infinite plane sheets of equal and opposite uniform current densities
Jsoly and —Jgi, in the z = 0 and z = d planes, respectively, as shown in Fig.
2.32(a). We wish to investigate the effect of magnetization in the magnetic
material.
In the absence of the magnetic material, the magnetic field between the
sheets of current is given by
B, = poJgl, X i, (2.89)
= poJ 5ol
In the presence of the magnetic material, this field acts as the applied magnetic
field resulting in magnetic dipole moments in the material which are oriented
along the field. Since the magnetic field and the magnetic susceptibility are
uniform, the density of the dipole moments, that is, the magnetization vector
M, is uniform as shown in Fig. 2.32(b). Such a distribution results in exact
cancellation of currents everywhere except at the boundaries of the material
since, for each current segment not on the surface, there is a current segment
associated with the dipole adjacent to it and carrying the same amount of current
in the opposite direction, thereby canceling its effect. Thus the net result is the
formation of a negative y-directed surface current at the boundary z = 4 and a
positive y-directed surface current at the boundary z = 0 as shown in Fig.
2.32(c). These surface currents are known as magnetization surface currents
since they are due to the magnetization in the material. In view of the uniform
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Figure 2.32. For investigating the effect of magnetization induced in a magnetic material
sandwiched between two infinite plane sheets of current.

density of the dipole moments, the surface current densities are uniform. Also,
in the absence of a net current in the interior of the magnetic material, the surface
current densities must be equal in magnitude so that whatever current flows on
one surface returns via the other surface.
Let us therefore denote the surface current densities as
_ J, mSOiy for = 0

Ins = {—J,,,soiy forz =d (2.90)
where the subscript m in addition to the other subscripts stands for magnetization.
If we now consider a vertical column of infinitesimal rectangular cross-sectional
area AS = (Ax)(Ay) cut out from the magnetic material as shown in Fig. 2.32(d),
the rectangular current loop of width Ax makes the column appear as a dipole
of moment (J,,qp Ax)(d Ay)i,. On the other hand, writing

M = Myi, (2.91)
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where M, is a constant in view of the uniformity of the magnetization, the dipole
moment of the column is equal to M times the volume of the column, or M,
(d Ax Ay)i,. Equating the dipole moments computed in the two different ways,
we have

Jmso = M, 2.92)
Thus we have related the surface current density to the magnitude of the

magnetization vector. Now, the surface current distribution produces a secondary
field B, given by

— T tedmsoly = poMoi, for0<z<d
B = { U otherwise (2.93)

Denoting the total field inside the magnetic material to be B,, we have
B, = B, + B, = ugJgol, + poMi,

. 2.94)
= pUso + Mp)i,
But, from (2.88), B
Xmo t
=40 —— .95
L+ Xmo Mo )
Substituting (2.91) and (2.94) into (2.95), we have
_ Xm0
M, = 1+ Xmo(Jso + My
or
My = XmeJs0 (2.96)
Thus the magnetization surface current densities are given by
- XMOJSOiy for = 0
JmS {_XmOJSOiy for z = d (2.97)
and the magnetic flux density in the magnetic material is
B, = uo(l + Xm0l (2.98)

as shown in Fig. 2.32(e).

We have just learned that the magnetic field in a magnetic material is
the superposition of an applied field B, and a secondary field B, which results
from the polarization M, which in turn is induced by the total field (B, + B,).
Thus we have

M = _X'"_H (2.992)
1 + Xm Mo
B, = fM) (2.99b)

where f(M) denotes a function of M. Determination of the secondary field
B, and hence the total field (B, + B,) for a given applied field B, requires a
simultaneous solution of (2.99a) and (2.99b). To eliminate the need for the
explicit determination of M, we now define a new vector field H, known as
the magnetic field intensity as

H = B_ M (2.100)
Mo

Note that the units of H are the same as those of M, that is, amperes per
meter.
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Substituting for M by using (2.88), we obtain

B
H=— — _Xm__ B
Mo 1+ Xm o
B
= — 2.101
Mo(1 + Xm) ( )
B B
I"LOIU’r
or
H = B (2.102)
M
where we define
My = l + Xm (2.103)
and
B= ol (2.104)

The quantity w, is known as the ‘‘relative permeability’’ of the magnetic
material and y is the ‘“‘permeability”” of the magnetic material. The permeability
w takes into account the effects of magnetization, and there is no need to
consider them when we use u for u,!

Returning now to Ex. 2.11, we observe that in the absence of the magnetic
material between the sheets of current,

B = B, = uoJsois (2.1052)
B

H = — = JSOix (2.105b)
o

since M is equal to zero. In the presence of the magnetic material between
the sheets of current,

B =B, = po(l + xmsoke = mJs0lx (2.106a)

H = % = Jsol, (2.106b)
Thus the H fields are the same in both cases whereas the expressions for the
B fields differ in the permeabilities, that is, with u, replaced by . The situation
in general is however not so simple because the magnetic material alters the
original field distribution. In the case of Ex. 2.11, the geometry is such that
the original field distribution is not altered by the magnetic material. Also in
the general case of a nonuniform field, the situation is equivalent to having
a magnetization volume current inside the material in addition to the surface
current at the boundaries. However, all of these are implicitly taken into
account by the permeability p of the magnetic material. For anisotropic
magnetic materials, H is not in general parallel to B and the relationship
between the two quantities is expressed in the form of a matrix equation as
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given by
B, B My Moz | | H

By | = [ty My My || H,
Bz Mo Mzy Mo H,

(2.107)

just as in the case of the relationship between D and E for anisotropic dielectric
materials.

For many materials for which the relationship between H and B is linear,
the relative permeability does not differ appreciably from: unity, unlike the
case of linear dielectric materials, for which the relative permittivity. can be
very large, as shown in Table 2.2. In fact, for diamagnetic materials, the
magnetic susceptibility x,, is a small negative number of the order —10™* to
—10~® whereas for paramagnetic materials, X, 1S @ small positive number of
the order 107 to 10~7. Ferromagnetic materials, however, possess large
values of relative permeability on the order of several hundreds, thousands,
or more. The relationship between B and H for these materials is nonlinear,
resulting in a nonunique value of w,, for a given material. In fact, these
materials are characterized by hysteresis, that is, the relationship between B
and H dependent on the past history of the material.

Ferromagnetic materials possess strong dipole moments owing to the
predominance of the electron spin moments over the electron orbital moments.
The theory of ferromagnetism is based on the concept of magnetic ‘‘domains,”’
as formulated by Weiss in 1907. A magnetic domain is a small region in the
material in which the atomic dipole moments are all aligned in one direction,
due to strong interaction fields arising from the neighboring dipoles. In the
absence of an external magnetic field, although each domain is magnetized to
saturation, the magnetizations in various domains are randomly oriented as
shown in Fig. 2.33(a) for a single crystal specimen. The random orientation
results from minimization of the associated energy. The net magnetization is
therefore zero on a macroscopic scale. With the application of a weak external
magnetic field, the volumes of the domains in which the original magnetizations
are favorably oriented relative to the applied field grow at the expense of the
volumes of the other domains, as shown in Fig. 2.33(b). This feature is known
as domain wall motion. Upon removal of the applied field, the domain wall
motion reverses, bringing the material close to its original state of magnetization.
With the application of stronger external fields, the domain wall motion continues

Domain

Domain Wall
/
/ —_— —_— ?

Applied
Field

(a) (b) (©)
Figure 2.33. For illustrating the different steps in the magnetization of a

ferromagnetic specimen: (a) unmagnetized state, (b) domain wall motion, and
(c) domain rotation.
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to such an extent that it becomes irreversible; that is, the material does not
return to its original unmagnetized state on a macroscopic scale upon removal
of the field. With the application of still stronger fields, the domain wall
motion is accompanied by domain rotation, that is, alignment of the magnet-
izations in the individual domains with the applied field as shown in Fig.
2.33(c), thereby magnetizing the material to saturation. The material retains
some magnetization along the direction of the applied field even after removal
of the field. In fact, an external field opposite to the original direction has to
be applied to bring the net magnetization back to zero.

We may now discuss the relationship between B and H for a ferromagnetic
material, which is depicted graphically as shown by a typical curve in Fig.
2.34. This curve is known as the hysteresis curve or the B—H curve. To
trace the development of the hysteresis effect, we start with an unmagnetized
sample of ferromagnetic material in which both B and H are initially zero,
corresponding to point a on the curve. As H is increased, the magnetization
builds up, thereby increasing B gradually along the curve ab and finally to
saturation at b, according to the following sequence of events as discussed
earlier: (1) reversible motion of domain walls, (2) irreversible motion of domain
walls, and (3) domain rotation. The regions corresponding to these events
along the curve ab as well as other portions of the hysteresis curve are shown
marked 1, 2, and 3, respectively, in Fig. 2.34. If the value of H is now
decreased to zero, the value of B does not retrace the curve ab backward
but instead follows the curve bc, which indicates that a certain amount of
magnetization remains in the material even after the magnetizing field is com-
pletely removed. In fact, it requires a magnetic field intensity in the opposite
direction to bring B back to zero as shown by the portion cd of the curve.
The value of B at the point ¢ is known as the ‘‘remanence’’ or ‘‘retentivity,”
whereas the value of H at d is known as the ‘“‘coercivity’’ of the material.
Further increase in H in this direction results in the saturation of B in the
direction opposite to that corresponding to » as shown by the portion de of
the curve. If H is now decreased to zero, reversed in direction, and increased,

B
A
b

3 /7,

¢ 2
2
T A2
g > H

Figure 2.34. Hysteresis curve for a
ferromagnetic material.
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the resulting variation of B occurs in accordance with the curve efgb, thereby
completing the hysteresis loop.

The nature of the hysteresis curve suggests that the hysteresis phenomenon
can be used to distinguish between two states, e.g8., “I’’ and ““0”" in a binary
number magnetic memory system. There are several kinds of magnetic mem-
ories. Although differing in details, all these are based on the principles of
storing and retrieving information in regions on a magnetic medium. In disk,
drum, and tape memories, the magnetic medium moves, whereas in bubble
and core memories, the medium is stationary. We shall here briefly discuss
only the floppy disk or diskette, commonly used as secondary memory in
personal computers.?

The floppy disk consists of a coating of ferrite material applied over a
thin flexible nonmagnetic substrate for physical support. Ferrites are a class
of magnetic materials characterized by almost rectangular-shaped hysteresis
loops so that the two remanent states are well defined. The disk is divided
into many circular tracks, and each track is subdivided into regions called
sectors, as shown in Fig. 2.35. To access a sector, an electromagnetic read/write
head moves across the spinning disk to the appropriate track and waits for
the correct sector to rotate beneath it. The head consists of a ferrite core
around which a coil is wound and with a gap at the bottom, as shown in Fig.
2.36. Writing of data on the disk is done by passing current through the coil.
The current generates a magnetic field which in the core confines essentially
to the material but in the air gap spreads out into the magnetic medium below
it, thereby magnetizing the region to represent the “‘0”’ state. To store the
“1” state in a region, the current in the coil is reversed to magnetize the
medium in the reverse direction. Reading of data from the disk is accomplished
by the changing magnetic field from the magnetized regions on the disk inducing
a voltage in the coil of the head, as the disk rotates under the head. The
voltage is induced in accordance with Faraday’s law (which we shall study
in Sec. 3.2) whenever there is a change in magnetic flux linked by the coil.
We have here only discussed the basic principles behind the storing of data
on the disk and retrieving data from it. There are a number of ways in which
bits can be encoded on the disk. We shall however not pursue the topic here.

D2.14. Find the magnetic dipole moment for each of the following cases: (a) 1 uC of
charge in a circular orbit of radius 1 mm in the xy-plane around the z-axis in
the sense of increasing ¢ with angular velocity 20007 rad/s; (b) a square current
loop of sides \/m mm in the xy-plane centered at the origin and with current
0.1 A flowing in the sense of increasing ¢; and (c) an equilateral triangular
current loop having vertices at the points A(107%, 0, 0), B(©, 1073, 0), and
C(0, 0, 107°) and with current 0.17 A flowing in the sense ABCA.

Ans: 107%7i, A-m?; 107770, A-m%; 5 x 1073#(i, + i, + i) A-m?

D2.15. Infinite plane sheets of current densities 0.1i, A/m and —0.1i, A/m occupy
the planes z = 0 and z = d, respectively. The region 0 < z < d is a magnetic
material of permeability 100u,. Find (a) H, (b) B, and (c) M, in the region 0 <
z<d.

Ans: 0.1i; A/m; 4o x 107%, Wb/m?; 9.9i, A/m

* See, e.g., Robert M. White, “‘Disk-Storage Technology,” Scientific American, August
1980, pp. 138-148.
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Figure 2.36. Writing of data on a floppy disk.

2.7 SUMMARY

In this chapter we first introduced the electric field concept from consideration
of an experimental law known as Coulomb’s law, having to do with the electric
forces between two charges. We learned that electric force acts on charges
merely by virtue of the property of charge. The electric force acting on a
test charge g at a point in the field region is given by

F = gE
where E is the electric field intensity at that point. The electric field intensity
due to a point charge Q in free space is given by

= i

47re,R? R
where &, is the permittivity of free space, R is the distance from the point
charge to the point at which the field intensity is to be computed, and i is
the unit vector along the line joining the two points and directed away from
the point charge. Using superposition in conjunction with the electric field

100 Fields and Materials Chap. 2



due to a point charge, we discussed the computation of the electric field due
to two point charges and the computer generation of the direction lines of the
electric field. We then extended the determination of electric field intensity
to continuous charge distributions.

Next we introduced the magnetic field concept from considerations of
Ampere’s law of force, having to do with the magnetic forces between two
current loops. We learned that the magnetic field exerts force only on moving
charges. The magnetic force acting on a test charge g moving with a velocity
v at a point in the field region is given by

F=gvxB
where B is the magnetic flux density at that point. In terms of current flowing

in a wire, the magnetic force acting on a current element of length dl and
current I at a point in the field region is given by

F=1I1dl xB

The magnetic flux density due to a current element I dl in free space is given
by the Biot-Savart law

o ldl X ig
47 R?
where p, is the permeability of free space and R and i; have the same meanings
as in the expression for E due to a point charge. Using superposition in
conjunction with Biot-Savart law, we discussed the computation of the magnetic
field due to current distributions.

Combining the electric and magnetic field concepts, we then introduced
the Lorentz force equation

F=gE+vxB)

which gives the force acting on a test charge ¢ moving with velocity v at a
point in a region characterized by electric field of intensity E and magnetic
field of flux density B. We used the Lorentz force equation to discuss (1) the
determination of E and B at a point from a knowledge of forces acting on a
test charge at that point for three different velocities and (2) the tracing of
charged particle motion in a region of crossed electric and magnetic fields.
We devoted the rest of the chapter to introduce materials. We learned
that materials can be classified as (1) conductors, (2) semiconductors, (3) di-
electrics, and (4) magnetic materials, depending on the nature of the response
of the charged particles in the materials to applied fields. Conductors are
characterized by conduction, which is the phenomenon of steady drift of free
electrons under the influence of an applied electric field, thereby resulting in
a conduction current. In semiconductors, also characterized by conduction,
the charge carriers are not only electrons but also holes. We learned that the
conduction current density is related to the electric field intensity in the manner
J. = oE (2.108)
where o is the conductivity of the material. We discussed (1) the formation
of surface charge at the boundaries of a conductor placed in a static electric
field, (2) the derivation of Ohm’s law in circuit theory, and (3) the Hall effect.
Dielectrics are characterized by polarization, which is the phenomenon
of the creation and net alignment of electric dipoles, formed by the displacement
of the centroids of the electron clouds from the centroids of the nucleii of the

Sec. 2.7 Summary 101



atoms, along the direction of an applied electric field. Magnetic materials are
characterized by magnetization, which is the phenomenon of net alignment
of the axes of the magnetic dipoles, formed by the electron orbital and spin
motion around the nucleii of the atoms, along the direction of an applied
magnetic field. To eliminate the need for explicitly taking into account the
effects of polarization and magnetization, we defined two new vector fields
known as the displacement flux density and the magnetic field intensity, given
by

D=80E+P
B
H=—-M
Mo

respectively, where P is the polarization vector and M is the magnetization
vector. We learned that for isotropic materials, these expressions simplify to

D = ¢E (2.109)
= B (2.110)
w
where
e = &€,
M= Moy

are the permittivity and the permeability, respectively, of the material and
the quantities &, and u, are the relative permittivity and the relative permeability,
respectively, which take into account implicitly the effects of polarization and
magnetization, respectively. Equations (2.108), (2.109), and (2.110) are known
as the constitutive relations. Finally, we discussed the hysteresis phenomenon
associated with ferromagnetic materials and discussed an application based
on the use of the hysteresis curve.

REVIEW QUESTIONS

R2.1. State Coulomb’s law. To what law in mechanics is Coulomb’s law analogous?
R2.2. What is the value of the permittivity of free space? What are its units?
R2.3. What is the definition of electric field intensity? What are its units?

R2.4. Discuss two applications based on the electric force on a charged particle.
R2.5. Describe the electric field due to a point charge.

R2.6. Discuss the computer generation of the direction lines of the electric field due
to two point charges.

R2.7. Discuss the different types of charge distributions. How do you determine the
electric field intensity due to a charge distribution?

R2.8. Describe the electric field due to an infinite plane sheet of uniform surface
charge density.

R2.9. State Ampere’s force law as applied to current elements. Why is it not necessary
for Newton’s third law to hold for current elements?

R2.10. What are the units of magnetic flux density? How is magnetic flux density
defined in terms of force on a current element?
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R2.11.
R2.12,
R2.13.

R2.14.

R2.15.
R2.16.

R2.17.

R2.18.

R2.19.

R2.20.

R2.21.

R2.22.

R2.23.
R2.24.

R2.25.

R2.26.

R2.27.
R2.28.

R2.29.
R2.30.
R2.31.

R2.32.
R2.33.

R2.34.

R2.35.
R2.36.

R2.37.

R2.38.
R2.39.

What is the value of the permeability of free space? What are its units?
Describe the magnetic field due to a current element.

Discuss the different types of current distributions. How do you determine
the magnetic flux density due to a current distribution?

Describe the magnetic field due to an infinite plane sheet of uniform surface
current density.

How is magnetic flux density defined in terms of force on a moving charge?

Discuss two applications based on the magnetic force on a current carrying
wire or on a moving charge.

State the Lorentz force equation.

Discuss the determination of E and B at a point from the knowledge of forces
experienced by a test charge at that point for several velocities. What is the
minimum required number of forces?

Give some examples of devices based upon charged particle motion in electric
and magnetic fields.

Discuss the tracing of the path of a charged particle in a region of crossed
electric and magnetic fields.

Distinguish between bound electrons and free electrons in an atom and briefly
describe the phenomenon of conduction.

Discuss the classification of a material as a conductor, semiconductor, or dielectric,
with the aid of energy band diagrams.

What is mobility? Give typical values of mobilities for electrons and holes.

State Ohm’s law valid at a point, defining the conductivities for conductors
and semiconductors.

Discuss the formation of surface charge at the boundaries of a conductor placed
in a static electric field.

Discuss the derivation of Ohm’s law in circuit theory from the Ohm’s law valid
at a point.

Discuss the Hall effect.

Briefly describe the phenomenon of polarization in a dielectric material. What
are the different kinds of polarization?

What is an electric dipole? How is its strength defined?
What is polarization vector? How is it related to the electric field intensity?

Discuss the effect of polarization in a dielectric material using the example of
polarization surface charge.

Discuss the definition of displacement flux density and the permittivity concept.

What is an anisotropic dielectric material? When can an effective permittivity
be defined for an anisotropic dielectric material?

Briefly describe the phenomenon of magnetization in a magnetic material. What
are the different kinds of magnetic materials?

What is a magnetic dipole? How is its strength defined?

What is the magnetization vector? How is it related to the magnetic flux
density?

Discuss the effect of magnetization in a magnetic material using the example
of magnetization surface current.

Discuss the definition of magnetic field intensity and the permeability concept.
Discuss the phenomenon of hysteresis associated with ferromagnetic materials.
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R2.40.

Discuss the principles behind the storing of data on a floppy disk and retrieving
the data from it.

PROBLEMS

P2.1.

P2.2.

P2.3.

P2.4.

P2.5.

P2.6.

P2.7.
P2.8.

P2.9.

104

Point charges Q, 0, —Q, and — Q, where Q is positive, are situated at (d, 0, 0),
(-d, 0, 0), (0, d, 0), and (0, —d, 0), respectively. An electron is located at
the origin. For each of the following cases, determine whether the electron
returns toward the origin, moves away from the origin, or remains stationary:
(a) the electron is displaced slightly along the x-direction and released, (b) the
electron is displaced slightly along the y-direction and released, and (c) the
electron is displaced slightly along the z-direction and released.

Point charges each of value O are situated at the corners of a regular octahedron
of edge length L. Find the electric force on each point charge.

Two point charges, each of charge O and mass m hung from a common point
with strings of equal length L are in equilibrium under the influence of the
electric force between the charges and the earth’s gravitational force. The
gravitational force between the charges is to be neglected. If the angle made
by the strings at the common point is a (<180°), obtain the expression for the
quantity (Q%/4ms,L’mg) in terms of «, and compute its numerical value for o
equal to (a) 30°, (b) 90°, and (c) 120°, where g is the acceleration due to gravity.
Four point charges, each of charge O and mass m, hung from a common point
with strings of equal lengths L are in equilibrium under the influence of the
electric forces between the charges and the earth’s gravitational force. Each
pair of adjacent charges form an equilateral triangle with the common point.
The gravitational forces between the charges are to be neglected. Find the
numerical value of (Q*/4me,L*mg), where g is the acceleration due to gravity.
For the circular ring of Ex. 2.2, assume that the half corresponding to y > 0
is coated uniformly with charge Q, whereas the half corresponding to y < 0 is
coated uniformly with charge —Q. Find the electric field intensity at a point
on the z-axis by setting up the integral expression and evaluating it.

Consider charge distributed uniformly with density 4we, C/m along the line
between (0, 0, —a) and (0, 0, a). Obtain the expression for the electric field
intensity at (r, ¢, 0) in cylindrical coordinates by considering a differential
length element along the line charge, setting up the field as an integral, and
evaluating it.

Repeat Prob. P2.6, but assume the line charge density to be 4meoz C/m.

Consider a circular disc of radius a lying in the xy-plane with its center at the
origin and carrying charge of density (dmeo/r) C/ m?. Obtain the expression for
the electric field intensity at the point (0, 0, z) by setting up the integral and
evaluating it.

Consider volume charge distributed uniformly with density py C/ m® between
the planes z = —a and z = a. Using superposition in conjunction with the
result of Ex. 2.3, show that the electric field intensity due to the slab of charge
is given by

a,
——lez forz< —a
€o
zZ,
E = pllz for—a<z<a
€o
Pod

—i, forz>a
€o
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P2.10. Three identical current elements I dz i, A are located at equally spaced points
on a circle of radius 1 m centered at the origin and lying on the xy-plane. The
first point is (1, 0, 0). Find the magnetic force on each current element.

P2.11. A rigid loop of wire in the form of a square of sides a m is hung by pivoting
one side along the x-axis as shown in Fig. 2.37. The loop is free to swing
about the pivoted side without friction. The density of mass of the wire is m
kg/m. If the wire is situated in a uniform magnetic field B = Byi, and carries
current I A, find the angle « by which the loop swings from the vertical, where
g is the acceleration due to gravity.

P2.12. For the current element I dx (i, + i,) A situated at the point (1, —2, 2), find
the magnetic flux densities at three points: (a) (2, —1, 3), (b) 2, —3, 4), and
() 3,0, 2).

P2.13. An infinitesimal current element is situated at the point (1, 1, 1) and tangential
to the curve x = y = z%. For each of the three points A2, —1, 3), B(3, 3, 2),
and C(1, 1, 4) lying on the spherical surface of radius 3 m and centered at the
current element, find the ratio of the magnitude of the magnetic flux density
at the point to its maximum value on the spherical surface.

P2.14. A circular loop of wire of radius a m is situated in the xy-plane with its center
at the origin. It carries a current of I A in the clockwise sense as seen along
the positive z-axis, that is, in the sense of increasing values of ¢. Obtain the
expression for B due to the current loop at a point on the z-axis and find its
value at three points: (a) (0, 0, 0), (b) (0, 0, \/3a), and (c) (0, 0, \/8 ).

P2.15. A straight wire along the z-axis carries current I in the positive z-direction.
Consider the portion of the wire between (0, 0, a;) and (0, 0, a,) where a, >
a;. Show that the magnetic flux density at an arbitrary point P(r, ¢, z) due to
this portion of the wire is given by

ol

B = 47r

where @; and «, are the angles subtended by the lines from P to (0, 0, a,) and
from P to (0, 0, a,), respectively, with the z-axis.

P2.16. A square loop of wire lies in the xy-plane with its corners at (1, 1, 0), (=1, 1, 0),
(=1, =1, 0), and (1, —1, 0). A current of 1 A flows in the loop in the sense
defined by connecting the specified points in succession. Applying the result
of Prob. P2.15 to each side of the loop, find the magnetic flux densities at two
points: (a) (0, 0, 0) and (b) (2, 0, 0).

P2.17. Consider current flowing with uniform density Joi, A/m? in the volume between
the planes y = —a and y = a. Using superposition in conjunction with the

(cos a; ~ cos o) iy

‘g Figure 2.37. For Prob. P2.11.

Chap. 2 Problems 105



P2.18.

P2.19.

P2.20.

P2.21.

P2.22.

P2.23.

P2.24.
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result of Ex. 2.6, show that the magnetic flux density due to the slab of current
is given by
o oai, fory< —a
B = _MOJOyix for —a<y<a
—wodoai, fory>a

Show that the radii of orbits of two charged particles of same charge but different
masses entering a region of uniform magnetic field perpendicular to the field
and with equal kinetic energies are proportional to the square roots of their
masses.

The forces experienced by a test charge g at a point in a region of electric and
magnetic fields E and B, respectively, are given as follows for three different
velocities of the test charge, where v, and E, are constants.

F, = gEyi, — i, + i) forv, = i,
F2 = qu(ix - iy d iz) for vV, = Uoiy
F3 =0 for V3 = Uoiz

Find E and B at that point.

The forces experienced by a test charge g at a point in a region of electric and
magnetic fields E and B, respectively, are given as follows for three different
velocities of the test charge, where v, and E; are constants.

F, = gEyi, — 3i,) forv,

F, = gE)(3i, — i) forv,

F; = qE(3i, — 5i,) forv;
Find E and B at that point.

Three forces F,, F,, and F; experienced by a test charge g at a point in a region
of electric and magnetic fields for three different velocities of the test charge
are given as follows:

Ug ix

Up iy

Uo(zix + iy)

F, =0 for v, = vyi,

F,=0 for v, = vi,

F, = gEi, forv; = i, + 2i,)
Find the forces F,, Fs, and Fy experienced by the test charge at that point for
three other velocities: (a) v, = 0, (b) vs = v(i, + 1), and (¢) vs = (vo/H(Bi, + i),
Uniform electric and magnetic fields exist in a region of space. A test charge
g released with an initial velocity v, = v, or v, = 2u,i, moves with constant
velocity equal to the initial value. Show that the test charge moves with
constant velocity equal to the initial value when released with an initial velocity
[vo/(m + m)] (mi, + 2ni,) for any nonzero m and n.
Consider the electric field E, the magnetic field B, and the velocity v of a test
charge at a point to be mutually perpendicular. (a) Show that for the test charge
to experience no force, v must be equal to (E x B)/B?. (b) Compute v for E
and B equal to Egi, + 2i, + 2i,) and By(2i, — 2i, + i,), respectively.
(a) For a sinusoidally time-varying electric field E = E, cos wf, where Eq is a
constant, show that the steady-state solution for Eq. (2.43) is given by

TE

7 =K, cos (w — tan~! w7)

m\/l + w1
(b) Based on the assumption of one free electron per atom, the free electron
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density N, in silver is 5.86 x 10® m~*. Using the conductivity for silver given
in Table 2.1, find the frequency at which the drift velocity lags the applied field
by 7/4 rad.

P2.25. (a) An infinite plane conducting slab carries uniformly distributed surface charges

P2.26

P2.27

P2.28

P2.29

P2.30

Chap

on both of its surfaces. If the net surface charge density, that is, the sum of
the surface charge densities on the two surfaces, is pg, C/m?, find the surface
charge densities on the two surfaces. (b) Two infinite plane parallel conducting
slabs 1 and 2 carry uniformly distributed surface charges on all four of their
surfaces. If the net surface charge densities are pg, and pg, C/m?, respectively,
for the slabs 1 and 2, find the surface charge densities on all four surfaces.

. The region z < 0 is occupied by a conductor. A point charge Q C is situated
at the point (0, 0, d). From the secondary field required to make the total field
inside the conductor equal to zero and from symmetry considerations as illustrated
in Fig. 2.38, show that the field outside the conductor is the same as the field
due to the point charge @ at (0, 0, d) and an image point charge —Q situated
at (0, 0, —d). Find the expression for the field outside the conductor.

. Show that the torque acting on an electric dipole of moment p due to an applied
electric field E is p x E. Compute the torque for a dipole consisting of 1 uC
of charge at (0, 0, 0) and —1 uC of charge at (0, 0, —107°) in an electric field
E = 10° G, + 2i, + 2i) V/m.

- An anisotropic dielectric material is characterized by the D to E relationship

D, 3 1 1][E
D,[=4gl|1 3 1||E,
D, 1 1 3]|E,

(@) Find D for E = E(i, + i). (b) Find D for E = Ey{, — i,). (¢) Find E for
D = Dyi. + i, — 2i;). Comment on your result for each case.

. An anisotropic dielectric material is characterized by the D to E relationship

D, gx &y 0 |{E;
Dy|=lg, g, 0 E,
D, 0 0 g,.llE,
For E = Ei, + E,, find the value(s) of E,/E, for which D is parallel to E.

Find the effective permittivity for each case.
. Find the magnetic dipole moment of an electron in circular orbit of radius a

Charge
N
\ \

Applied Field

——— —= Secondary Field

Induced
Charge

AN

Figure 2.38. For Prob. P2.26.
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P2.31.

P2.32.

normal to a uniform magnetic field of flux density B,. Compute its value for
@ =10"2mand B, = 5 X 107° Wb/m’.

Considering for simplicity a rectangular current loop in the xy-plane, show that
the torque acting on a magnetic dipole of moment m due to an applied magnetic
field B is m x B. Then find the torque acting on a circular current loop of
radius 1 mm, in the xy-plane, centered at the origin and with current 0.1 A
flowing in the sense of increasing ¢ in a magnetic field B = 107% @i, — i, +
i,) Wb/m?.

A portion of the B-H curve for a ferromagnetic material can be approximated
by the analytical expression

B = [LokHH

where k is a constant having units of meters per ampere. Find u, g, X, and
M.

PC EXERCISES

PC2.1.

PC2.2.

PC2.3.

PC2.4.

PC2.5.
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Consider three point charges Q, = k(dwsy) C, 0, = ky(dmey) C, and Q; =
4rg, C, situated at (—1, 0, 0), (0, 0, —1), and (-1, 0, —1), respectively. A
positive test charge, released at (0, 0, 0), will move along the direction line of
the electric field passing through that point. To trace its path, assume that the
test charge moves along the direction of the electric field at (0, 0, 0) by a
distance of 0.1 m to reach a new point, then moves another 0.1 m along the
direction of the electric field at the new point, and so on, similar to the
procedure employed in Ex. 2.1. Write a program which uses values of &, and
k, as input and gives output similar to that in PL 2.1, before the test charge
goes out of the rectangular region having corners at 3,0, 2, 3,0 -2),
(-2,0, —2), and (-2, 0, 2) or reaches within 0.1 m of O, or Q,, stating which
is the case for termination of the tracing. Consider also any other situations
whereby the tracing needs to be terminated.

To reduce the (cumulative) error referred to at the end of Ex. 2.1, consider a
modified procedure of tracing the path of the test charge as follows. Instead
of moving the test charge by 0.1 m from its current location, say, point A to
a new location, say, point B, along the direction of the electric field at point
A, we shall move it by 0.1 m to a point C along a direction which bisects the
directions of the fields at points A and B. Modify the program of PL 2.1 to
implement this procedure and compare the output with that in PL 2.1.
Consider a line charge of density 4meq(k, + kz) along the line between (0, 0, —1)
and (0, 0, 1). By dividing the line into 2n equal segments and considering the
charge in each segment to be a point charge located at the center of the segment,
obtain series expressions for the components of the electric field intensity at
the point (1, 0, 0). Write a program for computing the field components for
given values of &, k,, and n.

Consider a square loop of wire in the xy-plane with its corners at (1, 1, 0),
(-1, 1,0), (=1, =1, 0), and (1, —1, 0). A current of 1 A flows in the loop
in the sense defined by connecting the specified points in succession. Based
on the application of the result of Prob. P2.15 to each side of the loop, write
a program to compute B,/u, at an arbitrary point (x, y, 0) in the xy-plane.
Modify the program of PL 2.2 for nonuniform electric field of the form E, =
— k(1 + mx)10° where m is an input parameter. Run the program with values
ofky = L,k =1,k =1,ky =3, ks =5, and m = —0.05.
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3

Maxwell’s Equations
in Integral Form
and Boundary
Conditions

In Chap. 1 we learned the simple rules of vector algebra and familiarized
ourselves with the basic concepts of fields in general. In Chap. 2 we introduced
electric and magnetic fields in terms of forces on charged particles and extended
the discussion to fields in materials. We now have the necessary background
to introduce the additional tools required for the understanding of the various
quantities associated with Maxwell’s equations and then discuss Maxwell’s
equations. In particular, our goal in this chapter is to learn Maxwell’s equations
in integral form as a prerequisite to the derivation of their differential forms
in the next chapter. Maxwell’s equations in integral form govern the inter-
dependence of certain field and source quantities associated with regions in
space, that is, contours, surfaces, and volumes. The differential forms of
Maxwell’s equations, however, relate the characteristics of the field vectors
at a given point to one another and to the source densities at that point.

Maxwell’s equations in integral form are a set of four laws resulting from
several experimental findings and a purely mathematical contribution. We
shall, however, consider them as postulates and learn to understand their
physical significance as well as their mathematical formulation. The source
quantities involved in their formulation are charges and currents. The field
quantities have to do with the line and surface integrals of the electric and
magnetic field vectors. We shall therefore first introduce line and surface
integrals and then consider successively the four Maxwell’s equations in integral
form.

3.1 LINE AND SURFACE INTEGRALS

Line integral To introduce the line integral, let us consider in a region of electric field E
the movement of a test charge g from the point A to the point B along the
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path C as shown in Fig. 3.1(a). At each and every point along the path the
electric field exerts a force on the test charge and hence does a certain amount
of work in moving the charge to another point an infinitesimal distance away.
To find the total amount of work done from A to B, we divide the path into
a number of infinitesimal segments Al,, Al,, Al;, . . . , Al,, as shown in Fig.
3.1(b), find the infinitesimal amount of work done for each segment, and then
add up the contributions from all the segments. Since the segments are in-
finitesimal in length, we can consider each of them to be straight and the
electric field at all points within a segment to be the same and equal to its
value at the start of the segment.

If we now consider one segment, say the jth segment, and take the
component of the electric field for that segment along the length of that
segment, we obtain the result E; cos o;, where o; is the angle between the
direction of the electric field vector E; at the start of that segment and the
direction of that segment. Since the electric field intensity has the meaning
of force per unit charge, the electric force along the direction of the jth segment
is then equal to gE; cos @;. To obtain the work done in carrying the test
charge along the length of the jth segment, we then multiply this electric force
component by the length Al; of that segment. Thus for the jth segment, we
obtain the result for the work done by the electric field as

AW; = gE; cos a; Al; 3.1
If we do this for all the infinitesimal segments and add up all the contributions,
we get the total work done by the electric field in moving the test charge from
A to B along the path C to be
Wi = AW, + AW, + AW; + ... + AW,

qu COS «; All + qEZ COS oy Alz + qE:; COS a3 Al3 + ... +

Il

gE, cos a, Al,

" (3.2)
=q >, Ejcos a; Al;
j=1
= g >, (E))(AL) cos o
i=1
Using the dot product operation between two vectors, we obtain
WAB =dq 2 EJ. Alj (3.3)
j=1

E 74 .
B 7. B

Nl
¢ g E B 4% Al

A Za ) Z:sl ]

/ A.AlllAlz ’

(b)
(a)

Figure 3.1. For evaluating the total amount of work done in moving a test
charge along a path C from point A to point B in a region of electric field.
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For a numerical example, let us consider the electric field given by
E = yi,
and determine the work done by the field in the movement of 3 uC of charge
from the point A(0, 0, 0) to the point B(1, 1, 0) along the parabolic path y = x2,
z = 0 shown in Fig. 3.2(a).

For convenience, we shall divide the path into 10 segments having equal
projections along the x-axis, as shown in Fig. 3.2(a). We shall number the
segments 1, 2, 3, . .., 10. The coordinates of the starting and ending points
of the jth segment are as shown in Fig. 3.2(b). The electric field at the start
of the jth segment is given by

E = (j — 1)°0.01j,
The length vector corresponding to the jth segment, approximated as a straight
line connecting its starting and ending points is
AL = 0.1i, + [/* — (j — 1’1 0.01i,
= 0.1i, + (2/ — 1) 0.01j,

The required work is then given by
10
Wap =3 X 107> E; « Al,
Jj=1
10

=3 % 1073 [(j ~ 1)?0.01i,]+[0.1i, + (2j — 1)0.01i,]

j=1

10
=3x1070Y (G- 1D -1)
i=1
=3 X 10710 + 3 + 20 + 63 + 144 + 275 + 468 + 735 + 1088 + 1539]
=3 x 107" x 4335] = 1.3005 wJ

The result that we have just obtained for W, is approximate since we
divided the path from A to B into a finite number of segments. By dividing
it into larger and larger numbers of segments, we can obtain more and more

AY

720.01

(G - 1)%0.01

Figure 3.2. (a) Division of the path y = x* from A(0, 0, 0) to B(1, 1, 0) into
10 segments. (b) The length vector corresponding to the jth segment of part
(a) approximated as a straight line.
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Evaluation
of line
integral

Voltage
defined

accurate results. In the limit that n — oo, the result converges to the exact
value. The summation in (3.3) then becomes an integral, which represents
exactly the work done by the field and is given by

B
WAB = qu E«dl (3'4)

The integral on the right side of (3.4) is known as the “‘line integral of E from
A to B,” along the specified path.

We shall illustrate the evaluation of the line integral by computing the
exact value of the work done by the electric field in the movement of the 3
uC charge for the path in Fig. 3.2(a). To do this, we note that at any arbitrary
point on the curve y = x*, z = 0,

dy =2xdx, dz =0
so that the differential length vector tangential to the curve is given by
dl=dxi, + dyi, + dzi,
= dxi, + 2x dxi,
The value of E ¢ dl at the point is
E«dl= yi,*(dxi, + 2xdxi,)

= x%i, ¢ (dx i, + 2x dx i)

= 2x dx
Thus the required work is given by
(1,1,0) 1
= el = -6 3
W= qf(o,o,o) E«dl=3x10 L 2x° dx

2 4771

=3x 10—6[i] = 1.5
4 0

Note that we have evaluated the line integral by using x as the variable of
integration. Alternatively, using y as the variable of integration, we obtain

E«dl = yi,*(dxi, + dyi)

=ydy
(1,1,0) 1
= . = -6
Wi =g 000 E+«dl=3x10 Lydy
y2 1
=3x 107 [—] =1.5u)
2 0

Thus the integration can be performed with respect to x or y (or z in the
three-dimensional case). What is important, however, is that the integrand
must be expressed as a function of the variable of integration and the limits
appropriate to that variable must be employed.

Returning now to (3.4) and dividing both sides by g, we note that the
line integral of E from A to B has the physical meaning of work per unit
charge done by the field in moving the test charge from A to B. This quantity
is known as the ‘‘voltage between A and B’ along the specified path and is
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denoted by the symbol V,;, having the units of volts. Thus

B
Vaip = L E-«dl (3.5)

When the path under consideration is a closed path, that is, one which
has no beginning or ending such as a rubber band, as shown in Fig. 3.3, the
line integral is written with a circle associated with the integral sign in the
manner $c E ¢ dl. The line integral of a vector around a closed path is known
as the “‘circulation’ of that vector. In particular, the line integral of E around
a closed path is the work per unit charge done by the field in moving a test
charge around the closed path. It is the voltage around the closed path and
is also known as the ‘‘electromotive force.”” We shall now consider an example
of evaluating the line integral of a vector around a closed path.

Figure 3.3. Closed path C in a region
of electric field.

Example 3.1.
Let us consider the force field

F = xi,
and evaluate $c F « dl where C is the closed path ABCDA shown in Fig. 3.4.
Noting that

B ¢ D A
4; F'dl=fF'dl+f F'dl+f F-dl+f F+dl
ABCDA A B c D

we simply evaluate each of the line integrals on the right side and add them up
to obtain the required quantity.

AY
3,5
C
(1, 3)
D A
A B Figure 3.4. For evaluating the line in-
a,n 3, tegral of a vector field around a closed

» x  path.
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Conservative

versus
nONCON-
servative

fields

First we observe that since the entire closed path lies in the z = 0 plane,
dz = 0 and dl = dx i, + dy i, for all four straight lines. Then for the side AB,

y =1, dy =0, dl = dxi, + (0)i, = dx i,
Fedl = (xi)*(dxi) =0

B
f Fedl=0
A

For the side BC,
x =3, dx =0, dl = (0)i, + dyi, = dyi,
Fedl = (3i)*(dyi,) =3dy

C 5
LF-d1=fl3dy=12

For the side CD,
y=2+x, dy = dx, dl = dxi, + dxi,
Fedl = (xij)*(dxi, + dxi) = xdx

D 1
J. F~dl=fxdx=—4
[0} 3

For the side DA,
x=1, dx =0, dl = (0)i, + dyi,
Fedl = (i) (dyi) =dy

A 1
fDF-dl=Ldy= -2

35 Fedl=0+12-4-2=6
ABCDA

Finally,

In this example, we found that the line integral of F around the closed

path C is nonzero. The field is then said to be a ‘‘nonconservative field.”
For a nonconservative field, the line integral between two points, say A and
B, is dependent upon the path followed from A to B. To show this, let us
consider the two paths ACB and ADB as in Fig. 3.5. Then we can write

114

§ F'dl=f F'dl+j Fedl
ACBDA ACB BDA (3.6)

= F’dl—J F-dl
ACB ADB

Figure 3.5. Two different paths from
B point A to point B.
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Surface
integral

It can be easily seen that if $,c3ps F ¢ dl is not equal to zero, then
Jacs F » dl is not equal to f4pp F « dl. The two integrals are equal only if
$acopa F ¢ dl is equal to zero, which is the case for ‘“‘conservative fields.”’
Examples of conservative fields are the earth’s gravitational field and the static
electric field. An example of nonconservative fields is the time-varying electric
field. Thus in a time-varying electric field, the voltage between two points A
and B is dependent upon the path followed to evaluate the line integral of E
from A to B, whereas in a static electric field, the voltage, more commonly
known as the potential difference, between two points A and B is uniquely
defined because the line integral of E from A to B is independent of the path
followed from A to B.

To introduce the surface integral, let us consider a region of magnetic
field and an infinitesimal surface at a point in that region. Since the surface
is infinitesimal, we can assume the magnetic flux density to be uniform on
the surface, although it may be nonuniform over a wider region. If the surface
is oriented normal to the magnetic field lines, as shown in Fig. 3.6(a), then
the magnetic flux (webers) crossing the surface is simply given by the product
of the surface area (meters squared) and the magnetic flux density (Wb/m?
on the surface, that is, B AS. If, however, the surface is oriented parallel to
the magnetic field lines, as shown in Fig. 3.6(b), there is no magnetic flux
crossing the surface. If the surface is oriented in such a manner that the
normal to the surface makes an angle @ with the magnetic field lines as shown
in Fig. 3.6(c), then the amount of magnetic flux crossing the surface can be
determined by considering that the component of B normal to the surface is
B cos a and the component tangential to the surface is B sin . The component
of B normal to the surface results in a flux of (B cos &) AS crossing the surface
whereas the component tangential to the surface does not contribute at all to
the flux crossing the surface. Thus the magnetic flux crossing the surface in
this case is (B cos a) AS. We can obtain this result alternatively by noting
that the projection of the surface onto the plane normal to the magnetic field
lines is AS cos a. Hence the magnetic flux crossing the surface AS is the
same as that crossing normal to the area AS cos «, that is, B(AS cos «) or
(B cos a) AS.

To aid further in the understanding of this concept, imagine raindrops
falling vertically downward uniformly. If you hold a rectangular loop hori-

Normal }
B Normal B

f A
5} 1 - \M+ A“

Vd| AS nCinm
/ As ®led | / AS
Z Normal Z

']

(a) (b) ()

Figure 3.6. An infinitesimal surface AS in a magnetic ficld B oriented
(a) normal to the field, (b) parallel to the field, and (c) with its normal making
an angle o to the field.
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zontally, the number of drops falling through the loop is simply equal to the
area of the loop multiplied by the density (number of drops per unit area) of
the drops. If the loop is held vertically, no rain falls through the loop. If the
loop is held at some angle to the horizontal, the number of drops falling
through the loop is the same as that which would fall through another (smaller)
loop, which is the projection of the slanted loop on to the horizontal plane.
Let us now consider a large surface S in the magnetic field region, as
shown in Fig. 3.7. The magnetic flux crossing this surface can be found by
dividing the surface into a number of infinitesimal surfaces AS;, AS,, ASj,
, AS, and applying the result just obtained for each infinitesimal surface
and adding up the contributions from all the surfaces. To obtain the contribution
from the jth surface, we draw the normal vector to that surface and find the
angle a; between the normal vector and the magnetic flux density vector B;
ass001ated with that surface. Since the surface is infinitesimal, we can assume
B; to be the value of B at the centroid of the surface, and we can also erect
the normal vector at that point. The contribution to the total magnetic flux
from the jth infinitesimal surface is then given by

where the symbol § represents magnetic flux. The total magnetic flux crossing
the surface S is then given by

[l’l]s= Al’ll + Alllz + Alll3 + ...+ Al’ln
= B, cos a; AS; + B, cos a, AS, + B; cos a3 AS;
+ ...+ B,cos a, AS,

= 3.8
= > B;(AS) cos o
j=1
Using the dot product operation between two vectors, we obtain
[¥]s = > B;*AS;iy (3.9)
Jj=1

where i,; is the unit vector normal to the surface AS;. Furthermore, by using

Figure 3.7. Division of a large surface
S in a magnetic field region into a
number of infinitesimal surfaces.
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the concept of aa infinitesimal surface vector as one having magnitude equal
to the area of the surface and direction normal to the surface, that is,

we can write (3.9) as

[Yls = D B;*AS; (3.11)
i=1

For a numerical example, let us consider the magnetic field given by

B = 3xy%i, Wb/m?
and determine the magnetic flux crossing the portion of the xy-plane lying
betweenx = 0, x = 1,y = 0, and y = 1. For convenience, we shall divide
the surface into 25 equal areas as shown in Fig. 3.8(a). We shall designate
the squares as 11, 12, ..., 15, 21, 22, ..., 55 where the first digit repre-
sents the number of the square in the x-direction and the second digit rep-
resents the number of the square in the y-direction. The x- and y-coordinates
of the midpoint of the ijth square are (2i — 1)0.1 and (2j — 1)0.1, respectively,
as shown in Fig. 3.8(b). The magnetic field at the center of the ijth square
is then given by

B, = 3(2i — 1)(2j — 1)°0.001i,
Since we have divided the surface into equal areas and since all areas are in
the xy-plane,
AS; = 0.04i, foralliandj
The required magnetic flux is then given by

s s
[¥ls = E 2 B Asij
i=1j=1
5
=2
i=1

1

5
> 32 — 1)) — 1)%0.001i, + 0.04i,
Jj=1

(27~ 1)0:1
0 1 i
21 (2i— 1D0.1—
/
YL

1/ 55

/ (1, 1,0)

x (2) (b)

Figure 3.8. (a) Division of the portion of the xy-plane lying between x = 0,
x =1,y = 0,and y = 1 into 25 squares. (b) The area corresponding to the
ijth square.
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integral

5 5
=0.00012 > > 2i — Qj - 17

i=1j=1
=0.00012(1 +3 +5+7+9(1 +9+ 25+ 49 + 81)
= 0.495 Wb

The result that we have just obtained for [{]s is approximate since we
have divided the surface S into a finite number of areas. By dividing it into
larger and larger numbers of squares, we can obtain more and more accurate
results. In the limit that n — oo, the result converges to the exact value.
The summation in (3.11) then becomes an integral that represents exactly the
magnetic flux crossing the surface and is given by

[Wls = L B-dS (3.12)

where the symbol S associated with the integral sign denotes that the integration
is performed over the surface S. The integral on the right side of (3.12) is
known as the “‘surface integral of B over S.”” The surface integral is a double
integral since dS is equal to the product of two differential lengths.

We shall illustrate the evaluation of the surface integral by computing
the exact value of the magnetic flux crossing the surface in Fig. 3.8(a). To
do this, we note that at any arbitrary point on the surface, the differential
surface vector is given by

dS = dxdyi,
The value of B * dS at the point is
B+dS = 3xyfi,*dx dyi,
= 3xy* dx dy
Thus the required magnetic flux is given by

Wls= LB‘dS

1 1
= J’_Of_o 3xy*dx dy = 0.5 Wb

When the surface under consideration is a closed surface, the surface
integral is written with a circle associated with the integral sign in the manner
$s B+ dS. A closed surface is one which encloses a volume. Hence if you
are anywhere in that volume, you can get out of it only by making a hole in
the surface, and vice versa. A simple example is the surface of a balloon
inflated and tied up at the mouth. The surface integral of B over the closed
surface § is simply the magnetic flux emanating from the volume bounded
by the surface. Thus whenever a closed surface integral is evaluated, the unit
vectors normal to the differential surfaces are chosen to be pointing out of
the volume, so as to give the outward flux of the vector field, unless specified
otherwise. We shall now consider an example of evaluating §; B * dS.

Example 3.2.
Let us consider the magnetic field

B = (x + 2)i, + (1 — 3y)i, + 2zi,
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and evaluate §5 B » dS where S is the surface of the cubical box bounded by
~ the planes

as shown in Fig. 3.9.

h g
| !
>y,
a b
1 Figure 3.9. For evaluating the surface
e f integral of a vector field over a closed
x surface.

Noting that

éB-dS=f B'dS+J. B'dS+f B'dS+f B« dS
S abcd efgh adhe begf

+f B+dS + BedS
aefb dhge

we simply evaluate each of the surface integrals on the right side and add them
up to obtain the required quantity. In doing so, we recognize that since the
quantity we want is the magnetic flux out of the box, we should direct the unit
normal vectors toward the outside of the box. Thus for the surface abced,

x =0, B = 2i, + (1 — 3y)i, + 2zi, das = —dydzi,
BedS = -2dydz
1 1
abch-dS = J;=0J;=o(~2) dydz = -2
For the surface efgh,
x=1, B = 3i, + (1 - 3y)i, + 2zi,, ds = dy dzi,
B+dS =3dydz
1 1
eﬁghB-dS = £=of=03dydz =3
For the surface adhe,
y =0, B = (x + 2)i, + li, + 2zi,, dS = —dzdxi,
B+dS = —dzdx

1 1
B-dS=f f (-Ddzdx = -1
aehd x=0 Jz=0
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For the surface bcgf,
y =1, B = (x + 2)i, — 2i, + 2zi,, dS = dz dxi,
BedS = -2dzdx

1 1
B-dS=f f (=2 dzdx = -2
bfge x=0 Jz=0

For the surface aefb,
z=0, B = (x + 2)i, + (1 — 3y)i, + 0i,, dS = —dxdyi,
BedS=0

f BedS =0
aefb

For the surface dhgc,
z=1, B=(x+ 2ji + (1 - 3yi, + 2i, dS =dxdyi,
BedS =2dxdy

1 1
B-dS=f f 2dxdy =2
y=0 Jx=0

dhge

Finally,

ﬁB'dS=—2+3—1—2+0+2=0

D3.1. For each of the curves (8) y = %%, z = 0, (b) y = sin 0.57x, z = 0, and
(© x* + y* = 2,z = 0 in a region of electric field E = xi, + yi,, find the
approximate value of the work done by the field in carrying a 1 uC of charge
from the point (1, 1, 0) to the neighboring point on the curve whose x coordinate
is 1.1, by evaluating E » Al along a straight-line path.

Ans: 0.31 pJ; 0.0877 wJ; —0.0112 uJ

D3.2. For F = x(i, + i), find [ F + dl for the straight-line paths between the following
pairs of points from the first point to the second point: {(a) (0, 0, 0), (0, 1, 0);
(b) 1, 0, 0), (1, 1, 0); and (c) (0, 1, 0), (1, 1, 0).

Ans: 0; 1; 1/2

D3.3. Given the magnetic field B = (yi, — xi) Wb/m?, find the absolute value of
the magnetic flux crossing from one side to the other side of an infinitesimal
surface of area 0.001 m? at the point (1, 2, 1) for each of the following orientations:
(a) in the plane y = 2; (b) in the plane x + y + z = 4; and (c) normal to the
unit vector (0.6i, + 0.8i).

Ans: 1072 Wb; Ly 107 Wb; 0.4 x 107> Wb
V3

D3.4. For the vector field A = x(i, + i), find the absolute value of | A + dS over
the following plane surfaces: (a) square having vertices at (0, 0, 0), (0, 0, 1),
(0, 1, 1), and (0, 1, 0); (b) square having vertices at (1, 0, 0), (1, 0, 1), (1, 1, 1),
and (1, 1, 0); (c) square having vertices at (0, 0, 0), (1, 0, 0), (1, 0, 1), and
(0, 0, 1); and (d) triangle having vertices at (0, 0, 0), (1, 0, 0) and (0, 0, 1).
Ans: 0; 1; 1/2; 1/6

3.2 FARADAY'’S LAW

In the previous section we introduced the line and surface integrals. We are
now ready to consider Maxwell’s equations in integral form. The first equation,
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which we shall discuss in this section, is a consequence of an experimental
finding by Michael Faraday in 1831 that time-varying magnetic fields give rise
to electric fields and hence it is known as ‘‘Faraday’s law.”’ Faraday discovered
that when the magnetic flux enclosed by a loop of wire changes with time, a
current is produced in the loop, indicating that a voltage or an ‘‘electromotive
force,”” abbreviated as emf, is induced around the loop. The variation of the
magnetic flux can result from the time variation of the magnetic flux enclosed
by a fixed loop or from a moving loop in a static magnetic field or from a
combination of the two, that is, a moving loop in a time-varying magnetic

field.

Statement of In mathematical form, Faraday’s law is given by

Faraday’s

l d

w 55 E+dl = -—f B+dS (3.13)

c dtJs

where § is a surface bounded by the closed path C, as shown in Fig. 3.10.
In words, Faraday’s law states that ‘‘the electromotive force around a closed
path is equal to the negative of the time rate of change of the magnetic flux
enclosed by that path.”” There are certain procedures and observations of
interest pertinent to the application of (3.13). We shall discuss these next.

Right-hand 1. The magnetic flux on the right side is to be evaluated in accordance with

screw rule the “‘right-hand screw rule,”” abbreviated R.H.S rule, a convention which

is applied consistently for all electromagnetic field laws involving integration
over surfaces bounded by closed paths. The right-hand screw rule consists
of imagining a right-hand screw being turned around the closed path, as
illustrated in Fig. 3.11 for two opposing senses of paths, and using the
resulting direction of advance of the screw to evaluate the surface integral.
The application of this rule to the geometry of Fig. 3.10 means that in

Figure 3.10. For illustrating Faraday’s
law.

Figure 3.11. Right-hand screw rule
convention employed in the formula-
tion of electromagnetic field laws.

>

(a)
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evaluating the surface integral of B over S, the normal vector to the
differential surface dS should be directed as shown in that figure.

2. In evaluating the surface integral of B, any surface S bounded by C can
be employed. For example, if the loop C is a planar loop, it is not
necessary to consider the plane surface having the loop as its perimeter.
One can consider a curved surface bounded by C or any combination
of plane (or plane and curved) surfaces which together are bounded by
C, and which is sometimes a more desirable choice. To illustrate this
point, consider the planar loop PORP in Fig. 3.12(a). The most obvious
surface bounded by this loop is the plane surface POR inclined to the
coordinate planes. Now imagine this plane surface to be an elastic sheet
glued to the perimeter and pushed in toward the origin so as to conform
to the coordinate planes. Then we obtain the combination of the plane
surfaces OPQ, OQR, and ORP as shown in Fig. 3.12(b), which together
constitute a surface also bounded by the loop. To evaluate the surface
integral of B for the surface in Fig. 3.12(a), we need to make use of the
dS vector on that slant surface. On the other hand, for the geometry in
Fig. 3.12(b), we can use the (simpler) dS vectors associated with the
coordinate planes. The fact that any surface S bounded by a closed path
C can be employed to evaluate the magnetic flux enclosed by C implies
that the magnetic flux through all such surfaces is the same in order for
the emf around C to be unique. As we shall learn in Sec. 3.4, it is a
fundamental property of the magnetic field that the magnetic flux is the
same through all surfaces bounded by a given closed path.

(a) (b)

Figure 3.12. (2) A plane surface, and (b) a combination of three plane surfaces,
bounded by the closed path C.

3. The closed path C on the left side need not represent a loop of wire but
can be an imaginary contour. It means that the time-varying magnetic
flux induces an electric field in the region and this results in an emf
around the closed path. If a wire is placed in the position occupied by
the closed path, the emf will produce a current in the loop simply because
the charges in the wire are constrained to move along the wire.
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4. The minus sign on the right side together with the right-hand screw rule
ensures that ‘““Lenz’s law’’ is always satisfied. Lenz’s law states that
“‘the sense of the induced emf is such that any current it produces tends
to oppose the change in the magnetic flux producing it.”* It is important
to note that the induced emf acts to oppose the change in the flux and
not the flux itself. To clarify this, let us consider that the flux is into
the paper and increasing with time. Then the induced emf acts to produce
flux out of the paper. On the other hand, if the same flux is decreasing
with time, then the induced emf acts to produce flux into the paper.

5. If the loop C contains more than one turn, such as in an N-turn coil,
then the surface S bounded by the periphery of the loop takes the shape
of a spiral ramp, as shown in Fig. 3.13(a) for N equal to 2. This surface
can be visualized by taking two paper plates, cutting each of them along
a radius, as shown in Figs. 3.13(b) and (c), and joining the edge BO of
plate in (c) to the edge A'O of plate in (b). For a tightly wound coil,
this is equivalent to the situation in which N separate, identical, single-
turn loops are stacked so that the emf induced in the N-turn coil is N
times that induced in one turn. Thus for an N-turn coil,

= — —r 4
emf ; (31)

(a) (b) (c)

Figure 3.13. For illustrating the surface bounded by a loop containing two
turns.

where ¢ is the magnetic flux computed as though the coil is a one-turn
coil.

We shall now consider two examples to illustrate the determination of
induced emf using Faraday’s law, the first involving a stationary loop in a
time-varying magnetic field and the second involving a moving conductor in
a static magnetic field.

Example 3.3.
A time-varying magnetic field is given by
B = Bycos wt i,
where B, is a constant. Itis desired to find the induced emf around the rectangular

loop C in the xz-plane bounded by the lines x = 0,x=a,z=0,and z = b
as shown in Fig. 3.14.
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abB,,

abB,w

AV

—z
C
X X x X X
z=b
X X X X ¥ X
s (x] as
X x pd X x
-« B, cos wt iy
x=a Figure 3.14. A rectangular loop in the
x x x X X

xz-plane situated in a time-varying
magnetic field.

Choosing dS = dx dz i, in accordance with the right-hand screw rule and
using the plane surface S bounded by the loop, we obtain the magnetic flux
enclosed by the loop to be

b a
y= LB-dS = J’_OI_OBOCOSwtiy'ddeiy

b a
= B, cos wt f J dx dz = abB, cos wt
z=0 Jx=0

Note that since the magnetic flux density is uniform and normal to the plane of
the loop, this result could have been obtained by simply multiplying the area ab
of the loop by the component B, cos wt of the flux density vector. The induced
emf around the loop is then given by

§E°d1= —iIB'dS
c dt /s

= —%[ang cos wt] = abByw sin wt

The time-variations of the magnetic flux enclosed by the loop and the
induced emf around the loop are shown in Fig. 3.15. It can be seen that when
the magnetic flux enclosed by the loop into the paper is decreasing with time,

N\ N L

i
0 l i I 2 I 3 Figure 3.15. Time-variations of mag-
netic flux ¢ enclosed by the loop of
Fig. 3.14 and the resulting induced emf

around the loop.
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the induced emf is positive, thereby producing a clockwise current if the loop
were a wire. This polarity of the current gives rise to a magnetic field directed
into the paper inside the loop and hence acts to oppose the decrease of the
magnetic flux enclosed by the loop. When the magnetic flux enclosed by the
loop into the paper is increasing with time, the induced emf is negative, thereby
producing a counterclockwise current around the loop. This polarity of the
current gives rise to a magnetic field directed out of the paper inside the loop
and hence acts to oppose the increase of the magnetic flux enclosed by the loop.
These observations are consistent with Lenz’s law.

Example 3.4.

A rectangular loop of wire with three sides fixed and the fourth side movable
is situated in a plane perpendicular to a uniform magnetic field B = Byi,, as
illustrated in Fig. 3.16. The movable side consists of a conducting bar moving
with a velocity v, in the y-direction. It is desired to find the emf induced around
the closed path C of the loop.

X x x x x xB
C
X X X X X X
 x s [x]as —> %

X X X X X X

Figure 3.16. A rectangular loop of
Y x x X x x x wire with a movable side situated in a

uniform magnetic field.

Letting the position of the movable side at any time ¢ be y, + vpt and
considering dS = dx dy i, in accordance with the right-hand screw rule and using
the plane surface S bounded by the loop, we obtain the magnetic flux enclosed
by the loop to be

LB-dS= LBolz-dxdylz

! Yo+ Vol
= j.‘x=0j;:=0 Bodxdy

= Byl(yo + vpt)
Note that this result could also have been obtained as the product of the area
of the loop {y, + uvyf) and the flux density B, because of the uniformity of the

flux density within the area of the loop and its perpendicularity to the plane of
the loop. The emf induced around C is given by

il
jch dl 7 SB as

d
T (Bol(yo + vot)]

f

I

= “Bolvo
Note that if the bar is moving to the right, the induced emf is negative and
produces a current in the sense opposite to that of C. This polarity of the current
is such that it gives rise to a magnetic field directed out of the paper inside the
loop. The flux of this magnetic field is in opposition to the flux of the original
magnetic field and hence tends to oppose the increase in the magnetic flux
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enclosed by the loop. On the other hand, if the bar is moving to the left, v, is
negative, the induced emf is positive, and produces current in the same sense
as that of C. This polarity of current is such that it gives rise to a magnetic
field directed into the paper inside the loop. The flux of this magnetic field is
in augmentation to the flux of the original magnetic field and hence tends to
oppose the decrease in the magnetic flux enclosed by the loop. These observations
are once again consistent with Lenz’s law.

It is also of interest to note that the induced emf can also be interpreted
as being due to the electric field induced in the moving bar by virtue of its
motion perpendicular to the magnetic field. Thus a charge Q in the bar experiences
aforce F = Qv X B or Quyi, X Byi, = QuoByi,. To an observer moving with
the bar, this force appears as an electric force due to an electric field F/Q =
veBoi,. Viewed from inside the loop, this electric field is in the counterclockwise
sense. Hence the induced emf, which is the line integral of E along the bar, is
given by

! !
f=0 UOBOix o dx ix = .[—0 U()Bg dx = U()Bol

in the counterclockwise sense (that is, opposite to C), consistent with the result
deduced from Faraday’s law. This concept of induced emf is known as
the “motional emf concept,”” which is employed widely in the study of
electromechanics.

In the two examples we just discussed, we have implicitly illustrated the
principles behind two of the practical applications of Faraday’s law. These
are pertinent to the reception of radio and TV signals using a loop antenna
and electromechanical energy conversion.

That the arrangement considered in Example 3.3 illustrates the principle
of a loop antenna can be seen by noting that if the loop C were in the xy-
plane or in the yz-plane, no emf would be induced in it since the magnetic
flux density is then parallel to the plane of the loop and no flux is enclosed
by the loop. In fact, for any arbitrary orientation of the loop, only that
component of B normal to the plane of the loop contributes to the magnetic
flux enclosed by the loop and hence to the emf induced in the loop. Thus
for a given magnetic field, the voltage induced in the loop varies as the
orientation of the loop is changed, with the maximum occurring when the
loop is in the plane perpendicular to the magnetic field. Pocket AM radios
generally employ inside them a type of loop antenna consisting of many turns
of wire wound around a bar of magnetic material, and TV receivers generally
employ a single-turn circular loop for UHF channels. Thus for maximum
signals to be received, the AM radios and the TV loop antennas need to be
oriented appropriately. Another point of interest evident from Ex. 3.3 is that
the induced emf is proportional to w, the radian frequency of the source of
the magnetic field. Hence for the same voltage to be induced for a given
amplitude B, of the magnetic flux density, the area of the loop times the
number of turns is inversely proportional to the frequency.

What is undesirable for one purpose can sometimes be used to advantage
for another purpose. The fact that no voltage is induced in the loop antenna
when the magnetic field is parallel to the plane of the loop is useful for locating
the transmitter of a radio wave. Since the magnetic field of an incoming radio
wave is perpendicular to its direction of propagation, no voltage is induced
in the loop when its axis is along the direction of the transmitter. For a
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transmitter on the earth’s surface, it is then sufficient to use two spaced,
vertical, loop antennas and find their orientations for which no signals are
received. By then producing backward along the axes of the two loop antennas,
as shown by the top view in Fig. 3.17, the location of the transmitter can be
determined.

Loop 1
Transmitter
Figure 3.17. Top view of an arrange-
ment consisting of two loop antennas
for locating a transmitter of radio
Loop 2 waves.

That the arrangement considered in Ex. 3.4 is a simple example of an
electromechanical energy converter can be seen by recognizing that in view
of the current flow in the moving bar, the bar is acted upon by a magnetic
force. Since for positive v, the current flows in the loop in the sense opposite
to that of C and hence in the positive x-direction in the moving bar, and since
the magnetic field is in the z-direction, the magnetic force is exerted in the
i X i, or —i,-direction. Thus to keep the bar moving, an external force must
be exerted in the +i-direction, thereby requiring mechanical work to be done
by an external agent. It is this mechanical work that is converted into electrical
energy in the loop.

What we have just discussed is the principle of generation of electric
power by linear motion of conductor in a magnetic field. Practical electric
generators are of the rotating type. The principle of a rotating generator can
be illustrated by considering a rectangular loop of wire situated symmetrically
about the z-axis and rotating with angular velocity  around the z-axis in a
constant magnetic field B = Byi,, as shown in Fig. 3.18(a). Then noting from
the view in Fig. 3.18(b) that the magnetic flux ¢ enclosed by the loop at any
arbitrary value of time is the same as that enclosed by its projection onto the
yz-plane at that time, we obtain ¢ = ByA cos wf, where A is the area of the
loop and the situation shown in Fig. 3.18(a) is assumed for t = 0. The emf

z

YAXAAA Y
ARAAAS NS
28757

/ > )

* (b)
(a)

Figure 3.18. For illustrating the principle of a rotating generator.
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induced in the loop is —dy/dt, or wB,A sin wt. Thus the rotating loop in the
constant magnetic field produces an alternating voltage. The same result can
be achieved by a stationary loop in a rotating magnetic field. In fact, in most
generators, a stationary member, or stator, carries the coils in which the
voltage is induced, and a rotating member, or rotor, provides the magnetic
field. As in the case of the arrangment of Ex. 3.4, a certain amount of
mechanical work must be done to keep the loop rotating. It is this mechanical
work, which is supplied by the prime mover (such as a turbine in the case
of a hydroelectric generator or the engine of an automobile in the case of its
alternator) turning the rotor, that is converted into electrical energy.

There are numerous other applications of Faraday’s law, but we shall
discuss only one more before we conclude this section. This is the phenomenon
of “‘magnetic levitation,”” which shows promise for the future development
of rapid transit systems, employing trains that hover over their guideways
and do not touch rail.’”> Magnetic levitation arises from a combination of
Faraday’s law and Ampere’s force law. It can be explained and demonstrated
through a series of simple experiments, culminating in a current-carrying coil
lifting up above a metallic plate, as described in the following:

1. Consider a pair of coils (30 to 50 turns of #26 wire of about 4” diameter)
attached to nails on a piece of wood, as shown in Fig. 3.19. Set to zero
the output of a variable power supply obtained by connecting a variac
to the 110 V AC mains. Connect one output terminal (A) of the variac

Variac

Coil No. 1

110V AC

Figure 3.19. Experimental setup for demonstration of Ampere’s force law,
Faraday’s law, and the principle of magnetic levitation.

! Klaus Glatzel and Helmut Schulz, ““Transportation: The Promise of Maglev,” IEEE
Spectrum, March 1980, pp. 63-66.

2 Gil Klein, ‘“Train That Never Touches Rail Gains Momentum,”’ Christian Science Monitor
News Service, published in Champaign-Urbana (Illinois) News Gazette, February 2, 1983.
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to the beginnings (C; and C,) of both coils and the second output terminal
(B) to the ends (D, and D,) of both coils so that currents flow in the
two coils in the same sense. Apply some voltage to the coils by turning
up the variac and note the attraction between the coils. Repeat the
experiment by connecting A to C, and D, and B to C, and D, so that
currents in the two coils flow in opposite senses, and note repulsion this
time. What we have just described is Ampere’s force law at work. If
the currents flow in the same sense, the magnetic force is one of attraction,
and if the currents flow in opposite senses, it is one of repulsion, as
shown in Figs. 3.20(a) and (b), respectively, for straight wires, for the
sake of simplicity.

I I I
B F F B F B B F Figure 3.20. For explaining (a) force
I of attraction for currents flowing in the
(a) (b)

same sense and (b) force of repulsion
for currents flowing in opposite senses.

2. Connect coil No. 2 to variac and coil No. 1 to an oscilloscope to observe
induced voltage in coil No. 1, thereby demonstrating Faraday’s law.
Note change in induced voltage as variac voltage is changed. Also note
change in induced voltage by keeping variac voltage constant and moving
coil No. 1 away from coil No. 2 and/or turning it about the vertical.

3. Connect coil No. 2 to variac and leave coil No. 1 open circuited. Observe
that no action takes place as the variac voltage is applied to coil No. 2.
This is because although a voltage is induced in coil No. 1, no current
flows in it. Now short circuit coil No. 1 and repeat the experiment to
note repulsion. This is due to the induced voltage in coil No. 1 causing
a current flow in it in the sense opposite to that in coil No. 2, and hence
is a result of the combination of Faraday’s law and Ampere’s force law.
That the force is one of repulsion can be deduced by writing circuit
equations and showing that the current in the short-circuited coil does
indeed flow in the sense opposite to that in the excited coil. However,
it can be explained with the aid of physical reasoning as follows. When
both coils are excited in the same sense in part (1) of the demonstration,
the magnetic flux linking each coil is the sum of two fluxes in the same
sense, due to the two currents. When the two coils are excited in
opposite senses, the magnetic flux linking each coil is the algebraic sum
of two fluxes in opposing senses, due to the two currents. Therefore,
for the same source voltage and for the same pair of coils, the currents
that flow in the coils in the second case have to be greater than those
in the first case, for the induced voltage in each coil to equal the applied
voltage. Thus the force of repulsion in the second case is greater than
the force of attraction in the first case. Consider now the case of one
of the coils excited by source voltage, say, V., and the other short
circuited. Then the situation can be thought of as the first coil excited
by V,/2 and V,/2 in series, and the second coil excited by V,/2 and
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—V,/2 in series, thereby resulting in a force of attraction and a force
of repulsion. Since the force of repulsion is greater than the force of
attraction, the net force, according to superposition, is one of repulsion.

4. Now to demonstrate actual levitation, place a smaller coil (about 30 turns
of #28 wire of about 2" diameter) on a heavy aluminum plate (5" X 5"
x 4" as shown in Fig. 3.21. Applying only the minimum necessary
voltage and turning the variac only momentarily to avoid overheating,
pass current through the coil from the variac to see the coil levitate.
This levitation is due to the repulsive action between the current in the
coil and the induced currents in the metallic plate. Since the plate is
heavy and cannot move, the alternative is for the coil to lift up.

Aluminum
Plate

L.
>

To 110V AC
Through
Variac
/ Figure 3.21. Setup for demonstrating
| magnetic levitation.

D3.5. Given B = By(cos wt i, — sin t i) Wb/m?, find the induced emf around each
of the following rectangular closed paths: (a) (0, 0, 0) to (0, 0, 1) to(,0,1)
to (1, 0, 0) to (0, 0, 0); (b) (0, 0, 0) to (0, 1, 0) to (0, 1, 1) to (0, 0, 1) to
(0, 0, 0); and (c) (1, 0, 0) to (0, 1, 0) to (0, 1, 1) to (1, 0, 1) to (1, 0, 0).

Ans: oB, cos wt V; wBy sin wt V; \/2wB, cos (vt — w/4) V

D3.6. A square loop lies in the xy-plane forming the closed path C connecting the
points (0, 0, 0), (1, 0, 0), (1, 1, 0), (0, 1, 0), and (0, 0, 0) in that order. A
magnetic field B exists in the region. From considerations of Lenz’s law,
determine whether the induced emf around the closed path C at ¢t = 1 s is
positive, negative, or zero for each of the following magnetic fields, where By
is a positive constant: (a) B = Byti;; (b)) B = B, sin (mt — 30°) i,; and
(©) B = Bgte 'i,.

Ans: Negative; positive; zero

D3.7. For B = By cos wt i, Wb/m?, find the induced emf around the following closed
paths: (a) the closed path comprising the straight lines successively connecting
the points (0, 0, 0), (1, 0, 0), (1, 1, 0), (0, 1, 0), (0, 0, 0.01), and (0, 0, 0);
(b) the closed path comprising the straight lines successively connecting the
points (0, 0, 0), (1, 0, 0), (1, 1, 0), (0, 1, 0), (0, 0, 0.01), (1, 0, 0.01), (1, 1,
0.01), (0, 1, 0.01), (0, 0, 0.02), and (0, 0, 0), with a slight kink in the last straight
line at the point (0, 0, 0.01) to avoid touching the point; (c) the closed path
comprising the helical path r = 1/Vm, ¢ = 2 X 10°7t, z = ¢ from
(/v/m, 0, 0) to (1/\/mw, 0, 0.01) and the straightline path from
(1/\/=, 0, 0.01) to (1/\/m, 0, 0) with slight kinks to avoid touching the
helical path.

Ans: wB, sin wt V; 2B, sin ot V; 10wB, sin ot V

3.3 AMPERE'’S CIRCUITAL LAW

In the previous section we introduced Faraday’s law, one of Maxwell’s equations,
in integral form. In this section we introduce another of Maxwell’s equations
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in integral form. This equation, known as ‘‘Ampere’s circuital law,” is a
combination of an experimental finding of Oersted that electric currents generate
magnetic fields and a mathematical contribution of Maxwell that time-varying
electric fields give rise to magnetic fields. It is this contribution of Maxwell
that led to the prediction of electromagnetic wave propagation even before
the phenomenon was discovered experimentally. In mathematical form, Am-
pere’s circuital law is analogous to Faraday’s law and is given by

d
iH-dl = [I]s + thsD.dS (3.15)

where S is a surface bounded by C.

The quantity §c H ¢ dl on the left side of (3.15) is the line integral of
the vector field H around the closed path C. We learned in Sec. 3.1 that the
quantity $. E ¢ dl has the physical meaning of work per unit charge associated
with the movement of a test charge around the closed path C. The quantity
$c H * dl does not have a similar physical meaning. This is because the
magnetic force on a moving charge is directed perpendicular to the direction
of motion of the charge as well as to the direction of the magnetic field and
hence does not do work in the movement of the charge. By recalling that H
has the units of amperes per meter, we obtain the units of current (A) for
$c H « dl. However, by analogy with the name ‘‘electromotive force’’ for
$c E * dl, the quantity - H * dl is known as the ‘‘magnetomotive force,”
abbreviated as mmf.

The quantity [I.]s on the right side of (3.15) is the current due to flow
of free charges crossing the surface S. It can be a convection current such
as due to motion of a charged cloud in space or a conduction current due to
motion of charges in a conductor. It cannot be due to the polarization and
magnetization phenomena in a-material because the effects of these phenomena
are taken into account implicitly in the definitions of D and H, respectively.
While [1.]s can be filamentary current, surface current, or volume current, or
a combination of these, it is formulated in terms of the volume current density
vector, J, in the manner

[L])s = LJ°dS (3.16)

Just as the surface integral of the magnetic flux density vector B (Wb/m?)
over a surface S gives the magnetic flux (Wb) crossing that surface, the surface
integral of J (A/m?) over a surface § gives the current (A) crossing that surface.

The quantity fs D « dS on the right side of (3.15) is the flux of the vector
field D crossing S. Hence it is the displacement flux, or the electric flux,
crossing the surface S. By recalling that D has the units of coulombs per
meter squared, we obtain the units of charge (C) for the displacement flux.
Hence the quantity d/dt (fs D * dS) has the units of d/dt (charge) or current
and is known as the ‘‘displacement current.”” While in materials it includes
currents resulting from the polarization phenomena, in free space it is physically
not a current in the sense that it does not represent the flow of charges, but
it gives rise to the same effect as a current does, namely, producing a magnetic
field.
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We may now write (3.15) in the manner

%H-dl=fJ-dS+£J'D-dS (3.17)
c s dtJs
where we recall that
D = ¢E (3.18a)
H=B/u (3.18b)

and it is understood that [s J * dS, although formulated in terms of the volume
current density vector J, represents the algebraic sum of all currents due to
flow of charges crossing the surface S. If the current is due to conduction,
then

J=1J.=0E (3.18¢c)

In words, (3.17) states that the ‘‘magnetomotive force around a closed path
C is equal to the algebraic sum of the current due to flow of charges and the
displacement current bounded by C.”” The situation is illustrated in Fig. 3.22.
As in the case of Faraday’s law, there are certain procedures and ob-
servations pertinent to the application of (3.17). These are as follows.

'\\ Figure 3.22. For illustrating Ampere’s
circuital law.

1. The surface integrals on the right side of (3.17) are to be evaluated in
accordance with the R.H.S. rule, which means that for the geometry of
Fig. 3.22, the normal vector to the differential surface dS should be
directed as shown in the figure.

2. In evaluating the surface integrals, any surface S bounded by C can be
employed. However, the same surface must be employed for the two
surface integrals. It is not correct to consider two different surfaces to
evaluate the two surface integrals, although both surfaces may be bounded
by C.

Observation (2) implies that for the mmf around C to be unique, the sum
of the two currents (current due to flow of charges and displacement current)
through all possible surfaces bounded by C is the same. Let us now consider
two surfaces S, and S, bounded by the closed paths C; and C;, respectively,
as shown in Fig. 3.23, where C, and C, are traversed in opposite senses and
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Capacitor
circuit

ds, ds,

Figure 3.23. Two closed paths C, and
C, touching each other bounding sur-
faces S, and S,, respectively, which
together form a closed surface.

touch each other so that S, and S, together form a closed surface. The situation
may be imagined by considering the closed surface to be that of a potato and
C, and C, to be two rubber bands around the potato.

Applying Ampere’s circuital law to C; and S, and noting that dS, is
chosen in accordance with the R.H.S. rule, we have

_ if
350}1 dl—LlJ ds, + = | Deds, (3.192)

Similarly, applying Ampere’s circuital law to C, and S, and noting again that
dS, is chosen in accordance with the R.H.S. rule, we have

_ 4 f
iz H+dl = LI JedS, + 7 s, D« ds, (3.19b)
Now adding (3.19a) and (3.19b), we obtain

_ dﬁg
0= 3§sl+szJ ds+— ¢ Deds (3.20)

where the left side results from the fact that C; and C, are actually the same
path but traversed in opposite senses, so that the two line integrals are the
negatives of each other.

Since the closed surface S; + S, can be of any size and shape, we can
generalize (3.20) to write

d§ _
3&.] ds+dt SD dS =0

or

d
E%SD.dS = —ésJodS (3.21)

Thus the displacement current emanating from a closed surface is equal to
the current due to charges flowing into the volume bounded by that closed
surface.

An important example of the property given by (3.21) at work is in a
capacitor circuit, as shown in Fig. 3.24. In this circuit, the time-varying voltage
source sets up a time-varying electric field between the plates of the capacitor
and directed from one plate to the other. Therefore one can talk about dis-
placement current crossing a surface between the plates. According to (3.21)
applied to a closed surface S enclosing one of the plates as shown in the
figure,

d
7 3& D-dS = I(t) (3.22)
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Capacitor
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[ 1(¢)

Figure 3.24. A capacitor circuit for il-
lustrating that the displacement current

Measure-
ment of
dielectric
permittivity

t/ from one plate to the other is equal to
1463)] the wire current.

where I(¢) is the current (due to flow of charges in the wire) drawn from the
voltage source. Neglecting fringing effects and assuming that the electric field
is normal to the plates and uniform, we have, from (3.22),

d d
. £ D+dS = — (DA) = I() (3.23)

where A is the area of each plate. Thus, where the wire current ends on one
of the plates, the displacement current takes over and completes the circuit
to the second plate.

Since for a given electric field intensity the displacement flux density
between the plates of the capacitor varies with the permittivity of the dielectric,
Eq. (3.23) can be used as a basis for the measurement of the relative permittivity
of a dielectric material. We shall discuss the details of a simple experimental
demonstration of this technique in the following.

A schematic of the experimental setup is shown in Fig. 3.25. It consists
of a parallel-plate capacitor arrangement, made up of two 12" X 12" aluminum
sheets attached to wooden blocks spaced about 3" apart and driven by an AC
voltage generator in series with a resistor. By observing the voltage across
the resistor, the current through the circuit can be monitored. With no dielectric

Aluminum
Sheets

AC Voltage

Generator \~ Current
Monitor

" 1

TWWA f

| ; |

I |

| To Scope |

e A

Figure 3.25. Experimental setup for demonstration of measurement of the
relative permittivity of a dielectric material.
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between the plates, D = gE, and

_ij _ .1 %E
I(t)—dt AsoE as = gA ar

With a dielectric between the plates, D = sE = g,,E, and
d f dE
I(r) = 7t ) g, E*dS = ge5, A ar
Thus if the electric field between the plates is the same in both cases,
_ I(¢) with the dielectric
" I(?) without the dielectric

To maintain the same electric field between the plates, the voltage
(= [ E « d)) across the plates is ensured to be the same in both cases. The
procedure therefore consists of the following steps:

r

1. With the dielectric sample of the same size as the plates inserted between
the plates and the voltage source applied, measure the voltage across
the resistor and the voltage across the capacitor plates.

2. Without changing the spacing between the plates, pull the dielectric
sample out. Adjust the voltage source value such that the voltage across
the capacitor plates is the same as in (1). This can be omitted if the
value of the resistor is chosen such that the voltage drop across it is
only a small fraction of the source voltage. Measure the voltage across
the resistor.

3. Compute the ratio of the voltage across the resistor measured in (1) to
that measured in (2). This ratio is the relative permittivity e, of the
dielectric sample, at the frequency of the voltage source and to within
the assumptions made concerning the field between the plates.

In the experimental demonstration we just discussed, we maintained the
electric field intensity E between the plates constant and made use of the
variation of D and hence of I(f) with . Alternatively, if £ remains the same
and E changes, once again D and hence I(f) changes. This is the basis behind
the operation of a condenser microphone.

Condenser A condenser microphone consists of a tightly stretched but movable
microphone  metallic-plate diaphragm electrically insulated from a second fixed plate, as
shown in Fig. 3.26. A DC voltage is applied between the plates via a resistor.

Fixed
Plate ¢
I~ —~—
\
- . I Sound
- Waves
To
Amplifier
—~—
- It )
- ! Movable  Figure 3.26. Schematic of a condenser

Diaphragm microphone.

Sec. 3.3 Ampere’s Circuital Law 135



Radiation
from an
antenna

Sound waves impinging on the diaphragm cause it to vibrate, thereby changing
the spacing between the two plates. This in turn changes the electric field
between the plates, resulting in a change in the displacement current and
hence in the wire current through the resistor. The voltage fluctuations across
the resistor are picked up and amplified.

Let us now return to Ampere’s circuital law (3.17) and examine it together
with Faraday’s law (3.13). To do this, we repeat the two laws

i gJ‘ . :
iE dl = ~ SB das (3.24)

ﬁH-d|=fJ-ds+—d—fD-ds (3.25)
c s dt /s

and observe that time-varying electric and magnetic fields are interdependent,
since according to Faraday’s law (3.24), a time-varying magnetic field produces
an electric field, whereas according to Ampere’s circuital law (3.25), a time-
varying electric field gives rise to a magnetic field. In addition, Ampere’s
circuital law tells us that an electric current generates a magnetic field. These
properties form the basis for the phenomena of radiation and propagation of
electromagnetic waves. To provide a simplified, qualitative explanation of
radiation from an antenna, we begin with a piece of wire carrying a time-
varying current, I(t), as shown in Fig. 3.27. Then, the time-varying current
generates a time-varying magnetic field H(#), which surrounds the wire. Time-

I(t)

Figure 3.27. Two views of a simplified
depiction of electromagnetic wave ra-
diation from a piece of wire carrying a
N time-varying current.
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varying electric and magnetic fields, E(f) and H(z), are then produced in succes-
sion, as shown by two views in Fig. 3.27, thereby giving rise to electromagnetic
waves. Thus just as water waves are produced when a rock is thrown in a
pool of water, electromagnetic waves are radiated when a piece of wire in
space is excited by a time-varying current.

D3.8. Find the displacement current crossing an area of 0.1 m? normal to the field
at t = 1 s for each of the following cases: (a) E = 0.1ti, V/m, ¢ = g;

-3
b E = % sin 2 x 10°% i, V/m, ¢ = 2.25g0; and (c) E = 0.1, V/m,
w

£ = &.
Ans: 0.01gy A; 2256 A; 0

D3.9. Three point charges 04(z), 0.(¢), and Qs(2) situated at the corners of an equilateral
triangle of sides 1 m are connected to each other by means of wires with
currents flowing as follows: I A from Q, to @, 41 A from Q, to Q;, and 2] A
from Q5 to Q,. Find the displacement current from each of the spherical surfaces
of radii 0.1 m and centered at (a) the point charge Q,, (b) the point charge
0;, and (c) the point charge Q,.
Ans: T A; —3I A;2I A

3.4 GAUSS’ LAWS AND THE LAW OF CONSERVATION OF
CHARGE

Gauss’ law
for the
electric field

Evaluation
of volume
integral

In the previous two sections we learned two of the four Maxwell’s equations.
These two equations have to do with the line integrals of the electric and
magnetic fields around closed paths. The remaining two Maxwell’s equations
are pertinent to the surface integrals of the electric and magnetic fields over
closed surfaces. These are known as Gauss’ laws.

Gauss’ law for the electric field states that ‘‘the displacement flux emanating
from a closed surface S is equal to the charge contained within the volume
V bounded by that surface.”” This statement, although familiarly known as
Gauss’ law, has its origin in experiments conducted by Faraday. In mathematical
form, it is given by

ffsn- ds = [Qly (3.26)

The quantity [Qly is the free charge contained within the volume V bounded
by §. It can be free charge such as in a charged cloud or in a conductor. It
cannot be due to the polarization phenomenon in a dielectric material since
the effect of this phenomenon is taken into account implicitly in the definition
of D. While [Q]y can be a point charge, surface charge, or volume charge,
or a combination of these, it is formulated as the volume integral of the volume
charge density p, that is, in the manner

ol = [ pas 6.27)

The volume integral is a triple integral since dv is the product of three
differential lengths. For an illustration of the evaluation of a volume integral,
let us consider

p=@kx+y+2C/m
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and the cubical volume V bounded by the planes x = 0, x = 1,y = 0,
=1,z = 0, and z = 1. Then the charge Q contained within the cubical

volume is given by

1 1 1
Q=fpdv=f J’ f (x+y+2dxdydz
x=0Jy=0Jz=0

Vv

1 1 2771
Z
—L=0 o [xz+yz+ 2] dx dy

x=0
_3
2
We may now write Gauss’ law for the electric field (3.26) in the manner
éD-dS=f pdv (3.28)
S v
where we recall that
D =cE

and it is understood that [, p dv, although formulated in terms of the volume
charge density p, represents the algebraic sum of all free charges contained
within V. The situation is illustrated in Fig. 3.28.

Gauss’ law Gauss’ law for the magnetic field is analogous to Gauss’ law for the
for the electric field and is given by
magnetic
feld § Brds =0 (3.29)
)/ |/ / //D
T
T
N / )
e \,«
-~ ° (3
. \ds

- te
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law for the electric field.



In words, (3.29) states that ‘‘the magnetic flux emanating from a closed surface
is equal to zero.”” In physical terms, (3.29) signifies that magnetic charges
do not exist and magnetic flux lines are closed. Whatever magnetic flux enters
(or leaves) a certain part of a closed surface must leave (or enter) through
the remainder of the closed surface, as illustrated in Fig. 3.29.

This property of the magnetlc field is sometimes useful in the computation
of magnetic flux crossing a given surface (which is not closed). For example,
to find the magnetic flux crossing the slanted plane surface S, in Fig. 3.30, it
is not necessary to evaluate formally the surface integral of B over that surface.
Since the slant surface S, and the three surfaces S,, S5, and S, in the coordinate
planes together form a closed surface, the required flux is the same as the
net flux crossing the surfaces S,, S5, and §,. In fact, the net flux crossing
the surfaces §;, S5, and S, is the same as that crossing any nonplanar surface
having the same periphery as that of §,. Thus as already pointed out in
Sec. 3.2, it is a fundamental property of the magnetic field that the magnetic
ﬂux is the same through all surfaces bounded by a closed path, and hence

‘““‘any surface § bounded by closed path C’’ can be used in Faraday’s law.

WA

}wrv+\ﬁ

s \/\\ |

. . s Figure 3.30. A slanted plane surface
Figure 3.29. For illustrating Gauss S, and surfaces S,, S,, and S, in the
law for the magnetic field. coordinate planes.

In view of the foregoing discussion, it can be seen that Gauss’ law for
the magnetic field is not independent of Faraday’s law. To show this math-
ematically, we consider the geometry shown in Fig. 3.23 and apply Faraday’s
law to the two closed paths to write

Al
§C1E.dl_ _d[ SlB dSl

il
E«dl = _Zt SzB dSZ

C2
Adding the two equations, we obtain
0= _d B+dS

dt Jsi+s:
or

jg B * dS = constant with time (3.30)
S1+S2
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Since there is no experimental evidence that the right side of (3.30) is nonzero,
it follows that

éB'dS=0
s

where we have replaced S, + S, by S.
Law of In a similar manner, Gauss’ law for the electric field is not independent
conservation of Ampere’s circuital law in view of the ‘“law of conservation of charge.”
of charge The law of conservation of charge states that ‘‘the net current due to flow of
charges emanating from a closed surface S is equal to the time rate of decrease
of the charge within the volume V bounded by S.”” It is given in mathematical
form by

d
fﬁsJ'dS = — thvp dv (3.31)

As illustrated in Fig. 3.31, this law follows from the property that electric
charge is conserved. If the charge in a given volume is decreasing with time
at a certain rate, there must be a net outflow of the charge at the same rate.
Since current is defined to be rate of flow of charge, (3.31) then follows. As
in the case of (3.17), it is understood that § J « dS in (3.31), although formulated
in terms of J, represents the algebraic sum of all currents due to flow of
charges crossing S.

Figure 3.31. For illustrating the law
of conservation of charge.

Comparing (3.21) and (3.31), we obtain

d d
Zi_t SD as = -(Tt Vp dv
i jg DedS — f dv] =0
dt \Js yP)=
J; D+dS - fv p dv = constant with time (3.32)

Since there is no experimental evidence that the right side of (3.32) is nonzero,
it follows that

iD-dS = fvpdv
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Thus since (3.21) follows from Ampere’s circuital law, Gauss’ law for the
electric field follows from Ampere’s circuital law with the aid of the law of
conservation of charge.

We shall now illustrate the combined application of Gauss’ law for the
electric field, the law of conservation of charge, and Ampere’s circuital law
by means of an example.

Example 3.5.
Let us consider current / A flowing from a point charge Q(f) at the origin to
infinity along a semi-infinitely long, straight wire occupying the positive z-axis,
and find $c H « dl where C is a circular path of radius a lying in the xy-plane
and centered at the point charge, as shown in Fig. 3.32.
Considering the hemispherical surface S bounded by C, and above the xy-
plane, as shown in Fig. 3.32, and applying Ampere’s circuital law, we obtain

_ if
fﬁCH dl=1+2 | Deds (3.33)

From Gauss’ law for the electric field, the displacement flux emanating from a
spherical surface centered at the point charge is equal to Q. In view of the
spherical symmetry of the electric field about the point charge, half of the flux
goes through the hemispherical surface. Thus

vis=2
L De+dS = > (3.34)
From the law of conservation of charge applied to a spherical surface centered

at the point charge,

- _ %
1= -~ (3.35)

Substituting (3.34) into (3.33) and then using (3.35), we obtain
7. 2(2
fﬁCH dl=1 + o <2>

Figure 3.32. A semi-infinitely long
wire of current I, with a point charge
Q(¢) at the origin.
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D3.10.

D3.11.

D3.12.

Several types of charge are located, in Cartesian coordinates, as follows: a
point charge of 1 uC at (0.6, 0.9, 0), a line charge of uniform density — 1 wC/m
along the straight line from (0.6, 0, 2.1) to (0.6, 0, —0.9), and a surface charge
of uniform density 3/7 wC/m’ on the plane surface within the circle of radius
0.9 m, in the z = —0.6 m plane, having its center on the z-axis. Find the
displacement flux emanating from each of the following closed surfaces:
(a) surface of the cubical box bounded by the planes x = =1,y = =1, and
z = =1; (b) surface of the cylindrical box of radius unity, having the z-axis
as its axis and lying between z = —1 and z = 1; and (c) spherical surface of
radius unity, centered at the origin.

Ans: 1.53 uC; 0.53 uC; 0.32 uC

Magnetic fluxes {5, ¥, ¥, and s, emanate from the four surfaces S, S,
S;, and S, comprising a closed surface S. It is known that @ + ¥, = U,
W, + ¥ = Siy, and ¥ + Y = 2. Find the values of (a) ¢, (b) ¥,
() ¥3, and (d) ..

Ans: 455 — s Yo; — 240

Three point charges Q,(f), Ox(f), and Qs(?) are situated at the vertices of a
triangle and are connected to each other by means of wires carrying currents.
A current of I A flows from Q, to @, and 3I A flows from Q; to @;. The
charge Q, is increasing with time at the rate of 2 C/sec. Find the following:
(a) the current flowing from Q, to Qs; (b) é‘%; and (¢) %

Ans: —I A;2I C/s; —4I C/s

3.5 APPLICATION TO STATIC FIELDS

Maxwell’s

static fields

For static fields, that is, for d/dt = 0, Maxwell’s equations in integral form
equations for become

jch-dl =0 (3.362)
3£CH-dl = LJ-dS (3.36b)
f}gsn-ds - fvpdv (3.36¢)
fﬁsB-ds =0 (3.36d)

whereas the law of conservation of charge becomes

iJ'a’S =0 (3.37)

It can be immediately seen from (3.36a)—(3.36d) that the interdependence
between the electric and magnetic fields no longer exists. Equation (3.36a)
tells us simply that the static electric field is a conservative field. Likewise,
Eq. (3.36d) tells us that the magnetic flux is the same through all surfaces

bounded by a closed path. On the other hand, Egs. (3.36¢) and (3.36b) enable

us to find the static electric and magnetic fields for certain time-invariant
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charge and current distributions, respectively. These distributions must be
such that the resulting electric and magnetic fields possess symmetry to be
able to replace the integrals on the left sides of (3.36¢) and (3.36b) by alge-
braic expressions involving the components of electric and magnetic fields,
respectively.

In addition, in the case of (3.36b) the current on the right side must be
uniquely given for a given closed path C, which property is ensured by (3.37).
An example in which this current is uniquely given is that of the infinitely
long wire in Fig. 3.33(a). This is because the current crossing all possible
surfaces bounded by the closed path C is equal to I since the wire, being
infinitely long, pierces through all such surfaces. This can also be seen in a
different manner by imagining the closed path to be a rigid loop and visualizing
that the loop cannot be moved to one side of the wire without cutting the
wire. On the other hand, if the wire is finitely long, as shown in Fig. 3.33(b),
it can be seen that for some surfaces bounded by C, the wire pierces through
the surface, whereas for some other surfaces, it does not. Alternatively, a
rigid loop occupying the closed path can be moved to one side of the wire
without cutting the wire. Thus for this case, there is no unique value of the
wire current enclosed by C and hence (3.36b) cannot be used to determine
H. The problem here is that (3.37) is not satisfied since for current to flow
in the finitely long wire, there must be time-varying charges at the two ends,
thereby giving rise to time-varying electric field. Hence a displacement current
exists in addition to the wire current such that the algebraic sum of the two
currents crossing all surfaces bounded by C is the same and requires the use
of (3.17).

From oo

I
C
Figure 3.33. For illustrating that the
current enclosed by a closed path C is
® uniquely given in (a) but not in (b).

We shall now illustrate the application of (3.36¢c) and (3.36b) by means
of some examples.

Example 3.6.
D due to a Let us consider charge distributed uniformly with density p,o C/m along the z-
line charge axis and find the electric field due to the infinitely long line charge using (3.36c¢).
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Let us consider the closed surface S of a cylinder of radius r, with the
line charge as its axis and extending fromz = 0 toz = 1, as shown in Fig. 3.34.

Figure 3.34. For the determination of
electric field due to an infinitely long

line charge of uniform density p,o
C/m.

Then according to (3.36c¢),

%S De+dS = PLOI (3.38)

While this result is valid for any closed surface enclosing the portion of the line
charge from z = 0 to z = [, we have chosen the particular surface in Fig. 3.34
to be able to reduce the surface integral of D in (3.36¢) and hence in (3.38) to
an algebraic quantity. To do this, we note the following:

(a) In view of the uniform charge density, the entire line charge can be thought
of as the superposition of pairs of equal point charges located at equal
distances above and below any given point on the z-axis. Hence the field
due to the entire line charge has only a radial component independent of
¢ and z.

(b) In view of (a), the contribution to the closed surface integral from the top
and bottom surfaces of the cylindrical box is zero.

Thus we have

D = D,(nj,
and

2 !
i D-dS= L=0 £=0D’(r)l' rdg dzi,

(3.39)
= 2arlDAr)
Comparing (3.38) and (3.39), we obtain

2urID(r) = prol

_ Pro

D r(r ) - 27Tr
p = £, (3.40)

2mr

The field varies inversely with the radial distance away from line charge.
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D due to a
spherical
volume
charge

Example 3.7.

Let us consider charge distributed uniformly with density p, C/m’ in the spherical
region r = g, as shown by the cross-sectional view in Fig. 3.35, and find the
electric field due to the spherical charge by using (3.36¢).

Figure 3.35. For the determination of
electric field due to a spherical charge
S of uniform density p, C/m”’.

As in Ex. 3.6, we shall once again choose a surface S that enables the
replacement of the surface integral in (3.36¢c) by an algebraic quantity. To do
this, we note from considerations of symmetry, and of the spherical charge as
a superposition of point charges, that D possesses only an r-component dependent
upon r only. Thus

D = D,(r)ji,

Choosing then a spherical surface of radius r centered at the origin, we obtain
T 2

§ D+dS = f f DJr)i,* r? sin’ 6 d@ d¢ i,
s 0=0 Jo=0

= 47r’DJr)

Noting that the charge exists only for r < a, and with uniform density, we obtain
the charge enclosed by the spherical surface to be

;lwr3p0 forr=a
Joar =13

(3.41)

(3.42)
3 ma’p, forr=a
Substituting (3.41) and (3.42) into (3.36¢c), we get
gﬂ'r3p0 forr=a
4mr’Dfr) = {3
517a’p0 forr=a
_ lper/3 forr=a
D) {poa3/3r2 forr=a
_J(por/3)i, forr=a
- {(p0a3/3r2)i, forr=a (3.43)

The variation of D, with r is shown plotted in Fig. 3.36.

Sec. 3.5  Application to Static Fields 145



1
3 Pot

1
12 Pod

H due to a
cylindrical
wire of
current

A Dr
_______ |
|
|
[
i
/o _1. ______
{
| ! | » r  Figure 3.36. Variation of D, with r
0 a 2a 3a for the spherical charge of Fig. 3.35.
Example 3.8.
Let us consider current flowing with uniform density J = Jyi, A/ m? in an infinitely
long, solid, cylindrical wire of radius a with its axis along the z-axis, as shown
by the cross-sectional view in Fig. 3.37. We wish to find the magnetic field
everywhere using (3.36b).

The current distribution can be thought of as the superposition of infinitely
long filamentary wires parallel to the z-axis. Then in view of the symmetry about
the z-axis and from the nature of the magnetic field due to an infinitely long wire
given by (2.22), we can say that the required H has only a ¢ component dependent
upon r only. Thus

H = Hy(i,

v
7/
e
X
X 7
X x
x I’ r<a
X P X
x VX
X
X
AN
X - L
X Figure 3.37. For the determination of
r>a magnetic field due to an infinitely long,

solid, cylindrical wire of uniform cur-
— rent density Joi, A/m’.

Choosing then a circular closed path C of radius r lying in the xy-plane and
centered at the origin, we obtain

27
jgc Hedl= oo Hy(ig s rdd i,

= 27TrH¢(r)

Considering the plane surface bounded by C, and noting that the current exists
only for r < a, we obtain the current enclosed by the closed path to be

(3.44)

r 2
j Joi,ordrdgi, forr=a
LJ’dS = fa=0 4:21=r0 009
fr=0 ¢=0J0iz crdr dd) i, forr=a
= ‘10777'2 forr=a
Jora® forr=a
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Substituting (3.44) and (3.45) into (3.36b), we get
Jimrt forr=a
Jgra® forr=a

_Jhr/2  forr=a
¢ 7 \Jyd/2r forr=a

27Ter, = {

_ JWUer/Diy  forr=a

B {(Jan/ 2ni, forr=a (3.46)

The variation of H, with r is shown plotted in Fig. 3.38.
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D3.13. Charge is distributed with uniform density p, C/m’ inside a regular solid of
edges a. Find the displacement flux emanating from one side of the solid
for each of the following shapes for the solid: (a) tetrahedron; (b) cube; and
(¢) octahedron.

Ans: 0.0295a°py; 0.1667a°p,; 0.05894°p,

D3.14. The cross section of an infinitely long, solid wire having the z-axis as its axis
is a regular polygon of sides a. Current flows in the wire with uniform density
J = Joi, A/m’. Find the line integral of H along one side of the polygon and
traversed in the sense of increasing ¢ for each of the following shapes for the
polygon: (a) equilateral triangle; (b) square; and (c) hexagon.
Ans: 0.14434%J,; 0.254%T,; 0.4334%),

3.6 BOUNDARY CONDITIONS

Boundary
condition
explained

In our study of electromagnetics, we will be considering many problems involving
more than one medium. Examples are reflections of waves at an air-dielectric
interface, determination of capacitance for a multiple-dielectric capacitor, and
guiding of waves in a metallic waveguide. To solve a problem involving a
boundary surface between different media, we need to know the conditions
satisfied by the field components at the boundary. These are known as the
“boundary conditions.”” They are a set of relationships relating the field
components at a point adjacent to and on one side of the boundary to the
field components at a corresponding point adjacent to and on the other side
of the boundary. These relationships arise from the fact that Maxwell’s equations
in integral form involve closed paths and surfaces and they must be satisfied
for all possible closed paths and surfaces whether they lie entirely in one
medium or encompass a portion of the boundary between two different media.
In the latter case, Maxwell’s equations in integral form must be satisfied
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collectively by the fields on either side of the boundary, thereby resulting in
the boundary conditions.

We shall derive the boundary conditions by considering the Maxwell’s
equations

_ if

3€cE dl = — 7 SB das (3.47a)
ﬂ;H-dl=JJ-dS+ifD-dS (3.47b)
c s dtJs

éD-dS = f pdv (3.47¢)
S v

iB «dS=0 (3.47d)

and applying them one at a time to a closed path or a closed surface encompassing
the boundary, and in the limit that the area enclosed by the closed path, or
the volume bounded by the closed surface goes to zero. Thus let us consider
two semi-infinite media separated by a plane boundary, as shown in Fig. 3.39.
Let us denote the quantities pertinent to medium 1 by subscript 1 and the
quantities pertinent to medium 2 by subscript 2. Let i, be the unit normal
vector to the surface and directed into medium 1, as shown in Fig. 3.39, and
let all normal components of fields at the boundary in both media denoted by
an additional subscript n be directed along i,. Let the surface charge density
(C/m? and the surface current density (A/m) on the boundary be ps and
J,, respectively. Note that, in general, the fields at the boundary in both
media and the surface charge and current densities are functions of position
on the boundary.

Medium 1

Figure 3.39. For deriving the bound-

ary conditions resulting from Faraday’s
Medium 2 law and Ampere’s circuital law.

First, we consider a rectangular closed path abcda of infinitesimal area
in the plane normal to the boundary and with its sides ab and cd parallel to
and on either side of the boundary, as shown in Fig. 3.39. Applying Faraday’s
law (3.47a) to this path in the limit that ad and bc — 0 by making the area
abcﬁ tend to zero but with ab and cd remaining on either side of the boundary,
we have

lim Eedl = — lim 4 f B+dS (3.48)
ad—0 ad—0 dt
be—o0 abeda beo0 area

abed
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tangential

In this limit, the contributions from ad and bc to the integral on the left side
of (3.48) approach zero. Since ab and cd are infinitesimal, the sum of the
contributions from ab and cd becomes [E,,(ab) + E, (cd)], where E,, and
E., are the components of E; and E, along ab and cd, respectively. The right
side of (3.48) is equal to zero since the magnetic flux crossing the area abcd
approaches zero as the area abcd tends to zero. Thus Eq. (3.48) gives

E (ab) + E_i(cd) =0

or, since ab and cd are equal, and E;, = —E,,,
Ey —E;=0 (3.49)
Let us now define i, to be the unit vector normal to the area abed and in the
direction of advance of a right-hand screw as it is turned in the sense of the

closed path abcda. Noting then that i, X i, is the unit vector along ab, we
can write (3.49) as

is X in.(El - EZ) =0
Rearranging the order of the scalar triple product, we obtain
is.in X (E1 - Ez) = 0 (3.50)

Since we can choose the rectangle abed to be in any plane normal to the
boundary, (3.50) must be true for all orientations of i;. It then follows that

in X (E] - Ez) =0 (3.51a)

or, in scalar form,

E,-E;=0 (3.51b)

where E, and E, are the components of E, and E,, respectively, tangential
to the boundary. In words, Egs. (3.51a) and (3.51b) state that at any point
on the boundary, the components of E, and E, tangential to the boundary
are equal.

Similarly, applying Ampere’s circuital law (3.47b) to the closed path
abcda in the limit that ad and bc — 0, we have

lim H+dl = lim J*dS + lim d f D-dS (3.52)
ad—0 ad—0 ad—0 dt
bc—0 abeda bc—0 :;;Za be—0 :;z;

Using the same argument as for the left side of (3.48), we obtain the quantity
on the left side of (3.52) to be equal to [Hy(ab) + H./[cd)], where H,, and
H,, are the components of H, and H, along ab and cd, respectively. The
second integral on the right side of (3.52) is zero since the displacement flux
crossing the area abcd approaches zero as the area abed tends to zero. The
first integral on the right side of (3.52) would also be equal to zero but for a
contribution from the surface current on the boundary because letting the area
abcd tend to zero with ab and cd on either side of the boundary reduces only
the volume current, if any, enclosed by it to zero, keeping the surface current
still enclosed by it. This contribution is the surface current flowing normal
to the line which abcd approaches as it tends to zero, that is, [Jg * i,J(ab).
Thus Eq. (3.52) gives

Hyp(ab) + H,(cd) = (Js+ i) (ab)
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or, since ab and cd are equal and H,, = —H_4,
H, — Hye = Js*i (3.53)

In terms of H, and H,, we have

ip X i, (H; — Hp) = Js*i
or

iei, x (H, — Hy) =1i,°Js (3.54)
Since (3.54) must be true for all orientations of i,, that is, for a rectangle abcd
in any plane normal to the boundary, it follows that

in X (Hl - Hz) = JS (3.553)

or, in scalar form,

Hy, — Hyp = Js (3.55b)

where H,, and H, are the components of H; and H,, respectively, tangential
to the boundary. In words, Egs. (3.55a) and (3.55b) state that at any point
on the boundary, the components of H, and H, tangential to the boundary
are discontinuous by the amount equal to the surface current density at that
point. It should be noted that the information concerning the direction of J;
relative to that of (H, — H,), which is contained in (3.55a), is not present in
(3.55b). Thus in general, (3.55b) is not sufficient, and it is necessary to use
(3.55a).

Now, we consider a rectangular box abcdefgh of infinitesimal volume
enclosing an infinitesimal area of the boundary and parallel to it, as shown in
Fig. 3.40. Applying Gauss’ law for the electric field (3.47¢) to this box in the
limit that the side surfaces (abbreviated ss) tend to zero by making the volume
of the box tend to zero but with the sides abcd and efgh remaining on either
side of the boundary, we have

lim § D+dS = lim j pdv (3.56)
s5—0 ss—0
surface volume
of the box of the box

Medium 1

Figure 3.40. For deriving the bound-

ary conditions resulting from the two
Medium 2 Gauss’ laws.

In this limit, the contributions from the side surfaces to the integral on the
left side of (3.56) approach zero. The sum of the contributions from the top
and bottom surfaces becomes [D,;(abcd) — D, (efgh)] since abcd and efgh
are infinitesimal. The quantity on the right side of (3.56) would be zero but
for the surface charge on the boundary since letting the volume of the box
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tend to zero with the sides abcd and efgh on either side of it reduces only
the volume charge, if any, enclosed by it to zero, keeping the surface charge
still enclosed by it. This surface charge is equal to pg(abcd). Thus Eq. (3.56)
gives

D,\(abcd) — D,(efgh) = ps(abed)

or, since abcd and efgh are equal,

D,, - D,, = ps (3.57a)

In terms of D, and D,, (3.57a) is given by

i,*M; — D,) = ps (3.57b)

In words, Eqs. (3.57a) and (3.57b) state that at any point on the boundary,
the components of D, and D, normal to the boundary are discontinuous by
the amount of the surface charge density at that point.

Similarly, applying Gauss’ law for the magnetic field (3.47d) to the box
abcdefgh in the limit that the side surfaces tend to zero, we have

lim % B+dS =0 (3.58)
ss=0 surface

of the box
Using the same argument as for the left side of (3.56), we obtain the quantity
on the left side of (3.58) to be equal to [B,,(abcd) — B(efgh)l. Thus,
Eq. (3.58) gives
B,(abcd) — B,(efgh) = 0

or, since abcd and efgh are equal,

B,-B,=0 (3.59a)

In terms of B, and B,, (3.59a) is given by

i,*B, —B) =0 (3.5%9b)

In words, Eqgs. (3.59a) and (3.59b) state that at any point on the boundary,
the components B, and B, normal to the boundary are equal.
Summarizing the boundary conditions, we have

i, X (B, —E) =0 (3.60a)

i, x (H, — Hy) = Jg (3.60b)

i,*(D; — Dy = ps (3.60c)

i,*(B, —B) =0 (3.60d)

or, in scalar form,

E,—-E;=0 (3.61a)

H,—-H,=1J; (3.61b)

D,, — D,, = ps (3.61¢)

B,—-B,=0 (3.61d)
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Although we have derived these boundary conditions by considering a plane
interface between the two media, it should be obvious that we can consider
any arbitrary-shaped boundary and obtain the same results by letting the sides
ab and cd of the rectangle and the top and bottom surfaces of the box tend
to zero, in addition to the limits that the sides ad and bc of the rectangle and
the side surfaces of the box tend to zero. The boundary conditions given by
(3.602)—(3.60d) are general. When they are applied to particular cases, the
special properties of the pertinent media come into play. Two such properties
are that (a) no time-varying fields can exist inside a perfect conductor
(¢ = o) and (b) there can be no free charge and no current due to motion
of free charges associated with the surface of a perfect dielectric (o = 0).
We shall now consider an example.

Example 3.9.
In Fig. 3.41, the region x < 0 is a perfect conductor, the region 0 < x < d is
a perfect dielectric of e = 2gy and u = g, and the region x > d is free space.
The electric and magnetic fields in the region 0 < x < d are given at a particular
instant of time by

E = E, cos wrx sin 2wz i, + E, sin 7rx cos 27z i,

H = H, cos nx sin 27z i,
We wish to find (a) ps and Js on the surface x = 0 and (b) E and H for x =
d+, that is, immediately adjacent to the x = d-plane and on the free-space side,
at that instant of time.

(a) Denoting the perfect dielectric medium (0 < x < d) to be medium 1 and
the perfect conductor medium (x < 0) to be medium 2, we have i, = i,
and all fields with subscript 2 are equal to zero. Then from (3.60c) and

(3.60b), we obtain
in ¢ [Dl]x=0

ix . 280E1 sin 27z ix

1l

[psli=o

= 280E1 Sin 27TZ
[Isli=0 = in X [Hili—o

=i, X H,sin2nzi,

= H, sin 27wz i,
Note that the remaining two boundary conditions (3.60a) and (3.6Ud) are
already satisfied by the given fields since E, and B, do not exist and for
x=0,E =0

(b) Denoting the perfect dielectric medium (0 < x < d) to be medium 1 and

Free Space
€0, Mo

Perfect Dielectric

2¢eg, Mg XI
A Figure 3.41. For illustrating the appli-

y ; ...
Perfect Conductor cation of boundary conditions.
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the free space medium (x > d) to be medium 2 and setting pg = 0, we
obtain from (3.61a) and (3.61c)

[Eeas = [Eics- = 0
[EJica+ = [E)i—4- = E, sin wrd cos 27z
D)icas = [Di)icy- = 2g0[E)c—a-

= 2gE; cos 7d sin 27z

1
[Ex]x=d+ = - [Dx]x=d+
€0

= 2E,; cos wd sin 27z
Thus
[Eli=4+ = 2E, cos wd sin 2az i, + E, sin nd cos 2wz i,
Setting Js = 0 and using (3.61b) and (3.61d), we obtain
[H],—4+ = [H)iyq. = H, cos md sin 27z
[H)i-a = [H]i-a- =0

[Bx]x=d+ = [Bx]x=d— = 0
Thus
[H],—4. = H, cos 7d sin 27z i,

D3.15. For each of the following values of the displacement flux density at a point on
the surface of a perfect conductor (no electric field inside and hence E, = 0
on the surface), find the surface charge density at that point: (a) D = Dy(i, +
2i, — 2i,) and pointing away from the surface; (b) D = Dy0.6i, — 0.8i,) and
pointing toward the surface; and (c) D = Do(\/3i, + i,) and pointing away
from the surface. Assume D, to be positive for all cases.

Ans: 3Dy; —Dy; 2D,

D3.16. The region x > 0 is a perfect dielectric of permittivity 2e,, and the region
x < 0 is a perfect dielectric of permittivity 4e,. Consider the field components
at point 1 on the +x side of the boundary to be denoted by subscript 1 and
the field components at the adjacent point 2 on the —x side of the boundary
to be denoted by subscript 2. If E; = Ey2i, + i, + i,), find the following:
(a) Exl/Exz;_(b) ElLEz; and (c) Dy/D,.

Ans: 2; V/2; 1/7/2

D3.17. The plane x = 0 forms the boundary between free space (x > 0) and another
medium. Find the following: (a) Js at (0, 0, 0) if x < 0 is a perfect conductor
and H(0, 0, 0+) = Hy3i, — 4iy; (b) H(Q, 0, 0+) if x < 0 is a magnetic material
of u = 10u, and H(0, 0, 0—) = Hy(i, + 10i,); and (c) the ratio of B(0, 0, 0—)
to B0, 0, 0+) if x < 0 is a magnetic material of & = 10u, and H(0, 0, 0—)
= Hyi, + 10i).

Ans: Hy(4i, + 3i); 10H@, + i,); 7.1063

3.7 SUMMARY

We first learned in this chapter how to evaluate line and surface integrals of
vector quantities and then we introduced Maxwell’s equations in integral form.
These equations, which form the basis of electromagnetic field theory, are
given as follows in words and in mathematical form:
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Faraday’s Law. The electromotive force around a closed path C is
equal to the negative of the time rate of change of the magnetic flux enclosed
by that path; that is,

_ _if .
iE-dl =~ | Beds (3.62)

Ampere’s Circuital Law. The magnetomotive force around a closed
path C is equal to the sum of the current enclosed by that path due to the
actual flow of charges and the displacement current due to the time rate of
change of the displacement flux enclosed by that path; that is,

?H'dl=fJ-dS+£J'D°dS (3.63)
c s dtJs

Gauss’ Law for the Electric Field. The displacement flux emanating

from a closed surface S is equal to the charge enclosed by that surface; that
is,

fﬁsn . dS = fvp dv (3.64)

Gauss’ Law for the Magnetic Field. The magnetic flux emanating from
a closed surface S is equal to zero; that is,

isz’S =0 (3.65)

An auxiliary equation which is the law of conservation of charge is given
by

_ if
3€SJ as = -] pdo (3.66)

In words, (3.66) states that the current due to flow of charges emanating from
a closed surface is equal to the time rate of decrease of the charge enclosed
by that surface.

In using (3.62)—-(3.66), we recall that

D = ¢E (3.67)
H = B/u (3.68)
where & and p are the permittivity and permeability, respectively, of the
medium. In addition, if the current density J is due to conduction, then
J=1J, =0E (3.69)
where o is the conductivity of the medium. In evaluating the right sides of
(3.62) and (3.63), the normal vectors to the surfaces must be chosen such that
they are directed in the right-hand sense, that is, toward the side of advance
of a right-hand screw as it is turned around C. In (3.64), (3.65), and (3.66),
it is understood that the surface integrals are evaluated so as to find the flux
outward from the volume bounded by the surface. We also learned that (3.65)
is not independent of (3.62) and that (3.64) follows from (3.63) with the aid
of (3.66). ‘
We discussed several applications of Maxwell’s equations, including the
computation of static electric and magnetic fields due to symmetrical charge
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and current distributions, respectively. Finally, we derived the boundary con-
ditions resulting from the application of Maxwell’s equations to closed paths
and closed surfaces encompassing the boundary between two media, and in
the limits that the areas enclosed by the closed paths and the volumes bounded
by the closed surfaces go to zero. These boundary conditions are given by

i, Xx(E —E)=0 (3.70a)
ip X (H; — Hy = Js (3.70b)
i,*D — Dy = ps (3.70¢)
i,*B, —By) =0 (3.70d)

where the subscripts 1 and 2 refer to media 1 and 2, respectively, and i, is
unit vector normal to the boundary at the point under consideration and
directed into medium 1. In words, the boundary conditions state that at a
point on the boundary, the tangential components of E and the normal com-
ponents of B are continuous, whereas the tangential components of H are
discontinuous by the amount equal to J; at that point, and the normal components
of D are discontinuous by the amount equal to ps at that point.

REVIEW QUESTIONS

R3.1. How do you find the work done in moving a test charge by an infinitesimal
distance in an electric field? What is the amount of work involved in moving
the test charge normal to the electric field?

R3.2. What is the physical interpretation of the line integral of E between two points
A and B?

R3.3. How do you find the approximate value of the line integral of a vector field
along a given path? How do you find the exact value of the line integral?

R3.4. Discuss conservative versus nonconservative fields, giving examples.
R3.5. How do you find the magnetic flux crossing an infinitesimal surface?

R3.6. What is the magnetic flux crossing an infinitesimal surface oriented parallel to
the magnetic flux density vector? For what orientation of the infinitesimal
surface relative to the magnetic flux density vector is the magnetic flux crossing
the surface a maximum?

R3.7. How do you find the approximate value of the surface integral of a vector field
over a given surface? How do you find the exact value of the surface integral?

R3.8. Provide physical interpretations for the closed surface integrals of any two
vectors of your choice.

R3.9. State Faraday’s law.
R3.10. What are the different ways in which an emf is induced around a loop?

R3.11. Discuss the right-hand screw rule convention associated with the application
of Faraday’s law.

R3.12. To find the induced emf around a planar loop, is it necessary to consider the
magnetic flux crossing the plane surface bounded by the loop? Explain.

R3.13. What is Lenz’s law?
R3.14. Discuss briefly the motional emf concept.
R3.15. How would you orient a loop antenna to obtain maximum signal from an
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incident electromagnetic wave which has its magnetic field linearly polarized
in the north-south direction?

R3.16. State three applications of Faraday’s law.
R3.17. State Ampere’s circuital law.

R3.18. What is displacement current? Compare and contrast displacement current
with current due to flow of charges.

R3.19. Is it meaningful to consider two different surfaces bounded by a closed path
to compute the two different currents on the right side of Ampere’s circuital
law to find § H ¢ dl around the closed path?

R3.20. Discuss the relationship between the displacement current emanating from a
closed surface and the current due to flow of charges emanating from the same
closed surface.

R3.21. Give an example involving displacement current.

R3.22. Discuss briefly the principle of radiation from a wire carrying a time-varying
current.

R3.23. State Gauss’ law for the electric field.

R3.24. How do you evaluate a volume integral?

R3.25. State Gauss’ law for the magnetic field.

R3.26. What is the physical interpretation of Gauss’ law for the magnetic field?
R3.27. Discuss the dependence of Gauss’ law for the magnetic field on Faraday’s law.
R3.28. State the law of conservation of charge.

R3.29. How is Gauss’ law for the electric field dependent on Ampere’s circuital law?
R3.30. Summarize Maxwell’s equations in integral form for time-varying fields.
R3.31. Summarize Maxwell’s equations in integral form for static fields.

R3.32. Are static electric and magnetic fields interdependent? Explain.

R3.33. Discuss briefly the application of Gauss’ law for the electric field to determine
the electric field due to charge distributions.

R3.34. When can you say that the current in a wire enclosed by a closed path is
uniquely defined? Give two examples.

R3.35. Give an example in which the current in a wire enclosed by a closed path is
not uniquely defined. Is it correct to apply Ampere’s circuital law for the static
case in such a situation? Explain.

R3.36. Discuss briefly the application of Ampere’s circuital law to determine the magnetic
field due to current distributions.

R3.37. What is a boundary condition? How do boundary conditions arise?

R3.38. Summarize the boundary conditions for the general case of a boundary between
two arbitrary media, indicating correspondingly the Maxwell’s equations in
integral form from which they are derived.

R3.39. Discuss the boundary conditions on the surface of a perfect conductor.

R3.40. Discuss the boundary conditions at the interface between two perfect dielectric
media.

PROBLEMS

P3.1. For the vector field F = yi, — z, + xi,, find [55 F + d1 for each of the
following paths from (0, 0, 0) to (1, 1, 1): @ x =y = zand (b} x = y = 2.
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P3.2.

P3.3.

P3.4.

P3.5.

P3.6.

P3.7.

P3.8.

P3.9.

P3.10.

P3.11.

P3.12.

P3.13.

Chap.

Given A = xyi, + yzi, + zxi,, find §c A » dl where C is the closed path
comprising the straight lines from (0, 0, 0) to (1, 0, 0), from (1, 0, 0) to
(1, 1, 0), from (1, 1, 0) to (0, 1, 1), and then from (0, 1, 1) to (0, 0, 0).

For the vector field F = yzi, + zxi, + xyi;, find [§23 F « d1 in each of the
following ways: (a) along a straight-line path from (0, 0, 0) to (1, 2, 3); (b) along
the straight-line paths from (0, 0, 0) to (1, 0, 0), from (1, 0, 0) to (1, 2, 0), and
then from (1, 2, 0) to (1, 2, 3); and (c) without choosing any particular path.
Is the vector field conservative or nonconservative? Explain.

Given A = 2 cos ¢ i, + riy in cylindrical coordinates, find §. A  dl where
C is the closed path comprising the stra_ight line from (0, 0, 0) to (\/#, 0, 0),
the circular arc from (\/; , 0, 0) to /=, =/3, 0) through (\/; , /6, 0), and
then the straight line from (\/=, /3, 0) to (0, 0, 0).

Given A = e "(cos 6 i, + sin 6 iy) + r sin 0 iy in spherical coordinates, find
J A« dl for each of the following paths: (a) straight-line path from (0, 0, 0) to
(2, 0, 0); (b) circular arc from (2, 0, 7/4) to (2, =/2, w/4) through (2, =/4,
m/4); and (c) circular arc from (2, #/6, 0) to (2, /6, 7/2) through (2, w/6,
w/4).

Given A = x’yzi, + y’zxi, + z%xyi,, evaluate §5 A * dS where S is the surface
of the cubical box bounded by the planes x = 0, x = 1,y = 0,y = 1,
z=0,and z = 1.

Given A = X%, + (y* + 2, + yzi,, find §5 A + dS where § is the surface of
the rectangular box bounded by the planes x = 0, x = 1,y = 0, y = 2,
z=20,and z = 3.

Given A = r cos ¢ i, — r sin ¢ iy in cylindrical coordinates, evaluate
$s A » dS where S is the surface of the box bounded by the plane surfaces
¢ =0, ¢ = 7/2, z = 0, z = 1, and the cylindrical surface r = 2,
0<¢ <m/2.

Given A = i, + r sin 6 i, in spherical coordinates, evaluate §5 A * dS where
S is the surface of that part of the spherical volume of radius 2 m having its
center at the origin and lying in the first octant.

Find the induced emf around the rectangular closed path C connecting the
points (0, 0, 0), (a, 0, 0), (a, b, 0), (0, b, 0), and (0, 0, 0) in that order for each
of the following magnetic fields:

(b) B = B, sin %x cos wf i,

Assume that the rectangular loop of wire in Fig. 3.16 is situated in a magnetic
field B = B,yi, Wb/m’ and that the position y of the movable side is varied
with time in the manner y = y, + a cos 7 where a < ¥o. Find the induced
emf around the closed path C of the loop. Verify that Lenz’s law is satisfied.
A rigid, vertical, rectangular loop of metallic wire falls under the influence of
gravity, as shown in Fig. 3.42, and in the presence of a magnetic field B =
Byzi,, where By is a constant. Find the emf induced around the closed path C
of the loop, in terms of B, the dimensions a and & of the loop, and the downward
velocity v of the loop. Does the loop fall faster or slower than in the absence
of the magnetic field? Explain.

A magnetic field is given in the xz-plane by B = B, cos m(x — vpt) i, Wb/m?.
Consider a rigid square loop situated in the xz-plane with its vertices at (x, 0,
D, (x,0,2), (x +1,0,2),and (x + 1, 0, 1). () Find the expression for the
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P3.14.

P3.15.
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Figure 3.42. For Prob. P3.12.

emf induced around the loop in the sense defined by connecting the foregoing
points in succession if the loop is stationary. (b) What would be the induced
emf if the loop is moving with the velocity v = uvpi, m/s, instead of being
stationary?

A rigid rectangular loop of base b and height 4 situated normal to the xy-plane
and with one of its sides pivoted to the z-axis revolves about the z-axis with
angular velocity  rad/s in the sense of increasing ¢, as shown in Fig. 3.43.
Find the induced emf around the closed path C of the loop for each of the
following magnetic fields: (a) B = Byi, Wb/m’ and (b) B = By(yi, — xi,) Wb/m?.
Assume the loop to be in the xz-plane at ¢ = 0.

A rigid rectangular loop of area A is situated in the xz-plane and symmetrically
about the z-axis, as shown in Fig. 3.44, in a region of magnetic field B = B,
(sin ot i, + cos ot i) Wb/m?* Find the induced emf around the closed path
C of the loop for each of the following cases: (a) the loop is stationary; (b) the
loop revolves around the z-axis in the sense of increasing ¢ with uniform angular
velocity of w rad/s; and (c) the loop revolves around the z-axis in the sense
of decreasing ¢ with uniform angular velocity of @ rad/s. For parts (b) and
(c), assume that the loop is in the xz-plane at t = 0.

Figure 3.43. For Prob. P3.14. Figure 3.44. For Prob. P3.15.

P3.16.

P3.17.

P3.18.

A current density due to flow of charges is given by J = x4, — yi, A/m?.
Find the displacement current emanating from the surface of the cubical box
bounded by the planes x = =1m,y = *1m,and z = =1 m.

A current density due to flow of charges is given by J = —ri, A/ m’ in spherical
coordinates. Find the displacement current emanating from the spherical surface
r=1.

A voltage source connected to a parallel-plate capacitor by means of wires sets
up a uniform electric field of 180 sin 27 X 10% V/m between the plates of the
capacitor and normal to the plates. Assume that no field exists outside the
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P3.19.

P3.20.

P3.21.

P3.22.

P3.23.

P3.24,

P3.25.

P3.26.

P3.27.

Chap.

region between the plates. If the area of each plate is 0.01 m?, and the medium
between the plates is free space, find the expression for the current drawn from
the voltage source.

Assume that the time variation of the electric field in Prob. P3.18 is as shown
in Fig. 3.45, instead of being sinusoidal. Find and plot versus time the current
drawn from the voltage source.

1} E, Vim

1800 |-

L y > {, US
-1 0 1\/2
—1800

Figure 3.45. For Prob. P3.19.

For each of the following charge distributions, find the displacement flux emanating
from the surface enclosing the charge: (a) p(x, ¥, 7) = pox for x > 0, y >0,
x+y<l,and0<z<land (®) px,y,2) = polx + y + 2’ for0 <x < 1,
O0<y<l,and 0 < z<1.

For each of the following charge distributions, find the displacement flux emanating
from the surface enclosing the charge: (a) p(r, ¢, z) = p, sin® ¢ for r < 1,
0 < z < 1 in cylindrical coordinates and (b) p(r, 8, ¢) = pyor for r < 1 in
spherical coordinates.

Using the property that §; B « dS = 0, find the absolute value of the magnetic
flux crossing that portion of the plane surface x + 2y + 3z = 6 lying in the
first octant, for B = By(yi, — xi,) Wb/m’.

Given J = (xi, + yi, + zi) A/m’, find the time rate of decrease of charge
contained within each of the following volumes: (a) volume of the cubical box
bounded by the planes x = 0,y = 0,z = 0, x = (M, y = M'?, and z =
(m)'”; (b) volume of the cylinder r = 1, and lying between the planes z = 0
and z = 2; and (c) volume of the sphere r = 2.

Current I A flows along a straight wire from a point charge Q(¢) at the origin
to infinity via the point (1, 1, 1). Find the line integral of H around the triangular
closed path having the vertices at (3, 0, 0), (0, 3, 0), and (0, 0, 3) and traversed
in that order.

Current I A flows along a straight wire from a point charge Q;(f) at the origin
to a point charge Q,(¢) at the point (1, 1, 1). Find the line integral of H around
the triangular closed path having the vertices at (3, 0, 0), (0, 3, 0), and
(0, 0, 3) and traversed in that order.

Charge is distributed with density p(x, y, z) inside a cubical box bounded by
the planes x = *1m,y = *1m, and z = +1 m. Find the displacement
flux emanating from one side of the box for each ‘of the following cases:
@ plx,y,2) = 3 - x> = y* — 2%) C/m* and (b) p(x, y, 2) = |xyz| C/m’.
Charge is distributed with density pee "> C/m’ in the cylindrical region r < 1.
Find D everywhere.
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P3.28.

P3.29.

P3.30.

P3.31.

P3.32.

P3.33.

P3.34.

P3.35.

P3.36.

Charge is distributed with density p = por/a, where p, is a constant, within
the spherical region r < a. Find D everywhere.

Current flows with density J(x, y) in an infinitely long, thick wire having the
z-axis as its axis. The cross section of the wire in the xy-plane is the square
bounded by x = =1 mand y = =1 m. Find the line integral of H along one
side of the square and traversed in the sense of increasing ¢ for each of the
following cases: (a) J(x, ) = (x| + |yDi, A/m® and (b) J(x, y) = x>, A/m’.
Current flows with density J = (Jyr/a)i, A/m” along an infinitely long, solid
cylindrical wire of radius a, having the z-axis as its axis. Find H everywhere.
A coaxial cable consists of an inner conductor of radius @ and an outer conductor
of inner radius b and outer radius c. Assume the cable to be infinitely long
and its axis to be along the z-axis. Current I flows with uniform density in the
+ z-direction in the inner conductor and returns with uniform density in the
—z~direction in the outer conductor. Find H everywhere.

Show that the results obtained for the electric field due to the sheet of charge
in Ex. 2.3 and for the magnetic field due to the sheet of current in Ex. 2.6 are
consistent with the boundary conditions.

The region x + y + z < 1 is occupied by a perfect conductor (no electric field
inside and hence E, = 0 on the surface). If at a point on the perfect conductor
surface, the surface charge density is ps, C/m’, find D at that point.

Medium 1, comprising the region x + y > 1, is free space, and medium 2,
comprising the region x + y < 1, is a perfect dielectric of permittivity 3e,.
Determine if the fields E, = Eyji, and E, = Ey3i, — 3i,) at points 1 and 2,
respectively, lying adjacent to and on either side of the boundary, satisfy the
boundary conditions.

Medium 1, comprising the region r < a in spherical coordinates, is a perfect
dielectric of permittivity &, = 2g,, whereas medium 2, comprising the region
r > a, is free space. The electric field intensity in medium 1 is given by E; =
Eyi,. Find the electric field intensity at the points (a) (0, 0, a), (b) (0, a, 0),
and (c) (0, a/\/2, a/V/2), in Cartesian coordinates, in medium 2.

Medium 1, comprising the region r < a in spherical coordinates, is a magnetic
material of permeability u, = 4u,, whereas medium 2, comprising the region
r > a is free space. The magnetic field intensity in medium 1 is given by
H, = H,i,. Find the magnetic field intensity at the point (a/\/3, a/V/3,
a/\/?), in Cartesian coordinates, in medium 2.

PC EXERCISES

PC3.1. Consider the evaluation of the line integral of a vector field of the form

A = A (i, + AW,
along the circular path from the point (1, 0, 0) to the point (0, 1, 0) through
the point (1/4/2, 1/4/2, 0), by dividing the path into n segments of equal
lengths and expressing the line integral as a summation. Write a program
which has provision for specifying A.(y) and A,(x) through defined function
statements and computes for a specified value of n, the sum of the series.

PC3.2. Consider the evaluation of the line integral of a vector field of the form

A=A,y i + Alx,y, i, + Afx, y, 2i,
along the path x = x(t), y = y(¢), and z = z(f) from the point corresponding
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to ¢ = ¢ to the point corresponding to ¢ = 1,. Obtain a series expression
for the line integral by dividing the path into # segments corresponding to
equal intervals in ¢, Write a program which has provision for specifying
Adx, ¥, 2), A)(x, ¥, 2), Afx, ¥, 2), x(), y(¥), and z(?) through defined function
statements and computes for specified values of t,, ,, and n the approximate
value of the line integral.
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4

Maxwell’s Equations
in Differential Form
and the Potential
Functions

In Chap. 3 we introduced Maxwell’s equations in integral form. We learned
that the quantities involved in the formulation of these equations are the scalar
quantities, electromotive force, magnetomotive force, magnetic flux, displace-
ment flux, charge, and current, which are related to the field vectors and
source densities through line, surface, and volume integrals. Thus the integral
forms of Maxwell’s equations, while containing all the information pertinent
to the interdependence of the field and source quantities over a given region
in space, do not permit us to study directly the interaction between the field
vectors and their relationships with the source densities at individual points.
It is our goal in this chapter to derive the differential forms of Maxwell’s
equations that apply directly to the field vectors and source densities at a
given point.

We shall derive Maxwell’s equations in differential form by applying
Maxwell’s equations in integral form to infinitesimal closed paths, surfaces,
and volumes, in the limit that they shrink to points. We will find that the
differential equations relate the spatial variations of the field vectors at a given
point to their temporal variations and to the charge and current densities at
that point. Using Maxwell’s equations in differential form, we shall introduce
the electromagnetic potential functions, derive differential equations for the
potential functions, and consider the potential functions for the static field
case. '

In the process of deriving the Maxwell’s equations in differential form,
we shall become familiar with the operations of curl and divergence, and then
learn the Stokes’ and divergence theorems. In introducing the potential functions
and the associated differential equations, we shall make use of the operations
of gradient and Laplacian.
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4.1 FARADAY'S LAW AND AMPERE’S CIRCUITAL LAW

Faraday’s
law, special
case

We recall from the previous chapter that Faraday’s law is given in integral
form by

_ if
fﬁcE di= -—| Beds @.1)

where § is any surface bounded by the closed path C. In the most general
case, the electric and magnetic fields have all three components (x, y, and z)
and are dependent on all three coordinates (x, ¥, and z) in addition to time
(#). For simplicity, we shall, however, first consider the case in which the
electric field has an x component only, which is dependent only on the z
coordinate, in addition to time. Thus

E = E(z, 0, 4.2)

In other words, this simple form of time-varying electric field is everywhere
directed in the x-direction and it is uniform in planes parallel to the xy-plane.

Let us now consider a rectangular path C of infinitesimal size lying in
a plane parallel to the xz-plane and defined by the points (x, z), (x, z + Az),
(x + Ax, z + Az), and (x + Ax, z) as shown in Fig. 4.1. According to
Faraday’s law, the emf around the closed path C is equal to the negative of
the time rate of change of the magnetic flux enclosed by C. The emf is given
by the line integral of E around C. Thus evaluating the line integrals of E
along the four sides of the rectangular path, we obtain

(x,z+Az2)
f( . E+dl =0 sinceE, =0 (4.3a)
(xxAx,z+Az7)
f Eedl = [E],,», Ax (4.3b)
(x,2+Az)
(x +Ax,z) ’
f E«dl =0 sinceE, =0 (4.3¢)
(x+Ax,z+A2)
x,2)
f E+dl = —[E], Ax (4.3d)
(x+Ax,z)

(x, 2) Az (x,z+ Az)

Ax A S YC
- Figure 4.1. Infinitesimal rectangular
G+ Ax, 2) (r+Ax,2+A2)  path lying in a plane parallel to the
 x xz-plane.
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Adding up (4.3a)-(4.3d), we obtain
fﬁc Eedl= [E.], .o, Ax — [E]; Ax

= {[Ex]z+Az - [Ex]z} Ax

In (4.3a)—(4.3d) and (4.4), [E,], and [E,],,, denote values of E, evaluated
along the sides of the path for which z = z and z = z + Agz, respectively.

To find the magnetic flux enclosed by C, let us consider the plane surface
S bounded by C. According to the right-hand screw rule, we must use the
magnetic flux crossing S toward the positive y-direction, that is, into the page,
since the path C is traversed in the clockwise sense. The only component of
B normal to the area S is the y-component. Also since the area is infinitesimal
in size, we can assume B, to be uniform over the area and equal to its value
at (x, 7). The required magnetic flux is then given by

4.4)

,[S Be+dS = [By](x,z) Ax Az (4'5)

Substituting (4.4) and (4.5) into (4.1) to apply Faraday’s law to the rec-
tangular path C under consideration, we get

{[Ex]z+Az - [Ex]z} Ax = —dit{[By](X,Z) Ax AZ}

or

[E.x]z+Az - [Ex]z - __a[By](x,z) (4.6)
Az ot
If we now let the rectangular path shrink to the point (x, z) by letting Ax and

Az tend to zero, we obtain

lim [E;ra: — [E], — —1im d[B,)x.»
8x—0 Az Ax—0  Of
Az—0 Az—0
or
=T 4.7)
9z ot

Equation (4.7) is Faraday’s law in differential form for the simple case
of E given by (4.2). It relates the variation of E, with z (space) at a point to
the variation of B, with ¢ (time) at that point. Since this derivation can be
carried out for any arbitrary point (x, y, z), it is valid for all points. It tells
us in particular that an E, associated with a time-varying B, has a differential
in the z-direction. This is to be expected since if this is not the case,
¢ E » dl around the infinitesimal rectangular path would be zero.

Example 4.1.
Given E = 10 cos (67 X 10% — 27z) i, V/m, let us find B that satisfies “.7.
From (4.7), we have

B, _ _IF,

ot 0z

1l

—562 [10 cos (67 x 10% — 27w2)]

= —207 sin (67 x 10% — 27z)
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Faraday’s

-7

B, = == cos (67 x 10° — 2m7)

1077 8 .
B = Tcos(67r X 10°% — 27z2) i,

We shall now proceed to derive the differential form of (4.1) for the

law, general general case of the electric field having all three components (x, y, z), each

case

of them depending on all three coordinates (x, ¥, and z), in addition to time
(9); that is,

E = Ex,y, 2, 0i + Ex,y, z, 0, + E(x,, z, i, 4.8)

To do this, let us consider the three infinitesimal rectangular paths in planes
parallel to the three mutually orthogonal planes of the Cartesian coordinate
system, as shown in Fig. 4.2. Evaluating § E » dl around the closed paths
abcda, adefa, and afgba, we get

ibcda E«dl = [E ], Ay + [E e,y +ap Az

(4.9a)
- [Ey](x,z+Az) Ay - [EZ](X,}’) AZ
§ E«dl = [Ez](x,y) Az + [Ex](y,z+Az) Ax
adefa (4.9b)
- [Ez](x+Ax,y) AZ - [Ex](y,z) Ax
§ E+dl = [Ex](y,z) Ax + [Ey](x+Ax,z) Ay
afgba (49C)

- [EX](}’+A)’,Z) Ax - [Ey](x,z) Ay

In (4.9a)-(4.9¢c) the subscripts associated with the field components in the
various terms on the right sides of the equations denote the value of the
coordinates that remain constant along the sides of the closed paths corresponding
to the terms. Now, evaluating [ B * dS over the surfaces abcd, adef, and

d(x,y,z + Az) cx,y +Ay,z+ Az)

Az

e(x +Ax,y,z + Az) z

alx,y,z) bx,y + Ay, z)
Ay

fx +Ax, p,2) Tg(x +Ax,y+ Ay, z)
Figure 4.2, Infinitesimal rectangular paths in three mutually orthogonal planes.
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afgh, keeping in mind the right-hand screw rule, we have

o B+dS = [B.,.0 Ay Az (4.10a)

de *dS = [B)u,y,0 Az Ax (4.10b)

B+ dS = [Bx,.nAx Ay (4.10c)
afgb

Applying Faraday’s law to each of the three paths by making use of
(4.92)—(4.9¢) and (4.10a)—(4.10c) and simplifying, we obtain

(Edey+an — [Edo.y) _ [Ey](x,z+AZ) — [Eao — __a[Bx](x,y.z)

4.11
Ay Az ot ( a)
[Ex](y,z+Az) - [Ex](y,z) _ [Ez](x+Ax,y) - [Ez](x,y) _ _a[By](x,y,z) (411b)
Az Ax ot
[Ey](x+Ax,z) — [Ey](x,z) _ [Ex](y+Ay,z) _ [Ex](y,z) = _a[Bz](x,y,Z) (4 11C)
Ax Ay ot ’

If we now let all three paths shrink to the point a by letting Ax, Ay, and Az
tend to zero, (4.11a)—(4.11c) reduce to

9E, _OE, 9B, (4.122)
ay 0z ot
9E, _OE, _ 9B, (4.12b)
0z 0x ot
OE, _OE, _ 9B, (4.12¢)
ox ay ot

Equations (4.12a)—(4.12c) are the differential equations governing the
relationships between the space variations of the electric field components
and the time variations of the magnetic field components at a point. In particular,
we note that the space derivatives are all lateral derivatives, that is, derivatives
evaluated along directions lateral to the directions of the field components,
and not along the directions of the field components. An examination of one
of the three equations is sufficient to reveal the physical meaning of these
relationships. For example, (4.12a) tells us that a time-varying B, at a point
results in an electric field at that point having y- and z-components such that
their net right-lateral differential normal to the x-direction is nonzero. The
right-lateral differential of E, normal to the x-direction is its derivative in the

.. . oE oE. . . .
i, X i,, or —i-direction, that is, P —yz ) or _a—zy' The right-lateral differential

of E, normal to the x-direction is its derivative in the i, X i, or i,-direction,

2

. OE . . .
that is, E Thus the net right-lateral differential of the y- and z-compo-

JFE. E
nents of the electric field normal to the x-direction is (——ﬁ) + (aayz), or
0E, OE,\ _. L :
5 - a—z . Figure 4.3(a) shows an example in which the net right-lateral
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Curl (del
cross)

— —
x I——> y Ezl ] E, Ezl [ E,
z —_— —_
E E
y y
(a) (b)

Figure 4.3. For illustrating (a) zero and (b) nonzero net right-lateral differential
of E, and E, normal to the x-direction.

differential is zero although the individual derivatives are nonzero. This is

oF, oE. o . .
because a_yz and —6—2 are both positive and equal so that their difference is
Z .

N oF, . .
zero. On the other hand, for the example in Fig. 4.3(b), 73; is positive and

a—y is negative so that their difference, that is, the net right-lateral differential,
Z

is nonzero.
Equations (4.12a)-(4.12c) can be combined into a single vector equation
as given by

o0E, OE,\, oE, OE,\, oE, oL\,
— -2+ |=-=)i, + | = - =1,
ay 0z 9z ax 0x oy

OB, B, _ B,

= — , — —= i, 4.13
P T B
This can be expressed in determinant form as
i i, i
d 4 0 B
- = —| = -= 4.14
dx dy 9z ot ( )
E, E, E,
or as
ii-{hii+ii x(Ei+Ei+Ei)——§ 4.15)
X 6x y ay 2 az X*x YTy Z7Z at *

The left side of (4.14) or (4.15) is known as the ‘‘curl of E,”” denoted as
V X E (del cross E) where V (del) is the vector operator given by

V=ixi+iyi+izi (4.16)
ox ay 0z
Thus we have
VXE-= _B 4.17)
at
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Equation (4.17) is Maxwell’s equation in differential form corresponding to
Faraday’s law. It tells us that at a point in an electromagnetic field, the curl
of the electric field intensity is equal to the time rate of decrease of the magnetic
flux density. We shall discuss curl further in Sec. 4.3, but note that for static
fields, V X E is equal to the null vector. Thus for a static vector field to be
realized as an electric field, the components of its curl must all be zero.

Although we have deduced (4.17) from (4.1) by considering the Cartesian
coordinate system, it is independent of the coordinate system since (4.1) is
independent of the coordinate system. The expressions for the curl of a vector
in cylindrical and spherical coordinate systems are derived in Appendix A.
They are reproduced here together with that in (4.14) for the Cartesian coordinate
system.

Cartesian:
i i i
d a8 0
VXA=|[— — — (4.18a)
ox dy 9z
A, A A,
Cylindrical:
r s r
0 d d
VXA=|— — — (4.18b)
or d¢ 9z
A, rA, A,
Spheriéal:
i, ig iy
r’sin§ rsin @ F
9 d d
VXA-= — — — 4.18¢
or a0 o ( )
A, rAy rsinfA,
Example 4.2.
Find the curls of the following vector fields: (a) yi, — xi, and (b) is in cylindrical
coordinates.
(a) Using (4.18a), we have
T N
NSRRI T |
v x Ok = 4) = ax dy &z
y —x
. d .| 9 P
- lx[ 62( x)] + lyl:aZ (y):l + lz[ax( x) ay (Y)]
= —-2i,
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(b) Using (4.18b), we obtain

LI
r l¢ r
-9 8 3
VXb=15 s &
0 r 0
_k|a L8
Ty [az (r)] * ¥ [6r()]
_1
=i,
Ampere’s We shall now consider the derivation of the differential form of Ampere’s
circuital circuital law given in integral form by
law, general
case d
fﬁH-dl=fJ-dS+—fD'dS 4.19)
c $ dtJs

where § is any surface bounded by the closed path C. To do this, we need
not repeat the procedure employed in the case of Faraday’s law. Instead, we
note from (4.1) and (4.17) that in converting to the differential form from
integral form, the line integral of E around the closed path C is replaced by
the curl of E, the surface integral of B over the surface S bounded by C is
replaced by B itself, and the total time derivative is replaced by partial derivative,

as shown:
fﬁ E+dl
C

Al
7 SB as

VXE

d
—a()

Then using the analogy between Ampere’s circuital law and Faraday’s law,
we can write the following:

é H-dl = J'dS+— D-ds

CRs

VxH J+—(D)

Thus for the general case of the magnetic field having all three components
(x, y, and z), each of them depending on all three coordinates (x, y, and z),
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Ampere’s
circuital law,
special case

in addition to time (¢), that is, for

H = H,(x,y, 2, Di, + Hy(x,y,z, i, + H{x,y, 2, i, (4.20)
the differential form of Ampere’s circuital law is given by
d
VXH=J+6_It) 4.21)

The quantity dD/at is known as the “‘displacement current density.” Equation
(4.21) tells us that at a point in an electromagnetic field, the curl of the magnetic
field intensity is equal to the sum of the current density due to flow of charges
and the displacement current density. In Cartesian coordinates, (4.21) becomes

i i, i

a o9 0 oD

- — —|=J+— 4.22
dx dy 0z ] ot ( )
H, H, H,

This is equivalent to three scalar equations relating the lateral space derivatives
of the components of H to the components of the current density and the
time derivatives of the electric field components. These scalar equations can
be interpreted in a manner similar to the interpretation of (4.12a)—(4.12¢) in
the case of Faraday’s law. Also, expressions similar to (4.22) can be written
in the cylindrical and spherical coordinate systems by using the determinant
expansions for the curl in those coordinate systems, given by (4.18b) and
(4.18c¢), respectively.

Having obtained the differential form of Ampere’s circuital law for the
general case, we can now simplify it for any particular case. Let us consider
the particular case of

H = H,z, 1), (4.23)

that is, a magnetic field directed everywhere in the y-direction and uniform
in planes parallel to the xy-plane. Then since H does not depend upon x and
y, we can replace 9/ax and 9/dy in the determinant expansion for V. x H by
zeroes. In addition, setting H, = H, = 0, we have

i, i, i
] D
0 —=J+—= 4.24
0 0z 1 ot ( )
0 H 0

Equating like components on the two sides and noting that the y- and z-
components on the left side are zero, we obtain
oH, _, D,

J, +
0z ot
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Lumped
circuit
theory
approxi-
mations

or

My  _; % (4.25)

Equation (4.25) is Ampere’s circuital law in differential form for the simple
case of H given by (4.23). It relates the variation of H, with z (space) at a
point to the current density J, and to the variation of D, with ¢ (time) at that
point. It tells us in particular that an H, associated with a current density J,
or a time-varying D, or a nonzero combination of the two quantities has a
differential in the z-direction.

Example 4.3.
Given E = Ez%™'i, in free space (J = 0). We wish to determine if there exists
a magnetic field such that both Faraday’s law and Ampere’s circuital law are
satisfied simultaneously.
Using Faraday’s law and Ampere’s circuital law in succession, we have

0B oE,
i 52 = 2Ewze”
B, = 2Eyze™"
2E,
H,y ==z
Ko
D, _ _oH, _ _ 2%
at 0z Mo
D, = %e_’
Mo
2E,
E, = =S¢
Mo€o
E= %e_’ix
Mo€o

which is not the same as the original E. Hence, a magnetic field does not exist
which together with the given E satisfies both laws simultaneously. The pair of
fields E = Eyz%¢™'i, and B = 2E,ze™'i, satisfies only Faraday’s law, whereas the
i 2F, . .
pair of fields B = 2Eyze™"i, and E = —2¢ i, satisfies only Ampere’s circuital
Mogo
law.

To generalize the observation made in the example just discussed, there
are certain pairs of time-varying electric and magnetic fields which satisfy
only Faraday’s law as given by (4.17) and certain other pairs which satisfy
only Ampere’s circuital law as given by (4.21). In the strictest sense, every
physically realizable pair of time-varying electric and magnetic fields must
satisfy simultaneously both laws as given by (4.17) and (4.21). However,
under the low-frequency approximation, it is valid for the fields to satisfy the
laws with certain terms neglected in one or both laws. Lumped-circuit theory
is based on such approximations. Thus the terminal voltage-to-current rela-
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tionship V(¢) = @ [LI(»)] for an inductor is obtained by ignoring the effect of

the time-varying electric field, that is, D/t term in Ampere’s circuital law.
. . d .

The terminal current-to-voltage relationship I(f) = 7 [CV(#)] for a capacitor

is obtained by ignoring the effect of the time-varying magnetic field, that is,
oB/dttermin Faraday slaw. The terminal voltage-to-current relationship V(z) =
RI(?) for a resistor is obtained by ignoring the effects of both time- varymg
electric field and time-varying magnetlc field, that is, both dD/at term in
Ampere’s circuital law and 9B/ot term in Faraday’s law. In contrast to these
approximations, electromagnetic wave propagation phenomena and transmission-
line (distributed circuit) theory are based upon the simultaneous application
of the two laws with all terms included, that is, as given by (4.17) and (4.21),
as we shall learn in Chaps. 6 and 7.

D4.1. Given E = 30 sin 37 x 10t — 0.172)i, V/m, find the time rate of increase
of B,att = 1077 s for each of the following values of z: (a) 0; (b) 5 m; and
(c) 6% m.
Ans: =37 Wb/m?¥/s; 0; 1.5 Wb/m?/s

D4.2. For the vector field A = x%i, + zxi, + xyZ’i,, find the following: (a) the net
right-lateral differential of A, and A, normal to the z-direction at the point
(1, 1, 1); (b) the net right-lateral differential of A, and A, normal to the x-
direction at the point (—1, 2, 2); and (c) the net right-lateral differential of A,
and A, normal to the y-direction at the point (1, —2, 1).
Ans: 0; —3;2

D4.3. Given J = 0 and H = Hy(3 x 10% — Z)zl A/m, find the tlme rate of increase
of D, for each of the following cases: (a) z = 2 m,¢t=10%s;(b)z =3m,
t=31x10%s;and(¢)z =3m, ¢t =108
Ans: 2H, C/m*/s; —4H, C/m*/s; 0

4.2 GAUSS’ LAWS AND THE CONTINUITY EQUATION

Gauss’ law

for the
electric field

Thus far we have derived Maxwell’s equations in differential form corresponding
to the two Maxwell’s equations in integral form involving the line integrals
of E and H around the closed path, that is, Faraday’s law and Ampere’s
circuital law, respectively. The remaining two Maxwell’s equations in integral
form, namely, Gauss’ law for the electric field and Gauss’ law for the magnetic
field, are concerned with the closed surface integrals of D and B, respectively.
We shall in this section derive the differential forms of these two equations.

We recall from Sec. 3.4 that Gauss’ law for the electric field is given by

§peds = pa (4.26)

where V is the volume enclosed by the closed surface S. To derive the
differential form of this equation, let us consider a rectangular box of edges
of infinitesimal lengths Ax, Ay, and Az and defined by the six surfaces x =
x,x=x+Ax,y=y,y =y + Ay, z = z, and z = z + Az, as shown in
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Fig. 4.4, in a region of electric field -

D = D.(x, y, z, i, + Dy(x, y, z, i, + DJx,y, z, Di, 4.27)

and charge of density p(x, y, z, £). According to Gauss’ law for the electric
field, the displacement flux emanating from the box is equal to the charge
enclosed by the box. The displacement flux is given by the surface integral
of D over the surface of the box, which is comprised of six plane surfaces.
Thus evaluating the displacement flux emanating from the box through each
of the six plane surfaces of the box, we have
f D+«dS = —[D,], Ay Az for the surface x = x (4.28a)
f D+ dS = [D,],, s, Ay Az for the surface x = x + Ax (4.28b)
f D+dS = —[D)], Az Ax for the surfacey = y (4.28¢)
fD *dS =[D,], .5, Az Ax for the surfacey = y + Ay (4.28d)

f D+dS = —[D,],Ax Ay for the surface z = z (4.28e)

f D+dS = [D,],,s, Ax Ay for the surface z = z + Az (4.28f)

Adding up (4.28a)-(4.28f), we obtain the total displacement flux emanating
from the box to be

fs D .dS = {[Dx]x+Ax - [Dx]x} Ay AZ
+ {[Dy]y+Ay - [Dy]y} AZ Ax (4'29)
+ {[Dz]z+Az - [Dz]z} Ax Ay
Now the charge enclosed by the rectangular box is given by

fvp dv = p(x,y,2,t) - Ax Ay Az = p Ax Ay Az (4.30)

where we have assumed p to be uniform throughout the volume of the box
and equal to its value at (x, y, z) since the box is infinitesimal in volume.

Az

/

/

G, , Z)I A

Ax //
/

/

Figure 4.4. An infinitesimal rectangu-

lar box.
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Substituting (4.29) and (4.30) into (4.26), we get
{IDJssax — D3 Ay Az + {[D],+a, — [D));} Az Ax
+ {[D],+a; — [D]} Ax Ay = p Ax Ay Az
or
[Dilssar — [Dils + [Dy)y+ay — [Dy), + [D).+a. — D), _
Ax Ay Az

If we now let the box shrink to the point (x, y, z) by letting Ax, Ay, and Az
tend to zero, we obtain

[Dx]x +Ax [Dx]x

4.31)

[Dy]y+Ay - [Dy] [Dz]z+Az - [Dz]z

lim + lim 2 + lim = lim
Ax—0 Ax Ay—0 Ay Az—0 Az Ax—>0 p
Ay—0
Az—0
or
0 D
D, b, D, _ 4.32)
0x dy dz

Equation (4.32) is the differential equation governing the relationship
between the space variations of the components of D to the charge density.
In particular, we note that the derivatives are all longitudinal derivatives, that
is, derivatives evaluated along the directions of the field components, in contrast
to the lateral derivatives encountered in Sec. 4.1. Thus, Eq. (4.32) tells us
that the net longitudinal differential, that is, the algebraic sum of the longitudinal
derivatives, of the components of D at a point in space is equal to the charge
density at that point. Conversely, a charge density at a point results in an
electric field having components of D such that their net longitudinal differential
is nonzero. Fig. 4.5(a) shows an example in which the net longitudinal differential

. .. oD, oD . . e
is zero. This is because . and —(; are equal in magnitude but opposite in
. oD, . A
sign, whereas EZ_Z is zero. On the other hand, for the example in Fig. 4.5(b),
aD,
both
ox

differential is nonzero.

: 4, /5
‘Lx — [ ] —_— — [ ] —_—
DX Dx Dx Dx
y A /Dz Dy
{2

(@) (b)

oD .. aD, . o g
and a_yy are positive, and —a—z is zero, so that the net longitudinal
2

Figure 4.5. For illustrating (a) zero and (b) nonzero net longitudinal differential
of the components of D.
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Divergence Equation (4.32) can be written in vector notation as
(del dot) ( F 3 F
L—+iL=+i—
ax ay 9z
The left side of (4.33) is known as the ‘‘divergence of D,”’ denoted as VD

(del dot D). Thus we have

) * (D, + Dji, + Dji) = p (4.33)

VeD=0p (4.34)

Equation (4.34) is Maxwell’s equation in differential form corresponding to
Gauss’ law for the electric field. It tells us that the divergence of the displacement
flux density at a point is equal to the charge density at that point. We shall
discuss divergence further in Sec. 4.3.

Although we have deduced (4.34) from (4.26) by considering the Cartesian
coordinate system, it is independent of the coordinate system since (4.26) is
independent of the coordinate system. The expressions for the divergence of
a vector in cylindrical and spherical coordinate systems are derived in Appendix
A. They are reproduced here together with that in (4.32) for the Cartesian
coordinate system.

Cartesian:
vea =4 04 04 (4.352)
0x dy 9z
Cylindrical:
149 104, 04,
cA=—-— -t = 4.35b
V-A rar(r ')+r6¢> 9z ( )
Spherical:
19, 1 9 . 1 04,
A =—5— + — (A + —t 4.35
VA rzar(rA') rsineae( o sin 6) rsin 6 3¢ (4.35¢)

Example 4.4.
Find the divergences of the following vector fields: (a) 3xi, + (y — 3)i, + 2 — 2)i,
and (b) # sin 6 i, in spherical coordinates.

(a) Using (4.35a), we have
Vel3xi, +(y — 3, + 2 — 2i,] = %(3x) + %(y - 3)+ 562-(2 - 2)

=3+1-1=3
(b) Using (4.35¢c), we obtain

d .
— (r* sin® 6)

Vertsinfiy = —
rSIn G = in g 06

(2 r*sin 6 cos 6)

" rsing
=2rcos @
Gauss’ law We shall now consider the derivation of the differential form of Gauss’
for the law for the magnetic field given in integral form by
magnetic
ld
fie fﬁsB' dS = 0 (4.36)
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where S is any closed surface. To do this, we need not repeat the procedure
employed in the case of Gauss’ law for the electric field. Instead, we note
from (4.26) and (4.34) that in converting to the differential form from integral
form, the surface integral of D over the closed surface S is replaced by the
divergence of D and the volume integral of p is replaced by p itself, as shown:

ﬁn-ds = fvpdu
En

Then using the analogy between the two Gauss’ laws, we can write the following:

iB‘dS =0-= fVOdU
O

‘__I

VB =0

Thus Gauss’ law in differential form for the magnetic field

B = B,(x,y, z, Oi, + By(x,y, 2, Di, + B(x,y, z, i, 4.37)

is given by

VB =0 (4.38)

which tells us that the divergence of the magnetic flux density at a point is
equal to zero. Conversely, for a vector field to be realized as a magnetic
field, its divergence must be zero. In Cartesian coordinates, (4.38) becomes

aB; +,§£& +_§£§

= 4.39
ox dy 0z 0 ( )

pointing out that the net longitudinal differential of the components of B is
zero. Also, expressions similar to (4.39) can be written in cylindrical and
spherical coordinate systems by using the expressions for the divergence in
those coordinate systems, given by (4.35b) and (4.35¢), respectively.

Example 4.5.

Determine if the vector A = g (cos ¢ i, + sin ¢ i) in cylindrical coordinates

cos d) (sm ¢>)
r aqb r?

COS Cos
¢+ 3¢=0
r r

can represent a magnetic field B.
Noting that

Vc =

~ | —
e

we conclude that the given vector can represent a B.
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Continuity
equation

We shall conclude this section by deriving the differential form of the

law of conservation of charge given in integral form by

ng'dS———fpdv (4.40)

Using analogy with Gauss’ law for the electric field, we can write the following:

Thus

St'ds= ‘i’ pdv
':L 3
Vel = *&(P)

the differential form of the law of conservation of charge is given by

ap
Ve]J= - & 4.41
J at ( )

Eq. (4.41) is familiarly known as the ‘‘continuity equation.”” It tells us that
the divergence of the current density due to flow of charges at a point is equal
to the time rate of decrease of the charge density at that point. It can be
expanded in a given coordinate system by using the expression for the divergence
in that coordinate system.

D4.4.

D4.5.

D4.6.

D4.7.

For the vector field A = x%i, + zxi, + xyz’i,, find the net longitudinal
differential of the components of A at the following points: (@) (1, 1, 1);
() (1,1, —1); and (c) (1, —1, 0).

Ans: 4;0; -2

The following hold at a point in space: (i) the charge density is py, (i) the rate
of increase of D, with x is twice the rate of increase of D, with y, and (iii) the
rate of increase of D with y is twice the rate of decrease of D, with z. Find

the following: (a) ; (b) and (c) 9621

Ans: 0.8pg; 0. 4P0, 0 2p0

At a pomt in space, the sum of the longitudinal differentials of B, and B, is B,
Wb/m and the longitudinal differential of B, is three times the long1tud1nal

*5 (b) —2 ; and (C) -

Ans: 4B, Wb/m ; —3B, Wb/m®;, —B, Wb/m
In a small region around the origin, the current density due to flow of charges
is given by

J = X%, + ¥4, + Z%, A/m?
Find the time rate of increase of the charge density at each of the following
points: (a) (0.1, 0.1, 0.2); (b) (0.1, —0.1, —0.2); and (c) (0.1, 0.1, —0.2).
Ans: —0.8 C/m’/s; 0.4 C/m’/s; 0
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4.3 CURL AND DIVERGENCE

Curl, basic
definition

In Secs. 4.1 and 4.2 we derived the differential forms of Maxwell’s equations
and the law of conservation of charge from their integral forms. The Maxwell’s
equations are given by

VXxE= -2
at
VxH=J+@
at
VeD =p
VB =20

whereas the continuity equation is given by

_d

V. =
1 ot

These equations contain two new vector (differential) operations, namely, the
curl and the divergence. The curl of a vector is a vector quantity whereas
the divergence of a vector is a scalar quantity. In this section we shall
introduce the basic definitions of curl and divergence and then discuss physical
interpretations of these quantities.
To discuss curl first, let us consider Ampere’s circuital law without the
displacement current density term; i.e.,
VxH=] 4.42)

We wish to express V X H at a point in the current region in terms of H at
that point. If we consider an infinitesimal surface AS at the point and take
the dot product of both sides of (4.42) with AS, we get

(VxH)*AS = J+AS (4.43)

But J ¢ AS is simply the current crossing the surface AS, and according to
Ampere’s circuital law in integral form without the displacement current term,

§ Hedr = 3eas (4.44)
where C is the closed path bounding AS. Comparing (4.43) and (4.44), we
have

(VxH)*AS = jECH-dl
or

(Vx H)+ASi, = fﬁc H-dl (4.45)
where i, is the unit vector normal to AS and directed toward the side of

advance of a right-hand screw as it is turned around C. Dividing both sides
of (4.45) by AS, we obtain

jg H-dl

(VxH)-i = (4.46)

A
AS
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Physical
interpretation
of curl

The maximum value of (V x H) *i,, and hence that of the right side of
(4.46), occurs when i, is oriented parallel to V x H, that is, when the surface
AS is oriented normal to the current density vector J. This maximum value
is simply |V x H|. Thus

e
C
AS

vV x H| = (4.47)

max
Since the direction of V x H is the direction of J, or that of the unit vector
normal to AS, we can then write

VxH-= i, (4.48)

max

jﬂHle
C
AS

This result is however approximate since (4.45) is exact only in the limit that
AS tends to zero. Thus

éc H-dl
XxXH-=1 —| i 4.49
V H A;‘TO AS maxln ( )

which is the expression for V x H at a point in terms of H at that point.
Although we have derived this for the H vector, it is a general result and, in
fact, is often the starting point for the introduction of curl. Thus for any
vector field A,

VX A= lim
AS—0

3gc Ardl (4.50)
AS maxln

Equation (4.50) tells us that to find the curl of a vector at a point in that
vector field, we first consider an infinitesimal surface at that point and compute
the closed line integral or circulation of the vector around the periphery of
this surface by orienting the surface such that the circulation is maximum.
We then divide the circulation by the area of the surface to obtain the maximum
value of the circulation per unit area. Since we need this maximum value of
the circulation per unit area in the limit that the area tends to zero, we do
this by gradually shrinking the area and making sure that each time we compute
the circulation per unit area an orientation for the area that maximizes this
quantity is maintained. The limiting value to which the maximum circulation
per unit area approaches is the magnitude of the curl. The limiting direction
to which the normal vector to the surface approaches is the direction of the
curl. The task of computing the curl is simplified if we consider one component
of the field at a time and compute the curl corresponding to that component
since then it is sufficient if we always maintain the orientation of the surface
normal to that component axis. In fact, this is what we did in Sec. 4.1, which
led us to the determinant form of curl.

We are now ready to discuss the physical interpretation of the curl. We
do this with the aid of a simple device known as the ‘‘curl meter,”” and which
responds to the circulation of the vector field. Although the curl meter may
take several forms, we shall consider one consisting of a circular disc that
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floats in water with a paddle wheel attached to the bottom of the disc, as
shown in Fig. 4.6. A dot at the periphery on top of the disc serves to indicate
any rotational motion of the curl meter about its axis, i.e., the axis of the
paddle wheel. Let us now consider a stream of rectangular cross section
carrying water in the z-direction, as shown in Fig. 4.6(a). Let us assume the
velocity v of the water to be independent of height but increasing sinusoidally
from a value of zero at the banks to a maximum value v, at the center, as
shown in Fig. 4.6(b), and investigate the behavior of the curl meter when it
is placed vertically at different points in the stream. We assume that the size
of the curl meter is vanishingly small so that it does not disturb the flow of
water as we probe its behavior at different points.

Since exactly in midstream the blades of the paddle wheel lying on either
side of the center line are hit by the same velocities, the paddle wheel does
not rotate. The curl meter simply slides down the stream without any rotational
motion, i.e., with the dot on top of the disc maintaining the same position
relative to the center of the disc, as shown in Fig. 4.6(c). At a point to the
left of the midstream the blades of the paddle wheel are hit by a greater
velocity on the right side than on the left side so that the paddle wheel rotates

%N

Ao,
b
X Yot
rY
L > X
0 al2 a
(a) (b)

—0-0
0O Q

@
@

];M 4118

(©) (@) (e)

Figure 4.6. For explaining the physical interpretation of curl using the curl
meter.
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in the counterclockwise sense, as seen looking along the positive y-axis. The
curl meter rotates in the counterclockwise direction about its axis as it slides
down the stream, as indicated by the changing position of the dot on top of
the disc relative to the center of the disc, as shown in Fig. 4.6(d). At a point
to the right of midstream, the blades of the paddle wheel are hit by a greater
velocity on the left side than on the right side so that the paddle wheel rotates
in the clockwise sense, as seen looking along the positive y-axis. The curl
meter rotates in the clockwise direction about its axis as it slides down the
stream, as indicated by the changing position of the dot on top of the disc
relative to the center of the disc, as shown in Fig. 4.6(¢).

If we now pick up the curl meter and insert it in the water with its axis
parallel to the x-axis, the curl meter does not rotate because its blades are
hit with the same force above and below its axis. If the curl meter is inserted
in the water with its axis parallel to the z-axis, it does not rotate since the
water flow is then parallel to the blades. v

To relate the behavior of the curl meter with the curl of the velocity
vector field of the water flow, we note that since the velocity vector is given
by

. . TX,
v = v, (i, = vy sin — i,
a

its curl is given by

a a9 0
VXv=|—~ — —
ax 8y 0z
0 0 v
av,
—1i
ax 7
7Tv0 P

= ———cos— i
a a ”’

Therefore the x- and z-components of the curl are zero, whereas the y-component
is nonzero varying with x in a cosinusoidal manner, from negative values left
of midstream, to zero at midstream, to positive values right of midstream.
Thus no rotation of the curl meter corresponds to zero value for the component
of the curl along its axis. Rotation of the curl meter is the counterclockwise
or left-hand sense as seen looking along its axis corresponds to a nonzero
negative value, and rotation in the clockwise or right-hand sense corresponds
to a nonzero positive value, for the component of the curl. It can further be
visualized that the rate of rotation of the curl meter is a measure of the
magnitude of the pertinent nonzero component of the curl.

The foregoing illustration of the physical interpretation of the curl of a
vector field can be used to visualize the behavior of electric and magnetic

fields. Thus, from
VXE= - @
at

we know that a point in an electromagnetic field, the circulation of the electric
field per unit area in a given plane is equal to the component of — dB/at along
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Divergence,
basic
definition

the unit vector normal to that plane and directed in the right-hand sense.
Similarly from

VXH=]+ D
ot
we know that at a point in an electromagnetic field, the circulation of the
magnetic field per unit area in a given plane is equal to the component of
J + aD/ar along the unit vector normal to that plane and directed in the right-
hand sense.
Turning now to the discussion of divergence, let us consider Gauss’ law
for the electric field in differential form; that is,

VeD=0p @.51)

We wish to express V « D at a point in the charge region in terms of D at that
point. If we consider an infinitesimal volume Av at the point and multiply
both sides of (4.51) by Av, we get

(VeD)Av = p Av 4.52)
But p Av is simply the charge contained in the volume Av, and according to
Gauss’ law for the electric field in integral form,

fﬁD-dS = p Av (4.53)

where S is the closed surface bounding Av. Comparing (4.52) and (4.53), we
have

(VeD)Av = i D«dS (4.54)
Dividing both sides of (4.54) by Av, we obtain
§ peas

VD = v (4.55)

This result is however approximate since (4.54) is exact only in the limit that
Av tends to zero. Thus

§ peas
VeD = lim ——— (4.56)
Av—0 AU
which is the expression for V+D at a point in terms of D at that point.
Although we have derived this for the D vector, it is a general result and, in
fact, is often the starting point for the introduction of divergence. Thus for
any vector field A,

ng'dS

s
VeA = lim ———
Azl;I—I}o Av

(4.57)

Equation (4.57) tells us that to find the divergence of a vector at a point
in that vector field, we first consider an infinitesimal volume at that point and
compute the surface integral of the vector over the surface bounding that
volume, that is, the outward flux of the vector field from that volume. We
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Physical
interpretation

of

divergence

then divide the flux by the volume to obtain the flux per unit volume. Since
we need this flux per unit volume in the limit that the volume tends to zero,
we do this by gradually shrinking the volume. The limiting value to which
the flux per unit volume approaches is the value of the divergence of the
vector field at the point to which the volume is shrunk.

We are now ready to discuss the physical interpretation of the divergence.
To simplify this task, we shall consider the continuity equation given by

ap
V] o (4.58)

Let us investigate three different cases: (a) positive value, (b) negative value,
and (c) zero value of the time rate of decrease of the charge density at a
point, that is, the divergence of the current density vector at that point. We
shall do this with the aid of a simple device which we shall call the ‘‘divergence
meter.”” The divergence meter can be imagined to be a tiny, elastic balloon
enclosing the point and that expands when hit by charges streaming outward
from the point and contracts when acted upon by charges streaming inward
toward the point. For case (a), that is, when the time rate of decrease of the
charge density at the point is positive, there is a net amount of charge streaming
out of the point in a given time, resulting in a net current flow outward from
the point that will make the imaginary balloon expand. For case (b), that is,
when the time rate of decrease of the charge density at the point is negative
or the time rate of increase of the charge density is positive, there is a net
amount of charge streaming toward the point in a given time, resulting in a
net current flow toward the point and the imaginary balloon will contract.
For case (c), that is, when the time rate of decrease of the charge density at
the point is zero, the balloon will remain unaffected since the charge is streaming
out of the point at exactly the same rate as it is streaming into the point. The
situation corresponding to case (a) is illustrated in Figs. 4.7(a) and (b), whereas
that corresponding to case (b) is illustrated in Figs. 4.7(c) and (d), and that
corresponding to case (c) is illustrated in Fig. 4.7(e). Note that in Figs. 4.7(a),
(c), and (e), the imaginary balloon slides along the lines of current flow while
responding to the divergence by expanding, contracting, or remaining unaffected.

Generalizing the foregoing discussion to the physical interpretation of
the divergence of any vector field at a point, we can imagine the vector field
to be a velocity field of streaming charges acting upon the divergence meter
and obtain in most cases a qualitative picture of the divergence of the vector
field. If the divergence meter expands, the divergence is positive and a source
of the flux of the vector field exists at that point. If the divergence meter
contracts, the divergence is negative and a sink of the flux of the vector field
exists at that point. It can be further visualized that the rate of expansion or
contraction of the divergence meter is a measure of the magnitude of the
divergence. If the divergence meter remains unaffected, the divergence is
zero, and neither a source nor a sink of the flux of the vector field exists at
that point; alternatively, there can exist at the point pairs of sources and sinks
of equal strengths.

We shall now derive two useful theorems in vector calculus, the ‘‘Stokes’
theorem’ and the ‘‘divergence theorem.”” The Stokes’ theorem relates the
closed line integral of a vector field to the surface integral of the curl of that

Sec. 4.3 Curl and Divergence 183



Stokes’
theorem

=
/

~
!
/

14

\

\

/ /\/ ’
— \%

(©) (d)

Figure 4.7. For explaining the physical interpretation of divergence using
the divergence meter.

vector field, whereas the divergence theorem relates the closed surface integral
of a vector field to the volume integral of the divergence of that vector field.

To derive Stokes’ theorem, let us consider an arbitrary surface S in a
magnetic field region and divide this surface into a number of infinitesimal
surfaces AS;, AS,, AS;, ..., bounded by the contours C;, C;, C;, .. .,
respectively. Then, applying (4.45) to each one of these infinitesimal surfaces
and adding up, we get

E_(vxH)j-Asjin,:fﬁclﬁ-duizﬂodu (4.59)
J

where i,; are unit vectors normal to the surfaces AS; chosen in accordance
with the right-hand screw rule. In the limit that the number of infinitesimal
surfaces tends to infinity, the left side of (4.59) approaches to the surface
integral of V x H over the surface S. The right side of (4.59) is simply the
closed line integral of H around the contour C since the contributions to the
line integrals from the portions of the contours interior to C cancel, as shown
in Fig. 4.8. Thus we get

L (VXH)+dS = é;CH'dl (4.60)

Equation (4.60) is Stokes’ theorem. Although we have derived it by considering
the H field, it is general and can be derived from the application of (4.50) to
a geometry such as that in Fig. 4.8. Thus for any vector field A,

£A°dl = L (V X A)+dS 4.61)

where S is any surface bounded by C.
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Example 4.6.
Let us evaluate the line integral of Ex. 3.1 by using Stokes’ theorem.
For
F = xi,
i, i, i
a o 9
VXF=|— — —| =i
ax dy oz L
0 x O

With reference to Fig. 3.4, we then have

ﬁ Fedl = J (V x F)+dS
ABCDA
ABCDA

f fedxdyi,
area
ABCDA

f dx dy

area
ABCDA

area ABCDA
=6
which agrees with the result obtained in Ex. 3.1.

To derive the divergence theorem, let us consider an arbitrary volume
Vin an electric field region and divide this volume into a number of infinitesimal
volumes Av;, Av,, Avs, .. ., bounded by the surfaces S;, S,, S;, . . ., re-
spectively. Then, applying (4.54) to each one of these infinitesimal volumes
and adding up, we get

E(V-D)jAvj=5£sD-ds+3§sD-ds+... (4.62)
J 1 2

In the limit that the number of the infinitesimal volumes tends to infinity, the
left side of (4.62) approaches to the volume integral of V « D over the volume
V. The right side of (4.62) is simply the closed surface integral of D over S
since the contribution to the surface integrals from the portions of the surfaces
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interior to S cancel, as shown in Fig. 4.9. Thus we get

(VeD)dv =9 D+dS (4.63)
J’V i

Equation (4.63) is the divergence theorem. Although we have derived it by
considering the D field, it is general and can be derived from the application
of (4.57) to a geometry such as that in Fig. 4.9. Thus for any vector field A,

§avas=[ voma (4.64)

where V is the volume bounded by S.

Figure 4.9. For deriving the diver-
gence theorem.

Example 4.7.
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By using the Stokes’ and divergence theorems, show that for any vector field
A, VeV X A=0.

Let us consider volume V bounded by the closed surface S, + S;, where
S, and S, are bounded by the closed paths C; and G, respectively, as shown
in Fig. 4.10. Note that C, and C, touch each other and are traversed in opposite
senses and that dS, and dS, are directed in the right-hand sense relative to C;
and C,, respectively. Then, using divergence and Stokes’ theorems in succession,
we obtain

L(V-V X A)dv = ius;(v X A)+dS

=J’S (VXA)°dsl+L(VXA)'dsz
1 2
=§ A-dl+j€ A«dl
C1 C2
=0

Since this result holds for any arbitrary volume V, it follows that

V-VXxA=0 (4.65)

We shall make use of (4.65) in the following section.
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Figure 4.10. For proving the identity
VeV X A =0

D4.8. With the aid of the curl meter, determine whether the z-component of the curl
of each of the following vectors is positive, negative, or zero at the point
(1, 1,0: (@ & — D%4,; (b) (y — Diy; and (c) xyiy.
Ans: Zero; negative; positive

D4.9. With the aid of the divergence meter, determine whether the divergence of
each of the following vector fields is positive, negative, or zero at the point
(1, 1,0: @ (x — D% () (y — Di,; and (c) (x/y)i,.
Ans: Zero; positive; negative

D4.10. Using Stokes’ theorem, find the absolute values of the line integral of the vector
field (xi, + V/3yi,) around the following closed paths: (a) a circular path of
radius unity lying in the xy-plane; (b) the perimeter of a square of sides
V27 m lying in the xy-plane; and (c) the perimeter of an equilateral triangle
of sides \/27 m lying in the yz-plane.
Ans: 7; 2m; 1.57

D4.11. Using the divergence theorem, find the surface integral of the vector field
(xi. + yi, + zi,) over the following closed surfaces: (a) the surface of a sphere
of radius unity; (b) the surface of a cube of sides (7)"> m; and (c) the surface
of a cylinder of radius unity and length 2 m.
Ans: 47 37; 6

4.4. GRADIENT AND THE POTENTIAL FUNCTIONS

Magnetic
vector
potential

Gradient

In Ex. 4.7, we showed that for any vector A, VeV X A = 0 (for alternate
proof, see Prob. P4.21). It then follows from Gauss’ law for the magnetic
field in differential form, V « B = 0, that the magnetic flux density vector B
can be expressed as the curl of another vector A; that is,

B=VXxA (4.66)

The vector A in (4.66) is known as the ‘“‘magnetic vector potential.”
Substituting (4.66) into Faraday’s law in differential form, V X E =
—0B/at, and rearranging, we then obtain

VxE+a%(VxA)=0

or
V x (E + %) =0 (4.67)

If the curl of a vector is equal to the null vector, then that vector can
be expressed as the “‘gradient” of a scalar, since the curl of the gradient of
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a scalar function is identically equal to the null vector. The gradient of a
scalar, say, @, denoted V® (del ®) is defined in such a manner that the
increment d® in ® from a point P to a neighboring point Q is given by

d® = VO +dl (4.68)
where dl is the differential length vector from P to Q. Applying Stokes’
theorem to the vector V x V® and a surface S bounded by closed path C,
we then have

J (VX VO)+dS = § Vo« dl
s c

= 35 do (4.69)
C
=0

for any single-valued function ®. Since (4.69) holds for an arbitrary S, it
follows that

VxVd =0 4.70)

To obtain the expression for the gradient in the Cartesian coordinate
system, we write

dd = @dx + ggdy + @dz
ox ay 0z 4.71)
b, b od | . . .
= (glx + ;y-ly + a—zlz) e (dxi, + dyi, + dzi)
Then comparing with (4.68), we observe that
Vo = 6_‘1_)ix + @iy + @iz (4.72)
ox ay 9z

Note that the right side of (4.72) is simply the vector obtained by applying
the del operator to the scalar function ®. It is for this reason that the gradient
of @ is written as V®. Expressions for the gradient in cylindrical and spherical
coordinate systems are derived in Appendix A. These are as follows:

Cylindrical:
o 100 0
_. 10D, P, 4.
Vo 8rlr+ra¢l¢+azlz (4.73a)
Spherical:
Vo = @ir + 13, 1%, (4.73b)

or r 86 b ¥ sin 0 0¢ Yo

To discuss the physical interpretation of the gradient, let us consider a
surface on which @ is equal to a constant, say, ®,, and a point P on that
surface as shown in Fig. 4.11(a). If we now consider another point Q; on the
same surface and an infinitesimal distance away from P, d® between these
two points is zero since ® is constant on the surface. Thus for the vector
dl, drawn from P to Q;, [V®], « dl; = 0 and hence [V®], is perpendicular
to dl,. Since this is true for all points Q;, Q», Qs, . . . on the constant o
surface, it follows that [V®], must be normal to all possible infinitesimal
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Figure 4.11. For discussing the physical interpretation of the gradient of a
scalar function.

length vectors dl,, dl,, dl;, . . . drawn at P and hence is normal to the surface.
Denoting i, to be the unit normal vector to the surface at P, we then have
[VO], = |V i, 4.79)

Let us now consider two surfaces on which ® is constant, having values
®; and @, + d®, as shown in Fig. 4.11(b). Let P and Q be points on the
® = ®yand © = P, + dP surfaces, respectively, and dl be the vector drawn
from P to Q. Then from (4.68) and (4.74),

dd = [V®]pedl
= |V®|p i, dl
= |V®|p dl cos «
where « is the angle between i, at P and dl. Thus
dd
dlcos o
Since dl cos o is the distance between the two surfaces along i, and hence
is the shortest distance between them, it follows that |V®|, is the maximum
rate of increase of ® at the point P. Thus the gradient of a scalar function
® at a point is a vector having magnitude equal to the maximum rate of
increase of & at that point and is directed along the direction of the maximum

rate of increase, which is normal to the constant ® surface passing through
that point; that is,

V|, = (4.75)

Vo = e i, 4.76)
dn

where dn is a differential length along i,. The concept of the gradient of a
scalar function we just discussed is often utilized to find a unit vector normal
to a given surface. We shall illustrate this by means of an example.
Example 4.8. _
Let us find the unit vector normal to the surface y = x? at the point (2, 4, 1)
by using the concept of the gradient of a scalar.
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Writing the equation for the surface as
x—y=0
we note that the scalar function that is constant on the surface is given by
O(x,y,2) = x* —y
The gradient of the scalar function is then given by
VO = V(x> — y)
2 2 2
_ _ y) P+ ax = y) i, + ax — b)) i
= 2xi, — i,
The value of the gradient at the point (2, 4, 1) is [2(2)i, — i,] = (i, — i,). Thus
the required unit vector is

. 4, — i, ( 4 1, )
I, =ft—=*\—F7=L - —F—1
|4, - i) V1T V1T
Returning now to (4.67) we write

E+—=-VO 4.77)

where we have chosen the scalar to be —®, the reason for the minus sign to
be explained in Sec. 4.6. Rearranging (4.77), we obtain

E=-Vb - — 4.78)

The quantity ® in (4.78) is known as the electric scalar potential.

The electric scalar potential ® and the magnetic vector potential A are
known as the electromagnetic potentials. As we shall show in the next sec-
tion, the electric scalar potential is related to the source charge density p,
whereas the magnetic vector potential is related to the source current density
J. For the time-varying case, the two are not independent since the charge
and current densities are related through the continuity equation. For a given
J, it is sufficient to determine A since B can be found from (4.66) and then
E can be found by using Ampere’s circuital law V. x H = J + aD/ét. For
static fields, that is, for 3/6¢ = 0, the two potentials are independent. Equation
(4.66) remains unaltered, whereas (4.78) reduces to E = —V®. We shall
consider the static field case in Sec. 4.6.

D4.12. Find the outward pointing unit vectors normal to_the closed surface xt +
2% + 272 = 8 at the following points: (2) (0, V2, V2); (b) 2, 1, 1); and

© V2, V2, D). ) o
Ans: G, + i)/V2; G + i, + )/V3; G + 20, + V2)/VT
D4.13. Two scalar functions are given by
O(x,y,2) =x*+ ¥ +
Dy(x,y,2) = 3x + 4y

Find the following at the point (3, 4, 12): (a) the maximum rate of increase of
®,; (b) the maximum rate of increase of ®,; and (c) the rate of increase of @,
along the direction of maximum rate of increase of ®;,.

Ans: 26; 5; 10
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4.5 LAPLACIAN AND THE POTENTIAL FUNCTION
EQUATIONS

Laplacian of

a scalar

We recall that the Maxwell’s equations in differential form are given by
JB
XE=—-—— .
VXE o (4.79a)
VxH=J+% (4.79b)
VeD=p (4.79¢)
VeB=0 (4.794d)
From (4.79d), we expressed B in the manner
B=VxA (4.80)
and then from (4.79a), we obtained
. E=-vo_ A 4.81)
at

We now substitute (4.81) and (4.80) into (4.79¢) and (4.79b), respectively, to
obtain

Ve (—VCD ~ f’é> =2 (4.822)
at £
VxVxA—p,g%(—m—aai;‘) = ul (4.82b)

We now define the Laplacian of a scalar quantity ®, denoted V>® (del
squared ®) as

Vo = V.V (4.83)

In Cartesian coordinates,
5 L0) od od
VO = —i, + —i, + —i,
ox dy 0z
_ oA, | oA, oA,

ax ay 0z

vigp = O (20} . 8 (92 +3(8_®>
dx \ 0x ay \ 8y 0z \ 9z

I S I
Vb = + 5 +
x* 3yt o7

VA

so that

or

(4.84)

Note that the Laplacian of a scalar is a scalar quantity. Expressions for the
Laplacian of a scalar in cylindrical and spherical coordinates are derived in
Appendix A. These are as follows:

Cylindrical:

vig =12

i (4.85a)

0, 170 s
ar rrop* 87
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Spherical:
Lo (.9 I3 0P 1 &0
VIO = S|P — |+ o sinf— | + 5y (@
r2or (r ar> 2 sin 6 96 (sm 0 ) 2 Sin 0067 (4.85b)
Before proceeding further, it is interesting to note that the four vector

differential operations which we have learned thus far in this chapter are such
that

The curl of a vector is a vector.
The divergence of a vector is a scalar.
The gradient of a scalar is a vector.
The Laplacian of a scalar is a scalar.
Thus all four combinations of vector and scalar are involved in the four

operations.
Next, we define the Laplacian of a vector, denoted V2A as

VA =V(V:A) -V XVXxA (4.86)

Expanding the right side of (4.86) in Cartesian coordinates and simplifying
(see Prob. P4.25), we obtain in the Cartesian coordinate system,

VA = (V2ALi, + (VA + (V?A,)i, (4.87)

Thus in the Cartesian coordinate system, the Laplacian of a vector is a vector

whose components are the Laplacians of the corresponding components of

A. It should however be cautioned that this simple observation does not hold

in the cylindrical and spherical coordinate systems (see, e.g., Prob. P4.26).
Using (4.83) and (4.86), we now write (4.82a) and (4.82b) as

Vo + 6%(V-A) = —g (4.882)
2
VzA—V<V‘A+M866—?> _MSZTI?Z —uJ (4.88b)

Equations (4.88a) and (4.88b) are a pair of coupled differential equations
for ® and A. To uncouple the equations, we make use of a theorem known
as the Helmholtz’s theorem which states that a vector field is completely
specified by its curl and divergence. Therefore, since the curl of A is given
by (4.80), we are at liberty to specify the divergence of A. We do this by
setting

VA= —y,sa(%) (4.89)

which is known as the Lorentz condition. This uncouples (4.88a) and (4.88b)
to give us

D p
Vi - pg— = — = (4.90)
e or? €
FA
VZA - Ms—ét_z = '—H«J (4.91)
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These are the differential equations relating the electromagnetic potentials ®
and A to the source charge and current densities p and J, respectively.

Before proceeding further, we shall show that the continuity equation is
implied by the Lorentz condition. To do this, we take the Laplacian of both
sides of (4.89). We then have

VA(VeA) = —us Vz_a_?

at
or
VeVA = —pus 56; Vo (4.92)
Substituting for V?A and V2@ in (4.92) from (4.91) and (4.90), respectively,
we get
A d IO p
V'(’w? - “J> - _“eat<“8 o s)
or
& o op
2 (v, =) = . = 4.93
He g (V A+ pe 6t> ,U,(V J + at) (4.93)

Thus by assuming the Lorentz condition (4.89), we imply V«J + dp/ot =
0, which is the continuity equation.

As pointed out in the previous section, it is sufficient to determine A
for the time-varying case, for a given J. Hence we shall be concerned only
with (4.91), which we shall refer to in Sec. 10.1, in connection with obtaining
the electromagnetic field due to an elemental antenna.

. 1 .
D4.14. Find the Laplacians of the following scalar functions: (a) x’yz*; (b) ~ cos ¢ in

-r

e

cylindrical coordinates; and (c) sin @ in spherical coordinates.

r
e’ e " cos 20
sin 0 + — —

r r sin@

Ans. 6xyz® + 2x%y; 0;

4.6 POTENTIAL FUNCTIONS FOR STATIC FIELDS

Potential
difference

As already pointed out in Sec. 4.4, Eq. (4.78) reduces to

E=-Vo (4.94)

for the static field case. We observe from (4.94) that the potential function
® then is such that the electric field lines are orthogonal to the equipotential
surfaces, that is, to the surfaces on which the potential remains constant, as
shown in Fig. 4.12. If we consider two such equipotential surfaces corresponding
to® = &, and & = @, as shown in the figure, then the potential difference

'Sec. 46  Potential Functions for Static Fields 193



Potential
difference
versus
voltage

Equipotential
Surfaces

Figure 4.12. A set of equipotential surfaces in a region of static electric
field.

®, — ®; is given, according to the definition of the gradient, by

A
¢A_¢B:f3d®

A
= L Vo« dl (4.95)
B
= —f Vo« dl
A
Using (4.94), we then obtain
B
- 0= | Eeal (4.96)

We now recall from Sec. 3.1 that 5 E » dl is the voltage between points A
and B. Thus the potential difference for the static field case has the same
meaning as the voltage. The reason for the minus sign in (4.78) and hence
in (4.94) is now evident, since without it, the voltage between A and B would
be the negative of the potential difference between A and B.

Before proceeding further we recall that the voltage between two points
A and B in a time-varying electric field is in general dependent on the path
followed from A to B to evaluate [ E « dl since according to Faraday’s law

§ Ee«dl = _ﬂf B+dS
c dtJs

is not in general equal to zero. On the other hand, the potential difference
(or voltage) between two points A and B in a static electric field is independent
of the path followed from A to B to evaluate [ E ¢ dl since for static fields,

%E'dl=0
c

Thus the potential difference between two points in a static electric field has
a unique value. Since the potential difference and voltage have the same
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meaning for static-fields, we shall hereafter replace ® in (4.94) by V, thereby
writing

E=-VV (4.97)

Let us now consider the electric field of a point charge and investigate
the electric potential due to the point charge. To do this, we recall that the
electric field intensity due to a point charge Q is directed radially away from

point charge the point charge and its magnitude is Q/4weR? where R is the radial distance

from the point charge. Since the equipotential surfaces are everywhere or-
thogonal to the field lines, it then follows that they are spherical surfaces
centered at the point charge, as shown by the cross-sectional view in Fig.
4.13. If we now consider two equipotential surfaces of radii R and R + dR,
the potential drop from the surface of radius R to the surface of radius R +

dR is 47_£R2 dR or, the incremental potential rise dV is given by
dv = - 47r§R2 dR 4.98)
- d<477Q8R * C)
where C is a constant. Thus
V(R) = FQSR; + C (4.99)

Since the potential difference between two points does not depend upon the
value of C, we can choose C such that V is zero at some arbitrary reference
point. Here we can conveniently set C equal to zero by noting that it is equal
to V(eo) and by choosing R = <o for the reference point. Thus we obtain the
electric potential due to a point charge Q to be

__0
4meR

(4.100)

We note that the potential drops off inversely with the radial distance away
from the point charge.

Equation (4.100) is often the starting point for the computation of the
potential field due to static charge distributions and the subsequent determination

\\ Equipotentials

A
L ]

Figure 4.13. Cross-sectional view of
equipotential surfaces and electric field
Y lines for a point charge.
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of the electric field by using (4.97). We shall illustrate this by considering the
case of the electric dipole in the following example.

Example 4.9.

196

As we have learned in Sec. 2.5, the electric dipole consists of two equal and
opposite point charges. Let us consider a static electric dipole consisting of
point charges Q and —Q situated on the z-axis at z = d/2 and z = —df2,
respectively, as shown in Fig. 4.14(a) and find the potential and hence the electric
field at a point P far from the dipole.

First we note that in view of the symmetry associated with the dipole
around the z-axis, it is convenient to use the spherical coordinate system. Denoting
the distance from the point charge Q to P to be r, and the distance from the
point charge — Q to P to be r,, we write the expression for the electric potential
at P due to the electric dipole as

_ 0, -0

4qer,  darer,

For a point P far from the dipole, that is, for r > d, the lines drawn from
the two charges to the point are almost parallel. Hence

r,zr—gcose

d
rzzr+§cos()

and
l_l - ry _dcosé
no o n rr; r
ZA
P(r,0,9) Equipotentials
A
7 |
7/
P [
’1// s/ |
//// | Direction
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(a) (b)

Figure 4.14. (a) Geometry pertinent to the determination of the electric field
due to an electric dipole. (b) Cross sections of equipotential surfaces and
direction lines of the electric field for the electric dipole.
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so that

Qdcos6 pei,
=~ = 4.1
4 4rrer dger’ (4.101)
where p = Qdi, is the dipole moment of the electric dipole. Thus the potential
field of the electric dipole drops off inversely with the square of the distance
from the dipole. Proceeding further, we obtain the electric field intensity due
to the dipole to be J
E= —VV = 9 (Q cos 0>ir _ 11<Qdcos 0)%

or\ 4mer’ ;60 4rrer®

4.102)

d
= 45”3 (2cos i, + sin 0iy)

Equation (4.101) shows that the equipotential surfaces are given by * sec 8
= constant, whereas from (4.102), it can be shown that the direction lines of
the electric field are given by r cosec* § = constant and ¢ = constant. These
are shown sketched in Fig. 4.14(b). Alternative to using the equation for the
direction lines, they can be sketched by recognizing that (1) they must originate
from the positive charge and end on the negative charge and (2) they must be
everywhere perpendicular to the equipotential surfaces.

A technique in everyday life in which the potential field of an electric
dipole is relevant is electrocardiography. This technique is based upon the
characterization of the electrical activity of the heart by using a dipole model.!
The dipole moment, p, referred to in medical literature as the “‘electric force
vector’ or the “‘activity”’ of the heart, sets up an electric potential within the
chest cavity and a characteristic pattern of equipotentials on the body surface.
The potential differences between various points on the body are measured
as a function of time and are used to deduce the temporal evolution of the
dipole moment during the cardiac cycle, thereby monitoring changes in the
electrical activity of the heart.

We shall now consider an example for illustrating a method of computer
plotting of equipotentials when a closed form expression such as that for the
electric dipole of Ex. 4.9 is not available.

Example 4.10.
Let us consider two point charges Q; = 8m¢g, C and @, = —dmg, C situated at
(—1,0, 0) and (1, 0, 0), respectively, as shown in Fig. 4.15. We wish to discuss
the computer plotting of the equipotentials due to the two point charges.

First ‘we recognize that since the equipotential surfaces are surfaces of
revolution about the axis of the two charges, it is sufficient to consider the
equipotential lines in any plane containing the two charges. Here we shall
consider the xz-plane. The equipotential lines are also symmetrical about the
x-axis, and hence we shall plot them only on one side of the x-axis and inside
the rectangular region having corners at (—4, 0), (4, 0) (4, 5), and (—4,95).

As we go from Q, to O, along the x-axis, the potential varies from — oo
to oo and is given by

_ 87T80 _ 477'80

- dmey(l + x)  dael(l — x)
1 =3x

R

' See, e.g., R. K. Hobbie, ““The Electrocardiogram as an Example in Electrostatics,”
American Journal of Physics, June 1973, pp. 824-831.
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Figure 4.15. For illustrating the pro-
Q, cedure for the computer plotting of

Magnetic
vector
potential
due to a
current
element

—— — 2—e——>»x equipotentials due to two point

22—
Vo E 0 1 charges.

The value of x lying between —1 and 1 for a given potential V, is then given
by
1 =3

V. =
T - X2

or

3 — /9 — 4Vl - V,
V! ol o) for Vg # 0
x = 2V,

1/3 for Vo = 0

We shall begin the equipotential line at this value of x on the x-axis for a given
value of V,. To plot the line, we make use of the property that the equipotential
lines are orthogonal to the direction lines of E so that they are tangential to the
unit vector (Eji, — Ed,)/E. We shall step along this unit vector by a small
distance (chosen here to be 0.1) and if necessary correct the position by repeatedly
moving along the electric field until the potential is within a specified value
(chosen here to be 0.001 V) of that for which the line is being plotted. To correct
the position, we make use of the fact that VV = —E. Thus the incremental
distance required to be moved opposite to the electric field to increase the
potential by AV is AV/E, and hence the distances required to be moved opposite
e AV (E, AV (E, . .

to the x- and z-directions are 7 \E and 7 \E/) respectively. The plotting
of the line is terminated when the point goes out of the rectangular region.

The listing of a PC program that carries out this procedure is included as
PL 4.1. The computer plot obtained from a run of the program for values of
potentials ranging from —2 V to 4 V is shown in Fig. 4.16. It should however
be pointed out that for a complete plot, those equipotential lines which surround
both point charges should also be considered (see Exer. PC 4.2).

The computation of potential can be extended to continuous charge
distributions by using superposition in conjunction with the expression for the
potential due to a point charge, as in the case of electric field computation
in Sec. 2.1. We shall however turn our attention to the magnetic vector
potential for the static field case.

Thus let us consider a current element of length dl situated at the origin,
as shown in Fig. 4.17, and carrying current I amperes. We shall obtain the
magnetic vector potential due to this current element. To do this, we recall
from Sec. 2.2 that the magnetic field due to it at a point P(r, 8, ¢) is given
b
d w Idl xi,
dr 1

(4.103)
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PL 4.1. Program listing for plotting the equipotential lines for two
point charges.

100 7 3 skokstesk sk ok o sk ok st steole ok o st e e e o s sfe ok ok sk e s sl ke s s e ke s ke ok i ol e sk i e ok skt sk sk sk kol e sk sk e skok

110 '* PLOTTING OF EQUIPOTENTIAL LINES FOR TWO POINT CHARGES *

120 " sk stesteok ok stk ok oo st e ofe i o st sfe o ok s st s o ol sk ke s sde ok sk sl ek ok st ke ok o sk ok ok o sk sk sl sk ok sk sk ke ok kol ok ok

130 BL$=" "

140 K1=2:K2=1:'* VALUES OF POINT CHARGES IN MULTIPLES OF

150 ' A4*PI*PERMITTIVITY *

160 DL=.1:XI=139:ZI=144:5X=30:52=25

170 CLS:SCREEN 1:COLOR 0,1

180 '* DRAW BOUNDARY AND SCALE MARKS *

190 LINE (19,144)-(19,19):LINE -(259,19):LINE -(259,144)

200 LINE (108,143)-(110,145),3,B

210 LINE (168,143)-(170,145),3,B

220 FOR I=0 TO 6:LINE (49+30%I,19)-(49+30%I,22);:NEXT

230 FOR I=0 TO 4:LINE (19,44+25%1)-(22,44+25%1):NEXT

240 FOR I=0 TO 4:LINE (257,44+425%I)-(259,44425%1):NEXT

250 LOCATE 21,1:INPUT "ENTER VALUE OF POTENTIAL:",VO

260 '* COMPUTE VALUE OF X FOR Z=0 *

270 IF VO=0 THEN X=(K1-K2)/(K1+4K2):GOTO 300

280 X=SQR((K1+K2)"2-4*V0*(K1-K2-V0)):X=,5%(K1+K2-X)/V0:2=0

290 '* PLOT EQUIPOTENTIAL LINE FOR VO *

300 LOCATE 21,1:PRINT "EQUIPOTENTIAL LINE BEING PLOTTED IS FOR
"

310 PRINT "VALUE OF V =";VO;"Vv"

320 PSET (XI+X*SX,ZI-Z*SZ):'* PLOT POINT ALONG EQUIPOTENTIAL
330 ' LINE *

340 GOSUB 500:X=X-DL*UZ:Z=Z+DL*UX:'* COMPUTE ELECTRIC FIELD
350 ' DIRECTION AND INCREMENT NORMAL TO IT *

360 V=K1/SQR((X+1)"2+Z*Z)-K2/SQR((X~1)"2+2Z%Z):"* COMPUTE
370 ' POTENTIAL *

380 IF ABS(V~V0)<.001 THEN 430:'* CHECK IF CORRECTION OF
390 ' POSITION IS REQUIRED * :

400 GOSUB 500:X=X+(V-VO)*UX/E:Z=2+(V-VO)*UZ/E:'* CORRECT
410 ' POSITION BY MOVING ALONG THE ELECTRIC FIELD *

420 GOTO 360

430 IF ABS(X)>4 OR Z<O OR Z>5 THEN 460:'#* CHECK IF POINT
440 ' OUTSIDE THE BOUNDARY *

450 GOTO 320

460 LOCATE 23,1:PRINT "PRESS ANY KEY TO CONTINUE";

470 C$=INPUT$(1)

480 LOCATE 21,1:PRINT BL$:PRINT BL$:PRINT BL$:GOTO 250

490 END

500 '* SUBPROGRAM TO COMPUTE COMPONENTS OF E AND OF UNIT
510 ' VECTOR ALONG E *

520 D1=((X+1)"2+4Z*Z)"*1.5

530 D2=((X-1)"2+Z%*Z)*1.5

540 EX=K1*(X+1)/D1-K2%(X-1)/D2

550 EZ=(K1/D1-K2/D2)*Z

560 E=SQR(EX*EX+EZ*EZ):'* MAGNITUDE OF ELECTRIC FIELD *
570 UX=EX/E:UZ=EZ/E:'* COMPONENTS OF UNIT VECTOR ALONG THE
580 ' FIELD *

590 RETURN

Expressing B as

1

B=+Frd1x <—V—> (4.104)
4 r

and using the vector identity

AXVDP =PV X A — V x DA (4.105)
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Figure 4.16. Personal Computer—generated plot of equipotentials for two
point charges, using the program of PL 4.1. The values of potentials are in

volts.
we obtain
B= -y x a1+ v x (K4 (4.106)
4y 4arr
Since dl is a constant, V X dl = 0, and (4.106) reduces to
Idl
B=V X (“ ) (4.107)
4qrr

Comparing (4.107) with (4.66), we see that the magnetic vector potential due
to the current element situated at the origin is given by

wl dl

A=——

47r

It follows from (4.108) that for a current element I dl situated at an arbitrary

(4.108)

}
P
I
I
r |
|
0 :
dlg [
— Ly
~m I
¢ T~ Figure 4.17. For finding the magnetic
~d .
vector potential due to a current
X element.
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point, the magnetic vector potential is given by

_uldl

AR (4.109)

where R is the distance from the current element. Thus it has a magnitude
inversely proportional to the radial distance from the element (similar to the
inverse distance dependence of the electric scalar potential due to a point
charge) and direction parallel to the element. We shall make use of this result
in Sec. 10.1.

D4.15. In a region of static electric field E = yzi, + zxi, + xyi, V/m, find the potential
difference V, — Vj for each of the following pairs of points: (a) A(2, 2, 2),
B(1, 1, ~1); (b) A(1.4, 2.5, 0.6), B(3, 7, 0.1); and (c) A(2, 3, 0.5), B2, —2,
-2).
Ans: 9 V;0V; -5V

D4.16. Three point charges are located as follows: 60ws, C at (0, 0, 0), —40me, C at
(2, 0, 0), and —20me, C at (0, 2, 0). Find the electric potential difference
between the point (1, 1, 4/2) and each of the following points: (a) (0, 0, 1.5);
(b) (1.5, 0, 0); and (c) (1, 1, 2.5).
Ans: —4V;12V;0V

4.7. SUMMARY

We have in this chapter derived the differential forms of Maxwell’s equations
from their integral forms, which we introduced in the previous chapter. For
the general case of electric and magnetic fields having all three components,
each of them dependent on all coordinates and time, Maxwell’s equations in
differential form are given as follows in words and in mathematical form.

Faraday’s Law. The curl of the electric field intensity is equal to the
negative of the time derivative of the magnetic flux density; that is,

VXE-= —%—1; (4.110)

Ampere’s Circunital Law. The curl of the magnetic field intensity is equal
to the sum of the current density due to flow of charges and the displacement
current density, which is the time derivative of the displacement flux density;
that is,

aD

VxH-= it 4.111
HJ+6t 4.111)

Gauss’ Law for the Electric Field. The divergence of the displacement
flux density is equal to the charge density; that is,

VeD=p (4.112)

Gauss’s Law for the Magnetic Field. The divergence of the magnetic
flux density is equal to zero; that is,

VeB=20 (4.113)
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Auxiliary to (4.110)—(4.113), the continuity equation is given by

_ %
Vey= - 4.114)

This equation, which is the differential form of the law of conservation of

charge, states that the sum of the divergence of the current density due to

flow of charges and the time derivative of the charge density is equal to zero.
In using (4.110)-(4.114), we recall that

D = ¢E
B

®

where ¢ and u are the permittivity and the permeability, respectively, of the
medium. In addition, if the current density J is due to conduction, then

J=1J.=0cE
where ¢ is the conductivity of the medium.
We have learned that the basic definitions of curl and divergence, which

have enabled us to discuss their physical interpretations with the aid of the
curl and divergence meters, are

§ a-a
VX A= lim =] b
£A-dS
VoA = lim o

Thus the curl of a vector field at a point is a vector whose magnitude is the
circulation of that vector field per unit area with the area oriented so as to
maximize this quantity and in the limit that the area shrinks to the point. The
direction of the vector is normal to the area in the aforementioned limit and
in the right-hand sense. The divergence of a vector field at a point is a scalar
quantity equal to the net outward flux of that vector field per unit volume in
the limit that the volume shrinks to the point. In Cartesian coordinates the
expansions for curl and divergence are

i i i

vxa=|2 2 2
ox dy 9z
A, A, A,
A, 0A\. 0A, 0A,\, A, 0A,\.
=\ Q"L+ - L+ {0 —— )1
ay 1174 9z ax 0x ay
)
voa=2:, 04 04

ox dy 0z

Thus Maxwell’s equations in differential form relate the spatial variations of
the field vectors at a point to their temporal variations and to the charge and
current densities at that point.

We have also learned two theorems associated with curl and divergence.
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These are the Stokes’ theorem and the divergence theorem given, respectively,
by
3€ Aedl = f (V X A)+dS
C S

iA-dS = fV(V°A)dv

Stokes’ theorem enables us to replace the line integral of a vector around a
closed path by the surface integral of the curl of that vector over any surface
bounded by that closed path and vice versa. The divergence theorem enables
us to replace the surface integral of a vector over a closed surface by the
volume integral of the divergence of that vector over the volume bounded by
the closed surface and vice versa.

We then introduced the electric scalar and magnetic vector potential
functions, ® and A, respectively. In view of (4.113), we have

B=VxA (4.115)
and then in view of (4.110), we obtain

E=-Vd — A (4.116)
ot
In (4.116), V@ is the gradient of the scalar function ®. We learned that the
gradient of a scalar ® is a vector having magnitude equal to the maximum
rate of increase of @ at that point, and its direction is the direction in which
the maximum rate of increase occurs, that is, normal to the constant ® surface
passing through that point; that is,

Vo = aLI)i,,
on

In Cartesian coordinates, the expansion for the gradient is

P oD od
VO = —i, + —i, + —1i,
ax ay 9z
Next, we derived two differential equations for the potential functions.

These are given by
LR p

VZ(I) - ,U,G? = —; (4.1173.)
2
VA — ,us% = —uJ (4.117b)

where V’® is the Laplacian of the scalar ® and V?A is the Laplacian of the
vector A. In Cartesian coordinates,
2 2 2
(0]
Vo = ﬂ; + ﬂ; + 6—2
dax ay 0z
and
VA = (VAL + (V’A)i, + (V2A)i,
In deriving (4.117a) and (4.117b), we made use of the Lorentz condition
ad
V L ] = — _—
A= —pes

which is consistent with the continuity equation.
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Finally, we considered the potential functions for the static field case,
for which (4.116) reduces to

E=-Vb=-VV (4.118)

whereas (4.115) remains unaltered. In (4.118), @ is replaced by V since the
electric potential difference between two points in a static electric field has
the same meaning as the voltage between the two points. We considered the
potential field of a point charge and found that for the point charge

__9
4meR

4.119)

where R is the radial distance away from the point charge. The equipotential
surfaces for the point charge are thus spherical surfaces centered at the point
charge. We illustrated the application of the potential concept in the deter-
mination of electric field due to charge distributions by considering the example
of an electric dipole. We also discussed a procedure for computer plotting
of equipotentials. We then derived the expression for the magnetic vector
potential due to a current element. For a current element / dl, the magnetic
vector potential is given by

wl dl

A =
4R

(4.120)

where R is the distance from the current element.

REVIEW QUESTIONS

R4.1. State Faraday’s law in differential form for the simple case of E = E.(z, i,
How is it derived from Faraday’s law in integral form?

R4.2. State Faraday’s law in differential form for the general case of an arbitrary
electric field. How is it derived from its integral form?

R4.3. What is meant by the net right-lateral differential of the x- and y-components
of a vector normal to the z direction? Give an example in which the net right-
lateral differential of E, and E, normal to the z-direction is zero although the
individual derivatives are nonzero.

R4.4. What is the determinant expansion for the curl of a vector in Cartesian coordinates?

R4.5. State Ampere’s circuital law in differential form for the general case of an
arbitrary magnetic field. How is it derived from its integral form?

R4.6. State Ampere’s circuital law in differential form for the simple case of H =
H,(z, Di,. How is it derived from Ampere’s circuital law in differential form
for the general case?

R4.7. If a pair of E and B at a point satisfies Faraday’s law in differential form, does
it necessarily follow that it also satisfies Ampere’s circuital law in differential
form and vice versa?

R4.8. State Gauss’ law for the electric field in differential form. How is it derived
from its integral form?

R4.9. What is meant by the net longitudinal differential of the components of a vector
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R4.10.
R4.11.

R4.12,
R4.13.
R4.14.
R4.15.
R4.16.

R4.17.

R4.18.
R4.19.

R4.20.

R4.21.
R4.22.
R4.23.
R4.24.
R4.25.

R4.26.

R4.27.

R4.28.

R4.29.

R4.30.

R4.31.

R4.32.

R4.33.
R4.34.

R4.35.

R4.36.

field? Give an example in which the net longitudinal differential of the components
of a vector is zero, although the individual derivatives are nonzero.

What is the expansion for the divergence of a vector in Cartesian coordinates?

State Gauss’ law for the magnetic field in differential form. How is it derived
from its integral form?

How can you determine if a given vector can represent a magnetic field?
State the continuity equation and discuss its physical interpretation.
Summarize Maxwell’s equations in differential form.

State and briefly discuss the basic definition of the curl of a vector.

What is a curl meter? How does it help visualize the behavior of the curl of
a vector field?

Provide two examples of physical phenomena in which the curl of a vector
field is nonzero.

State and briefly discuss the basic definition of the divergence of a vector.

What is a divergence meter? How does it help visualize the behavior of the
divergence of a vector field?

Provide two examples of physical phenomena in which the divergence of a
vector field is nonzero.

State Stokes’ theorem and discuss its application.

State the divergence theorem and discuss its application.
What is the divergence of the curl of a vector?

What are electromagnetic potentials? How do they arise?

What is the expansion for the gradient of a scalar in Cartesian coordinates?
When can a vector be expressed as the gradient of a scalar?

Discuss the physical interpretation for the gradient of a scalar function and the
application of the gradient concept for the determination of unit vector normal
to a surface.

How is the Laplacian of a scalar defined? What is its expansion in Cartesian
coordinates?

Compare and contrast the operations of curl of a vector, divergence of a vector,
gradient of a scalar, and Laplacian of a scalar.

How is Laplacian of a vector defined? What is its expansion in Cartesian
coordinates?

Outline the derivation of the differential equations for the electromagnetic
potentials.

What is the relationship between the static electric field intensity and the electric
scalar potential?

Distinguish between voltage, as applied to time-varying fields, and the potential
difference in a static electric field.

Describe the electric potential field of a point charge.

Discuss the determination of the electric field intensity due to a charge distribution
by using the potential concept.

Discuss the procedure for the computer plotting of equipotentials due to two
(or more) point charges.

Compare the magnetic vector potential field due to a current element to the
electric scalar potential due to a point charge.

Chap. 4 Review Questions 205



PROBLEMS

P4.1.

P4.2.

P4.3.

P4.4.

P4.5.

P4.6.

P4.7.

P4.8.

P4.9.
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Find the curls of the following vector fields:
(a) xyi, + yzi, + zxi,

(b) 7 — )i, — 2xyi, + 4,

(¢) 2r cos ¢ i, + ri, in cylindrical coordinates

-r

e . . .
d) - ip in spherical coordinates

For each of the following electric fields, find B that satisfies Faraday’s law in
differential form:

(@) E = 10 cos 2wz cos 6 x 10%i, _

(b) E = Eqi, cos [6m x 10% — (mx — \/372)]

Determine which of the following static vector fields can be realized as electric
fields:

| .
(a) }7 (ylx - xly)
1, . . .
(b) i iy in cylindrical coordinates

1 . . . .
(c) 3 (2 cos # i, + sin 8 i) in spherical coordinates

Obtain the simplified differential equations for the following cases: (a) Ampere’s
circuital law for H = H(y, #)i, and (b) Faraday’s law for E = Er, iy in
cylindrical coordinates.

Determine if for the electric field E = Eye™ cos wt i, in free space (J = 0),
there exists a magnetic field such that both Faraday’s law and Ampere’s circuital
law are satisfied simultaneously. -

Determine if for the electric field E = Ege ¢~ ?**_ in free space (J = 0)
there exists a magnetic field such that both Faraday’s law and Ampere’s circuital
law are satisfied simultaneously.

For the electric field E = E, cos (wf — ay — B2) i, in free space (J = 0), find
the necessary condition relating a, 8, w, po, and s, for the field to satisfy both
Maxwell’s curl equations.

For the electric field E = Fpe™® cos (ot — B2) i, in free space (J = 0), find
the necessary condition relating a, 8, ®, w, and s, for the field to satisfy both
Maxwell’s curl equations.

For each of the following static fields, find and plot the current density that
gives rise to the field versus the appropriate coordinate:

(—2J,(3a + 2)i, for —3a<z< —2a
_ JJod, for —2a<z<?2a

@ H = 15700 -2, for 2a<z<3a

0 otherwise

(0 forr<a

J7F - a
(b)H=<°(—2rL)i¢ fora<r<b

Jo(b2 - az) .

e forr>b

in cylindrical coordinates.
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P4.10. Find the divergences of the following vector fields:
(@) x*yzi, + Yzxi, + Z%xyi,
M) (* — Y — 2x91, + 4,
(c) r cos ¢ i, — rsin ¢ iy in cylindrical coordinates
(d) 7%, + rsin 0 i, in spherical coordinates
P4.11. For each of the following static electric fields, find and plot the charge distribution
that gives rise to the field versus the appropriate coordinate:

(—po 2 + )i, for—2<x< -1
L TX "
(@ D = pOSll’lzlx or —1<x<1
po2=x)i, forl<x<2
\0 otherwise
(0 forr<a
() D = <wir fora<r<2a
r
2
\%ir for r > 2a

in cylindrical coordinates.

P,
Po g forr<a
© D=

a3

pO_zir
4r forr>a

in spherical coordinates.
P4.12. Determine which of the following vector fields can be realized as magnetic

fields: (a) }% (¥i, — xi,), (b) % (cos ¢ i, + 2 sin ¢ iy) in cylindrical coordinates,

1 . . . .
and (c) = sin 0 i, in spherical coordinates.

P4.13. In each of the following expressions for vector fields, find the value of the
constant k such that the vector field can be realized as a magnetic field:

1
(@) ¥, — 3x%i,, (b) " (cos ¢ i, + sin ¢ iz) in cylindrical coordinates, and

1 . . .
©) i (2 cos 0 i, + k sin 6 iy in spherical coordinates.

P4.14. For each of the following current density distributions, find and plot the time
rate of increase in the charge density versus the appropriate coordinate:
~x2 s
(@ Jx) = e i,

ri, forr<1i

® J) = %i, forr>1

in cylindrical coordinates
(¢) J(r) = re™" i, in spherical coordinates
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P4.15.

P4.16.

P4.17.

P4.18.

P4.19.

P4.20.

P4.21.

P4.22.

P4.23.

P4.24.

P4.25.

P4.26.

P4.27.
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Discuss with the aid of the curl meter and also by expansion in the Cartesian
coordinate system, the curl of the velocity vector field associated with the flow
of water in the stream of Fig. 4.6(a), except that the velocity v, varies in a
linear manner from zero at the banks to a maximum of v, at the center.

Discuss with the aid of the curl meter and also by expansion in the cylindrical
coordinate system, the curl of the linear velocity vector field associated with
points inside the earth due to its spin motion.

Discuss the divergences of the following vector fields with the aid of the divergence
meter and also by expansion in the appropriate coordinate system: (a) the
position vector field associated with points in three-dimensional space; (b) the
linear velocity vector field associated with points inside the earth due to its
spin motion; and (c) the gravitational field of the earth associated with points
outside the earth.

Verify Stokes’ theorem for the vector field A = xyi, + yzi, + zxi, and the
closed path comprising the straight lines from (0, 0, 0) to (1, 0, 0), from (1, 0,
0) to (1, 1, 0), from (1, 1, 0) to (0, 1, 1), and then from (0, 1, 1) to (0, 0, 0).
Verify Stokes’ theorem for the vector field A = ¥, + 2xyi, without choosing
a particular closed path.

Verify the divergence theorem for each of the following cases: (a) for the vector
field A = xyzi, + y*zxi, + Z’xyi, and the cubical box bounded by the planes
x=0,x=1y=0,y=1,z=0,and z = 1; and (b) for the vector field
A = x%, + (3® + 2)i, + yzi, and the rectangular box bounded by the planes
x=0x=1,y=0,y=2,z=0,and z = 3.

Show by expansion in Cartesian coordinates that (a) V+V X A = 0 for any
A and (b) V X V& = 0 for any .

Find the scalar functions whose gradients are given by the following vector
functions:

@) e7’i, — xe™i,

) 3x%yz% i, + x°Z%, + 2xyzi,

1 . . . .
() o (cos ¢ i, + sin ¢ iy) in cylindrical coordinates

1 . . .
d) p cos @ i, in spherical coordinates

By using the gradient concept, find the equation for the plane which is tangential
to the surface x*> + 2y* + 4z = 10 at the point (2, 1, 1).

Find the unit vector whose x-component is positive and which is tangential
to the two surfaces x> + y*> + 22 = 3 and x + 2y + 3z = 6 at the point
a, 1, 1n.

Derive the expansion for the Laplacian of a vector in Cartesian coordinates
given by (4.87).

Show that the expansion for the Laplacian of a vector in cylindrical coordinates
is given by

A 2 0A
2A — VZ _ Ay £ U040
VA (A, 2R i,
A 2 9A
2 _ e 2T,
+(VA4, r2+ Zad))ld’

+ (V2Ai,
Show that the direction lines of the electric field of (4.102) are given by r cosec’ 8
= constant and ¢ = constant.
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P4.28.

P4.29.

P4.30.

P4.31.

P4.32.

An arrangement of point charges known as the linear quadrupole consists of
charges Q, —2Q, and Q at the points (0, 0, d), (0, 0, 0), and (0, 0, —d),
respectively. Obtain the expression for the electric potential and hence for the
electric field intensity due to the quadrupole at distances from it large compared
to d.

For a finitely long line charge of uniform density p;o C/m situated along the
line between (0, 0, —a) and (0, 0, @), obtain the expression for the potential
at an arbitrary point (r, ¢, z) in cylindrical coordinates.

For an infinitely long line charge of uniform density p;, situated along the
Pro In r
2mey Iy
where r, is the value of r at which the potential is zero. Further show that for
two infinitely long line charges parallel to the z-axis, having uniform densities
pr1 = 2kmey C/m and p;; = —2mrey C/m, and passing through (-1, 0, 0) and

z-axis, show that the potential at an arbitrary point (r, ¢, 2) is —

(1, 0, 0), respectively, the potential is given by V = In % where r, and r, are
1

the distances to the point from the line charges 1 and 2, respectively.
Consider surface charge distributed uniformly with density ps, on a square
surface of sides a. Show that the potential at the center of the square is
Psod

——In( + v2).

e, 0 € V2)

By expansion in Cartesian coordinates, show that
AXVd= DV x A — V x (PA).

PC EXERCISES

PC4.1. Consider the plotting of equipotentials for two parallel, infinitely long, line

charges of uniform densities. Let the charges be parallel to the z-axis and
passing through (—1, 0, 0) and (1, 0, 0) with densities 47gy C/m and —2we,
C/m, respectively. Using the result of Prob. P4.30 and the method of Ex.
4.10, write a program to plot the equipotential lines passing between the line
charges and for specified values of potentials. Use the same rectangular region
as in Fig. 4.16.

PC4.2. Consider the extension of PL 4.1 to include plotting of equipotential lines

which surround both point charges. For Q, = k(4mg) C at (—1, 0, 0) and
Q> = —k(4megy) C at (1, 0, 0), where k; > 0, k, > 0 and k; > k,, show that
for points on the x-axis to the right of Q,, the potential varies from —oo at

Q, to zero at x = (k; + k)/k; — k) to a maximum value of % (\/E -
Vk)? at x = (Vki + Vk)/(Wki — V) and then decreases to zero at x =
oo, whereas for points on the x-axis to the left of Q,, the potential decreases
continuously from oo at Q; to zero at x = —oco. Thus all equipotential lines
passing through points on the x-axis to the right of x = (Vk + Vk)/(Vk,
- \/k_z) surround both point charges. Extend the program of PL 4.1 to plot

these equipotential lines and generate a sample plot for values of k; and &,
specified by your instructor and using appropriate boundaries for the region.

PC4.3. Using the procedure employéd in Ex. 4.10, write a program for plotting the

equipotential line through a specified point (instead of plotting an equipotential
line for a specified value of potential) in a region of n point charges. Use
the program to plot a set of equipotentials for values and locations of point
charges specified by your instructor.
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Topics in Static and
Quasistatic Fields

In Chaps. 3 and 4 we learned Maxwell’s equations in integral form and in
differential form, respectively. In Chap. 3 we also discussed the computation
of static electric and magnetic fields due to symmetrical charge and current
distributions, respectively, by using Gauss’ law in integral form and Ampere’s
circuital law in integral form without the displacement current term, respectively.
In Chap. 4 we also introduced the electromagnetic potentials and their spe-
cializations to static fields. In this chapter we shall consider several topics
in static fields and also extend our study to quasistatic fields, which are low-
frequency extensions of static fields.

We shall begin the chapter with the discussion of energy storage in
electric and magnetic fields and derive expressions for the energy densities
associated with electric and magnetic fields. We shall then consider two important
differential equations, involving the electric potential, and discuss several
applications based on the solution of these equations. Next we shall introduce
a numerical technique involving the inversion of an integral equation, for
solving a class of problems for which exact analytical solutions are not in
general possible. We shall then extend our study to the quasistatic case,
illustrating the determination of the low-frequency behavior of physical structures
via the quasistatic field approach, and finally consider two topics pertinent to
the study of electromechanical systems.

5.1 ENERGY STORAGE IN ELECTRIC AND MAGNETIC FIELDS

In Sec. 4.6, we learned that the potential difference between two points A
and B in a static electric field has the same meaning as the voltage between
the two points; that is, it is equal to the work done per unit charge in moving
a test charge from point A to point B. If we transfer a test charge from a
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Work
required to
assemble a
system of n
point
charges

point of higher potential to a point of lower potential, the field does the work
and hence there is loss in potential energy of the system, which is supplied
to the test charge. Where in the system does this energy come from? Al-
ternatively, if we transfer the test charge from a point of lower potential to
a point of higher potential, an external agent moving the charge has to do
work, thus increasing the potential energy of the system. Where in the system
does this energy expended by the external agent reside? Wherever in the
system the energy may reside, a convenient way is to think of the energy as
being stored in the electric field. In the first case, part of the stored energy
in the field is expended in moving the test charge, whereas in the second case
the energy expended by the external agent increases the stored energy.

Let us then consider a system of two point charges O, and Q, situated
an infinite distance apart so that no forces are exerted on either charge and
hence the charges are in equilibrium. Then recalling that the potential at a
point is the potential difference between that point and a reference point,
which for a point charge is conveniently chosen to be at infinity, we note that
to bring Q, close to Q; as shown in Fig. 5.1(a), an amount of work equal to
O, times the potential of Q, at 0, must be expended by an external agent.
Thus the potential energy of the system is increased by the amount

W, = Q,V; (5.1
where V; is the potential of Q, at the location of Q.. If we start with a system
of three charges Q;, 0, Q; situated an infinite distance apart from each other,
then the amount of work required to bring Q, and Qs close to Q; can be
determined in two steps. First we bring Q, close to Q;, for which the work
required is given by (5.1). Then we bring Qs close to Q, as shown in Fig.
5.1(b). But, this time, we have to overcome not only the force exerted on

05 by O, but also the force exerted by Q,. Hence the required work is given
by

W = OiV; + Q;V3 (5.2)
Thus the total work required to bring Q, and Q; close to Q, is
W, =W, + W; = Q,V; + (Q;V} + O:V) (5.3)

The potential energy of the system is increased by the amount given by (5.3).

0, _from o 9 M
Ly~ 130 t
) 0, Ry
&
e __ _
(@ (b) Qs from oo

Figure 5.1. Bringing point charges closer from infinity.
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We can proceed in this manner and consider a system of n point charges

0., 05, 0s, . . ., Q, initially located infinitely far apart from each other. The
total work required in bringing the charges close to each other is given by
W,=W,+ W, + - + W,
= OV + (QsVi + Q:V3) + (QVi + QVi + V) + - (54
n i-1
= 2 2 QiVJx:
i=2j=1

where V7 is the potential of Q; at the location of Q;. However, we note that
; 9 0
Vi = Qi47rs:Rﬁ N Qj47rsoR,-j
Hence (5.4) may be written as
W, = O;Vi+ (Q\Vi+ QV3) + (QiVi+ 0,Vi + O3V +
n i-1
-3 o, oo
i=2j=1
Adding (5.4) and (5.6), we have
2W, = Q)(Vi+ Vi+ Vi+ )
+ OV + VI+ VI + o)
+ OVi+ Vi+ Vit )
+ oo
= Q,(potential at Q; due to all other charges) (5.7)

= QVi (5.5)

+ Qy(potential at Q, due to all other charges)
+ QOs(potential at Q, due to all other charges)
+ e

= 0\Vi+ @V, + 05V +

= 2 o\V;
i=1

where V;, is the potential at Q; due to all other charges. Dividing both sides
of (5.7) by 2, we have

1 n
W.=52 0V (5-:8)

Thus the potential energy stored in the system of »n point charges is given by
(5.8).
Example 5.1.
Three point charges of values 1, 2, and 3 C are situated at the corners of an
equilateral triangle of sides 1 m. It is desired to find the work required to move

these charges to the corners of an equilateral triangle of shorter sides  m as
shown in Fig. 5.2.
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Figure 5.2. Bringing three point
charges from the corners of a larger
equilateral triangle to the corners of a
smaller equilateral triangle.

The potential energy stored in the system of three charges at the corners
of the larger equilateral triangle is given by

1< 1 2 3 1 3 1 2
El;l QiVi B 2 |:1<47T80 + 47T80> * 2(477'80 + 4'7780) + 3(47T80 + 47T€0>:|

=1[5+8+9]= 1 Nm

2 477'80 - 471'80

The potential energy stored in the system of three charges at the corners of the
smaller equilateral triangle is equal to twice this value since all distances are
halved. The increase in potential energy of the system in going from the larger
to the smaller equilateral triangle is equal to 11/47sy N-m. Obviously, this -
increase in energy must be supplied by an external agent, and hence the work
required to move the charges to the corners of the equilateral triangle of sides
3 m from the corners of the equilateral triangle of sides 1 m is equal to 11/4re,
N-m.

If we have a continuous distribution of charge with density p(x, v, z)
instead of an assembly of discrete charges, we can treat it as a continuous
collection of infinitesimal charges of value p(x, y, z) Av, each of which can
be considered as a point charge, and obtain the potential energy of the system
as

5.9
fvolume pV dU )

containing p

Thus far, we have found the potential energy of the charge distribution
by considering the work done in assembling the system. We stated at the
beginning of this section that the potential energy can be thought of as being
stored in the electric field set up by the system of charges. If so, we should
be able to express the energy in terms of the electric field. To do this, we
substitute for p in (5.9) from (4.34) and obtain

1
We - 5 fvolume (V ' D)V dv (5 10)

containing p
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Since V * D = 0 in the region not containing p, the value of the integral on
the right side of (5.10) is not altered if we change the volume of integration
from the volume containing p to the entire space. Thus

_1

2 all space

W, (eVE)V dv .11

where we have also replaced D by ¢E. We now use the vector identity

VeDA = OV A + A VO (5.12)

to replace VV « E on the right side of (5.11) by V<VE — E « VV and obtain
We=1ef (VVE — E*VV)dv

2 all space (513)

=laf V-VEdv+lsf E*Edv
2 all space 2 all space

where we have replaced VV by —E in accordance with (4.97). Using the

divergence theorem, we equate the first integral on the right side of (5.13) to
a surface integral; thus,

f VeVEdv = f VE+i,dS (5.14)
all space surface

bounding
all space

However, as viewed from a surface bounding all space, a charge distribution
of finite volume appears as a point charge, say, 0. Hence, as r — oo, we
can write

Q i
der’”

Y

4irer

E —

V —

T 2 Q Q
o 3 : . 2 . .
f;”"fag? VE:1,d8 }1—{13: L=o f¢=o 4mer dmert | 00 0dodi,
ounding

all space (5. 15)

m 27 Q2
_—_J;=0J; lmlmsmﬂded(j) =0

=0,
Equation (5.15) holds also for a charge distribution of infinite extent, provided

the electric field due to the charge distribution falls off at least as (1 /r)i, and
hence the potential falls off at least as 1/r. Thus (5.13) reduces to

w, =lsf E*Edv = f <18E2) dv (5.16)
2 all space all space 2

Equation (5.16) indicates clearly that the idea of energy residing in the
electric field is a valid one provided we integrate 3sE* throughout the entire
space. The quantity $sE? is evidently the energy density associated with the
electric field; that is,

cE? 5.17

w, =

N[ =
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Example 5.2.
A volume charge is distributed throughout a sphere of radius @ m, and centered
at the origin, with uniform density p, C/m*. We wish to find the energy stored
in the electric field of this charge distribution.
From Example 3.7, the electric field of the uniformly distributed spherical
charge, having its center at the origin, is given by

D ,3)01 forr<a
g=2_7"%
&
;:arzi’ forr>a
0

Hence the energy density in the electric field is given by

pir’ fory <
18E2= 8¢, orr<a
2 r 2.6
Pod

1880"

forr>a

The energy stored in the electric field is

W, = frOLO ¢018 rsderdeci)

fr Lof 018 4r sin 0 dr d0 d¢

_ dmpia’
- 1580

Just as energy is stored in an electric field, there is energy storage
associated with magnetic field. The expression for the magnetic stored energy
density, w,,, can be derived by considering the building up of a current dis-
tribution." We shall however simply present the result here. It is given by

Wy = %,U,HZ (5.18)

Let us now consider an example.

Example 5.3.
Current I flows in the + z-direction with uniform density on the cylindrical surface
r = aand returns in the — z-direction with uniform density on a second cylindrical
surface r = b so that the surface current distribution is given by

I .

~—i, forr=a

2ma
Js =

—L' forr =5

2ab "
We wish to find the energy stored in the magnetic field per unit length of the
current distribution.

! See, e.g., N. N. Rao, Basic Electromagnetics with Applications (Englewood Cliffs, N.J.:
Prentice-Hall, 1972), pp. 226-230.
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From application of Ampere’s circuital law in integral form, we obtain the
magnetic field due to the given current distribution as

0 forr<a
H= —I—id, fora<r<b

2mr

0 forr>b

. Hence the energy density in the magnetic field is given by

0 forr<a

1 ol?

Ep,Hﬁ, = 87:2r2 fora<r<b
0 forr>b

The energy stored in the magnetic field per unit length of the current distribution

is
12
JL L L aras e

Mol é
47 In

1

Wi

D5.1. Three point charges Q; = 8w, C, Q, = 4me, C, and O3 = 167e, C are located

at the vertices of an equilateral triangle of sides 1 m, as shown in Fig. 5.3. (a)
Find the work required to assemble the charge distribution. (b) How much
additional work is required to move Q; to the center of its opposite side in the
triangle? (c) How much additional work is required to then move Q; and Q5 to
the centers of their opposite sides in the original triangle?

Ans: 567y J; 40mey J; 16978 J

= 8mey C

/N

Q) =41¢y Coe————1m———>® Q3 =16my C_ Figure 5.3. For Prob. D5.1.

D5.2. Two spherical charges, each of the same radius a m and the same uniform charge

216

density p, C/m’, are situated infinitely apart. The two spherical charges are
brought together and are made into a single spherical charge of uniform density.
Find the work required for each of the following cases: (a) the charge density
of the new spherical charge is p, C/m’; (b) the radius of the new spherical charge
is @ m; and (c) the radius of the new spherical charge is 2a m.

Ans: 0.9842p%d% /g, J; 1.6755p3a’ /e T; O
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5.2 POISSON’S AND LAPLACE’S EQUATIONS

Poisson’s
equation

p-n
Junction
semi-
conductor

In Sec. 4.6, we introduced the static electric potential as related to the static
electric field in the manner

E=-VV (5.19)
Substituting (5.19) into Maxwell’s divergence equation for D given by
VeD=p (5.20)
we obtain
~VeeVV=0p (5.21)
where ¢ is the permittivity of the medium. Using the vector identity
VePA =DPVeA + A VD (5.22)
we can write (5.21) as
eVeVV + VeeVV = —p (5.23)
or
eV’V +VeeVV = —p (5.29)

If we assume ¢ to be uniform in the region of interest, then Ve = 0 and (5.24)
becomes

V2V = —p/e (5.25)

This equation is known as the Poisson’s equation. It governs the relationship
between the volume charge density p in a region of uniform permittivity & to

. the electric scalar potential V in that region. Note that (5.25) also follows

from (4.90) for 3/0t = 0 and ® = V. In Cartesian coordinates, (5.25) becomes
3V PV PV o : :

— +—=—-= 5.26

axt oyt 8z & (5.26)

which is a three-dimensional, second-order partial differential equation. For

the one-dimensional case in which V varies with x only, 8*V/dy* and 9*V/az*

are both equal to zero, and (5.26) reduces to

vV d*V p
e (5.27)

We shall illustrate the application of (5.27) by means of an example.

Example 5.4.
Let us consider the space charge layer in a p—# junction semiconductor with
zero bias, as shown in Fig. 5.4(a), in which the region x < 0 is doped p-type
and the region x > 0 is doped n-type. To review briefly the formation of the
space charge layer, we note that since the density of the holes on the p side is
larger than that on the » side, there is a tendency for the holes to diffuse to the
r side and recombine with the electrons. Similarly, there is a tendency for the
electrons on the r side to diffuse to the p side and recombine with the holes.
The diffusion of holes leaves behind negatively charged acceptor atoms, and the
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Figure 5.4. For illustrating the application of Poisson’s equation for the
determination of the potential distribution for a p—n junction semiconductor.

diffusion of electrons leaves behind positively charged donor atoms. Since these
acceptor and donor atoms are immobile, a space charge layer, also known as
the ‘‘depletion layer,”” is formed in the region of the junction with negative
charges on the p side and positive charges on the n side. This space charge
gives rise to an electric field directed from the n side of the junction to the p
side so that it opposes diffusion of the mobile carriers across the junction thereby
resulting in an equilibrium. For simplicity, let us consider an abrupt junction,
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that is, a junction in which the impurity concentration is constant on either side
of the junction. Let N, and N, be the acceptor and donor ion concentrations,
respectively, and d, and d, be the widths in the p and » regions, respectively,
of the depletion layer. The space charge density p is then given by

o= {—eNA for —d, <x<0

eN, for 0<x<d, (5.28)

as shown in Fig. 5.4(b), where e is the magnitude of the electronic charge. Since
the semiconductor is electrically neutral, the total acceptor charge must be equal
to the total donor charge; that is,

eN,d, = eNpd, (5.29
We wish to find the potential distribution in the depletion layer and the depletion
layer width in terms of the potential difference across the depletion layer and
the acceptor and donor ion concentrations.

Substituting (5.28) into (5.27), we obtain the equation governing the potential
distribution to be

, Na por —d, <x<0
‘v € ?
pr eN (5.30)
_TD for 0<x<d,

To solve (5.30) for V, we integrate it once and obtain

eN,
—_— —-d,<x<
av 8x+C1 for —d, <x <0
dx —eTNDx +C, for 0 <x<d,

where C; and C, are constants of integration. To evaluate C; and C,, we note

that since E = —VV = —(@V/x)i,, dV/dx is simply equal to —E,. Since the
electric field lines begin on the positive charges and end on the negative charges,
and in view of (5.29) the field and hence V/dx must vanish at x = —d, and
x = d,, giving us
eNA
—(x +d,) for —d,<x<0
v_ € (5.31)
dx eNp ’

—T(x —d,) for 0<x<d,

The field intensity, that is, —dV/dx, may now be sketched as a function of x
as shown in Fig. 5.4(c).
Proceeding further, we integrate (5.31) and obtain

N,
TAE+ dF + G for —d,<x<0
V= ©
eN, D 2
—2—(x—d,,) + C, for 0<x<d,
&
where C; and C, are constants of integration. To evaluate C; and C,, we first
set the potential at x = —d,, arbitrarily equal to zero to obtain C; equal to zero.

Then we make use of the condition that the potential be continuous at x = 0,
since the discontinuity in dV/dx at x = 0 is finite, to obtain
eN, A

2 _ _eNp
28dp 2e:d"+c4
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Laplace’s
equation

or
Cy = ~(Nyd? + Npd?2)
2e

Substituting this value for C, and setting C; equal to zero in the expression for
V, we get the required solution

ez—N"(x +d,) for —d, <x<0
€

V= (5.32)

—ﬂg(x2 - 2xd,) + E&dﬁ for 0 <x<d,
2¢ 2e

The variation of potential with x as given by (5.32) is shown in Fig. 5.4(d).

We can proceed further and find the width d = d, + d, of the depletion
layer by setting V(d,) equal to the contact potential, V;, that is, the potential
difference across the depletion layer resulting from the electric field in the layer.
Thus-

V= vid) = L2437 + 2

2
2e dy

e Np(Ny + Np) e NNy + Np)

=__—d2 dZ
e N, + N, "+2€ N, + Np P
[4 NAND 2 2
=_—_—ATD +
28NA+ND(d”+d” 2d,d,)
_ e _NuNp d?
2e Ny + Np

where we have used (5.29). Finally, we obtain the result that

2eVo [ 1 1
—1 e + _—
d \/ e <NA ND>

which tells us that the depletion layer width is smaller the heavier the doping
is. This property is used in tunnel diodes to achieve layer widths on the order
of 10~¢ cm by heavy doping as compared to widths on the order of 10™* cm in
ordinary p—n junctions.

We have just illustrated an example of the application of Poisson’s equation
involving the solution for the potential distribution for a given charge distribution.
Poisson’s equation is even more useful for the solution of problems in which
the charge distribution is the quantity to be determined given the functional
dependence of the charge density on the potential. We shall, however, proceed
to the discussion of Laplace’s equation.

If the charge density in a region is zero, then Poisson’s equation (5.25)
reduces to

ViV =0 (5.33)

This equation is known as ‘‘Laplace’s equation.”” It governs the behgvi.or. of
the potential in a charge-free region characterized by uniform permittivity.
In Cartesian coordinates, it is given by

vV oV

=0 5.34
ox? ay ( )

Y%
T2
9z
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Laplace’s equation is also satisfied by the potential in conductors under
steady current condition. For the steady current condition, dp/or = 0, and
the continuity equation given for the time-varying case by

ap
Ve JC + E =
reduces to
Vel. =0 (5.35)
Replacing J. by E = —oVV where o is the conductivity of the conductor

and assuming o to be constant, we obtain
VeoE =agV+E = —gVeVV = —gViV =0
or
ViV =0

The problems for which Laplace’s equation is applicable consist of finding
the potential distribution in the region between two conductors given the
charge distribution on the surfaces of the conductors or the potentials of the
conductors or a combination of the two. The procedure involves the solving
of Laplace’s equation subject to the boundary conditions on the surfaces of
the conductors. The electric field intensity between the conductors is then
found by using E = —VV, from which the conduction current density is
obtained by using J, = oFE, if the medium is a conductor. We shall illustrate
this by means of an example involving variation of V in one dimension.

Example 5.5.
Parallel- Let us consider two infinite, plane, parallel, perfectly conducting plates occupying
plate the planes x = 0 and x = d and kept at potentials V = 0and V = Vi, respectively,
capacitor as shown by the cross-sectional view in Fig. 5.5, and find the solution for

Laplace’s equation in the region between the plates. The arrangement may be
considered an idealization of a parallel-plate capacitor with its plates having
dimensions very large compared to the spacing between them.

The potential is obviously a function of x only and hence (5.34) reduces

to
&V _dav_
ox?  dx®
Integrating this equation twice, we obtain
Vix) = Ax + B

x=d, V=V,
+ + + + T

+
+

S DU I ——F——1——1+ — Equipotential
SN RN S S TR S S—— Figure 5.5. Cross-sectional view of
E

parallel-plate capacitor for illustrating
—. — = - — — the solution of Laplace’s equation in
x=0, V=0 one dimension. :

Sec. 5.2 Poisson’s and Laplace’s Equations 221



where A and B are constants of integration. To determine the values of A and
B, we make use of the boundary conditions for V; that is,

V=0 forx=90
V=YV, forx=4d

iving us
giving 0=A0)+B or B=0
Vo =Ad) + B=Ad or A——-l:;

Thus the required solution for the potential is given by

V=%x for0<x<d

which tells us that the equipotentials are planes parallel to the conductors, as

shown in Fig. 5.5.
Proceeding further, we obtain

E=-VV= _inx = —K]ix for0<x<d
ax d

This field is uniform and directed from the higher potential plate to the lower
potential plate, as shown in Fig. 5.5. The surface charge densities on the two
plates are given by

Vo, . ﬂ/_o

[pS]x=0 = [D]x=0.ix = _7ix.lx = - d
_ cimiy = &Y Loy = S
[pS]x=d - [D]x=d ( lx) - d I ( lx) - d

The magnitude of the surface charge per unit area on either plate is
eV
Q=lod (O =3
Finally, we can find the capacitance per unit area of the plates, defined to be
the ratio of Q to V,. Thus

C= per unit area of the plates.

=
ale

If the medium between the plates in Fig. 5.5 is a conductor, then the

conduction current density is given by

J.=0oE = —”—Vﬂix

d

The conduction current from the higher potential plate to the lower potential
plate per unit area of the plates is

V.
=11 = ”7

The ratio of this current to the potential difference is the conductance G
(reciprocal of resistance) per unit area of the plates. T hus

c

ag .
=V =4 per unit area of the plates
0
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Cylindrical
and
spherical
capacitors .

Two-
dimensional
Laplace’s
equation

Numerical
solution

of two-
dimensional
Laplace’s
equation

We have just illustrated the solution of Laplace’s equation in one dimension
by considering an example involving the variation of V with one Cartesian
coordinate. Ina similar manner, solutions for one-dimensional Laplace’s equa-
tions involving variations of V with single coordinates in the other two coordinate
systems can be obtained. Of particular interest are the case in which V is a
function of the cylindrical coordinate r only, pertinent to the geometry of a
capacitor made up of coaxial cylindrical conductors and the case in which V
is a function of the spherical coordinate r only, pertinent to the geometry of
a capacitor made up of concentric spherical conductors. These two geometries
are shown in Figs. 5.6(a) and (b), respectively. The various steps in the
solution of Laplace’s equation and subsequent determination of capacitance
for these two cases are summarized in Table 5.1, which also includes the
parallel plane case of Fig. 5.5.

Cylinders Spheres

W W

V=0 V=0

(a) ®

Figure 5.6. Cross-sectional views of capacitors made up of (a) coaxial cy-
lindrical conductors and (b) concentric spherical conductors.

Returning now to (5.34), let us consider the case of variation of V with
two dimensions, say, x and y. Then, we obtain the two-dimensional Laplace’s
equation

St == 0 (5.36)

The analytical technique by means of which an equation of this type is solved
is known as the “‘separation of variables’’ technique. We shall however consider
a numerical technique which forms the basis for computer solution and defer
the discussion of the separation of variables technique to Sec. 9.4, where we
will encounter a similar partial differential equation.

To introduce the principle behind the numerical solution, let us suppose
that we know the potentials V;, V,, V;, and V, at four points equidistant from -
a point P(0, 0, 0) and lying on mutually perpendicular axes, which we call x
and y, passing through P as shown in Fig. 5.7, and that we wish to find the
potential V, at P in terms of V,, V,, V;, and V,. Then assuming no variation
of V in the z-direction, we require that

PV PV '
[V2V], = [— + —] -0 (5.37)
? ox* 9y ©,0,0)
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TABLE 5.1. SUMMARY OF VARIOUS STEPS IN THE SOLUTION OF LAPLACE'S
EQUATION AND DETERMINATION OF CAPACITANCE FOR THREE
ONE-DIMENSIONAL CASES.

Parallel Coaxial Concentric
Geometry planes cylinders spheres
Figure 5.5 5.6(2) 5.6(b)
Boundary V=0 x=0 V=V, r=a V=V, r=a
conditions V=V, x=d V=0 r=5b V=0, r=»
’ v 14 14
Laplace's 6_2=0 li(r—>=0 lzi(rz—>=0
equation X ror or rear ar
A
General V=Ax+B V=Alnr+B V==+8B
solution r
Particular V=v X V= In (r/b) _ (/r — 1/b)
solution °d ® In (a/b) ® (I/a — 1/b)
Electric Y, Vo Vo ;
field d” rin(b/a) ’ r*(/a — 1/b) ~
S I'f _S_VO X = 0 _i r=a _S—VO.__ r=a
urace d’ aln(b/a)y '~ @0/a —1/by
charge
densities E_V" x=d _—&V r=b __EY&_ r=b
d’ blin (b/a)’ b*(/a — 1/b)’
Capacitance z er unit area Zme_ per unit __Ame
P a® In (b/a) length (/a - 1/b)
XA
V,$(,0,0)
K4 P Vs
® Y » )
0, -a, 0) 0,0, 0). 0,a,0
V,$(-a,0,0) Figure 57 For illus?rating thf: princi-
’ ple behind the numerical solution of
Laplace’s equation in two dimensions.

To solve this equation approximately for V,, we note that

. )
ax? ©0.0.0) ~ [ax \ox ©.0.0
L]V _|
a { |:8x :l (/2,00 [ ox ] (—a/2,0,0)}

~ 1 [V](a,O,O) —[V](O,O,O) _ [V](o,o,O) = [Vl-a00
a a a

} (5.38a)

1
? [(V1 - Vo) - (Vo - Vz)]

1
a_z(Vl + V, = 2Vy)
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Similarly,

oV 1
l:a_yZ] ==V + V, -2V (5.38b)
0,0,0)

Substituting (5.38a) and (5.38b) into (5.37) and rearranging, we obtain

1
Vo zZ(Vl + V2 + V3 + V4) (5.39)

Thus the potential at P is approximately equal to the average of the potentials
at the four equidistant points lying along mutually perpendicular axes through
P. The result becomes more and more accurate as the spacing a becomes
less and less. Equation (5.39) forms the basis for the computer solution of
Laplace’s equation. We shall illustrate its application by means of an example.

Example 5.6. .
Let us consider four infinitely long conducting strips of equal widths, situated
such that the cross section of the arrangement is a square, and held at potentials
Ves Vi, Vi, and V,, as shown in Fig. 5.8. Note that the corners are insulated
so that the plates do not touch. By dividing the area between the conductors
into a 6 X 6 grid of squares, and using (5.39), we wish to find the approximate
values of the potentials at the grid points.

» V=V,
PRI

Vil Vgl Vis| Vigl Vs
—___+__—f_—_’__—_+_—_+__—

| | | | |

Val Vol Vsl Vol Vs

YA { | T Figure 5.8. Cross-sectional view of an
k | | | | J arrangement of four infinitely long con-
3l L L L ducting strips, with the region inside
X V=, divided into a 6 x 6 grid of squares.

The solution consists of obtaining a set of values for the potentials at the
grid points such that the potential at each grid point is the average of the potentials
at the neighboring four grid points to within a specified tolerance. Thus if we

denote the pOtentialS to be V”, V125 V13, VM, VlS’ Vle V22, ey V55, and if the
specified tolerance is denoted to be A, then the values of the potentials must be
such that

<A (5.40a)

1
qu - Z(Va + Vet Vy +V)

<A (5.40b)

1
Vip — Z(Va Vit Vp+ Vi)
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40

40

40

40

40

ITERATION NO.= 25

and so on. The simplest technique adaptable to computer solution is to begin
with values of zero for all unknown potentials. By traversing the grid in a
systematic manner, the average of the four neighboring potentials is computed
for each grid point and is used to replace the potential at that grid point if that
value differs from the computed average by more than A. This procedure is
repeated until a final set of values for the unknown potentials consistent with

.(5.40a), (5.40b), . . . is obtained.

Let us consider some numerical values: V, = 100 V, V, = 0V, V, =
40V, V, = 0V,and A = 0.01 V. Then we first set all unknown potentials
equal to zero. Beginning at the grid point 11, and traversing the grid rowwise,
we replace the zero value for Vy; by (100 + 40 + 0 + 0) or 35 V, then replace
the zero value for Vi, by 1 (100 + 35 + 0 + 0) or 33.75 V, and so on. After
one traversal is completed, we come back to the grid point 11 and traverse the
grid again replacing the potential value at each grid point by the average of the
then existing values of the four neighboring potentials, as necessary. This procedure
is repeated until the desired set of values is obtained.

A PC program for carrying out the procedure just discussed for given set
of values of V,, V,, Vi, V,, and A is included as PL 5.1. The final set of values
for the potentials resulting from a run of the program for V, = 100 V, V, =
OV,V,=40V,V,=0V,and A = 0.01 V is shown in Fig. 5.9, which also
shows the residuals, where a residual at a grid point is the absolute value of the
difference between the potential at that grid point and the average of the four
neighboring potentials. The residuals are shown below the potential values. It
can be seen that all residuals are less than 0.01 V.

100
65.60
0.006

49.69
0.006

40.21
0.004

32.32
0.006

21.86
0.006

0

100
72.71
0.006

52.99
0.007

38.84
0.004

27.23
0.007

15.14
0.006

0

100
72.30
0.004

50.73
0.004

34.95
0.000

22.65
0.004

11.49
0.004

0

SOLUTION COMPLETED

VALUE OF DELTA ACHIEVED <= 7.423401E-03

100
65.76
0.006

42.68
0.007

27.61
0.004

16.92
0.007

8.19
0.006

0

100
48.10
0.006

26.66
0.006

15.89
0.004

9.29
0.006

4.36
0.006

0

Figure 5.9. The final set of values of

potentials and residuals from a run of

the program of PL 5.1, for V, = 100 V,
V,=0V,V, =40V, V., =0V, and
A =0.01V.

The method we just discussed is known as the ‘‘iteration’’ technique
since it involves the iterative process of converging an initially assumed solution
to a final one consistent with Laplace’s equation in the approximate sense
given by (5.39). There are several variations of the iteration technique. For
example, by employing an initial guess other than zeroes, a faster convergence
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PL 5.1. Program listing for numerical solution of Laplace’s equation
in two dimensions for the potentials at the grid points in the arrangement

of Fig. 5.8.

100 ' ***************************************************

110 '* NUMERICAL SOLUTION OF LAPLACE'S EQUATION IN TWO *

120 '* DIMENSIONS *

130 ' ***************************************************

140 DIM V(7,7)

150 CLS:SCREEN 0

160 PRINT "ENTER INTEGER VALUES (NOT EXCEEDING 100"

170 PRINT "IN ABSOLUTE VALUE) FOR THE POTENTIALS"

180 PRINT "ON THE FOUR SIDES:":PRINT

190 INPUT "VTOP=",VTOP

200 INPUT "VBOTTOM=",VBOT

210 INPUT "VLEFT=",VLEF

220 INPUT "VRIGHT=",VRIG

230 PRINT:PRINT "ENTER VALUE OF DELTA:"

240 PRINT:INPUT "VDELTA=",DV

250 LOCATE 23,1:PRINT "PRESS ANY KEY TO CONTINUE"

260 C$=INPUT$(1):CLS:NT=0

270 '* PRINT POTENTIAL VALUES ON THE FOUR SIDES AND

280 ' ZEROES AT THE INTERIOR GRID POINTS *

290 FOR J=2 TO 6:JT=6%J-6

300 V(1,J)=VTOP:LOCATE 1,JT:PRINT VTOP

310 V(7,J)=VBOT:LOCATE 19,JT:PRINT VBOT

320 NEXT

330 FOR I=2 TO 6

340 V(I,1)=VLEF:V(I,7)=VRIG:IT=3%I-2

350 FOR J=2 TO 6:V(I,J)=0:NEXT

360 LOCATE IT,1:PRINT V(I,1)

370 FOR J=2 TO 7:JT=6*J-6:LOCATE IT,JT:PRINT V(I,J):NEXT

380 NEXT

390 '* CARRY OUT ITERATION PROCEDURE *

400 IC=0:NT=NT+1:DM=0 _

410 LOCATE 21,1:PRINT "ITERATION NO.=";NT

420 FOR I=2 TO 6:FOR J=2 TO 6

430 IT=3*%T-2:JT=6*%J-6:IV=TT+1

440 VIJ=(V(I-1,J)+V(I+1,J)+V(I,J-1)+V(I,J+1))/4

450 DC=ABS(VIJ-V(I,J)):'* RESIDUAL *

460 IF DC>DM THEN DM=DC:'* HIGHEST VALUE OF RESIDUAL IN

470 ' A GIVEN ITERATION *

480 IF DC>=DV THEN V(I,J)=VIJ:IC=1:LOCATE IT,JT:PRINT "
":LOCATE IT,JT:PRINT USING "##.##";V(I,J)

490 LOCATE IV,JT:PRINT " ":LOCATE IV,JT

500 IF DC>= 10 THEN PRINT USING "##.##";DC:GOTO 520

510 PRINT USING "#,###";DC

520 NEXT:NEXT

530 IF IC=1 THEN 400:'* CHECK IF SOLUTION COMPLETED *

540 LOCATE 22,1:PRINT "SOLUTION COMPLETED"

550 LOCATE 23,1:PRINT "VALUE OF DELTA ACHIEVED <=";DM;

560 LOCATE 24,1:PRINT "PRESS ANY KEY TO CONTINUE";

570 C$=INPUT$(1):GOTO 150

580 END

may be achieved. The end result will, however, still be only to within the
specified accuracy. Alternative to the iteration technique, one can write a set
of simultaneous equations by applying (5.39) to each grid point and then solve
the equations for the unknown potentials (see Prob. D5 ).

Finally, the solution obtained for the potentials at the grid points by any
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method can be used to sketch approximately the equipotential lines by inter-
polating between grid points. It can also be used to find approximate electric
field intensities at the grid points by using the potential values to obtain
approximate values of 3V/dx and 4V/dy. For example, in Fig. 5.8, the electric
field intensity at the grid point 12 is given approximately by
Vll - V13i + V22 B Vai

2d 7 2d 7
where d is the spacing between two adjacent grid points. Similarly, the electric
field intensities at points on the conductors can be found and used to obtain
the surface charge densities. For example, the surface charge density at the
point P on the conductor of potential V, and adjacent to the grid point 12 is
given approximately by

. V12 - Va .
[osle = —i, ¢ —d— L

(Vo — Vi)
d
where ¢ is the permittivity of the medium between the conductors.

(E];, =

D5.3. The potential distribution in a simplified model of a vacuum diode consisting of
cathode in the plane x = 0 and anode in the plane x = d and held at a potential
V, relative to the cathode is given by V = Vy(x/d)** for 0 < x < d. Find the
following: (@) V at x = d/\/8_; (0 E at x = d/8; and (c) p at x = d/8.
Ans: Vo/4; —(2Vo/3d)iy; — 168,V,/9d"

D5.4. Assuming free space for the dielectric, find the following: (a) the spacing between
the plates of a parallel-plate capacitor having capacitance per unit area equal to
100 pF; (b) the ratio of the outer radius to the inner radius for a coaxial cylindrical
capacitor having capacitance per unit length equal to 100 pF; and (c) the outer
radius of a concentric spherical capacitor of inner radius 3 cm and having
capacitance equal to 10 pF.
Ans: 8.84 cm; 1.74; 4.5 cm

D5.5. Three infinitely long conducting strips are arranged such that the cross section
is an isosceles triangle, as shown in Fig. 5.10. The region between the conductors
is divided into a grid of points as shown in the figure, where the spacing between
adjacent pairs of points is d. By writing equations consistent with (5.39) for

Figure 5.10. For Prob. DS.5.
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the potentials at the grid points A, B, and C, and solving them, find the following:

(a) the approximate potential at grid point B; (b) the approximate electric field

intensity at the grid point B; and (c) the approximate surface charge density at

the point P, assuming the medium between the conductors to be free space.
4 4

Ans: 4 V; = (i, + ) V/m; —% C/m?

5.3 METHOD OF MOMENTS

Thin, straight
wire held at
known
potential

In Ex. 5.5, we discussed the solution of Laplace’s equation for the one-
dimensional case of two infinite, plane, parallel, perfectly conducting plates,
which may be considered an idealization of a parallel-plate capacitor with its
plates having dimensions large compared to the spacing between them. We
then obtained the expression for the capacitance of the arrangement per unit
area of the plates. Because of the idealization, this expression is only approximate
for a capacitor with finite-sized plates. It becomes less and less accurate as
the size of the plates becomes less and less large, for a given spacing between
them, since the fringing of the field at the edges of the plates becomes more
and more severe. Thus the problem is that in the nonideal case, the field
distribution between the capacitor plates and the charge distribution on the
capacitor plates are not uniform, whereas for the ideal case they are uniform.
Hence it is not in general possible to obtain an analytical expression for the
capacitance; one has to resort to numerical or graphical techniques.

In this section, we shall consider a numerical technique, known as the
method of moments, which is useful for solving a class of problems, such as
that just discussed. The technique consists of finding the charge distribution
on the conductors held at known constant potentials. Thus the problem is
the inverse of the problem of finding the potential for a known charge distribution.
To cast the technique in general terms, let us consider a surface charge
distribution ps(x, y, z) on a given surface. Then applying superposition in
conjunction with the expression for the potential due to a point charge given
by (4.100), the potential due to the charge distribution can be expressed as

1 psx’, ¥, ')
V&, y, 2) = —— AR EES T
( M Z) 47780 surface of R (541)
the charge
distribution

where the primes denote source point coordinates. The procedure consists
of dividing the surface into a finite number of subsections to approximate the
integral in (5.41) by a summation and apply the equation to points on the
subsections to obtain a set of linear algebraic equations. The set of equations
is then inverted to obtain the desired solution. We shall first illustrate the
method by means of an example.
Example 5.7.

Let us consider a thin, straight wire of length / and radius a (<<I), as shown

in Fig. 5.11(a) and held at a potential of 1 V. We wish to obtain the resulting

(surface) charge distribution on the wire by the method of moments.

The determination of the charge distribution by the method of moments
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Figure 5.11. (a) A thin wire divided into five equal segments. (b) For the
determination of the potential due to a cylindrical surface charge.

consists of dividing the wire into a number of segments, assuming the charge
density in each segment to be uniform and setting up and solving a set of algebraic
equations. For simplicity of illustration, we shall divide the wire into five equal
segments numbered 1 through 5 and having surface charge densities ps1, Ps2,
. ., pss. From considerations of symmetry, there are then only three unknowns,
since pss = ps2 and pgs = ps;. Hence we need three independent equations.
An equation is obtained by writing the potential at the center point of a
given segment to be the superposition of the potentials at that point due to the
charges in the five segments. To obtain the contribution due to a segment, we
consider the cylindrical surface charge of uniform density ps, coaxial with the
z-axis and located symmetrically about the origin, as shown in Fig. 5.11(b), and
compute the potential due to it at two points: (a) at the origin and (b) at a point
(0, 0, z) where z > d, using the approximation a << d. Case (a) is appropriate
to finding the potential due to the charge in a given segment in Fig. 5.11(a) at
its own center point, whereas case (b) is appropriate to finding the potential due
to the charge in a given segment in Fig. 5.11(a) at the center point of another
segment.
Dividing the cylindrical surface charge in Fig. 5.11(b) into a number of
ring charges, one of which is shown in the figure, and using superposition, we

obtain
f f _pnadpds
Voo = ‘= —d Jo=0 4qrg, \/a + @)

a
pZSO [z + Va +(Z z*—d

Psod d+ \/a + d2
= In——
28 -d+Va + &
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capacitor

which for a << d reduces to

Psodd 2d
[Vieon = 2¢, 5 In —d + d{ + &*/2d%
(5.42a)
= Psd In 2d

€o

For a point P(0, 0, z) where z > d, we can consider the cylindrical surface
charge to be a line charge of density 27apg and write

d 2mrapgy dz’
Vlr = J;—-d dmeiz — 2')

ok % (-l (e~ - (5.42b)
_ m z+d
h 280 In z—d
Applying (5.42a) and (5.42b) to write the equation for the potential at the
center of segment 1 in Fig. 5.11(a), we obtain
psia. 1 psza psa, 5 psua. T  psa. 9
—1 3+ —h-+=—Inz =
so W3a ¥ g M3 F S 03T G, M5 g, N7 =1
or

I} 9 5 2s
2In— = . = =— .
Sl( n5a+ln7>+psz(ln3+1n14)+ps3ln3 a (543)
where we have substituted pss = pg and psy = pg. Similarly, writing the
equations for the potentials at the center points of segments 2 and 3 and arranging
the three equations in matrix form, we get

A 5 2¢
21n5a+1n7 In3+1In14 ln3 Ps1 >y
n3+inl4 2ln—+In> In3 s | = | 22 (5.44)

S Sa 3 52 a )

2 . l 280
Zln3 2In3 21n5a Ps3 >y

By inverting (5.44), the solutions for pgy, ps, and ps; can be obtained. For a
numerical example, if | = 1 m and ¢ = 1 mm, the values of pg, ps,, and pg;
are 158.38g,, 145.42¢,, and 143.32¢,, respectively. When a larger number of
segments are used, a more accurate solution is obtained for the charge distribution
on the wire. The listing of a PC program which computes the values of ps/g,
for specified values of /, a, and the number of segments » is included as PL 5.2.
The output from a run of the program for / = 1 m, a = 1 mm, and n = 21 is
also included with the listing.

Returning now to the problem of finding the capacitance of a parallel-
plate capacitor by the method of moments, let us consider an arrangement in
which the spacing between the plates is a, the dimensions of the plates are
2a X 3a, the upper plate is held at a potential of 1 V, and the lower plate is
held at a potential of —1 V. For the purposes of illustration of the method,
we shall divide each plate into a 2 X 3 set of squares, as shown in Fig. 5.12,
and assume that within each square, the (surface) charge density is uniform.
From symmetry considerations, we then have only two unknown charge densities
ps: and ps,, as shown in the figure. Therefore, it is sufficient to write two
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PL 5.2. Program listing for computing the charge distribution on a
thin, straight wire held at a constant potential of 1 V and the output
from a run of the program.

100 ¥ skskokokeskode ook sk sk sk s odeofe o e sfe st o s e e ke e s s o ol oeofe e ok sk s sk e sk sk stesfesteste sl sk sk ok stk sk sk

110 '# METHOD OF MOMENTS ANALYSIS FOR THE CHARGE DISTRIBUTION *
120 '% ON A THIN STRAIGHT WIRE HELD AT CONSTANT POTENTIAL OF *
130 '* 1V *
140 $ sk ok ok ofe sk sk ok sk sde s ol s ok sk sk s ok sk e sk sl ok sk sk sk Sl sk sk sk D ok ok ok ok ok sk e sk sfe ok o s s sk ke sk sk s sk sk sk sk sk sk ok
150 DIM A(21,21),Y(11),RHOS(21)

160 CLS:SCREEN 0O

170 PRINT "ENTER VALUES OF INPUT PARAMETERS:"

180 INPUT "LENGTH OF WIRE IN M = ",L

190 INPUT "RADIUS OF WIRE IN MM = ",R

200 INPUT "NUMBER OF SEGMENTS = ",N

210 M=INT((N+1)/2):MK=INT(N/2):'* M IS THE NUMBER OF UNKNOWN
220 ' CHARGE DENSITIES TO BE COMPUTED, TAKING SYMMETRY INTO
230 ' ACCOUNT *

240 '# COMPUTE ELEMENTS OF N x N MATRIX *

250 A(1,1)=2*LOG(1000*L/(N*R))

260 FOR J=2 TO N:A(1,J)=LOG((2%J-1)/(2%J-3)):NEXT

270 FOR I=2 TO M

280 A(IL,I)=A(1,1)

290 FOR J=1 TO I-1:A(I,J)=A(J,I):NEXT

300 FOR J=I+1 TO N:A(I,J)=A(I-1,J-1):NEXT

310 NEXT

320 '* COMPUTE ELEMENTS FOR THE M x M MATRIX EQUATION *

330 FOR I=1 TO M

340 Y(I)=2000/R

350 IF N=1 THEN 380

360 FOR J=1 TO MK:A(I,J)=A(I,J)+A(I,N-J+1):NEXT:"'* ELEMENTS OF
370 ' M x M MATRIX *

380 NEXT

390 '* SOLUTION OF THE M x M MATRIX EQUATION FOR THE M

400 ' UNKNOWNS *

410 FOR K=2 TO M:FOR I=K TO M

420 MF=A(I,K-1)/A(K-1,K-1)

430 FOR J=K TO M:A(I,J)=A(I,J)-A(K-1,J)*MF:NEXT

440 Y(I)=Y(I)-Y(K-1)*MF

450 NEXT:NEXT

460 RHOS(M)=Y(M)/A(M,M)

470 IF M=1 THEN 550

480 FOR I=M-1 TO 1 STEP -1

490 SUM=0

500 FOR J=I+1 TO M:SUM=SUM+A(I,J)*RHOS(J):NEXT

510 RHOS(I)=(Y(I)-SUM)/A(I,I)

520 NEXT

530 '# COMPLETION OF SOLUTION AND PRINTING OF THE CHARGE

540 ' DENSITIES FOR THE N SEGMENTS *

550 JK=0:FOR I=N TO M+l STEP -1:JK=JK+1:RHOS(I)=RHOS(JK):NEXT
560 PRINT:PRINT "COMPUTED VALUES OF CHARGE DENSITY IN"

570 PRINT "C/M#*2 DIVIDED BY PERMITTIVITY ARE:"

580 FOR I=1 TO N:PRINT "SEGMENT";I;":";RHOS(I):NEXT

590 LOCATE 24,1:PRINT "PRESS ANY KEY TO CONTINUE";:C$=INPUT$(1)
600 GOTO 160

610 END

RUN

ENTER VALUES OF INPUT PARAMETERS:
LENGTH OF WIRE IN M =1

RADIUS OF WIRE IN MM =1

NUMBER OF SEGMENTS = 21
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PL 5.2. (continued)

COMPUTED VALUES OF CHARGE DENSITY IN
C/M*%2 DIVIDED BY PERMITTIVITY ARE:
SEGMENT 1 : 185.4438

SEGMENT 2 : 161.4599

SEGMENT 3 154.4277
SEGMENT 4 150.5006
SEGMENT 5 : 147.9689
SEGMENT 6 : 146.2244
SEGMENT 7 : 144.9929
SEGMENT 8 : 144.1315

SEGMENT 9 : 143.5598

SEGMENT 10 : 143.2325
SEGMENT 11 : 143.1259
SEGMENT 12 : 143.2325
SEGMENT 13 : 143.5598
SEGMENT 14 : 144.1315
SEGMENT 15 : 144.9929
SEGMENT 16 : 146.2244
SEGMENT 17 : 147.9689

SEGMENT 18 : 150.5006
SEGMENT 19 : 154,4277
SEGMENT 20 : 161.4599

SEGMENT 21 : 185,4438
PRESS ANY KEY TO CONTINUE

independent equations. We shall do this by considering squares 1 and 2 and
equating the potentials at the center points of these squares to 1.

To write the expression for the potential at the center point of a square
due to the charge in a different square, we shall consider that charge to be
a point charge at the center of tlge square. Thus the potential at point 1 due

to the charge in square 4 is Ps1 pt the potential at point 2 due to the charge
€o

2
. . —psia . . .
in square 12 is ——Pad , and so on. To write the expression for the potential
4msy(\/3a)

Figure 5.12. For finding the capacitance of a parallel-plate capacitor by the
method of moments.
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at the center point of a square due to the charge in that square, we shall use
the result given in Prob. P4.31. Thus for example, the potential at point 1

due to the charge in square 1 is Psid In (1 + V2). Proceeding in this manner,
e

we obtain the two equations to be

psid psid® (1 1 1 1 1 1 1 )
———Ind+ V2 + — -t ——= - —= = -
€0 ( \/ﬂ) 4meo ( a \/Sa a +\/sa \/—Z_a \/_6-a

+ B2 (1 Lo L L)y a5
47780 2a 2a  \/3a

Ps20 Ps14 2 2 2 2

“—In(l +V2) + —

mEY ( \/_) 47g, <a \/Ea \/2a \/3a

p Sza 1 1 1

L — 45b
dreo \a a \/2a 1 S )
or
4
2.9101p5, + 0.4226p5, = 7;8" (5.462)
4
0.8453p5, + 2.8184p, = —"&3’ (5.46b)

Solving (5.46a) and (5.46b) for pg; and ps,, we obtain ps; = 3.8378gy/a
and psy = 3.3075eo/a. The magmtude of charge on either plate is then equal
to (4a* x 3.8378ey/a + 2a* x 3.3075gy/a), or 21.9662¢,a. Finally, noting
that the potential difference between the plates is 2 V, the capacitance can
be computed to be 10.983g,a. A more accurate result can of course be obtained
by dividing each plate into a larger number of squares, but it is instructive
to compare the value just obtained with the value of 6g4a, which follows from
the application of C = g,A/d, where A is the area of the plates and d is the
spacing between the plates.

D5.6. For the problem of Ex. 5.7, consider that to compute the potential at the center
of a given segment due to the charge in another segment, the charge in that
segment can be assumed to be a point charge at the center of that segment.
Modify the formulation to obtain the new matrix equation in the place of (5.44)
and find the values of pg;, ps:, and pg3, for ! = Im and a = 1 mm.

Ans: 159.48¢, C/m?; 147.94g, C/m?; 145.77¢, C/m’

D5.7. Consider a parallel-plate capacitor having square-shaped plates of sides a and
spacing a between the plates. Find the following: (a) the capacitance of the
capacitor if fringing of fields at the edges of the plates is neglected; (b) the
capacitance by using the method of moments, considering each plate as one
square; and (c) the capacitance by dividing each plate into a 2 X 2 set of squares
and using the method of moments. Assume free space for the dielectric.

Ans: gya; 2.488¢gpa; 2.8367¢a

5.4 LOW-FREQUENCY BEHAVIOR VIA QUASISTATICS

Quasistatic
extension
explained

In Sec. 4.1, we discussed briefly that lumped circuit theory is based upon
approximations resulting from the neglect of certain terms in one or both of
Maxwell’s curl equations. In this section we shall elaborate upon this by
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illustrating the determination of the low-frequency terminal behavior of a
physical structure via a quasistatic extension of the static field existing in the
structure when the frequency of the source driving the structure is zero. The
quasistatic extension consists of starting with a time-varying field having
the same spatial characteristics as that of the static field and obtaining the
field solutions containing terms up to and including the first power in o.

Quasistatic To introduce the quasistatic field approach, we shall consider the case
field analysis of an inductor, as represented by the structure shown in Fig. 5.13(a), in which
for an an arrangement of two parallel, plane conductors joined at one end by another
inductor conducting sheet is excited by a current source at the other end. We shall

neglect fringing of the fields by assuming that the spacing d between the plates
is very small compared to the dimensions of the plates or that the structure
is part of a structure of much larger extent in the y- and z-directions. For a
constant current source of value I driving the structure at the end z = —1,
as shown in the figure, such that the surface current densities on the two
plates are given by

éiz forx =0
Js = v

forx = d (5-47)

Iy,
——i
w Z
the medium between the plates is characterized by a uniform y-directed magnetic

field as shown by the cross-sectional view in Fig. 5.13(b). From the boundary

z=0 (2)

z=-1 z=0 (b)
Figure 5.13. (a) A parallel-plate structure short circuited at one end and

driven by a current source at the other end. (b) Magnetic field between the
plates for a constant current source.
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condition for the tangential magnetic field intensity at the surface of a perfect
conductor, the magnitude of this field is I,/w. Thus we obtain the static
magnetic field intensity between the plates to be

= f—:})iy for0 <x <d (5.48)

The field is zero outside the plates.
The corresponding magnetic flux density is given by

B=/J,H='u‘710iy for0<x<d (5.49)

The magnetic flux i linking the current is simply the flux crossing the cross-
sectional plane of the structure. Since B is uniform in the cross-sectional
plane and normal to it,

Yy = B,dl) = %1_110 (5.50)

The ratio of this magnetic flux to the current, defined to be the inductance
of the structure, is given by

wdl

L=—=— (5.51)
w

e

To discuss the quasistatic behavior of the structure, we now let the
current source be varying sinusoidally with time at a frequency w and assume
that the magnetic field between the plates varies accordingly. Thus for

I(t) = I, cos ot (5.52)
we have

I
H, = ;(:cos ot i, (5.53)

where the subscript 0 denotes that the field is of the zeroth power in @. In
terms of phasor notation, we have

I=1, (5.54)
H, = {_VO (5.55)

The time-varying magnetic field (5.53) gives rise to an electric field in
accordance with Maxwell’s curl equation for E. Expansion of the curl equation
for the case under consideration gives

O, _ 3B _ _ My
0z ot ot
or, in phasor form,
oF, R
— = —jouH, (5.56)
0z
Substituting for H,, from (5.55), we have
6Ex . IO
o jep
0z w
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Condition
Sfor validity
of
quasistatic
approxi-
mation for
an inductor

or

I,
E = - jw,u;fz +C (5.57)

The constant C is, however, equal to zero since [E,],_, = 0 to satisfy the
boundary condition of zero tangential electric field on the perfect conductor
surface. Thus we obtain the quasistatic electric field in the structure to be

E, = — jw%f I, (5.58)

where the subscript 1 denotes that the field is of the first power in w. The
value of this field at the input of the structure is given by

— I
Eal,e_ = jw,u.l;o (5.59)

The voltage developed across the current source is now given by
b
V = J; [E_xl]z=—l dx
= jw_ Io
w

or

V = joLl, (5.60)

Thus the quasistatic extension of the static field in the structure of Fig. 5.13
illustrates that its input behavior for low frequencies is essentially that of a
single inductor of value the same as that found from static field considerations.

We shall now determine the condition under which the quasistatic ap-
proximation is valid, that is, the condition under which the field of the first
power in w is the predominant part of the total field. To do this, we proceed
in the following manner. The electric field E,, gives rise to a magnetic field
in accordance with Maxwell’s curl equation for H, which for the case under
consideration is given by

oH, __OF,
0z ot
or in phasor form by
oH, = —jweE, (5.61)
9z ,
Substituting E,; from (5.58) for E, in (5.61), we have
aa—? = —w’ue % I
or
— wzl,,(,azz —
H,= - I, +C" (5.62)

where the subscript 2 denotes that the field is of power two in w. The constant
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C"” can be evaluated by noting that at z = —I, H,, must be zero since H,q
by itself satisfies the boundary condition J; = i, X H. Thus we get

2 2 2
— -1
H,=- -2ree D, (5.63)
2w
This magnetic field gives rise to an electric field in accordance with
Maxwell’s curl equation for E. Hence we have
oE,
-51— = —jou Hy
ijIuZS(ZZ . l2)
I ——————— IO
2w
or

. 3 2 3 2
— — 3] —
E,=1F° (gw g, + T (5.64)
where the subscript 3 denotes that the field is of power 3 in . The constant
C" has to be equal to zero to satisfy the boundary condition of zero tangential
electric field on the conductor surface z = 0. Thus we obtain

302 _ 22
6w
and hence
3
o L (5.66)
3 0w
Continuing in this manner, we would obtain
2(05 3 215 IO
[ExS]z——l 15 ; (567)
and so on. The total electric field at z = —I can then be written as
[Ex]z=—l = [Exl]z=—l + [Fx3]z=—l + [E—XS]Z_ -1 + e
I 3.2 12 2 3
— joul 2 + w'pel” I +J2wu el I
w 3 0w 15 w
=j\/E5 wVpel + = (@Vusl) + 2 @Vmsly + -
& W 3 WVH 15 CVH
or

Eliei = \/— = tan w\/pel (5.68)

From (5.68), it can be seen that for w\/uel << 1,

_ Il
[El.-_i~J \/E = o\ uel
eE W

= joul L
w
which is the same as [E,],- —;. Thus the condition under which the quasistatic
approximation is valid is .
oVpel << 1
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Low-
Jfrequency
behavior of
a resistor

or

1

27\ pel

f<< (5.69)

For frequencies beyond which (5.69) is valid, the input behavior of the structure
of Fig. 5.13 is no longer essentially that of a single inductor.

Example 5.8.

Sec. 6.4

Let us consider the case of two parallel perfectly conducting plates separated
by a lossy medium characterized by conductivity o, permittivity &, and permeability
 and driven by a voltage source at one end, as shown in Fig. 5.14(a). We wish
to determine its low-frequency behavior by using the quasistatic field approach.
Assuming the voltage source to be a constant voltage source, we first

obtain the static electric field in the medium between the plates to be

_Y.

= d ]x
following the procedure of Example 5.5. The conduction current density in the
medium is then given by

The conduction current gives rise to a static magnetic field in accordance with
Maxwell’s curl equation for H given for static fields by

VxH=J,=0oE

i
2
74’0
A w
////*// L—/v)__ ___________
7%/ .
// ? L—//
7 s xo g
£
717 e d z
/
./ x=d
z=-1 ! z=0 * (a)
¢ X X X
v x x| X X H Y z
X X X ElJ,
5Y Y
i— x
z=-1 z=0 (b)
Figure 5.14. (a) A parallel-plate structure with lossy medium between the

plates and driven by a voltage source. (b) Electric and magnetic fields between
the plates for a constant voltage source.

Low-Frequency Behavior via Quasistatics 239



240

For the case under consideration, this reduces to

Hy __ p Ve
9z d
giving us
aVyz
Hy = - do + Cl

The constant C, is, however, equal to zero since [H,],-o = 0 in view of the
boundary condition that the surface current density on the plates must be zero
at z = 0. Thus the static magnetic field in the medium between the plates is
given by

g V()Z .

H= - 7 b

The static electric and magnetic field distributions are shown by the cross-
sectional view of the structure in Fig. 5.14(b).

To determine the quasistatic behavior of the structure, we now let the
voltage source be varying sinusoidally with time at a frequency w and assume
that the electric and magnetic fields vary with time accordingly. Thus for

V = V,cos wt

we have
Vo .
Ey = i cos wt i, (5.70a)
H, = — "Z"Z cos wt i, (5.70b)

where the subscript 0 denotes that the fields are of the zeroth power in . In
terms of phasor notation, we have for V. = V,,
Vo

Eo = 7 (5.71a)

—_— oVoz

Hyg = - d

The time-varying electric field (5.70a) gives rise to a magnetic field in
accordance with

(5.71b)

oD E
VX H=—=g=2

or ot A
and the time-varying magnetic field (5.70b) gives rise to an electric field in
accordance with

B, oH,

VXE= — = — uy—

a Kot
For the case under consideration and using phasor notation, these equations
reduce to

d0H. - -1
a—zy = —jweExo = —Jw70
JE, P . noVoz
B_Z = — jopH,, =Jw—d‘
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giving us

H, = _jwsVoz + G
d
— X ,,1,(J'Voz2 —
E, = jo——
x1 Jw 2d + C3

where the subscript 1 denotes that the fields are of the first power in . The
constant C, is, however, equal to zero in view of the boundary condition that
the surface current density on the plates must be zero at z = 0. To evaluate
the constant C;, we note that [E,],._, = 0 since the boundary condition at the
source end, that is,

b
V=f [Fx]z=—1dx

is satisfied by E,, alone. Thus we have

L poV(=IyY
w"—;‘(i—)+c3=0

or
ra N Vol2
G = —jw Z_d
Substituting for C; and C; in the expressions for Ej, and H,;, respectively,
we get

= _ . poV@ - D)
By = jolT0 =)

x1 Jw 2 d

— . eVyz

Hyl = _j(l)T
The result for ﬁ,l is, however, not complete since E,; gives rise to a conduction
current of density proportional to w which in turn provides an additional contribution

to H,;. Denoting this contribution to be HS;, we have

(5.72a)

Hy = peV@ - D)
aZ - O'Exl - Jw 2d
— . potVo(2 — 3z

< = _jw,U« 0(6d ) +C,

The constant C, is zero for the same reason that C, is zero. Hence setting C;
equal to zero and adding the resulting expression for H?, to the right side of the
expression for H,,, we obtain the complete expression for H, as

- . eViz . wotVo(@ - 3z
By = —jo=g= —Jo 6d

The total field components correct to the first power in o are then given

(5.72b)

by
E =E,+ Ey
_ Yo meV@ — 1) (5.732)
a’’ 2d
Fy = 1_1y0 + f_Iyl
_ _oVez . eVoz . poVo@ — 3z (5.73b)
d T d " 6d
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D5.8.

242

The current drawn from the voltage source is

‘T = w[ﬁy]z=—1
_fowl | ewl wotwl*\ - (5.74)
- ( g tha )Y

Finally, the input admittance of the structure is given by
- I I I?
Y=_—‘7=jw%+g_w_l<1_jwuo->

. ewl 1 (5.75)

2\ —

2 1
where we have approximated (1 - ng'(;—l) by <1 + jwl'“;l ) . Proceeding

further, we have

Y = 'wgﬂ 1
O T Ta ud
owl 3w (5.76)
. 1
=JoC + o Gal)3)

where C = ewl/d is the capacitance of the structure if the material is a perfect
dielectric, R = d/owl is the d.c. resistance (reciprocal of the conductance) of
the structure, and L = ud!/w is the inductance of the structure if the material
is lossless and the two plates are short circuited at z = 0. The equivalent circuit
corresponding to (5.76) consists of capacitance C in parallel with the series
combination of resistance R and inductance L/3, as shown in Fig. 5.15. Thus
the low-frequency input behavior of the structure of Fig. 5.14 (which acts like
a pure resistor at DC) can be represented by the circuit of Fig. 5.15, with the
understanding of the approximation used in (5.75).

R
-O— MY
I
v c== L
3
Figure 5.15. Equivalent circuit for the
low-frequency input behavior of the °
O structure of Fig. 5.14.

Note that for o = 0, (5.74) reduces to

T=joy

d
= joCV
and the input behavior of the structure is essentially that of a single capacitor
of value same as that found from static field considerations.

For the structure of Fig. 5.13, assume that / = 10 cm, d = 1 cm, and w = 10
cm and that the medium between the conductors is free space. Assuming that
the condition for quasistatic approximation given by (5.69) is valid if f=
1/20m\/uel , find (a) the maximum frequency for which the input behavior of
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the structure is essentially that of a single inductor, (b) the value of this inductor,
and (c) the ratio of the amplitude of the electric field at the input if the structure
behaves exactly like a single inductor to the amplitude of the actual electric
field at the input, for the frequency found in (a).

Ans: 47.746 MHz; 47 X 107° H; 0.9967

5.5 MAGNETIC CIRCUITS

Toroidal
conductor
versus
toroidal
magnetic
core

Let us consider the two structures shown in Fig. 5.16(a) and (b). The structure
of Fig. 5.16(a) is a toroidal conductor of uniform conductivity o- and having
a cross-sectional area A and mean circumference I. There is an infinitesimal
gap a-b across which a potential difference of V, volts is maintained by
connecting an appropriate voltage source. Because of the potential difference,
an electric field is established in the toroid and a conduction current results
from the higher potential surface a to the lower potential surface b as shown
in the figure. The structure of Fig. 5.16(b) is a toroidal magnetic core of

uniform permeability u and having a cross-sectional area A and mean cir-

cumference [. A current I A is passed through a filamentary wire of N turns
wound around the toroid by connecting an appropriate current source. Because
of the current through the winding, a magnetic field is established in the toroid
and a magnetic flux results in the direction of advance of a right-hand screw
as it is turned in the sense of the current.

E,J

2 Y¢

(a) (b)

Figure 5.16. (a) A toroidal conductor. (b) A toroidal magnetic core.

Since the conduction current cannot leak into the free space surrounding
the conductor, it is confined entirely to the conductor. On the other hand,
the magnetic flux can leak into the free space surrounding the magnetic core
and hence is not confined completely to the core. However, let us consider
the case for which u >> u,. Applying the boundary conditions at the boundary
between a magnetic material of u >> u, and free space as shown in Fig. 5.17,
we have

B] Sin oy = Bz Sin £ 5

H,cos a; = H,cos a,
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Magnetic Material

B, Hy > iy
\\,\{
]
I\
|
Free S . . .
| “rez #pace Figure 5.17. Lines of magnetic flux
| B 270 density at the boundary between free
| 2 space and a magnetic material of
I B> .
or
B, B,
—tanq; = —tan o,
H, ' H,
tan o
taney _
tan [4%) M1
ThUS oy << s, and
B, _ sin 1
B 1 sin [¢7)

For example, if the values of «; and «a, are 1000w, and 89°, respectively, then
a; = 3°16’ and sin o4/sin o, = 0.057. We can assume for all practical purposes
that the magnetic flux is confined entirely to the magnetic core just as the
conduction current is confined to the conductor. The structure of Fig. 5.16(b)
is then known as a ‘‘magnetic circuit’’ similar to the ‘‘electric circuit’’ of Fig.
5.16(a). Magnetic circuits are encountered in applications involving electro-
mechanical systems, typical examples of which are electromagnets, transformers,
and rotating machines.

If we assume that the magnetic flux  over the cross-sectional area of
the toroid of Fig. 5.16(b) is equal to the flux density B,, at the mean radius
of the toroid times the cross-sectional area of the toroid, we can then write

¥
A (.77
-
HA
From Ampere’s circuital law, the magnetomotive force around the closed path
C along the mean circumference of the toroid is equal to the current enclosed

by that path. This current is equal to NI, since the filamentary wire penetrates
the surface bounded by the path N times. Thus

B, =

B
H,=-2
um

fﬁ H-+dl = NI,

c (5.78)
H,l = NI,

Substituting for H,, from (5.77) and rearranging, we obtain
y = MDA (5.79)

)
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Reluctance
defined

Magnetic
circuit with
three legs
and an air
gap

We now define the “‘reluctance’” of the magnetic circuit, denoted by the
symbol %, as the ratio of the ampere turns NI, applied to the magnetic circuit
to the magnetic flux . Thus

NG _ I
¥ wmA

The reluctance of the magnetic circuit is analogous to the electric circuit
quantity resistance and has the units of ampere turns per weber (A-t/Wb).
We note from (5.80) that for a given magnetic material, the reluctance appears
to be purely a function of the dimensions of the circuit. This is, however,
not true since for the ferromagnetic materials used for the cores, w is a function
of the magnetic flux density in the material, as we learned in Sec. 2.6.

As a numerical example of computations involving the magnetic circuit
of Fig. 5.16(b), let us consider a core of cross-sectional area 2 cm? and mean
circumference 20 cm. Let the material of the core be annealed sheet steel
for which the B versus H relationship is shown by the curve of Fig. 5.18.
Then to establish a magnetic flux of 3 x 10™* Wb in the core, the mean flux
density must be 3 x 107%/(2 x 107 or 1.5 Wb/m?. From Fig. 5.18, the
corresponding value of H is 1000 A/m. The number of ampere turns required
to establish the flux is then equal to 1000 X 20 x 1072 or, 200, and the
reluctance of the core is 200/(3 x 1074, or (2/3) x 10° A-t/Wb. We shall
now consider a more detailed example.

(5.80)

2.0
1.5
(o]
S
£ L
o
0.5
0 500 1000 1500 2000 2500 3000  gieure 5.18. B versus H curve for
H,A/m annealed sheet steel.
Example 5.9.

A magnetic circuit containing three legs and with an air gap in the right leg is
shown in Fig. 5.19(a). A filamentary wire of N turns carrying current I is wound
around the center leg. The core material is annealed sheet steel, for which the
B versus H relationship is shown in Fig. 5.18. The dimensions of the magnetic
circuit are

A =A;=3cm’, A,=6cm®
A = I; = 20 cm, I, = 10 cm, I, = 0.2 mm
Let us determine the value of NI required to establish a magnetic flux of 4 x
10™* Wb in the air gap.
The current in the winding establishes a magnetic flux in the center leg
which divides between the right and left legs. Fringing of the flux occurs in the

air gap, as shown in Fig. 5.19(b). This is taken into account by using an effective
cross section larger than the actual cross section, as shown in Fig. 5.19(c). Using
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Figure 5.19. (a) A magnetic circuit. (b) Fringing of magnetic flux in the air
gap of the magnetic circuit. (c) Effective and actual cross sections for the
air gap.

subscripts 1, 2, 3, and g for the quantities associated with the left, center, and
right legs, and the air gap, respectively, we can write

ll’S:l!’g
Yo =Yy + Uy

Also, applying Ampere’s circuital law to the right and left loops of the magnetic
circuit, we obtain, respectively,

NI = Hzlz + H313 + Hglg

NI = Hzlz + H[l]
It follows from these two equations that

H]ll = H3l3 + Hglg

which can also be written directly from a consideration of the outer loop of the
magnetic circuit.

_ Noting from Fig. 5.19(c) that the effective cross section of the air gap is
(V3 + L)* = 3.07 cm?, we find the required magnetic flux density in the air
gap to be
P, 4x 10" )

B, = = = 1.303 Wb
* " @A) 307X 10 /m
The magnetic field intensity in the air gap is

_ B, 1303
H, = po 4w x 1077

The flux density in leg 3 is

= 0.1037 x 10’ A/m

_U ¥y 4x 107 2
B3_A3_A3_3 <10 = 1.333 WB/m

From Fig. 5.18, the value of H; is 475 A/m.
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Knowing the values of H, and H;, we then obtain
H\l, = H3l; + H,
=475 X 0.2 + 0.1037 x 10’ x 0.2 x 1073
=302.4A
H, = % = 1512 A/m
From Fig. 5.18, the value of B, is 1.56 Wb/m” and hence the flux in leg 1 is
Y =BA; = 1.56 x 3 X 107 = 4.68 x 107* Wb
Thus
U2 =y + Y
=468 X 107 +4 x 107 = 8.68 X 10™* Wb

From Fig. 5.18, the value of H, is 750 A/m. Finally, we obtain the required
number of ampere turns to be
NI = H,l, + Hl;
=750 x 0.1 + 302.4
= 3774

D5.9. Assume that the portion of B versus H curve of Fig. 5.18 in the range 1500 <
H = 3000 can be approximated by the straight line

B=15+5x10°H

For a toroidal magnetic circuit made of annealed sheet steel, find the reluctance
for each of the following cases: (a) A = 4 cm? | = 30 cm, H = 1800 A/m;
MA=2cm’1=20cm, NI =500 A-t;and (c) A = Scm? [ = 25cm, ¢ =
8 x 107* Wh.

Ans: 849,057 A-t/Wb; 1,538,462 A-t/Wb; 625,000 A-t/Wb

5.6 ELECTROMECHANICAL ENERGY CONVERSION

Parallel-
plate
capacitor
with a
movable

plate
il
V —l-

Let us consider a parallel-plate capacitor with one plate fixed and the other
plate free to move, as shown by a cross-sectional view in Fig. 5.20. If we
assume a positive charge Q on the movable plate and a negative charge —Q
on the fixed plate, resulting from the application of a voltage V between the
plates, then a force F, directed toward the fixed plate is exerted on the movable
plate. If this force is allowed to produce a displacement of the movable plate,

Movable
1
+ + x
+ l + +0 +
Fe
- - - - - - Figure 5.20. A parallel-plate capacitor
7 777777, 7 with a movable plate, depicting the
Fixed force F, on the movable plate.
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Computation
of

mechanical

force of

electric
origin

mechanical work results thereby converting electrical energy in the system
into mechanical energy. Conversely, an externally applied mechanical force
can be made to act on the movable plate so as to increase the stored electrical
energy in the system. Thus energy can be converted from electrical to mechanical
or vice versa. A familiar example of the former is in the case of an electrical
motor, whereas that of the latter is in the case of an electrical generator. To
determine the amount of energy converted from one form to another, we first
need to know how to compute the force F,. In this section, we shall illustrate
this computation and discuss the determination of energy converted from one
form to another.

The computation of the mechanical force F, of electric origin follows
from considerations of energy balance associated with the electromechanical
system. The energy balance can be expressed as

mechanical electrical
energy + energy
input input
(5.81)
increase increase
in stored in stored energy
= | mechanical | T | electrical | * | dissipated
energy energy

For simplicity, we shall consider the system to be lossless so that the last
term on the right side of (5.81) is zero. In using (5.81) to find F,, we shall
apply to the movable element of the system an external force equal to —F,
and displace the element by an infinitesimal distance in the direction of the
external force, so that no change in stored mechanical energy occurs. This
eliminates the first term on the right side of (5.81). Thus with reference to
the system of Fig. 5.20, we have

—F, dx + Vidt = dW, (5.82)

where dx is the displacement of the movable plate, I is the current drawn
from the voltage source, and W, is the electric stored energy in the capacitor.
Substituting I = dQ/dt from the law of conservation of charge, we obtain

—F,.dx +VdQ = dw,
or

dw,
— 4+

dg
dx v

Fo= —
ex dx

(5.83)

To proceed further, we shall neglect fringing of the electric field at the
edges of the capacitor plates so that the charges on the plates and the electric
field between the plates are uniformly distributed. Then if A is the area of
each plate, we can write the following:

1 1 (VY
W, = EeoEzAx = 5&,(;) Ax
_ &g V2A
T 2
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dW,  &V’A

dx 2x*
_ _ 80AV
Q=CV= .
d_Q _ _80AV
dx x?

Thus we obtain

g VA g AV?
T T2
1 gAV?

T2

Note that in this procedure, V was held constant since the voltage source
was kept connected to the capacitor plates in the process of displacing the
plate. If on the other hand, the voltage source is not connected to the capacitor

plates in the process of displacing the plate, then Q remains constant, and
we can write the following:

(5.84)

.
Q

P
dw, d (1,
dx  dx (2 &k Ax)
dl1 [0}

T i [2 8°<Aso> Ax]

_10

B 2A80

1 Q?

. N 5.85

F, 2 As, (5.85)

The results obtained for F,, in (5.84) and (5.85) appear to be different,
but they are not. This can be seen by expressing (5.84) in terms of Q or by
expressing (5.85) in terms of V. Choosing the first option, we can write (5.84)
as
_1 80AV2

2 x?

Fex=

i
!
I
&
>
&

which is the same as that given by (5.85). This is to be expected since Q and
V are not independent of each other; they are related through the capacitance
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of the capacitor. Thus the force F, is given by

2 2
_LedVe, 107, (5.86)

F, =
¢ T T2 T T24e

We shall now illustrate by means of an example the application of the
result we obtained for F, in the computation of energy converted from electrical
to mechanical, or vice versa, in the energy conversion process.

Example 5.10,

Energy Assume that in the parallel-plate capacitor of Fig. 5.20, a source of mechanical
conversion _force F is applied to the movable plate such that F is always maintained equal
computation to —F,. By appropriately varying V and F, the system is made to traverse the

closed cycle in the Q—x-plane, shown in Fig. 5.21. We wish to calculate the
energy converted per cycle and determine whether the conversion is from electrical
to mechanical or vice versa.

20,

Qo

» x Figure 5.21. A closed cycle traversed
by the capacitor system of Fig. 5.20.

Since the system is made to traverse a closed cycle in the Q—x-plane, there
is no change in the electrical stored energy from the initial state to the final
state. Hence the sum of the mechanical and electrical energy inputs to the
system must be zero, or the electrical energy output is equal to the mechanical
energy input. The mechanical energy input is given by

Whmechanical = § F, x dx = —§ F, ex dx
input ABCA ABCA

B C A
= —j F,, dx —f F, dx —I F,. dx
A B C

From A to B, x remains constant; hence [4 F,, dx is zero. From (5.85),

204

Az, from B to C
o 06x"  fomCtod

e, & rom C to
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Electro-
magnet

Hence

Wmechnical =

input

Thus an amount of energy equal to

electrical form.

i

2d 52 d
204 j
dx -2 2 Aced? dx

x=d Aso
_ 20id _ 70id
g A 6g,A
_50id
6 g A

" is converted from mechanical to

We have thus far considered an electric field electromechanical system,
that is, one in which conversion takes place between energy stored in electric
field and mechanical energy. For an example of a magnetic field electrome-
chanical system, that is, one in which conversion takes place between energy
stored in magnetic field and mechanical energy, let us consider the arrangement
shown in Fig. 5.22, which is the cross section of an electromagnet. When
current is passed through the coil, the armature is pulled upward to close the
air gap. The mechanical force F, of electric origin can once again be found

from energy balance.

Yx

———— =

—— e e e —— e

Figure 5.22. An electromagnet.

In the case of the parallel-plate capacitor of Fig. 5.20, we found F, in
two ways, by keeping the voltage across the plates constant and by keeping
the charge on the plates constant. We found that the two approaches resulted
in equivalent expressions for the force. In the present case, we can find F,
by keeping the current I in the exciting coil to be a constant or by keeping
the magnetic flux ¢ in the core (and hence in the air gap) to be a constant.
The two approaches should result in equivalent expressions for F,. We shall
therefore take advantage of this to simplify the task of finding F, by keeping
¥ constant, since then no voltage is induced in the coil and hence the electrical
energy input term in (5.81) can be set to zero. Also we shall once again
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assume a lossless system and apply to the armature an external force equal
to —F, and displace it by an infinitesimal distance in the direction of the
external force. Thus we obtain

—F, dx = dw,
dw,
F,=——"

ex dx

where W,, is the magnetic stored energy in the system.

Neglecting fringing of flux across the air gap and noting that the dis-
placement of the armature changes only the magnetic energy stored in the
air-gap, we write the following:

v
Hoo = A

(Wm)gap = 2[% o (Hgap)ZAx]

_lll— 2
o (AIU«0> Ax

_¥x
Apo
where A is the cross-sectional area of each gap and the factor 2 takes into
account two gaps. Proceeding further, we have

l

aw,, d
—CZX_ = a [(Wm)gap]
IPZ
Ao
l’]2
Fex = -
Ao
2
L= —ﬁix (5.87)
0

The expression for F, in terms of the current [ in the coil which would
result from considerations of constant I may now be found by simply expressing
 in (5.87) in terms of 1. Thus if we assume for simplicity that the permeability
of the magnetic core material is so high that

Hcore lcore < Hgap lgap
where .o, and l,, are the lengths of the core and air gap, respectively, then
NI = 2H,,, x
NI
gap = a
o NI
Byep = 2x
X
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o N*IPA
——1

F =
¢ 4x*

(5.88)

Finally, the computation of energy converted from electrical to mechanical
or vice versa in a magnetic field electromechanical system can be performed
in a manner similar to that illustrated in Ex. 5.10 for an electric field system.

D5.10. For the parallel-plate capacitor of Fig. 5.20, assume V = 10 V,x = 1cm, and
A = 0.0l m? and compute F, for each of the following cases: (a) the dielectric
between the plates is free space; (b) the dielectric between the plates is a
material of permittivity 4e,; and (c) the lower half of the region between the
plates is a dielectric of permittivity 4e,, whereas the upper half is free space.
Ans: —5000¢oi, N; —20,0008,i, N; —12,800¢,i, N

5.7 SUMMARY

In this chapter, we first discussed energy storage in electric and magnetic
fields. We found that the work required to assemble a system of n point
charges is given by

W, =13 ov,
23

where V; is the electric potential at the point charge Q; due to all the other
charges. For a continuous charge distribution of density p,

3!
W, =2
¢ 2 volume pV dU

containing p

lf 1,
== ~¢E
W 2 J <2 & ) dv

space

so that the energy density associated with the electric field can be identified

which reduces to

to be
1
w, = ESEZ
Similarly, the energy density associated with the magnetic field is given by
1
= = uH?
Wi = 5 R

We illustrated by means of examples the determination of energy stored in
the electric field of a charge distribution and the magnetic field of a current

distribution.
Next we considered Poisson’s and Laplace’s equations. Poisson’s equation
given by
vy = £
&

is a differential equation governing the behavior of the electric scalar potential
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in a region of charge, whereas the Laplace’s equation
VvV =0

holds in a charge-free region. We discussed the application of Poisson’s and
Laplace’s equations for the solution of problems involving the variation of V
with one dimension only. In particular, we illustrated the solution of Poisson’s
equation by considering the example of a p-n junction diode and the solution
of Laplace’s equation by considering the determination of capacitance for
several cases. We then discussed and illustrated by means of an example the
numerical solution of Laplace’s equation in two dimensions

P’V PV

-t == 0 & .89)

0x ay
The numerical solution is based on the approximate solution to (5.89) that the
potential V; at a point P in the charge-free region is given by

1
VO =~ Z <V1 + V2 + V3 + V4) (5.90)

where V,, V,, Vi, and V, are the potentials at four equidistant points lying
along mutually perpendicular axes through P. By using an iterative technique,
a set of values for the potentials at appropriately chosen grid points is obtained
such that the potential at each grid point satisfies (5.90) to within a specified
tolerance.

We then turned our attention to the method of moments, which is a
numerical technique useful for solving a class of problems for which exact
analytical solutions are in general not possible. Considering for example a
surface charge distribution pg(x, y, z) on a given surface, the method of
moments technique consists of inverting the integral equation
1 psx’s ¥, 2) 1o
4ar &g / surface of R

the charge
distribution

Vix,y,2) =

by approximating the integral as a summation. We illustrated the method of
moments technique by means of two examples: (a) finding the charge distribution
on a thin, straight wire held at a known potential and (b) finding the capacitance
of a parallel-plate capacitor, taking into account fringing of field at the edges
of the plates.

Next we discussed the quasistatic extension of the static field solution
as a means of obtaining the low-frequency behavior of a physical structure.
The quasistatic field approach involves starting with a time-varying field having
the same spatial characteristics as the static field in the physical structure and
then obtaining field solutions containing terms up to and including the first
power in frequency by using Maxwell’s curl equations for time-varying fields.
We illustrated this approach by considering two examples, one of them involving
a lossy medium.

We then introduced the magnetic circuit, which is essentially an ar-
rangement of closed paths for magnetic flux to flow around just as current in
electric circuits. The closed paths are provided by ferromagnetic cores which
because of their high permeability relative to that of the surrounding medium
confine the flux almost entirely to within the core regions. We illustrated the
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analysis of magnetic circuits by considering two examples, one of them including
an air gap in one of the legs.

Finally, we introduced the topic of electromechanical energy conversion.
By considering examples of a parallel-plate capacitor with one movable plate,
and an electromagnet, we discussed the determination of mechanical forces
of electric origin. We also illustrated energy conversion computation for the
parallel-plate capacitor example.

REVIEW QUESTIONS

R5.1. Discuss the concept of energy storage in electric and magnetic fields.

R5.2. Outline the derivation of the expression for the work required to assemble a
system of » point charges.

R5.3. State and discuss the expression for the energy density associated with the
electric field of a charge distribution.

RS.4. State and discuss the expression for the energy density associated with the
magnetic field of a current distribution.

RS5.5. State Poisson’s equation. How is it derived?

R5.6. Discuss the application of Poisson’s equation for the determination of potential
due to the space charge layer in a p—n junction semiconductor.

R5.7. State Laplace’s equation. In what regions is it valid?
R5.8. Discuss the application of Laplace’s equation for a conducting medium.

R5.9. Outline the solution of Laplace’s equation in one dimension by considering the
variation of potential with x only.

R5.10. Outline the steps in the derivation of the expression for the capacitance of an
arrangement of two conductors.

R5.11. Discuss the basis behind the numerical solution of Laplace’s equation in two
dimensions.

RS5.12. Describe the iteration technique for the computer solution of Laplace’s equation
in two dimensions.

RS5.13. How would you apply the iteration technique for the computer solution of
Laplace’s equation in three dimensions?

R5.14. Why is the expression for the capacitance of a parallel-plate capacitor obtained
by using the Laplace’s equation in one dimension approximate?

RS5.15. Discuss the formulation behind the problem of finding the charge distribution
on a conductor of known potential by the method of moments.

R5.16. Outline by means of an example the procedure for obtaining the charge distribution
on a conductor of known potential, by the method of moments technique.

R5.17. Discuss the determination of the capacitance of a parallel-plate capacitor by
the method of moments technique.

R5.18. What is meant by the quasistatic extension of the static field in a physical
structure?

R5.19. Outline the steps involved in the quasistatic extension of the static field in a
parallel-plate structure short circuited at one end.

R5.20. Discuss the condition for the validity of the quasistatic approximation for the
parallel-plate structure short circuited at one end.
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R5.21.

RS.22.
RS.23.

R5.24.

R5.25.

R5.26.

RS.27.

R5.28.

R5.29.

R5.30.

Discuss the low-frequency behavior of a parallel-plate structure with lossy
medium between the plates.

Discuss the quasistatic behavior of the structure of Fig. 5.14 for o = 0.
What is a magnetic circuit? Why is the magnetic flux in a magnetic circuit
confined almost entirely to the core?

Define the reluctance of a magnetic circuit. What is the analogous electric
circuit quantity?

Why is the reluctance for a given set of dimensions of a magnetic circuit not
a constant?

How is the fringing of the magnetic flux in an air gap in a magnetic circuit
taken into account?

Discuss by means of an example the analysis of a magnetic circuit with three
legs.

Discuss by means of an example the phenomenon of electromechanical energy
conversion.

OQutline the computation of mechanical force of electric origin from considerations
of energy balance associated with an electromechanical system.

Discuss by means of an example the computation of energy converted from
electrical to mechanical, or vice versa, in an electromechanical system.

PROBLEMS

P5.1.

P5.2.

256

Four point charges 47e; C, 8me, C, 127e, C, and 16me, C are situated at the
vertices of a square of sides 1 m, as shown in Fig. 5.23. (a) Find the work
required to rearrange the point charges to be at the vertices of an equilateral
tetrahedron of sides 1 m. (b) For what initial arrangement of the same point
charges at the vertices of the square, if different from that in Fig. 5.23, is the
work required to rearrange them at the corners of the regular tetrahedron a
minimum? (¢) What is this minimum work?

C
{ l
1m
Ll
C

Charges Q C and —Q C are distributed with uniform densities over concentric
spherical surfaces of radii a and 2a, respectively. Find the energy stored in
the electric field of the charge distribution.

4me,

m 1
1m

m —J

8mey C
127¢, C

16me, Figure 5.23. For Prob. P5.1.
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P5.3.

P5.4.

P5.5.

P5.6.

P5.7

P5.8.

P5.9.

P5.10.

Chap.

Find the potential energy associated with the volume charge distribution
_Jpo fora<r<2a
B {0 otherwise
in spherical coordinates by evaluating the energy stored in the electric field of
the charge distribution.
A volume charge distribution is given in spherical coordinates by

r
Po 2 forr<a
p =
0 forr>a
Find the work required to redistribute the charge with uniform density within
the region r < a.

Current I, A flows with uniform density %il A/m? in an infinitely long, solid,
ol

cylindrical wire of radius a with its axis along the z-axis and returns with
. . I . . .
uniform density —2—();iz A/m on a cylindrical surface of radius 2a and coaxial
T

with the solid wire. Find the energy stored in the magnetic field of the current
distribution per unit length in the z-direction.
Ior

Repeat Prob. P5.5 if the current density in the solid wire is niz A/m? instead
T

I .
of 7_7#12 A/m?

Assume that the impurity concentration of the p—» junction diode of Fig. 5.4(a)
is a linear function of distance across the junction. The space charge density
distribution is then given by

p=kx for—d2<x<d/2
where d is the width of the space charge region and % is the proportionality
constant. Find the solution for the potential inside and outside the space charge
region, assuming the potential to be zero at x = 0.
A space charge density distribution is given by

_ Jposinx for —mw<x<a
P 0 otherwise

where p, is a constant. Find and sketch the potential V versus x for all x.
Assume V = 0 for x = 0.

A space charge density distribution is given by

—p0<1 +§) for —d<x<0

p =
p0<]—§> for 0<x<d
0 otherwise

where p, is a constant. Obtain the solution for the potential V versus x for all
x. Assume V = 0 for x = 0.

The region between the two plates of Fig. 5.5 is filled with two perfect dielectric
media having permittivities &, for 0 < x < ¢ (region 1) and &, for t < x < d
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PS5.11.

P5.12.

P5.13.

P5.14.

P5.15.

P5.16.

258

(region 2). (a) Find the solutions for the potentials in the two regions
0<x<tand t < x < d. (b) Find the capacitance per unit area of the plates.
Assume that the two media in Prob. P5.10 are imperfect dielectrics having
conductivities o, and o, for 0 < x < f and ¢t < x < d, respectively. (a) What
are the boundary conditions to be satisfied at x t? (b) Find the solutions
for the potentials in the two regions. (c) Find the potential at x = ¢.
Assume that the region between the two plates of Fig. 5.5 is filled with a perfect
dielectric of nonuniform permittivity

X
g = 80<1 +ﬁ>

Find the solution for the potential between the plates and obtain the expression
for the capacitance per unit area of the plates. »
Assume that the region between the coaxial cylindrical conductors of Fig. 5.6(a)
is filled with a dielectric of nonuniform permittivity & gob/r. Obtain the
solution for the potential between the conductors and the expression for the
capacitance per unit length of the cylinders.

The cross section of an arrangement of conductors, infinitely long normal to
the page, is square as shown in Fig. 5.24. Three sides are kept at 0 V and the
fourth side is kept at 100 V. The region between the conductors is divided
into a 4 x 4 grid of squares. Although there are nine grid points, there are
only six unknown potentials V4, Vg, ..., Vr, because of symmetry. (a) By
writing equations consistent with (5.39) for these six potentials and solving the
equations, find the values of the potentials. (b) Find the approximate magnitude
of the electric field intensity at the grid point B, assuming that spacing between
grid points is d.

100V
o ! [ I
| | [ j
Vil Vpi 1
__~__¢___“T_.__:_ﬁ__
|
Vgl Vgl !
|
oV ———T———+————|—~——OV
| |
Vel Vel [
=t — e ——t+——
| | I
| | |
! ! ]
oV Figure 5.24. For Prob. P5.14.

The cross section of an infinitely long arrangement of conductors normal to
the page and that repeats endlessly in the plane of the page is shown in Fig.
5.25. For the grid points shown, find the values of V;, V,, V3, V4, and V5 by
writing equations consistent with (5.39) and solving them.

Consider a thin, straight, cylindrical wire of length / and radius a (<<I), bent
in the middle to make a 90°-angle, and held at a potential of 1 V. By dividing
the wire into four equal segments and assuming the charge density in each
segment to be uniform, and using the method of moments, find the total charge
on the wire if/ = 1 m and @ = 1 mm. To compute the potential at the center
of a given segment due to the charge in another segment, assume the charge
to be a point charge at the center of the segment.
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P5.18.

P5.19.

P5.20.

Figure 5.25. For Prob. P5.15.

. Consider a thin wire of radius a in the form of a circular ring of radius 1 m

and held at a potential of 1 V. By approximating the shape of the wire to be
a 2n-sided regular polygon circumscribing the circle, and using the method of
moments, obtain the expression for the line charge density along the wire. Use
the result of (5.42a) for the potential at the center point of a given side of the
polygon due to the charge in that side; but to compute the potential at the
center point of a given side due to the charge in a different side, consider
the charge in that side to be a point charge at the center point of that side.
A square-shaped conductor of area 3a X 3a, with a square-shaped hole of area
a X a in the middle, as shown in Fig. 5.26, is held at a potential of 1 V. By
dividing the conductor into eight squares, as shown in the figure, and using the
method of moments, find the total charge on the conductor. To find the potential
at the center point of a square due to the charge in another square, consider
the charge in that square to be a point charge at the center of the square.

.

' [
a ! !
' i
! |
| ]

f‘_“—ﬁ*“‘ —’4"“_4 Figure 5.26. For Prob. P5.18.

Assume that a capacitor is made up of two parallel conductors, each having
the shape shown in Fig. 5.26. If the spacing between the plates is a, find the
capacitance of the arrangement by dividing each conductor into squares as
shown in Fig. 5.26 and applying the method of moments.

A conductor having the shape of a cube of sides a is held at a potential of 1
V. By dividing each side into a 2 X 2 set of squares, and assuming the charge
density in each square to be uniform, and using the method of moments, find
the total surface charge on the conductor. To find the potential at the center
of a square due to the charge in another square, consider the charge in that
square to be a point charge at the center of the square.
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P5.21.

PS.22.

P5.23.

P5.24.

P5.25.

P5.26.

P5.27.

P5.28.

For the structure of Fig. 5.13, assume [ = 10 cm, d = S mm, and w = 5 cm
and free space for the medium between the plates. (a) For a current source
I(t) = 1 cos 10° 7rt A, find the voltage developed across the source. (b) Repeat
part (a) for I(f) = 1 cos 10°mt A.

For the structure of Fig. 5.13, show that the input behavior for frequencies
slightly beyond those for which the quasistatic approximation is valid is equivalent
to the parallel combination of L(= udl/w) and 3 C, where C = ewl /d is the
capacitance of the structure obtained from static field considerations with the
two plates not joined by another conductor at z = 0.

For the structure of Fig. 5.14 with ¢ = 0, show that the input behavior for
frequencies slightly beyond those for which the quasistatic approximation is
valid is equivalent to the series combination of C (= ewl/d) and § L, where
L = udl/w is the inductance of the structure obtained from static field con-
siderations with the two plates joined by another conductor at z = 0, as in
Fig. 5.13.

Find the conditions under which the quasistatic input behavior of the structure
of Fig. 5.14 is essentially equivalent to that of (a) a single resistor, (b) a capacitor
C (= ewl/d) in parallel with a resistor, and (c) a resistor in series with an
inductor.

A toroidal magnetic core has the dimensions A = 3 cm?and [ = 20 cm. (a)
If it is found that for NI equal to 200 A-t a magnetic flux ¢ equal to 4.5 X
10~* Wb is established in the core, find the permeability u of the core material.
(b) If now an air gap of width /, = 0.1 mm is introduced, find the new value
of NI required to maintain the flux of 4.5 X 10~* Wb, neglecting fringing of
flux in the air gap.

For the magnetic circuit of Fig. 5.19, assume that there is no air gap. Find
the magnetic flux established in the center leg for an applied NI equal to 300
A-t.

For the magnetic circuit of Fig. 5.19, assume the air gap to be in the center
leg. Find approximately the required NI to establish a magnetic flux of 8.4 X
107* Wb in the air gap.

In Fig. 5.27, a dielectric slab of permittivity e sliding between the plates of a
parallel-plate capacitor experiences a mechanical force F, of electrical origin.
Assuming width w for the plates normal to the page, and neglecting fringing
of field at the edges of the plates, find the expression for F,.

L >

P5.29.

260

x Figure 5.27. For Prob. P5.28.

Assume that in Ex. 5.10 the parallel-plate capacitor system of Fig. 5.20 is made
to traverse the closed cycle in the V—x-plane shown in Fig. 5.28 instead of the
closed cycle in the Q—x-plane shown in Fig. 5.21. Calculate the energy converted
per cycle and determine whether the conversion is from mechanical to electrical
or vice versa.
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4 v=v, !
! i
I
i !
| 1
L L » x
0 d 2d Figure 5.28. For Prob. P5.29.

P5.30. Fig. 5.29 shows a magnetic field electromechanical device in which the plunger
is free to move in the x-direction between two nonmagnetic sleeves. The areas
of cross section of all three legs are equal. Using the same assumption as for
the case of the electromagnet of Fig. 5.22 for the permeability of the magnetic
core, find the expression for the mechanical force F, of electric origin on the
plunger, in terms of the current I in the winding.

v g
e | ~Area of Cross Section A4
Nonmagnetic Sleeve

Plunger I

"

J e

N

Nonmagnetic Sleeve

Figure 5.29. For Prob. P5.30.

PCE

PCS5.1.

XERCISES

Consider the arrangement of two infinitely long coaxial conductors of square
cross sections, and with the region between the conductors divided into a grid
of squares, as shown in Fig. 5.30. Assume the outer conductor to be at a
potential of 100 V and the inner conductor to be at 0 V. Write a program to

- compute the potentials at the grid points marked by dots, to within 0.01 V of

PCs.2.

the averages of the potentials of the four neighboring points (that is, use A =
0.01 V).

It can be shown by considering Laplace’s equation in three dimensions that
the potential at a given point P in a charge-free region is approximately equal
to the average of the potentials at the six equidistant points lying along mutually
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Figure 5.30. For Exer. PC5.1. Figure 5.31. For Exer. PC5.2.

PCS.3.

PC5.4.

PCS.5.

PCs.6.
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perpendicular axes through P. Using this result in conjunction with the iteration
technique, write a program to compute the potential at the center of the cubical
box shown in Fig. 5.31 in which the top face is kept at 100 V relative to the
five other faces. Use ann X n X n grid of cubes, where # is a specified even
number, and a value of 0.01 V for A.

Modify the program of PL 5.2 for a wire bent in the middle to make an angle
a. Divide the wire into an even number of segments and, to compute the
potential at the center of a given segment due to the charge in another segment,
assume the charge to be a point charge at the center of that segment. The
value of « is to be an additional input quantity, and the input value for n is
to be restricted to be an even number.

For the circular wire of Prob. P5.17, use the result obtained in that problem
to write a program that computes the line charge density p;, along the wire
for specified values of a and n. Test the convergence of py, by computing its
value for several values of n.

Consider a square conductor of sides a held at a potential of 1 V and divided
into an n X n set of squares designated 11, 12, . . ., 1n, 21, 22, . . . . Using
the method of moments, write a program for computing the charge densities
in the squares and the total charge on the conductor. The value of » is to be
the input to the program. The output is to consist of the charge densities in
C/m? times a/e,, arranged in an appropriate manner, and the total charge in
C divided by ga.

Write a program for computing the capacitance of a parallel-plate capacitor of
square plates of sides a, and spacing ka, by dividing each plate into an n X n
set of squares and using the method of moments. The quantities k and n are
to be inputs to the program. The output is to be the computed capacitance
normalized with respect to g,a/k, which is the capacitance of the arrangement
if fringing of fields is neglected.
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Uniform Plane Waves

In Chaps. 3, 4, and 5, we learned Maxwell’s equations in integral form and
in differential form and discussed several applications to static and quasistatic
fields. We shall now turn our attention to the applications of Maxwell’s
equations to time-varying fields. Many of these applications are based on
electromagnetic wave phenomena, and hence it is necessary to gain an un-
derstanding of the basic principles of wave propagation, which is our goal in
this chapter. We shall first consider wave propagation in free space and then
extend the discussion to material media, thereby learning how the characteristics
of wave propagation are modified from those associated with free space.

We shall employ an approach in this chapter that will enable us not only
to learn how the coupling between space-variations and time-variations of the
electric and magnetic fields, as indicated by Maxwell’s equations, results in
wave motion but also to illustrate the basic principle of radiation of waves
from an antenna, which will be treated in detail in Chap. 10. We shall augment
our discussion of radiation and propagation of waves by considering such
examples as the principle of an antenna array and the Doppler effect. We
shall discuss power flow and energy storage associated with the wave motion
and introduce the Poynting vector. Finally we shall consider the topic of
reflection of waves at a boundary between two different media.

6.1 UNIFORM PLANE WAVES IN TIME DOMAIN
IN FREE SPACE

Uniform
 plane wave
defined

In Chap. 4 we learned that the space-variations of the electric and magnetic
field components are related to the time-variations of the magnetic and electric
field components, respectively, through Maxwell’s equations. This interde-
pendence gives rise to the phenomenon of electromagnetic wave propagation.
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Infinite plane
current sheet
source

In the general case, electromagnetic wave propagation involves electric and
magnetic fields having more than one component, each dependent on all three
coordinates, in addition to time. However, a simple and very useful type of
wave that serves as a building block in the study of electromagnetic waves
consists of electric and magnetic fields that are perpendicular to each other
and to the direction of propagation and are uniform in planes perpendicular
to the direction of propagation. These waves are known as ‘‘uniform plane
waves.”” By orienting the coordinate axes such that the electric field is in the
x-direction, the magnetic field is in the y-direction, and the direction of prop-
agation is in the z-direction, as shown in Fig. 6.1, we have

E = E(z, 0, (6.1a)
H = Hz, 1), (6.1b)

Direction of
Propagation

> 7
/ Figure 6.1. Directions of electric and

H magnetic fields and direction of propa-
/ gation for a simple case of uniform
y plane wave.

Uniform plane waves do not exist in practice because they cannot be
produced by finite-sized antennas. At large distances from physical antennas
and ground, however, the waves can be approximated as uniform plane waves.
Furthermore, the principles of guiding of electromagnetic waves along trans-
mission lines and waveguides and the principles of many other wave phenomena
can be studied basically in terms of uniform plane waves. Hence it is very
important that we understand the principles of uniform plane wave propagation.

To illustrate the phenomenon of interaction of electric and magnetic fields
giving rise to uniform plane electromagnetic wave propagation, and the principle
of radiation of electromagnetic waves from an antenna, we shall consider a
simple, idealized, hypothetical source. This source consists of an infinite sheet
lying in the xy-plane, as shown in Fig. 6.2. On this infinite plane sheet a
uniformly distributed current flows in the negative x-direction, as given by -

Js = —Js@®i, forz =10 (6.2)

where Jg(f) is a given function of time. Because of the uniformity of the
surface current density on the infinite sheet, if we consider any line of width
w parallel to the y-axis, as shown in Fig. 6.2, the current crossing that line
is simply given by w times the current density, that is, wJg(f). If Js(f) =
Jgo cos wt, then the current wJg, cos wt, crossing the width w, actually alternates
between negative x- and positive x-directions, that is, downward and upward.
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Figure 6.2. Infinite plane sheet in the
xy-plane carrying surface current of
uniform density.

The time history of this current flow for one period of the sinusoidal variation
is illustrated in Fig. 6.3, with the lengths of the lines indicating the magnitudes
of the current. We shall consider the medium on either side of the current
sheet to be free space.

Wiy l . T T . l Wi

0 wt—» m wt —» 2n

Figure 6.3. Time history of current flow across a line of width w parallel to
the y-axis for the current sheet of Fig. 6.2, for J; = —Jg cos of i,.

To find the electromagnetic field due to the time-varying current sheet,
we shall begin with Faraday’s law and Ampere’s circuital law given, respectively,
by

VXE= _3B (6.3a)
ot
VXH=J+% (6.3b)

and use a procedure which consists of the following steps:

1. Obtain the particular differential equations for the case under con-
sideration.

2. Derive the general solution to the differential equations of step 1 without
regard to the current on the sheet.

3. Show that the solution obtained in step 2 is a superposition of traveling
waves propagating in the +z- and —z-directions.

4. Extend the general solution of part 2 to take into account the current
on the sheet, thereby obtaining the required solution.
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Derivation
of wave
equation

Although the procedure may be somewhat lengthy, we shall in the process
learn several useful concepts and techniques.

1. To obtain the particular differential equations for the case under con-
sideration, we first note that since (6.2) can be thought of as a current distribution
having only an x-component of the current density which varies only with z,
we can set J,, J,, and all derivatives with respect to x and y in (6.3a) and
(6.3b) equal to zero. Hence (6.3a) and (6.3b) reduce to

JE, 0B oH, oD
Y X 4 =2 = X .
az ot (6.4a) az et ot (6.52)
oF dB, oH, oD
x Y 4 Pt SR 4 .
0z at (6.4b) 9z ot (6.5b)
_ _9B; _ D,
0= o (6.4c) 0= Py (6.5¢)

In these six equations, there are only two equations involving J, and the
pertinent electric and magnetic field components, namely, the simultaneous
pair (6.4b) and (6.5a). Thus the equations of interest are

OE, _ _9B, (6.6a)
174 ot

oHy, _ _j _ % (6.6b)
8z ot

which are the same as (4.7) and (4.25), the simplified forms of Faraday’s law
and Ampere’s circuital law, respectively, for the special case of electric and
magnetic fields characterized by (6.1a) and (6.1b), respectively.

2. In applying (6.6a) and (6.6b) to (6.2), we note that J, in (6.6b) is a
volume current density, whereas (6.2) represents a surface current density.
Hence we shall solve (6.6a) and (6.6b) by setting J, = 0 and then extend the
solution to take into account the current on the sheet. For J, = 0, (6.6a) and
(6.6b) become

9E, _ 9B, _ _ 9oH,

z o My (6.7a)
H oD oF

'a—y = —— = _Go_x (6.7b)
0z at at

. .. . N oH,
Differentiating (6.7a) with respect to z and then substituting for —a—z—y from

(6.7b), we obtain

O’E, o (0H, d (oH, 9 oE,
2 = Mo\ )T Mo\ T ) ST Mo L T8

0z dz\ ot ot \ 9z ot ot
or
o’E, 0’E,
2 M (6.8)
266 Uniform Plane Waves Chap. 6



Solution of
wave
equation

We have thus eliminated H, from (6.7a) and (6.7b) and obtained a single
second-order partial differential equation involving E, only. Equation (6.8) is
known as the ‘‘wave equation.”” In particular, it is a one-dimensional wave
equation in time-domain form, that is, for arbitrary time-dependence of E,.
To obtain the solution for (6.8), we introduce a change of variable by
defining 7 = z\/uggo. Substituting for z in (6.8) in terms of 7, we then have

OE. &E,
art o 6.9)
or
CE. _VE _
art o
o a\[o
(67 at) (67’ at)E" 0 6.10)

where the quantities in parentheses are operators operating on one another
and on E,. Equation (6.10) is satisfied if

(i + E)Ex =0
ar ot

dE, _OE,
x5
orT ot

Let us first consider the equation corresponding to the upper sign in (6.11);
that is,

or

(6.11)

OE, _ _E,

aT ot

This equation says that the partial derivative of E,(r, 1) with respect to 7 is
equal to the negative of the partial derivative of E,(r, ) with respect to 7.
The simplest function that satisfies this requirement is the function (¢ — 7).
It then follows that any arbitrary function of (¢ — 7), say, f(t — 7) satisfies
the requirement since

6 ! a !
SUC =D = f -2~ = [~ D
and
- = -2t =D = ~F -1 = -2 — )]
orT or ot

where the prime associated with f'( — 7) denotes differentiation of f with
respect to (¢ — 7). In a similar manner, the solution for the equation cor-

responding to the lower sign in (6.11), that is, for
OE, _ oF,

or ot

can be seen to be any arbitrary function of (¢ + 7), say, g(t + 7). Combining
the two solutions, we write the solution for (6.11) to be

E(r,t) = Af(t —7) + Bg(t + 1) 6.12)
where A and B are arbitrary constants.
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functions
explained

Substituting now for 7 in (6.12) in terms of z, we obtain the solution for
(6.8) to be

E(z, 1) = Af(t — 2\/jmose) + Be(t + z\/1og0) (6.13)

The corresponding solution for H,(z, #) can be obtained by substituting (6.13)
into (6.7a) or (6.7b). Thus using (6.7a),

H & . —r
% B \/ 22 [Af'(t = 2V oso) = Bg'(t + 2V/hozo)]
o

1
\/P«o/ €o

The fields given by (6.13) and (6.14) are the general solutions to the differential
equations (6.7a) and (6.7b).

3. To proceed further, we need to know the meanings of the functions
f and g in (6.13) and (6.14). To discuss the meaning of f, let us consider a

specific example
£t = 2Vese) = (t = 2V reg0)

Plots of this function versus z for two values of ¢, t = O and 1 = V ogo, are
shown in Fig. 6.4(a). An examination of these plots reveals that as time
increases from 0 to \/uee,, every point on the plot for t = 0 moves by one
unit in the +z-direction, thereby making the plot for ¢ = \/moso an exact
replica of the plot for ¢ = 0, except displaced by one unit in the + z-direction.
The function f is therefore said to represent a ‘‘traveling wave” propagating
in the +z-direction, or simply a “(+) wave.”’ In particular, it is a uniform
plane wave since its value does not vary with position in a given constant
z-plane. By dividing the distance traveled by the time taken, the velocity of
propagation of the wave can be obtained to be ‘

[Af( — 2V/ioso) — Be(t + 2V ioeo)] | (6.14)

HJz, 1) =

1

\/,U«oso

which is equal to ¢, the velocity of light in free space. Similarly, to discuss
the meaning of g, we shall consider

gt + 2V ogo) = (1 + 2V koo)’

Then plotting the function versus z for ¢ = 0 and ¢ = V1o, as shown in
Fig. 6.4(b), we can see that the plot for ¢ = V/ uogo is an exact replica of the
plot for ¢ = 0, except displaced by one unit in the —z-direction. The function
g is therefore said to represent a ‘‘traveling wave’’ propagating in the —z-
direction, or simply a “(—) wave.”” Once again, it is a uniform plane wave
with the velocity of propagation equal to 1/V/po€o-

To generalize the foregoing discussion of the functions f and g, let us
consider two pairs of ¢ and z, say, #, and z;, and #; + At and z; + Az. Then
for the function f to maintain the same value for these two pairs of z and ¢,
we must have

=3 x 10°m/s (6.15)

Up=

to— 2V iogo = (6 + A1) — (2 + AZ) ‘\/Moso
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A(f -z #060)2

(a)

(b)

Figure 6.4. (a) Plots of the function (+ — z \uoe,)* versus z for 1 = 0 and
t = Vueg,. (b) Plots the function (+ + z \/uoe,)* versus z for ¢ = 0 and

t = Vg

or
1

V Ho€o

Since Vuego is a positive quantity, this indicates that as time progresses, a
given value of the function moves forward in z with the velocity 1/V/uq&,,
thereby giving the characteristic of a (+) wave for f. Similarly, for the function
g to maintain the same value for the two pairs of ¢ and z, we must have

i+ 2Vikego = (t + AD + (2 + AZ) Voo

Az = At

or
1

4 )
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Electro-
magnetic
field due to
the current
sheet

The minus sign associated with 1/ /o8, indicates that as time progresses, a
given value of the function moves backward in z with the velocity 1/V/ €0,
giving the characteristic of a (—) wave for g.

We shall now define the intrinsic impedance of free space, 7o, to be

m = |20~ 1200 Q = 377 Q (6.16)

€p

From (6.13) and (6.14), we see that v, is the ratio of E, to H, for the (+)
wave or the negative of the same ratio for the (—) wave. Since the units of
E, are volts per meter and the units of H, are amperes per meter, the units
of E,/H, are volts per ampere or ohms, thereby giving the character of impedance
for m,. Replacing \/uo/e, in (6.14) by m, and substituting v, for 1 IV o€ in
the arguments of the functions f and g in both (6.13) and (6.14), we can now
write (6.13) and (6.14) as

E[z, D) = Af(t — z/v,) + Bg(t + z/v,) (6.17a)

Hyz, 1) = nl[Af(t — 2/u,) — Belt + z/v)] (6.17b)
0

4. Having learned that the solution to (6.7a) and (6.7b) consists of su-
perposition of traveling waves propagating in the +z- and —z-directions, we
now make use of this solution together with other considerations to find the
electromagnetic field due to the infinite plane current sheet of Fig. 6.2, and
with the current density given by (6.2). To do this, we observe the following:

(a) Since the current sheet, which is the source of waves, isinthez = 0
plane, there can be only a (+) wave in the region z > 0 and only a (—)
wave in the region z < 0. Thus

Af(t — z/v,)i, forz >0
— 6.18
EG 1) = {Bg(t + z/u i, forz <0 (6.182)
A .
_f(t - z/vp)ly forz >0
o (6.18b)

H(z, 1) = B
—:n—g(t + z/ui, forz <0
0

(b) From the boundary condition (3.51b) applied to the surface z = 0, we

have
[Ex]z=0+ - [Ex]z=0— =0 (6.19)
or Af(t) = Bg(?). Thus (6.18a) and (6.18b) reduce to
E(z, ) = F(t F z/u)i, forz=0 (6.20a)
1
H(z,f) = = n—F(t F z/ui, forz=0 (6.20b)
0

where we have used Af(r) = Bg(t) = F(9).
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(c) From the boundary condition (3.55a) applied to the surface z = 0, we
have

iz X {[H]z=0+ - [H]z=0—-} = —Js(t)ix (621)
or nzF(t) = Jg(®. Thus F(¥) = %J s(), and (6.20a) and (6.20b) become
0

E(z, ) = %)Js(t Fz/ui, forz=0 (6.22a)

1
H(z, 1) = = JJ5(t % 2/u)i, forz20 (6.22b)

Equations (6.22a) and (6.22b) represent the complete solution for the
electromagnetic field due to the infinite plane current sheet of surface current
density

Js() = —Js@i, forz =0 (6.23)

The solution corresponds to uniform plane waves having their field components
uniform in planes parallel to the current sheet and propagating to either side
of the current sheet with the velocity v, (= ¢). The time-variation of the
electric field component E, in a given z = constant plane is the same as the
current density variation delayed by the time |z|/v, and multiplied by 7,/2.
The time-variation of the magnetic field component in a given z = constant
plane is the same as the current density variation delayed by |z|/v, and multiplied
by +1/2 depending upon z = 0. Using these properties one can construct
plots of the field components versus time for fixed values of z, and versus z
for fixed values of . We shall illustrate by means of an example.

Example 6.1.

Let us consider the function Js(#) in (6.23) to be that given in Fig. 6.5. We
wish to find and sketch (a) E, versus ¢ for z = 300 m, (b) H, versus ¢ for z =
—450 m, (c) E, versus z for t = 1 us, and (d) H, versus z for r = 2.5 us.

AJg, A/m

0.1}

A | > t, s Figure 6.5. Plot of Jg versus ¢ for
0 1 2 Ex. 6.1.

(@) Since v, = ¢ = 3 X 10® m/s, the time delay corresponding to 300 m is
1 us. Thus the plot of E, versus ¢ for z = 300 m is the same as that of
Js(¢) multiplied by 7,/2 or 188.5 and delayed by 1 us, as shown in Fig.

6.6(a).
(b) The time delay corresponding to 450 m is 1.5 us. Thus the plot of H,
versus ¢ for z = —450 m is the same as that of Jg(#) multiplied by —1/2

and delayed by 1.5 us, as shown in Fig. 6.6(b).
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)

Figure 6.6. Plots of field components versus ¢ for fixed values of z and
versus z for fixed values of ¢ for Ex. 6.1.
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(¢) To sketch E, versus z for a fixed value of ¢, say, #,, we use the argument
that a given value of E, existing at the source at an earlier value of time,
say, &, travels away from the source by the distance equal to (z; — #,)
times v,. Thus at # = 1 us, the values of E, corresponding to points A
and B in Fig. 5.5 move to the locations z = +300 m and z = =150 m,
respectively, and the value of E, corresponding to point C exists right at
the source. Hence, the plot of E, versus z for t = 1 us is as shown in
Fig. 6.6(c). Note that points beyond C in Fig. 6.5 correspond to ¢ > 1
s, and therefore they do not appear in the plot of Fig. 6.6(c).

(d) Using arguments as in part (c), we see that at ¢ = 2.5 us, the values of
H, corresponding to points A, B, C, D, and E in Fig. 6.5 move to the
locations z = =750 m, £600 m, +450 m, =300 m, and + 150 m, respectively,
as shown in Fig. 6.6(d). Note that the plot is an odd function of z since
the factor by which Jg, is multiplied to obtain H, is +1/2 depending upon
zZ 0.

D6.1. For each of the following traveling wave functions, find the velocity of propa-
gation both in magnitude and direction: (a) (¢t + 0.02x); (b) u(0.05y — »); and
(c) cos 2 x 10% — 27 x 10%).
Ans: —50i, m/s; 20i, m/s; 100i, m/s

D6.2. The time-variation for z = 0 of a function f(z, f) representing a traveling wave
propagating in the +z-direction with velocity 300 m/s is shown in Fig. 6.7.
Find the value of the function for each of the following cases: (a) z = 300 m,
t=2s;(b)z=500m,z=2s;and(c)z =600m, ¢ = 5s.

1 1
tA DA A
Ans A,3A 5
[f), -0
A
! L L [P
0 1 2 3 4 5 ’

Figure 6.7. For Prob. D6.2.

D6.3. The time-variation for z = 0 of a function g(z, 1) representing a traveling wave
propagating in the —z-direction with velocity 100 m/s is shown in Fig. 6.8.
Find the value of the function for each of the following cases: (a) z = 50 m,
t=0,(b)z=125m,¢t=0;and (c)z = 50 m, t = 0.5 s.

1, 3
Ans: -A; -A; A
474
[gl; =9
A
Ar?
I ' » 1,8
0 1 2 3 Figure 6.8. For Prob. D6.3.
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6.2 SINUSOIDALLY TIME-VARYING UNIFORM PLANE WAVES

IN FREE SPACE
Solution In the previous section, we considered the current density on the infinite plane
for the current sheet to be an arbitrary function of time and obtained the solution for
electro- the electromagnetic field. As already pointed out in Sec. 1.5, of particular
magnetic interest are fields varying sinusoidally with time. These are produced by a
field for the source whose current density varies sinusoidally with time. Thus assuming
sinusoidal  the current density on the infinite plane sheet of Fig. 6.2 to be
case
Js= —Jspcoswti, forz=0 (6.24)
where Jg is the amplitude and o is the radian frequency, we obtain the
corresponding solution for the electromagnetic field by substituting Jg() =
Jso cOs ot in (6.22a) and (6.22b):
_ MoJso — . -
E = —, cos (wt ¥ Br)i, forz=0 (6.25a)
J
H=* % cos (wt ¥ Bz)i, forz=0 (6.25b)
where
g=2= (6.26)
vP
Properties Equations (6.252) and (6.25b) represent sinusoidally time-varying uniform
and plane waves propagating away from the current sheet. The phenomenon is
parameters  illustrated in Fig. 6.9, which shows sketches of the current density on the

of sinusoidal
waves

Frequency

sheet and the distance variation of the electric and magnetic fields on either
side of the current sheet for three values of ¢. It should be understood that
in these sketches the field variations depicted along the z-axis hold also for
any other line parallel to the z-axis. We shall now discuss in detail several
important parameters and properties associated with the sinusoidal waves:

1. The argument (wt ¥ Bz) of the cosine functions is the phase of the fields.
We shall denote the phase by the symbol ¢. Thus

b=t Pz 6.27)
Note that ¢ is a function of ¢ and z.
2. Since
¢
— = 6.28
ol (6.28)

the rate of change of phase with time for a fixed value of z is equal to
, the radian frequency of the wave. The linear frequency given by

- ®
T 2n

(6.29)
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Js = —JS0 cos wii,

Figure 6.9. Time history of uniform plane electromagnetic wave radiating
away from an infinite plane current sheet in free space.

is the number of times the phase changes by 27 radians in one second
for a fixed value of z. The situation is pertinent to an observer at a
point in the field region watching a movie of the field variations with
time and counting the number of times in one second the field goes
through a certain phase point, say, the positive maximum.
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Since

=B (6.30)

Q|
SRR

the magnitude of the rate of change of phase with distance z for a fixed
value of time is equal to 8, known as the “‘phase constant.”’ The situation
is pertinent to taking a still photograph of the phenomenon at any given
time along the z-axis, counting the number of radians of phase change
in one meter.

It follows from (3) that the distance, along the z-direction, in which the
phase changes by 2 radians for a fixed value of time is equal to 27 /B.
This distance is known as the “‘wavelength,”” denoted by the symbol A.
Thus

o

B

It is the distance between two consecutive positive maximum points on
the sinusoid, or between any other two points which are displaced from
these two positive maximum points by the same distance and to the
same side, as shown in Fig. 6.10.

A 6.31)

Figure 6.10. For explaining wavelength.

. From (6.26), we note that the velocity of propagation of the wave is

given by

(6.32)

v, =

w™Ile

Here, it is known as the phase velocity, since a constant value of phase
progresses with that velocity along the z-direction. It is the velocity
with which an observer has to move along the direction of propagation
of the wave to be associated with a particular phase point on the moving
sinusoid. Thus it follows from

dlwt+Bdz) =0
which gives

wdt¥Bdz=0
dz )
—_— = +—
dt B
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waves

where the + and — signs correspond to (+) and (—) waves, respectively.
We recall that for free space, v, = 1/\uego = ¢ = 3 x 10° m/s.
6. From (6.31), (6.29), and (6.32), we note that

7= () ) -

M =1, (6.33)

or

Thus the wavelength and frequency of a wave are not independent of
each other but are related through the phase velocity. This is not surprising
because A is a parameter governing the variation of the field with distance
for a fixed time, fis a parameter governing the variation of the field with
time for a fixed value of z, and we know from Maxwell’s equations that
the space- and time-variations of the fields are interdependent. For free
space (6.33) gives

A in meters X fin hertz = 3 x 10° (6.34a)

or

A in meters X fin megahertz = 300 (6.34b)

It can be seen from these relationships that the higher the frequency,
the shorter the wavelength. Waves are classified according to frequency
or wavelength. Table 6.1 lists the commonly used designations for the
various bands up to 300 GHz, where 1 GHz is 10° Hz. The corresponding
frequency ranges and wavelength ranges are also given. The frequencies
above about 300 GHz fall into regions far infrared and beyond. The AM
radio (550-1650 kHz) falls in the medium wave band, whereas the FM
radio makes use of 88—108 MHz in the VHF band. The VHF TV channels
2-6 use 54-88 MHz, and 7-13 employ 174-216 MHz. The UHF TV
channels are in the 470-890 MHz range. Microwave ovens operate at
2450 MHz. Police traffic radars operate at about 10.5 and 24.1 GHz.

TABLE 6.1. COMMONLY USED DESIGNATIONS FOR THE VARIOUS
FREQUENCY RANGES

Frequency Wavelength
Designation range range
ELF (extremely low frequency) 30-3000 Hz 10,000-100 km
VLF (very low frequency) 3-30 kHz 100-10 km
LF (low frequency) or long waves 30-300 kHz 10-1 km
MF (medium frequency) or medium waves 300~-3000 kHz 1000-100 m
HF (high frequency) or short waves 3-30 MHz 100-10 m
VHF (very-high frequency) 30-300 MHz 10-1 m
UHF (ultrahigh frequency) 300-3000 MHz 100-10 cm
Microwaves 1-30 GHz 30-1 cm
Millimeter waves 30-300 GHz 10-1 mm
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9.

Various other ranges in Table 6.1 are used for various other applications
too numerous to mention here.

The electric and magnetic fields are such that

amplitude of E

amplitude of H Mo (6.35)

We recall that 7,, the intrinsic impedance of free space has a value
approximately equal to 1207 or 377 ohms.

. The electric and magnetic fields have components lying in the planes of

constant phase (z = constant planes) and perpendicular to each other
and to the direction of propagation. In fact, the cross product of E and
H results in a vector that is directed along the direction of propagation,
as can be seen by noting that

JZ
ExH-= i% cos? (wt ¥ Bz)i, forz=0 (6.36)

From the discussion of polarization of sinusoidally time-varying fields in
Sec. 1.5, we note that the fields given by (6.25a) and (6.25b) are linearly
polarized. Hence the wave is said to be linearly polarized. Two linearly
polarized waves of the same frequency propagating in the same direction,
with their electric fields (and hence their magnetic fields) perpendicular
to each other and out of phase by 90°, add up to give a circularly polarized
wave. Since a circle can be traversed in one of two opposite senses,
we talk of right-handed or clockwise circular polarization and left-handed
or counterclockwise circular polarization. The convention is that if in
a given constant phase plane, the tip of the field vector rotates with time
in the clockwise sense as seen looking along the direction of propagation
of the wave, the wave is said to be right circularly polarized. If the tip
of the field vector rotates in the counterclockwise sense, the wave is
said to be left circularly polarized. Similar considerations hold for el-
liptically polarized waves, which arise due to the superposition of two
linearly polarized waves in the general case.

We shall now consider two examples of the application of the properties

we have learned thus far in this section.

Example 6.2.

278

The electric field of a uniform plane wave is given by
E = 10 sin 37 X 10% — 72) i, + 10 cos 3w x 10°%7 — 72) i, V/m

Let us find (a) the various parameters associated with the wave, (b) the corre-
sponding magnetic field H, and (c) the polarization of the wave.

(a) From the argument of the sine and cosine functions, we can identify the
following:

= 37 x 10® rad/s
B = mrad/m

e
|
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Then

f=—=15 % 10°Hz
277
2
A=—=2m
B
@
v,,=E=3 x 10°m/s

Note also that Af = 3 x 10° = u,. In view of the minus sign associated
with 7z, the direction of propagation of the wave is the -+ z-direction.

(b) The unit vectors i, and i, associated with the first and second terms,
respectively, tell us that the electric field contains components directed
along the x- and y-directions. Using the properties (6) and (7) discussed
earlier, we obtain the magnetic field of the wave to be

- 10 8 _ ;o 10 8 _ —i
H 377s1n(37-r><10t 7TZ)ly+377COS(37TX101 w7) (—iy)

I

10 5 10 . s .
X - X -
~377 —-cos 37 X 10° — wp) i, + 377 - 8in 37 X 10°% — wz) i, A/m
(¢) The two components of E are equal in amplitude, perpendicular, and out
of phase by 90°. Therefore, the wave is circularly polarized. To determine
if the polarization is right-handed or left-handed, we look at the electric
field vectors in the z = 0 plane for two values of time, ¢t = 0 and ¢ =
1
g X 107 s 37 x 10% = =/2). These are shown in Fig. 6.11. As
time progresses, the tip of the vector rotates in the counterclockwise sense,
as seen looking in the +z-direction. Hence, the wave is left circularly

polarized.
x
[E]t=%)<10‘ss \
y
z [El, -¢ Figure 6.11. For Ex. 6.2.

Example 6.3.

Principle of An antenna array consists of two or more antenna elements spaced appropriately
antenna and excited with currents having the appropriate amplitudes and phases in order
array to obtain a desired radiation characteristic. To illustrate the principle of an

antenna array, let us consider two infinite plane parallel current sheets, spaced
A/4 apart and carrying currents of equal amplitudes but out of phase by 7/2 as
given by the densities

Js1 = —Jgcoswti, forz =0
Js2 = —Jgsinwti, forz =-—

and find the electric field due to the array of the two current sheets.
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We apply the result given by (6.25a) to each current sheet separately and
then use superposition to find the required total electric field due to the array
of the two current sheets. Thus for the current sheet in the z = 0 plane, we
have

7)0150
2
”’7on0

cos (wf — Bz)i, forz>0
E, =
cos (wt + Bz)i, forz <0

For the current sheet in the z = A/4 plane, we have

J
r”flo so I:wt (Z _ _>] i, for z > A
4
EZ = A
’flono sin [wt (z - ")] i, forz<7
r”lo S0 Gin ( ~ Bz + 727> for z > %
= A
= J
”'702 0 sin (wt + Bz — %) i for z < -3
\
J
(10250 o (wf — B2) i for z > A
2 4
= J A
7)02 0 cos (wf + B2) i for z < 7
\

Now, using superposition, we find the total electric field due to the two current
sheets to be

E=E + E

A
7)0]50 COos ((Ot - BZ) ix for > ‘Z

1

A
NoJs Sin wf sin Bz i, for 0 <z < 7
0 forz <0

Thus the total field is zero in the region z < 0, and hence there is no
radiation toward that side of the array. In the region z > A/4 the total field is
twice that of the field due to a single sheet. The phenomenon is illustrated in
Fig. 6.12, which shows sketches of the individual fields E,, and E,, and the total
field E. = E,, + E, for a few values of . The result that we have obtained
here for the total field due to the array of two current sheets, spaced A/4 apart
and fed with currents of equal amplitudes but out of phase by #/2, is said to
correspond to an “‘endfire’’ radiation pattern.

Returning now to the solution for the electromagnetic field given by

(6.25a) and (6.25b), let us ask ourselves the question, ‘‘How does the phase
associated with the wave change with time as viewed by a moving observer?’’
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Figure 6.12. Time history of individual fields and the total field due to an
array of two infinite plane parallel current sheets.

To answer this question, let us consider the (+) wave and an observer moving
along the positive z-direction with a velocity v, m/s, starting at z = z, at
t = 0. Then the position of the observer as a function of time is given by
Z = Zo + vyt and the phase of the wave at that position is given by

¢obs = ol — IB(ZO + Uot)
(w — Buo)t — Bzo

Ignoring relativistic effects, the rate of change of phase with time or the radian
frequency of the wave viewed by the moving observer is
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d
Wobs = Zt[(w - IBUO)t - BZO]

w
=(1)_BUQ=(I)—_U0
p
U
wll-=2
vp

Jovs = f<1 - ?) (6.37)

P

I

or

Thus the moving observer views a frequency that is different from that
of the source of the wave. This phenomenon of a shift in the frequency of
the wave is known as the ‘“Doppler effect.”” For an observer moving along
the direction of propagation, the Doppler-shifted frequency is less than the
actual frequency by the amount fuy/v, or vy/A. For an observer moving
opposite to the direction of propagation of the wave, the Doppler-shifted
frequency is higher than the actual frequency by the same amount. The
situation is illustrated in Fig. 6.13, which depicts the wave motion as viewed
by a stationary observer (A) and two moving observers (O and R), one moving
along, and the other moving opposite to the direction of propagation of the
wave with a velocity which, for simplicity of illustration, is assumed to be
one-half the phase velocity of the wave. From the series of sketches for one
period of the wave, it can be seen that observer A views a complete cycle
of the wave whereas observer O views only one-half cycle of the wave and
observer R views one and one-half cycles of the wave during that period.
Thus the stationary observer A views the same frequency as that of the wave,
but moving observer O views a frequency that is one-half that of the wave
and moving observer R views a frequency that is one and one-half that of the
wave.

Doppler shift also occurs when the current sheet is in motion and the
observer is at rest. Assuming that the Doppler-shifted radian frequency as
viewed by the stationary observer in the field of a moving current sheet is
wops,» WE can write the phase of the (+) wave to be

Z
d)obs = Wobs (t - U_p)

If the current sheet is moving with velocity v, in the +z-direction, starting

. vt .
at z = 0 at t = 0, then the phase on the current sheet is wgps | £ — vl . Since
i4
the radian frequency on the current sheet is ®, we have

i w, t — y =
dt obs vp
Wops (1 - &> = w
vP

w

Wobs =™ T,
1 - v/u,
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Figure 6.13. Wave motion as viewed by a stationary observer (4) and two
moving observers (O and R).

or

Jobs = S — (6.38)

1 - v/,

For v; << v, (6.38) reduces to

Jobs zf(l + s—> (6.39)

P
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Police radar

the right side of which is the same as that in (6.37), with v, replaced by —uv;.
For v, > 0, that is, source moving toward the observer, fos > f. For v, <
0, that is, source receding from the observer, Jobs < [

Once again, we have ignored relativistic effects in deriving (6.38). When
relativistic effects are taken into account, (6.37) and (6.38) are modified to
give an expression such that the two values of £, are exactly equal for the
same relative velocity between the source and the observer. This expression
is given by

v,/U,

1 —
f;)bs =f\/1 + U,/Up

where v, is the difference between v, and v;. For v, << up, this expression
approximates to the form of 6.37).

Returning to the derivation leading to (6.37), we note that for an observer
moving in an arbitrary direction with velocity v,, only the z-component of v,
contributes to the Doppler shift since the value of z corresponding to the
position of the observer is governed only by the z-component of v,. The
component of v, perpendicular to the z-direction does not contribute to the
Doppler shift. To generalize this for a wave propagating in an arbitrary direction
given by the unit vector i, and an observer moving with velocity v, in the
field of that wave, we can say that only the component of v, along i, contributes
to the Doppler shift. Thus for this general case

Doppler shift in f = — fv"—v'i (6.40)

p

In the application of (6.40), it should be kept in mind that if the source
of waves is a point source, instead of an infinite plane sheet of current, the
direction of propagation of the wave is along the line from the point source
to the observer.

The phenomenon of Doppler effect has many applications. An example
in everyday life with which some of us might have had an experience is the
police traffic radar. In this application, a microwave signal is generated in
the radar unit and is transmitted toward the moving car, the speed of which
is to be monitored. Part of the incident signal is reflected from the moving
car back to the radar unit, Doppler shifted in frequency by an amount proportional
to the speed of the car. In the radar unit, the Doppler-shifted signal is received
and mixed with the original signal to generate a signal of the difference frequency,
which is the Doppler shift. A display in the radar unit is calibrated to indicate
the speed of the car, which is the difference frequency multiplied by a pro-
portionality constant. Some other applications of Doppler effect, just to mention
a few, are in aircraft navigation, sea-state monitoring, and radio astronomy.

Example 6.4.
Let us consider a police radar operating at a frequency f = 24.1 GHz and
determine the Doppler shift due to an automobile directly approaching the radar
at a speed of v, = 100 km/hr.
Since the radar operates on the signal reflected from the moving automobile,
the Doppler shift is due to the combination of (6.37) and (6.39). Hence, it is
approximately twice that for one-way transmission. Thus the required Doppler
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shift in the radar operating frequency is given by
Af =~ 2f 2
UP

10°
3600 x 3 x 10°
= 4463 Hz = 4.463 kHz
which is in the audio frequency range.

=2 X 24.1 x 10° x

An experimental setup for demonstrating the Doppler effect is shown by
the schematic diagram in Fig. 6.14. It consists of a horn radiating a UHF
signal generated by a klystron oscillator and connected to it through microwave
components as shown in the figure. The signal from the oscillator goes into
port 1 of the circulator and comes out of port 2 and is radiated from the horn.
A reflective object placed in front of the horn provides a reflected signal,
which is picked up by the horn and fed into port 2 of the circulator and comes
out of port 3 into the mixer. Part of the original klystron signal going into
port 1 also comes out of port 3. Thus signals proportional to the incident and
reflected signals are mixed in the mixer, thereby generating the beat frequency
signal, which is displayed on the oscilloscope. Since the reflected signal is
Doppler shifted by an amount depending upon the motion of the reflective
object, the beat frequency is equal to the Doppler shift. The isolator, a one-
way device, prevents any signal coming out of port 1 of the circulator from
going back to the klystron oscillator and affecting its performance. By placing
a metallic sheet in front of the horn and walking toward and away from the
horn, the Doppler effect can be demonstrated. Walking sideways, that is,
perpendicular to the direction of propagation of the wave, will of course
produce very little or no effect.

Single-Stub Tuner . Incident
<l Isolator Circulator Horn Signal

— 1 ?

—— o
Waveguide
3 Reflected
V‘ > Signal
p Tuneable
ower Diode Mixer
Supply

y
( Oscitloscope )

Figure 6.14. Schematic diagram of experimental setup for demonstrating
Doppler effect.

D6.4. For uniform plane waves propagating in free space, find the following: (a) the
frequency f, if at a point in space the phase of the field is observed to change
by 27 rad in 2/3 us; (b) the wavelength X, if at a particular value of time the
phase of the field is observed to change by 0.027 in a distance of 1 m along
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the direction of propagation of the wave; (c) the frequency f, if the wavelength
is 150 m; and (d) the wavelength A, if the frequency fis 5 MHz.
Ans: 1.5 MHz; 100 m; 2 MHz; 60 m

D6.5. The magnetic field of a uniform plane wave in free space is given by

H = H,cos (67 x 10°% — 27y)i, A/m

Find unit vectors along the following: (a) the direction of propagation of the
wave; (b) the direction of the magnetic field at r = 0 and y = 0; and (c) the
direction of the electric field at £+ = 0 and y = 0.
Ans: iy,; 1,5 —k

D6.6. For the array of two infinite plane current sheets of Ex. 6.3, assume that

Jo = ~kJgpsinwri, forz = M\/4

where |k| = 1. Find the value of k for each of the following values of the ratio
of the amplitude of the electric field intensity for z > A/4 to the amplitude of
the electric field intensity for z < 0: (a) 1/3; (b) 3; and (¢) 7.
e L 13

T2°2°4

D6.7. The electric field intensity of a uniform plane wave propagating in free space
is given by

E = Eycos 37 x 10% — w2) i,

Ignoring relativistic effects, find the magnitude of the Doppler shift in f for an
observer moving with velocity 10° m/s along each of the following straight
lines: (a) z-axis; (b) x = 2y, z = 0;and (¢) x = V3z,y = 0.
Ans: 500 Hz; 0; 250 Hz

6.3 WAVE EQUATION AND SOLUTION FOR MATERIAL
MEDIUM

In Secs. 6.1 and 6.2, we discussed uniform plane wave propagation in free
space. In this section we shall extend the treatment to a material medium
characterized by conductivity o, permittivity £, and permeability u. We recall
that the constitutive relations are :

J. = oE
D = cE
H=B/p
so that the Maxwell’s equations for the material medium are
B dH
XE=——=—u_— 4
VXE Py Ly (6.41a)
aD aD oE
x H= —=J.+ —=0E — 4
VxH J+8t J. o o +86t (6.41b)

To discuss electromagnetic wave propagation in the material medium, let us
consider the infinite plane current sheet of Fig. 6.2, except that now the
medium on either side of the sheet is a material instead of free space, as
shown in Fig. 6.15.

The electric and magnetic fields for the simple case of the infinite plane
current sheet in the z = 0 plane and carrying uniformly distributed current

286 Uniform Plane Waves Chap. 6



Wave
equation

Figure 6.15. Infinite plane current
sheet imbedded in a material medium.

in the negative x-direction as given by

JS = _Js() CoSs wt ix (6.42)
are of the form
E = E(z, D, (6.43a)
H = Hj(z, 1)i, (6.43b)
The corresponding simplified forms of the Maxwell’s curl equations are
oF, oH,
— =y 6.44
oz = M (6.442)
oH, JE,
e oE, — ¢ Py (6.44b)

Without the oE, term on the right side of (6.44b), these two equations would
be the same as (6.7a) and (6.7b) with u, replaced by u and &, replaced by e.
The addition of the o'E, term complicates the solution in time domain. Hence,
it is convenient to consider the solution for the sinusoidally time-varying case
by using the phasor technique.

Thus letting

E(z, 1) = Re[E(2)e™] (6.45a)
H,(z, ©) = Re [H,(z)e’™] (6.45b)

and replacing E, and H, in (6.44a) and (6.44b) by their phasors E, and ﬁy,
respectively, and 9 /3¢ by jw, we obtain the corresponding differential equations
for the phasors E, and H, as

JE, L=
o - TJend, (6.46a)
o, — — —
_621 = —ok, — jocE, = — (0 + jws)E, (6.46b)
Differentiating (6.46a) with respect to z and using (6.46b), we obtain
d’E, . oH, . o
Pl —Jw.ua—zy = jop(o + jwe)E, (6.47)
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Defining

¥ = Vjoulo + jwe) (6.48)

and substituting in (6.47), we have

o’E,
oz?

= y°E, (6.49)

which is the wave equation for E, in the material medium.
The solution to the wave equation (6.49) is given by
E(z) = Ae” 7" + Be" (6.50)
where A and B are arbitrary constants. Noting that ¥ is a complex number
and hence can be written as

7 =a+j8 (6.51)

and also writing A and B in exponential form as Ae”” and Be’®, respectively,
we have
E(z) = Aefe % P + Belte™ e
or
E(z, 1) = Re[E\(x)e™]

= Re[Ae’e ™ %e F2e/ + Bel*e*e/Pie’] (6.52)

= Ae *“cos (ot — Bz + 0) + Be**cos (wt + Bz + ¢)
We now recognize the two terms on the right side of (6.52) as representing
uniform plane waves propagating in the positive z- and negative z-directions,
respectively, with phase constant 8, in view of the factors cos (wt — Bz +
6) and cos (ot + Bz + ¢), respectively. They are, however, multiplied by
the factors e % and e*, respectively. Hence the amplitude of the field differs
from one constant phase surface to another. Since there cannot be a (+)
wave in the region z < 0, that is, to the left of the current sheet, and since

there cannot be a (—) wave in the region z > 0, that is, to the right of the
current sheet, the solution for the electric field is given by

Bz, 1) = {4 " cos (@t — fz + O forz>0
% Be**cos (wt + Bz + ¢p)i, forz<O0

To discuss how the amplitude of E, varies with z on either side of the
current sheet, we note that since o, €, and u are all positive, the phase angle
of jou(o + jwe) lies between 90° and 180°, and hence the phase angle of ¥
lies between 45° and 90°, making « and 8 positive quantities. This means that
e~ decreases with increasing value of z, that is, in the positive z-direction,
and e* decreases with decreasing value of z, that is, in the negative z-direction.
Thus the exponential factors e~ * and e** associated with the solutions for E,
in (6.53) have the effect of reducing the amplitude of the field, that is, attenuating
it as it propagates away from the sheet to either side of it. For this reason,
the quantity « is known as the ‘‘attenuation constant.” The attenuation per
unit length is equal to e®. In terms of decibels, this is equal to 20 log,, ¢* or
8.686a. db. The units of « are nepers per meter. The quantity ¥ is known
as the ‘‘propagation constant’ since its real and imaginary parts, « and g,

(6.53)
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together determine the propagation characteristics, that is, attenuation and
phase shift of the wave.

Having found the solution for the electric field of the wave and discussed
its general properties, we now turn to the solution for the corresponding
magnetic field by substituting for E, in (6.46a). Thus

— oF vy o - _
H=-—%_ 7 g5 _ g
Jou 92 jou
+jwe — =, ==
= \/w(Ae—‘YZ — Be‘}’z) (654)
Jou
= é(Ze_%‘ — Be™d
n
where
_ Jou
= [—— 6.55
K \/0' + jwe ( )

is the intrinsic impedance of the medium, which is now complex. Writing

n = [ile’” (6.56)

we obtain the solution for H,(z, #) as
H,(z, 1) = Re[H,(z)e’™"]

1 . o . o
= Re [ e Ae’’e™ e Frgiot — e Be'te*ePie ! ] (6.57)
n n

A B
= ﬁe""‘ cos (wt — Bz + 6 — 1) — Fﬁ-'e‘”' cos (wt + Bz + ¢ — 7)
Remembering that the first and second terms on the right side of (6.57) correspond
to (+) and (~) waves, respectively, and hence represent the solutions for
the magnetic field in the regions z > 0 and z < 0, respectively, we write

A
ﬁe_“z cos (wt — Bz + 0 — 7)1, forz >0 (6.58a)

H(z, 1) = B
—l-;’__—le"z cos (wt + Bz + ¢ —71)i, forz<O0 (6.58b)

To complete the solution for the electromagnetic field due to the current
sheet imbedded in the material medium, we need to find the values of the
constants A, B, 0, and ¢. This is done by using the boundary conditions, as
in Sec. 6.1. Thus from the boundary condition (3.51b) applied to the surface
z = 0, we have

[Ex]z=0+ - [Ex]z=0— =0 (6'59)

or A cos (wt + ) — Bcos (wt + ¢) = 0, givingus A = Band § = ¢. The
solutions for E and H reduce to

E(z, t) = Ae™™ cos (ot F Bz + 0) i, forz=0 (6.60a)
A
H(z,?) = iHe*"‘Z cos(wt ¥ Bz + 60 —7i, forz=0 (6.60b)
U]
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Then from the boundary condition (3.55a) applied to the surface z = 0, we
have

i, X {[H],—o+ — [Hl,-o-} = —Js cOs ot i, (6.61)
or

2A

|%—|COS (wt + 0 — 7) = JgCOs wt
7l Iso

A ="
2

Thus the electromagnetic field due to the infinite plane current sheet of surface

current density

and 6=

Js= —Jgpcoswti, forz=20

and with a material medium characterized by o, £, and u on either side of it

is given by
_ [l Iso zac — . -
E(z, ) = 5 ¢ cos(wt ¥ Bz +7)i, forz=0 (6.62a)
_ J S0 Faz _ N
Hz =7 Te cos (ot + B2) i, forz=0 (6.62b)
Propagation As we have already discussed, Eqs. (6.62a) and (6.62b) represent sin-
character-  usoidally time-varying uniform plane waves, getting attenuated as they propagate
istics away from the current sheet. The phenomenon is illustrated in Fig. 6.16,

which shows sketches of current density on the sheet and the distance variation
of the electric and magnetic fields on either side of the current sheet for three
values of ¢. As in Fig. 6.9, it should be understood that in these sketches the
field variations depicted along the z-axis hold also for any other line parallel
to the z-axis. We shall now discuss further the propagation characteristics
associated with these waves:

1. From (6.48) and (6.51), we have
2 = (a + jB)* = joulo + jwe)

or
o — B = —ope (6.63a)
208 = wuor (6.63b)
Squaring (6.63a) and (6.63b) and adding and then taking the square root,
we obtain
7 _\2Z
o + B2 = wue \/ 1+ (i) (6.64)
(3254

From (6.63a) and (6.64), we then have

1 — 7 _\2
of = [—wzlw + wzy.s \/1 + (£—> ]
we
'—‘_o_ 2
[wz,u.e + wz,u,s \/1 + <—> ]
we
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Js = —JS0 cos wti,

Figure 6.16. Time history of uniform plane electromagnetic wave radiating
away from an infinite plane current sheet imbedded in a material medium.

Since « and B are both positive, we finally get

WVee [ [ Toyv |7

a==7 [\/1 + (&) 1] (6.65)
oVpe "—O_ 3 1/2

B v [\/1 + (w_8> + 1] (6.66)
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We note from (6.65) and (6.66) that « and B are both dependent on o
through the factor o/we. This factor, known as the ‘‘loss tangent,” is
the ratio of the magnitude of the conduction current density oE, to the
magnitude of the displacement current density jweE, in the material
medium. In practice, the loss tangent is, however, not simply inversely
proportional to  since both o and ¢ are generally functions of frequency.
In fact, for many materials, the dependence of o/we on w is more toward
constant over wide frequency ranges.

. The phase velocity of the wave along the direction of propagation is

given by

A T
=— = = 1 6.67
% =g r——lw[ 1+ (we) + (6.67)

We note that the phase velocity is dependent on the frequency of the
wave. Thus waves of different frequencies travel with different phase
velocities. Consequently, for a signal comprising a band of frequencies,
the different frequency components do not maintain the same phase
relationships as they propagate in the medium. This phenomenon is
known as ‘‘dispersion.”” We shall discuss dispersion in detail in Chap.
9.

. The wavelength in the medium is given by

w N2 [ [ oV ]—1/2
A== — il 1 6.68
B f\/ﬂw [\/1 * (ws) * ( )

In view of the attenuation of the wave with distance, the field variation
with distance is not sinusoidal. Hence the wavelength is not exactly
equal to the distance between two consecutive positive maxima as in
Fig. 6.10. It is however still exactly equal to the distance between two
alternate zero crossings. ‘

. The ratio of the amplitude of the electric field to the amplitude of the

magnetic field is equal to [77], the magnitude of the complex intrinsic
impedance of the medium. The electric and magnetic fields are out of
phase by 7, the phase angle of the intrinsic impedance. In terms of the
phasor or complex field components, we have

E& _ ] 7 for the (+) wave
H { —177 for the (—) wave (6.69)

¥y

. From (6.48) and (6.55), we note that

¥ = jou (6.70a)
% = o + jos (6.70b)
so that

o = Re¥ /) (6.71a)
1

g = ;Im(?/ﬁ) (6.71b)
1__

W=7 (6.71c)
Jw
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Using (6.71a)—(6.71c), we can compute the material parameters o, &, and
p from a knowledge of the propagation parameters ¥ and 7 at the
frequency of interest.

6. To obtain the electromagnetic field due to a nonsinusoidal source, it is
necessary to consider its frequency components and apply superposition,
since waves of different frequencies are attenuated by different amounts
and travel with different phase velocities. The nonsinusoidal signal changes
shape as it propagates in the material medium, unlike in the case of free
space.

We shall now consider an example of the computation of 7 and 7 given
o, &, M, and f.
Example 6.5.
The material parameters of a certain food item are given by o = 2.17 mhos/m,
& = 47gy, and u = p, at the operating frequency f = 2.45 GHz of a microwave
oven. We wish to find the wave parameters «, 8, A, Uy, and 7.

Although explicit expressions for « and 8 in terms of w, o, £, and u are
given by (6.65) and (6.66), it is instructive to compute their values by using
complex algrebra in conjunction with the expression for ¥ given by (6.48). Thus
we have

¥ = Vijoulo + joe)

. . . T
= \/qu ~st<1 - J*)
we
w\/s_r ., T
=J 1=
c WE, 8

.27 X 2.45 X 10° X \/4T \/1 2.17 X 367
=J 3 % 10° I % 2.45 X 10° X 47 X 10~

= j351.782 /1 — j0.3392
= j351.782 1/1.0560/ — 18.7369°
= 351.782/90° x 1.0276/—9.3685°

= 361.4912/80.6315°
= 58.85 + j356.67
so that

o = 58.85 Np/m
B = 356.67 rad/m

2
A=—=10.0176m
B

= 0.4316 x 10° m/s

_(0
UP—E

Proceeding in a similar manner with (6.55), we obtain
- _ \/ Jou
K o + joe
= \/ Jw—'u'
Joell — jo/we)]
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o 1
Ve, V1 = j(o/we)
_ 120 7 1
/47 \/1 — j0.3392
54,9898
1.0276/ —9.3685°
53.51/9.37° Q.

The listing of a PC program to perform these computations and the output
from a run of the program are given in PL 6.1.

PL 6.1. Program listing and sample output for the computation of
propagation parameters from material parameters at a given frequency.

100 ¥ e sfe s ok o e 3 o ok o e ok o ok e e o sk e e s o sk el o s ke s sk e ode s sk el sk el sl ko st sk olokok okl ok ok

110 '* COMPUTATION OF PROPAGATION PARAMETERS FROM MATERIAL *
120 '* PARAMETERS *
130 1 e e s o s ke 3 o ok ke o s ok e e o o o ofe e st ok sk e ok s e ste sk s sleofe st e st sk ke ke sfe sk skl st kool e ok ke ek
140 CLS:SCREEN O

150 PRINT "ENTER VALUES OF MATERIAL PARAMETERS:":PRINT

160 LOCATE 3,1:INPUT "CONDUCTIVITY IN MHOS/M = ",SI

170 INPUT "RELATIVE PERMITTIVITY ", ER

180 INPUT "RELATIVE PERMEABILITY ",MR

190 INPUT "FREQUENCY IN MHZ = ",FR

200 PI=3.141593:E0=10"-9/(36%PI)

210 EP=ER*EQ:OM=FR*PI*2%10"6:LT=SI/(OM*EP)

220 BD=OM*SQR(ER*MR)/3E+08:ND=120*PI*SQR(MR/ER)

230 REAL=1:IMAG=-LT:GOSUB 420

240 GM=BD*SQR(MAG):GP=(PANG+PI)/2:'* MAGNITUDE AND PHASE
250 ' ANGLE OF PROPAGATION CONSTANT *

260 AL=GM*COS(GP) :BE=GM*SIN(GP):'# ATTENUATION AND PHASE
270 ' CONSTANTS *

280 WL=2%PI/BE:VP=OM/BE:'* WAVELENGTH AND PHASE VELOCITY *
290 NM=ND/SQR(MAG) :NP=-90*PANG/PI:'* MAGNITUDE AND PHASE
300 ' ANGLE OF INTRINSIC IMPEDANCE *

310 PRINT:PRINT "COMPUTED VALUES:"

320 PRINT:PRINT "ATTENUATION CONSTANT =";AL;" NP/M"

330 PRINT "PHASE CONSTANT =";BE;" RAD/M"

340 PRINT "WAVELENGTH =";WL;" M"

350 PRINT "PHASE VELOCITY =";VP;" M/S"

360 PRINT "INTRINSIC IMPEDANCE:"

370 PRINT " MAGNITUDE =";NM;" OHMS"

380 PRINT " PHASE ANGLE =";NP;" DEG"

390 PRINT:PRINT "PRESS ANY KEY TO CONTINUE":C$=INPUT$(1)
400 GOTO 140

410 END

420 '* SUBPROGRAM TO CONVERT COMPLEX NUMBER IN RECTANGULAR
430 ' FORM TO POLAR FORM *

440 MAG=SQR(REAL*REAL+IMAG*IMAG)

450 IF REAL=0 THEN PANG=SGN(IMAG)*PI/2:RETURN

460 PANG=ATN(IMAG/REAL)

470 IF REAL<O THEN PANG=PANG+PI

480 RETURN

RUN
ENTER VALUES OF MATERIAL PARAMETERS:
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PL 6.1. (continued)

CONDUCTIVITY IN MHOS/M = 2.17
RELATIVE PERMITTIVITY = 47
RELATIVE PERMEABILITY = 1
FREQUENCY IN MHZ = 2450

COMPUTED VALUES:

ATTENUATION CONSTANT = 58.84624 NP/M
PHASE CONSTANT = 356,6701 RAD/M
WAVELENGTH = 1.761624E-02 M
PHASE VELOCITY = 4,315979E+07 M/S
INTRINSIC IMPEDANCE:

MAGNITUDE = 53,51276 OHMS

PHASE ANGLE = 9,368719 DEG

PRESS ANY KEY TO CONTINUE

D6.8. Compute the propagation constant and intrinsic impedance for each of the
following cases: (a) o = 4 mhos/m, ¢ = 80sy, u = po, f = 10° Hz and
(b) o = 107> mho/m, & = 5gy, u = po, f = 10° Hz.
Ans: (77.84 + j202.86) m™', 36.34/20.99° Q; (0.83 + j4.76) X 107° m~',
163.54/9.9° O

D6.9. For a uniform plane wave of frequency 10° Hz propagating in a nonmagnetic
(@ = mp) material medium, the propagation constant is known to be (0.04 +
j0.1). Find the following: (a) the distance in which the fields are attenuated
by the factor ¢~ "; (b) the distance in which the fields undergo a change of
phase by m; (c) the distance in which a constant phase of the wave travels in
1 us; (d) the ratio of the amplitudes of the electric and magnetic fields; and
(e) the phase difference between the electric and magnetic fields.
Ans: 78.54 m; 31.42 m; 62.83 m; 73.31; 0.1217

6.4 UNIFORM PLANE WAVES IN DIELECTRICS
AND CONDUCTORS

In the previous section we discussed uniform plane electromagnetic wave
propagation in a material medium for the general case. In this section, we
shall consider special cases as follows:

Case 1: Perfect dielectrics. Perfect dielectrics are characterized by

o = 0. Then
¥ = Vjou - joe = jo\ ue (6.72)
is purely imaginary, so that
a=0 (6.73a)
B = o\ pue (6.73b)
) 1
v, =—=—— (6.73¢c)
B \//.w
2 1
A= — = —— (6.73d)
B fVpe

Sec. 6.4 Uniform Plane Waves in Dielectrics and Conductors 295



Boundary
conditions
at interface
between
perfect
dielectrics

Further

7= R \/ K 6.74)
Jjwe €
is purely real. Thus the waves propagate without attenuation and with the
electric and magnetic fields in phase, as in free space but with g, replaced by
e and uo replaced by w. In terms of the relative permittivity &, and the relative
permeability u, of the perfect dielectric medium, the propagation parameters
are

B = BoVi e (6.752)
(&4
v, = (6.75b)
Ve,
A= Ao (6.75¢)
V /'Lrsr : .
No
= 6.75d
" Ve, (€759

where the quantities with subscripts ‘‘0’’ refer to free space.

Since o = 0, J. = oE = 0. Thus there cannot be any conduction current
in a perfect dielectric, which in turn rules out any accumulation of free charge
on the surface of a perfect dielectric. Hence in applying the boundary conditions
(3.602)-(3.60d) to an interface between two perfect dielectric media, we set
ps and Js equal to zero, thereby obtaining

i, x (B, —E) =0 (6.76a)
i, x (H, —H) =0 (6.76b)
i,*M — D) =0 (6.76¢)
i, B, —B) =0 (6.76d)

These boundary conditions tell us that the tangential components of E and
H, and the normal components of D and B are continuous at the boundary.

Case 2: Imperfect dielectrics. Imperfect dielectrics are characterized
by o # 0 but o/we << 1. Recalling that o'E, is the conduction current density
and weE, is the displacement current density, we note that this condition is
equivalent to stating that the magnitude of the conduction current density is
small compared to the magnitude of the displacement current density. Using
the binomial expansion
+ nn — 1) E

d+x)"=1+ nx o

+ ...
we can then write

¥ = Vijoulo + joe)
_ /. . .o
= \/qu ’Jw8<1 —1—)
we
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T o’ N o’

so that
— 2
g /n g
«=5 21 - 55 (675
B= w\/;w (1 + 8 282> (6.78b)
[0}
w 1 o’
v, = E ~ \/E (1 — m) (6.78¢)
21 1 a’
A = F zf\/ﬂ_s- (1 - m) (6.78d)
Further
\/ Jou
o + jwe
I —-1/2
- fou (1 _ jg)
Jjoe we
so that

__ el 3\ .o
ElE) ] e

In (6.77)—(6.79) we have retained all terms up to and including the second
power in o/we and have neglected all higher-order terms, since o/we << 1.
For a value of o/we equal to 0.1, the quantities 3, v,, and A are different
from those for the corresponding perfect dielectric case by a factor of only
1/800 whereas the intrinsic impedance has a real part differing from the intrinsic
impedance of the perfect dielectric medium by a factor of 3/800 and an imaginary
part, which is 1/20 of the intrinsic impedance of the perfect dielectric medium.
Thus for all practical purposes the only significant feature different from the
perfect dielectric case is the attenuation.

Case 3: Good conductors. Good conductors are characterized by
o/we >> 1, just the opposite of imperfect dielectrics. This condition is equiva-
lent to stating that the magnitude of the conduction current density is large
compared to the magnitude of the displacement current density. Then

Y = Viou(o + jwe)
~ Vjouo (6.80)
= Vafuos (1 + j)
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Skin effect

so that

a = \/mfuo (6.81a)
B = Vwafuoc (6.81b)
0, =2~ [ (6.81¢)
Mo
21 pr
=L . (6.81d)
B fuo
Further
_ \/ Jou
o + jwe
- \/Jw_ﬂ«
g
or

(6.82)

We note that «, B8, v,, and 77 are proportional to \/JF , provided that o and u
are constants. This behavior is much different from the imperfect dielectric
case.

To discuss the propagation characteristics of a wave inside a good con-
ductor, let us consider the case of copper. The constants for copper are
o = 5.80 x 10’ mho/m, & = &, and u = uo. Hence the frequency at which
o is equal to we for copper is equal to 5.8 x 107/2mwe, or 1.04 X 10'® Hz.
Thus at frequencies of even several gigahertz, copper behaves like an excellent
conductor. To obtain an idea of the attenuation of the wave inside the conductor,
we note that the attenuation undergone in a distance of one wavelength is
equal to e * or e ?". In terms of decibels, this is equal to 20 log,, &*" =
54.58 db. In fact, the field is attenuated by a factor e~ ' or 0.368 in a distance
equal to 1/a. This distance is known as the ‘‘skin depth’’ and is denoted by
the symbol 8. From (6.81a), we obtain

1
8 =—— (6.83)
Vrfuo
The skin depth for copper is equal to
1 _0.066

= m
Vaf X 4r x 107 x 5.8 x 100 \/F

Thus in copper the fields are attenuated by a factor ¢! in a distance of 0.066
mm even at the low frequency of 1 MHz, thereby resulting in the concentration
of the fields near to the skin of the conductor. This phenomenon is known
as the ‘“‘skin effect.”” It also explains ‘‘shielding’” by conductors.
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Underwater
communi-
cation

To discuss further the characteristics of wave propagation in a good
conductor, we note that the ratio of the wavelength in the conducting medium
to the wavelength in a dielectric medium having the same & and u as those
of the conductor is given by

)\conductor \/477/ f mo \/ m 2we
~= = = [— (6.84)

)\dielectric 1 /f\/ﬁ g o
Since o/we >> 1, Aeonductor << Agictectric- FOr example, for sea water, o = 4
mhos/m, ¢ = 80sy, and u = p, so that the ratio of the two wavelengths for
f = 25 kHz (0/we = 3600) is equal to 0.00745. Thus for f = 25 kHz, the
wavelength in sea water is 1/134 of the wavelength in a dielectric having the
same ¢ and u as those of sea water and a still smaller fraction of the wavelength
in free space. Furthermore, the lower the frequency, the smaller is this fraction.
Since it is the electrical length, that is, the length in terms of the wavelength,
instead of the physical length that determines the radiation characteristics of
an antenna, this means that antennas of much shorter length can be used in
sea water than in free space. Together with the property that o « \/f , this
illustrates that the lower the frequency, the more suitable it is for underwater
communication. These considerations form the basis for the ELF project, an
advanced communication system designed to improve communication with
submarines, by employing a frequency as low as 75 Hz.! At this frequency,
the skin depth in sea water is about 29 m.

For a given frequency, the higher the value of o, the greater is the value
of the attenuation constant, the smaller is the value of the skin depth, and
hence the less deep the waves can penetrate. For example, in the heating of
malignant tissues (hyperthermia) by RF (radio-frequency) radiation, the waves
penetrate much deeper into fat (low water content) than into muscle (high
water content).?

Equation (6.82) tells us that the intrinsic impedance of a good conductor
has a phase angle of 45°. Hence the electric and magnetic fields in the medium
are out of phase by 45°. The magnitude of the intrinsic impedance is given

by
7l = l(l +j)\/ﬂ7ff" = \/M (6.85)

a
As a numerical example, for copper, this quantity is equal to

-7
\/2fo 4m X 107 _ 369 x 107 \/F ohms
5.8 x 107

Thus the intrinsic impedance of copper has as low a magnitude as 0.369 ohms
even at a frequency of 10" Hz. In fact, by recognizing that

we note that the magnitude of the intrinsic impedance of a good conductor
medium is a small fraction of the intrinsic impedance of a dielectric medium

! Walter Sullivan, “ELF OK Latest Episode in Long Debate,” The New York Times,
published in Champaign-Urbana (Illinois) News Gazette, October 18, 1981.

*F. Sterzer et al., “‘RF Therapy for Malignancy,” IEEE Spectrum (December 1980), pp.
32-37.

Sec. 6.4 Uniform Plane Waves in Dielectrics and Conductors 299



Boundary
conditions
on a perfect
conductor
surface

having the same & and u. It follows that for the same electric field, the
magnetic field inside a good conductor is much larger than the magnetic field
inside a dielectric having the same & and u as those of the conductor.

Case 4: Perfect conductors. Perfect conductors are idealizations of
good conductors in the limit that & — cc. From (6.83), we note that the skin
depth is equal to zero and hence there is no penetration of fields into the
material. Thus no time-varying fields can exist inside a perfect conductor.
In view of this, the boundary conditions on a perfect conductor surface are
obtained by setting the fields with subscript 2 in (3.60a)—(3.60d) equal to zero.
Thus we obtain

i, XE=10 (6.87a)
i, x H=Js (6.87b)
i,*D = pg (6.87¢)
i,*B=0 (6.87d)

where we have also omitted subscripts 1 so that E, H, D, and B are the fields
on the perfect conductor surface. The boundary conditions (6.87a) and (6.87d)
tell us that on a perfect conductor surface, the tangential component of the
electric field intensity and the normal component of the magnetic field intensity
are zero. Hence the electric field must be completely normal, and the magnetic
field must be completely tangential to the surface. The remaining two boundary
conditions (6.87¢c) and (6.87b) tell us that the (normal) displacement flux density
is equal to the surface charge density and the (tangential) magnetic field intensity
is equal in magnitude to the surface current density.

Summarizing the discussion of the special cases, we observe that as o
varies from 0 to oo, a material is classified as a perfect dielectric for o = 0,
an imperfect dielectric for ¢ # 0 but << we, a good conductor for o >> we,
and finally a perfect conductor in the limit that o — oo. This implies that a
material of nonzero o behaves as an imperfect dielectric for f >> f, but as a
good conductor for f << f,, where f,, the dividing frequency, is equal to
o/2me. In practice, however, the situation is not so simple because, as was
already mentioned in Sec. 6.3, o and ¢ are in general functions of frequency.

D6.10. For a nonmagnetic (1 = u,) perfect dielectric material, find the relative permittivity
for each of the following cases: (a) the phase velocity in the dielectric is two-
thirds of its value in free space; (b) for the same frequency, the rate of change
of phase with distance at a fixed time in the dielectric is three times its value
in free space; (c) the wavelength in the dielectric for a wave of frequency fo
is the same as the wavelength in free space for a wave of frequency 4f;; and
(d) for the same electric field amplitude, the magnetic field amplitude in the
dielectric is twice its value in free space.

Ans: 2.25;9; 16; 4

D6.11. For a uniform plane wave of frequency 10° Hz propagating in a good conductor
medium, the attenuation constant is 0.477. Find the following: (a) the distance
in which the fields are attenuated by the factor e™"; (b) the distance in which
the fields undergo a change of phase by 2w; and (c) the distance by which a
constant phase travels in 1 us.

Ans: 2.5 m; 5 m; 0.5 m
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D6.12. The electric fields of uniform plane waves of the same frequency propagating
in three different materials 1, 2, and 3 are given, respectively, by

E, = Ege ™ cos Qm x 10°%t — 0.477) i,
E, = Ege ™" cos 2 X 10°t — 27 X 107%7) i,
E; = Eje "™ cos 27 x 10°t — 0.012) i,
For each material, determine if at the frequency of operation, it can be classified

as an imperfect dielectric or a good conductor or neither of the two.
Ans: Good conductor; imperfect dielectric; neither

6.5 POYNTING VECTOR, POWER DISSIPATION,
AND ENERGY STORAGE

In the preceding section we found the solution for the electromagnetic field
due to an infinite plane current sheet situated in the z = 0 plane. For a
surface current flowing in the negative x-direction, we found the electric field
on the sheet to be directed in the positive x-direction. Since the current is
flowing against the force due to the electric field, a certain amount of work
must be done by the source of the current to maintain the current flow on
the sheet. Let us consider a rectangular area of length Ax and width Ay on
the current sheet as shown in Fig. 6.17. Since the current density is Jg
cos wt, the charge crossing the width Ay in time dt is dq = Jg, Ay cos wt dt.
The force exerted on this charge by the electric field is given by

F=dgE = Jg Aycos wt dt E i, (6.88)

The amount of work required to be done against the electric field in displacing
this charge by the distance Ax is

dw = F, Ax = JoE, cos wt dt Ax Ay (6.89)

Thus the power supplied by the source of the current in maintaining the surface
current over the area Ax Ay is
dw

i JsoE, cos wt Ax Ay (6.90)

. . J
Recalling that E, on the sheet is |ﬁ|§’ cos (wt + 7), we obtain

dw J%o

i |ﬁ[7 cos wf ¢os (wt + 7) Ax Ay (6.91)

x A

Figure 6.17. For the determination of
power flow density associated with the
electromagnetic field.

y
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We would expect the power given by (6.91) to be carried by the elec-
tromagnetic wave, half of it to either side of the current sheet. To investigate
this, we note that the quantity E X H has the units of

newtons _ amperes  newtons coulomb meter
coulomb meter  coulomb = second-meter = meter
_ newton-meters 1 _waltts
second (meter)’  (meter)?

which represents power density. Let us then consider the rectangular box
enclosing the area Ax Ay on the current sheet and with its sides almost touching
the current sheet on either side of it, as shown in Fig. 6.17. Evaluating the
surface integral of E X H over the surface of the rectangular box, we obtain
the power flow out of the box to be
JZ
%E X HedS = Iﬁl—%ocos(wt + 7)coswti* Ax Ay i,
I : .
+ [— [l 4 cos (wt + 1) cos wt i) * (—Ax Ayi) (6.92)
J2
= [m] %’ cos (wt + 1) cos wt Ax Ay

This result is exactly equal to the power supplied by the current source as
given by (6.91).

We now interpret the quantity E X H as the power flow density vector
associated with the electromagnetic field. It is known as the ‘‘Poynting vector”

P=EXH (6.93)

In particular, it is the instantaneous Poynting vector, since E and H are
instantaneous field vectors. Although we have here introduced the Poynting
vector by considering the specific case of the electromagnetic field due to the
infinite plane current sheet, the interpretation that §; E x H < dS is equal to
the power flow out of the closed surface S is applicable in the general case.

Let us now consider the region z > 0. The magnitude of the Poynting

P, = EH, (6.94)
J
= Il %e‘z"‘z cos (wt — Bz + 7) cos (wt — B2)

The form of variation of P, with z for ¢ = 0 is shown in Fig. 6.18. If we now

Instanta-

neous

Poynting after J. H. Poynting and is denoted by the symbol P. Thus
vector

vector in this region is given by
2
A [Pz]t =0
0

/\ /\ Figure 6.18. For the discussion of
. power flow associated with the electro-
\4 A > 2

magnetic field.
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Poynting’s
theorem

consider a rectangular box lying between z = z and z = z + Az planes and
having dimensions Ax and Ay in the x- and y-directions, respectively, we
would in general obtain a nonzero result for the power flowing out of the box,
since aP,/dz is not everywhere zero. This power flow is given by

fs‘ PedS = [Pz]z+AzAx Ay - [Pz]z Ax Ay

_ %ﬁ}ﬂ Ax Ay Az (6.95)

_ 9P
0z
where Av is the volume of the box. Letting P, equal E,H, and using (6.44a)
and (6.44b), we obtain

3€ PedS = i[E,(Hy] Av
s 0z

E
xa—Hy+Hya 2] Av
0z 9z

JE dH,
- - = —u—1|A
|:Ex< oE, — ¢ 6t) + Hy( Py )] v

a (1 a (1
—O'Ei Av — é—l‘ <ESE§ Av) - 5; (5[.LH§ Av)

It

(6.96)

1

If we ignore the negative signs associated with the terms on the right
side of (6.96), then each of these terms represents power flow into the box.
Since the property of attenuation is associated with the parameter o, the
quantity oE2 Av is the power dissipated in the box due to conduction current
flow. The remaining two terms are the time rates of increase of the quantities
1 1 ... . . .
EsEﬁ Av and EMH ? Av. These quantities are the energies stored in the electric
and magnetic fields, respectively, in the volume of the box. Thus the quantities

1 1 N .
oEZ, ESE’Z" and E,u,Hﬁ represent the power dissipation density (W/m?), the
electric stored energy density (J/m?), and the magnetic stored energy density
(J/m?), respectively, associated with the electromagnetic field due to the con-
ductive, dielectric, and magnetic properties, respectively, of the medium.

Equation (6.96) is a special case of a theorem known as the Poynting’s
theorem. To derive the Poynting’s theorem for the general case, we make
use of the vector identity

Ve(EXH) =HVXE-E+VXxXH 6.97)

and Maxwell’s curl equations

B oH

X = —— = _—

VXE= %= hy
oD JoE
VXH—JC+E—O'E+86t
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to obtain

oH JE
. = el—u—| — E- E -
VeE x H) H(;Lat) <a' +86t>
= —de°aH—0'E°E—sE'E
ot - ot (6.98)

1

5 (1 3 (1
—pe | H*H) - 0E*E — e = (- E+E
“at<2 ) oE-E 8at(z )

a1 a1
—oF* - 5(5 sEz) iy (E ,LLH2>

Substituting P for E X H and taking the volume integral of both sides of (6.98)
over the volume V, we obtain

. = — 2 _ i _1_ 2
fv (VeP)dv = fVO'E dv jv Py (2 eE ) dv 6.99)

a (1
fv6t<2uH>dv

Interchanging the differentiation operation with time and integration operation
over volume in the second and third terms on the right side and replacing the
volume integral on the left side by a closed surface integral in accordance
with the divergence theorem, we get

1
éP-dS= —f o-EZdv—if—sEzdv
s v otJv?2

a1
at VZMH dv

(6.100)

where S is the surface bounding the volume V. Equation (6.100) is the Poynting
theorem for the general case. . Since it should hold for any size V, it follows
that the power dissipation density, the electric stored energy density, and the
magnetic stored energy density are given by

pa = oE? (6.101a)
W, = %aEZ (6.101b)
W, = %,qu (6.101¢)

respectively.

Returning now to Fig. 6.17, we note that there are certain intervals in
z for which P, is negative, although the wave propagation is in the +z-
direction. This is because of the phase difference between the electric and
magnetic fields. There is no inconsistency here since the plot corresponds to
only one value of time, namely, ¢ = 0. On the other hand, the time-average
value of P, is positive everywhere, as we shall show now. The time-average
value of P,, denoted <P,>, is P, averaged over one period of the sinusoidal
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time-variation of the source; that is,

T
<p>=1[Pwa 6.102)
0

where T (= 1/f) is the period. From (6.94), we have

J2
<P> = <[q] %e“z"‘z cos (wt — Bz + 7) cos (wt — Bz) >

2
= |n] %e‘z‘” <cos7 + cos Quwt — 2Bz + 7) > (6.103)

12
— ] _8s_oe_zaz[< cosT> + < cos Quwt — 28z + 1) > ]

Since cos 7 is independent of time, < cos 7 > is equal to cos 7. The quantity
< cos Qwt — 2Bz + 1) > is equal to zero since the integral of a cosine or
sine function over each period is zero. Thus (6.103) reduces to
J2
<P> = [n] —g—"e—“z cos 7 (6.104)

which is everywhere positive.

Example 6.6.
Let us consider the electric field of a uniform plane wave propagating in sea
water (0 = 4 mhos/m, € = 80gy, and u = u,) in the positive z-direction and
having the electric field

E = 1cos5 x 10*%ti, V/m

at z = 0. We wish to find the instantaneous power flow per unit area normal
to the z-direction as a function of z and the time-average power flow per unit
area normal to the z-direction as a function of z.

From the expression for E, we note that the frequency of the wave is 25
kHz. At this frequency in sea water, the propagation parameters can be computed
tobe o = B8 = 0.628 and B = 0.222/45°. The expressions for the instantaneous
electric and magnetic fields are therefore given by

E = le "™ cos (5 x 10* 7t — 0.6282)i, V/m
H = 4.502¢ "% cos (5 x 10* 7t — 0.628z — 7/4)i, A/m
The instantaneous Poynting vector is then given by
P=ExH
= 4.502¢ 7 'P% cos (5 x 10 7t — 0.6282)
cos (5 x 10* 7t — 0.628z — w/4)i, W/m’

Thus the instantaneous power flow per unit area normal to the z-direction, which
is simply the z-component of the instantaneous Poynting vector, is

P, = 2.251e" %% [cos /4 + cos (10° wt — 1.256z — 7/4) ] W/m?
Finally, the time-average power flow per unit area normal to the z-direction is
<P> = 2.25le” "% cos /4

= 1.592¢7 %% W/m?
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D6.13. The magnetic field associated with a uniform plane wave propagating in the
+ z-direction in a nonmagnetic (u = w,) material medium is given by
H = 0.1e7*cos (6 x 107 — \/32) i, A/m
Find the following: (a) the instantaneous power flow across a surface of area
1 m? in the z = 0 plane at ¢ = 0; (b) the time-averaging power flow across a
surface of area 1 m? in the z = 0 plane; and (c) the time-average power flow

across a surface of area 1 m® in the z = 1 m plane.
Ans: 1.026 W; 0.513 W; 0.069 W

D6.14. Find the time-average values of the following: (a) A cos 3wt; (b) A (cos® wt +
cos? 2wf); and (c) A cos® ot.

5
Ans: 0; A; EA

6.6 REFLECTION OF UNIFORM PLANE WAVES

Thus far we have considered uniform plane wave propagation in unbounded
media. Practical situations are characterized by propagation involving several
different media. When a wave is incident on a boundary between two different
media, a reflected wave is produced. In addition, if the second medium is
not a perfect conductor, a transmitted wave is set up. Together, these waves
satisfy the boundary conditions at the interface between the two media. In
this section, we shall consider these phenomena for waves incident normally
on plane boundaries.

To do this, let us consider the situation shown in Fig. 6.19 in which
steady-state conditions are established by uniform plane waves of radian fre-
quency  propagating normal to the plane interface z = 0 between two media
characterized by two different sets of values of o, &, and u where o # oo.
We shall assume that a (+) wave is incident from medium 1 (z < 0) onto the
interface, thereby setting up a reflected (—) wave in that medium, and a
transmitted (+) wave in medium 2 (z > 0). For convenience, we shall work
with the phasor or complex field components. Thus considering the electric
fields to be in the x-direction and the magnetic fields to be in the y-direction,
we can write the solution for the complex field components in medium 1 to
be

E (2 =Efe ™ + E[ ™ (6.105a)

B, = Hie ™ + H ™
1

=—(E}e ™ - E;e™ (6.105b)
L3
Medium 1 Medium 2
015 €15 By 02, €25 Hy
)
— )
—_—
 ——
z )
Figure 6.19. Normal incidence of uni-
z <0 z>0 form plane waves on a plane interface
z=0 between two different media.
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coefficients

where Ef,E;, H{,and H are the incident and reflected wave electric and
magnetic field components, respectively, at z = 0— in medium 1 and

¥i = Viow(o, + joe,) (6.1062)
— Jop,

= |— .106b
™ \/0'1 + jwe, ® )

Recall that the real field corresponding to a complex field component is obtained
by multiplying the complex field component by ¢ and taking the real part
of the product. The complex field components in medium 2 are given by

E,(2) = Ef e ™* (6.1072)
H,(2) = Hf e 77
T +
e (6.107b)
N2

where E; and H are the transmitted wave electric and magnetic field com-
ponents at z = 0+ in medium 2 and

¥ = Vijop, (0, + joey) (6.108a)
_ Jou,

= —_ s -1
e \/02 + jwe, (6.108)

To satisfy the boundary conditions at z = 0, we note that (1) the components
of both electric and magnetic fields are entirely tangential to the interface and
(2) in view of the finite conductivities of the media, no surface current exists
on the interface (currents flow in the volumes of the media). Hence from the
phasor forms of the boundary conditions (3.61a) and (3.61b), we have

(Er);-0 = [Ex o (6.1092)
[Hy,—0 = [H,),-0 (6.109b)
Applying these to the solution pairs given by (6.105a,b) and (6.107a,b), we
have
ElQ +E; =ES
~ E; - E7) = ~F;
N2

(6.110a)

(6.110b)

1
We now define the reflection coefficient at the boundary, denoted by the
symbol T, to be the ratio of the reflected wave electric field at the boundary
to the incident wave electric field at the boundary. From (6.110a) and (6.1 10b),
we obtain

6.111)

The ratio of the transmitted wave electric field at the boundary to the incident
wave electric field at the boundary, known as the transmission coefficient and
denoted by the symbol 7, is then given by

(6.112)
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where we have used (6.110a). The reflection and transmission coefficients
given by (6.111) and (6.112), respectively, enable us to find the reflected and
transmitted wave fields for a given incident wave field. We observe the following
properties of I' and 7:

1.

For7, = M, = 0and 7 = 1. The incident wave is entirely transmitted.
The situation then corresponds to a ‘‘matched’’ condition. A trivial case
occurs when the two media have identical values of the material parameters.
For o, = o, = 0, that is, when both media are perfect dielectrics, 7;
and 7, are real. Hence I and 7 are real. In particular, if the two media
have the same permeability u but different permittivities &; and &,, then

_ Ve/e — Vule

T = —= it
Vi/es + Vi/e (6.113)
_ 1 - \/82/81
1+ Ve/er
2
o 6.114
! 1+ \/82/81 ( )

. For g, = o0, 7, = 0, T — —1, and 7 — 0. Thus if medium 2 is a

perfect conductor, the incident wave is entirely reflected, as it should
be since there cannot be any time-varying fields inside a perfect conductor.
The superposition of the reflected and incident waves would then give
rise to the so-called complete standing waves in medium 1. We shall
discuss complete standing waves as well as partial standing waves when
we study the topic of sinusoidal steady-state analysis of waves on trans-
mission lines in Chap. 8.

Example 6.7.

308

Let us consider a uniform plane wave of frequency 1500 MHz incident from
free space (z < 0) normally onto an anisotropic perfect dielectric medium
(z > 0), characterized by thé permittivity matrix

4 00
[e]l =5|0 9 O
0 0 4

and u = wo. We wish to discuss the reflected and transmitted waves for several
cases of incident waves.

The permittivity matrix tells us that the characteristic polarizations are all
linear, directed along the coordinate axes and having the effective permittivities
4g,, 9¢,, and 4, for the x-, y-, and z-directions, respectively. Thus for a wave
with electric field entirely in the x-direction, the anisotropic dielectric behaves
like an isotropic dielectric with & = 4g,; for a wave with electric field entirely
in the y-direction, the anisotropic dielectric behaves like an isotropic dielectric
with ¢ = 9g,. With this background, we shall now consider different cases of
incident waves.

Case 1. The incident wave has only an x-component of E as given by
E; = E;cos (3 X 10°mt — 10m2) iy
Then the effective permittivity of the anisotropic medium is 4z, and from (6.113)
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Faraday
rotation

and (6.114), T = —~1/3 and 7 = 2/3. The reflected and transmitted wave electric
fields are

E, = —%cos (3 X 10°7z + 1072) i,

E,
E, = %’cos (3 x 10°7t ~ 20m2) i,

where we have made use of the fact that for the transmitted wave, the phase
constant is w\/pg - 46y = 20V e, = 2 X 107 = 207,

Case 2. The incident wave has only a y-component of E as given by
E; = Eycos (3 x 10°7t — 10mz) i,

Then the effective permittivity of the anisotropic medium is 9¢,, and from (6.113)
and (6.114),T" = —1/2 and 7 = 1/2. The reflected and transmitted wave electric
fields are

E = —%cos (3 X 10wt + 1072) iy

E
E = 7" cos 3 X 10°7t — 30mz) i,

where we have made use of the fact that for the transmitted wave, the phase

constant is w\/ug - 92, = 30V uesy = 3 X 107 = 307,

Case 3. The incident wave has both x- and y-components of E and is
linearly polarized as given by

E; = E; cos 3 X 10°7t — 10m2) i, + E; cos (3 x 10°t — 10mz) i,

Then from superposition of cases 1 and 2, the reflected and transmitted wave
electric fields are given by

E, = —%cos (3 x 10°7t + 1072) i, —%cos (B x 10°7t + 1072) i,

2
E = %cos (3 X 10°7t — 20m2) i, + l—;zcos (3 X 10°7t — 3072) iy

Note that the reflected wave is linearly polarized, although along a direction
making an angle to that of the direction of polarization of the incident wave.
The polarization of the transmitted wave, on the other hand, varies with z since
the phase difference between the x- and y-components of the electric field is Ag =
107z, As the transmitted wave propagates in the z-direction, A¢ changes from
zeroatz = Otow/2atz = 0.05mto s at z = 0.1 m, and so on. Thus the
polarization changes from linear at z = 0 to elliptical for z > 0, becoming linear
again at z = 0.1 m, but rotated by an angle as shown in Fig. 6.20, and so on.

Except when the polarization is one of the characteristic polarizations
for the medium (as in cases 1 and 2 in the example just discussed), the change
in polarization with distance is characteristic of propagation in an anisotropic
medium. An example is the phenomenon of *‘Faraday rotation’’ in ferrites.
Ferrites are a class of magnetic material that when subjected to a DC magnetic
field exhibit anisotropic properties. For an applied DC magnetic field along
the direction of propagation of the wave, the characteristic polarizations are
circular, rotating in opposite senses. When a linearly polarized wave propagates
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Figure 6.20. The change in polarization versus z of the transmitted wave of
Ex. 6.7.

in such a medium, the direction of polarization rotates linearly with distance,
since the two counter-rotating circularly polarized field components of the
linearly polarized field undergo different rates of change of phase with distance.
This phenomenon forms the basis for a number of devices in the microwave
field. Two other examples of Faraday rotation are pertinent to propagation
along the earth’s magnetic field in the ionosphere and to the operation of
magneto-optical switch, a device for modulating a laser beam by switching
on and off an electric current.

D6.15. The region z < 0 is free space, whereas the region z > 0 is a material medium.
For uniform plane waves of frequency 1 MHz incident normally onto the
interface z = 0 from free space, find T and 7 for each of the following sets
of material parameters for medium 2: (a) o = 2 X 10~* mho/m, & = 4&,, and
w = po; and (b) ¢ = 4 mhos/m, & = 8, and u = po.

Ans: 0.4375/159.22°, 0.611/14.714°; 0.9947/179.698°, 0.0074/44.454°

D6.16. The regions z < 0 and z > 0 are nonmagnetic (x = po) perfect dielectrics of
permittivities &, and &,, respectively. For a uniform plane wave incident from
the region z < 0 normally onto the boundary z = 0, find &,/ for each of the
following to hold at z = 0: (a) the electric field of the reflected wave is 1/3
times the electric field of the incident wave; (b) the electric field of the transmitted
wave is 1/2 times the electric field of the incident wave; and (c) the electric
field of the transmitted wave is —2/3 times the electric field of the reflected
wave,

Ans: 0.25;9; 16

6.7 SUMMARY

In this chapter we studied the principles of uniform plane waves. Uniform
plane waves are a building block in the study of electromagnetic wave prop-
agation. They are the simplest type of solutions resulting from the coupling
of the electric and magnetic fields in Maxwell’s curl equations. Their electric
and magnetic fields are perpendicular to each other and to the direction of
propagation. The fields are uniform in the planes perpendicular to the direction
of propagation.
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We first obtained the uniform plane wave solution to Maxwell’s equations
in time domain in free space by considering an infinite plane current sheet in
the xy-plane with uniform surface current density given by

Js = —JsDi; A/m
and deriving the electromagnetic field due to the current sheet to be

=%ha:dm; forz 2 0 (6.115a)
1
H = iEJS(t F z/vi, forz=0 (6.115b)
where
b = 1
’ V o€
and
_ {Mo
n= (2
€o

are the velocity of propagation and intrinsic impedance, respectively. In (6.115a)
and (6.115b), the arguments (f — z/v,) and (¢t + z/ v,) represent wave motion
in the positive z-direction and the negative z-direction, respectively, with the
velocity v,. Thus (6.115a) and (6.115b) correspond to waves propagating away
from the current sheet to either side of it. Since the fields are independent
of x and y, they represent uniform plane waves. We discussed how to plot
the variations of the field components versus ¢ for fixed values of z and versus
z for fixed values of ¢, for a given function Jg(2).

We then extended the solution to sinusoidally time-varying uniform plane
waves by considering the current density on the infinite plane sheet to be

Js = “Jso COoSs wt ix A/m
and obtaining the corresponding field to be

E = —noTJSO cos (wt + Bz)i, forz=0 (6.116a)
H= i’%’ cos (wt = Bz)i, forz=0 (6.116b)

where

=§=MMM (6.117)

§7]

We discussed several important parameters and properties associated with
these waves, including polarization. The quantity 8 is the phase constant,
that is, the magnitude of the rate of change of phase with distance along the
direction of propagation, for a fixed time. The velocity v, which from (6.117)
is given by
@
B

is known as the phase velocity, because it is the velocity with which a particular
constant phase progresses along the direction of propagation. The wavelength

(6.118)

v, =
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\, that is, the distance along the direction of propagation in which the phase
changes by 27 radians, for a fixed time, is given by

27
A=— 6.119)

B
The wavelength is related to the frequency fin a simple manner as given by
v, = A (6.120)

which follows from (6.118) and (6.119) and is a result of the fact that the time-
and space-variations of the fields are interdependent. We discussed the principle
of antenna array and the Doppler effect.

Next we extended the treatment of uniform plane waves to a material
medium. Starting with the Maxwell’s equations for a material medium given
by

B oH

VXE= 2= —p=
ot H ot

aD JE
VxH=J +—=0E +s—
ot ot
and using the phasor technique, we considered the infinite plane current sheet

of uniform surface current density

Js = —Js cos wti, A/m
in the xy-plane and imbedded in the material medium and obtained the elec-
tromagnetic field due to it to be

_ [l
2

E e*** cos (wt ¥ Bz + 1i, forz=0 (6.121a)

Jso =
H=+ %)e“" cos (wt 7 B2) i, forz=0 (6.121b)

In (6.121a,b) « and B are the attenuation and phase constants given, respectively,
by the real and imaginary parts of the propagation constant, . Thus

¥ = a +jB = Vioulo + joe)
The quantities [77] and = are the magnitude and phase angle, respectively, of
the intrinsic impedance, 77, of the medium. Thus

= — |=| pi7 = ﬂ“’_

T = e \/0' + jwe
The solution given by (6.121a,b) tells us that the wave propagation in the
material medium is characterized by attenuation as indicated by e™** and phase
difference between E and H by the amount 7. We also learned that these
properties as well as the phase velocity are frequency dependent.

Having discussed uniform plane wave propagation for the general case

of a medium characterized by o, &, and u, we then considered several special
cases. These are summarized in the following:

Perfect dielectrics. For these materials, o = 0. Wave propagation
occurs without attenuation as in free space but with the propagation parameters
governed by & and p instead of g, and p,, respectively. The tangential com-
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ponents of E and H and the normal components of D and B are continuous
at a boundary between two perfect dielectrics.

Imperfect dielectrics. A material is classified as an imperfect dielectric
for o << we, that is, conduction current density small in magnitude compared
to the displacement current density. The only significant feature of wave
propagation in an imperfect dielectric as compared to that in a perfect dielectric
is the attenuation undergone by the wave.

Good conductors. A material is classified as a good conductor for
o >> we, that is, conduction current density large in magnitude compared to
the displacement current density. Wave propagation in a good conductor
medium is characterized by attenuation and phase constants both equal to
mfuo . Thus for large values of fand/or o, the fields do not penetrate very
deeply into the conductor. This phenomenon is known as the skin effect.
From considerations of the frequency dependence of the attenuation and wave-
length for a fixed o, we learned that low frequencies are more suitable for
communication with underwater objects. We also learned that the intrinsic
impedance of a good conductor medium is very low in magnitude compared
to that of a dielectric medium having the same & and p.

Perfect conductors. These are idealizations of good conductors in the
limit & — oo. For o = oo, the skin depth, that is, the distance in which the
fields inside a conductor are attenuated by a factor e, is zero. Hence there
can be no penetration of fields into a perfect conductor, so that on a perfect
conductor surface, the tangential component of E and the normal component
of B are zero, the normal component of D is equal to the surface charge
density, and the tangential component of H is equal in magnitude to the surface
current density.

We then learned that there is power flow, power dissipation, and energy
storage associated with the wave propagation. The power flow density is
given by the Poynting vector

P=EXH

The power dissipation density and the electric and magnetic stored energy
densities are given, respectively, by

Dg = O'E2
1

W, = §8E2
1 0

w,, = 2,uH

The power flow out of a closed surface S plus the power dissipated in the
volume V bounded by S is always equal to the sum of the time rates of
decrease of electric and magnetic stored energies in the volume V as given

by the Poynting’s theorem
1 d
§ PedS = — f o dv — 2 | Lepray - 2 1,U,H2dv
s v ottv2 otJv2

Finally, we considered uniform plane waves incident normally onto a
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plane boundary between two material media and learned how to compute the
reflected and transmitted wave fields for a given incident wave field.

REVIEW QUESTIONS

Re6.1.

R6.2.

R6.3.

R6.4.

R6.5.

R6.6.

R6.7.

R6.8.

R6.9.

Re6.10.

Ré6.11.

Ré.12.

R6.13.

R6.14.
R6.15.

R6.16.

R6.17.

R6.18.

R6.19.

R6.20.
R6.21.

R6.22.

314

What is a uniform plane wave? Why is the study of uniform plane waves
important?

Outline the procedure for obtaining from the two Maxwell’s curl equations the
particular differential equation for the special case of J = J (2.

State the wave equation for the case of E = E,(z, i,. Describe the procedure
for its solution.

Discuss by means of an example how a function f{z — z\/;_/,:,e_o) represents a
traveling wave propagating in the positive z-direction.

Discuss by means of an example how a function g(z + z\/@) represents a
traveling wave propagating in the negative z-direction.

What is the significance of the intrinsic impedance of free space? What is its
value?

Summarize the procedure for obtaining the solution for the electromagnetic
field due to the infinite plane sheet of uniform time-varying current density.
State and discuss the solution for the electromagnetic field due to the infinite
plane sheet of current density Js(f) = —Js(9)i, for z = 0.

Discuss the parameters @, 8, and v, associated with sinusoidally time-varying
uniform plane waves. ‘

Define wavelength. What is the relationship among wavelength, frequency,
and phase velocity?

Discuss the classification of waves according to frequency, giving examples of
their application in the different frequency ranges.

How is the direction of propagation of a uniform plane wave related to the
directions of its fields?

Discuss right-handed and left-handed circular polarizations associated with si-
nusoidally time-varying uniform plane waves.

Discuss the principle of an antenna array with the aid of an example.

What is Doppler effect? How do you compute the Doppler shift in the frequency
of a wave as viewed by an observer moving in an arbitrary direction?

Give some examples of the application of Doppler effect.

Discuss how the determination of the electromagnetic field due to an infinite
plane current sheet of sinusoidally time-varying current density imbedded in a
material medium is made convenient by using the phasor technique.

What is the propagation constant for a material medium? Discuss the significance
of its real and imaginary parts.

What is the intrinsic impedance for a material medium? What is the consequence
of its complex nature?

What is loss tangent? Discuss its significance.

Discuss the consequence of the frequency dependence of the phase velocity
of a wave in a material medium.

How would you obtain the electromagnetic field due to a current sheet of
nonsinusoidally time-varying current density imbedded in a material medium?
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R6.23.

R6.24.
R6.25.

Re6.26.

R6.27.
R6.28.

R6.29

R6.30.

Ré6.31

R6.32.
R6.33.

R6.34.

R6.35.

R6.36.
Re6.37.

R6.38.

What is the condition for a medium to be a perfect dielectric? How do the
characteristics of wave propagation in a perfect dielectric medium differ from
those of wave propagation in free space?

State the boundary conditions at the interface between two perfect dielectrics.
What is the criterion for a material to be an imperfect dielectric? What is the
significant feature of wave propagation in an imperfect dielectric as compared
to that in a perfect dielectric?

What is the criterion for a material to be a good conductor? Give two examples
of materials that behave as good conductors for frequencies of up to several
gigahertz.

What is skin effect? Discuss skin depth, giving some numerical values.

Why are low-frequency waves more suitable than high-frequency waves for
communication with underwater objects?

Discuss the consequence of the low intrinsic impedance of a good conductor
as compared to that of a dielectric medium having the same & and "

Why can there be no fields inside a perfect conductor? What are the boundary
conditions at the surface of a perfect conductor?

What is the Poynting vector? What is the physical interpretation of the Poynting
vector over a closed surface?

State Poynting’s theorem. How is it derived from Maxwell’s curl equations?
What are the power dissipation density, the electric stored energy density, and
the magnetic stored energy density associated with an electromagnetic field in
a material medium?

What is time-average power flow? Discuss the time-average power flow versus
instantaneous power flow associated with a uniform plane wave in a material
medium.

Discuss the determination of the reflected and transitted wave fields from the
fields of a wave incident normally onto a plane boundary between two material
media.

What is the consequence of a wave incident on a perfect conductor?

Discuss the phenomenon of change in polarization of a wave propagating in
an anisotropic medium.

What is Faraday rotation? Give examples of devices based on Faraday rotation.

PROBLEMS

P6.1.

From Maxwell’s curl equations, obtain the particular differential equations for

. the case of J = J,(y, i,.

P6.2.

P6.3.

For each of the following functions, plot the value of the function versus z for
the two specified values of time and discuss the traveling wave nature of the
function.
(a) e—(axlost—z)l. t=0 t = 1 X 10—8 s

Hl b 3
D @+ ut +2)~ut+z-1D;t=0,¢=1s
Write expressions for traveling wave functions corresponding to the following
cases: (a) time-variation at y = 0 in the manner 10¢~"' and propagating in the
—y-direction with velocity 0.25 m/s; (b) time-variation at x = 0 in the manner
5 sin 10¢ and propagating in the +x-direction with velocity S m/s; and
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(c) distance-variation at ¢ = 0 in the manner 47%¢~% and propagating in the
— z-direction with velocity 2 m/s.

P6.4. The variation with z for ¢+ = 0 of a function f(z, # representing a traveling
wave propagating in the + z-direction with velocity 300 m/s is shown in Fig.
6.21. Find and sketch (a) f versus z for ¢ = 1 s, (b) fversus t for z = 0, and
(c) f versus ¢ for z = 300 m.

P6.5. The variation with z for ¢ = 0 of a function g(z, ?) representing a traveling
wave propagating in the — z-direction with velocity 200 m/s is shown in Fig.
6.22. Find and sketch (a) g versus z for ¢ = 1's, (b} g versus ¢ for z = 0, and
(c) g versus ¢ for z = 100 m.

{\ [fli=0
1 1& (gli-0
1
>z, M
-300 0 300 600
L l »z,m
-1 ( —-200 O 200 400 600
Figure 6.21. For Prob. P6.4. Figure 6.22. For Prob. P6.5.
P6.6. An infinite plane sheet lying in the z = 0 plane in free space carries a surface
current of density Js = —Js()i, A/m, where Js(?) is as shown in Fig. 6.23.
Find and sketch (a) E, versus ¢ for z = 300 m, (b) H, versus ¢ for z = - 600
m, (c) E, versus z for t = 3 us, and (d) H, versus z for t = 4 pus.
P6.7. An infinite plane sheet of current density Js = —Js(i, A/m, where Js() is as

shown in Fig. 6.24, lies in the z = 0 plane in free space. Find and sketch
(a) E, versus ¢ in the z = 300 m plane, (b) E, versus z for ¢ = 2 us, and
(c) H, versus z for ¢t = 4 ps.

{k Jg, Alm
0.2
' : 1, s 0.4
0 1 2\3/4
- ! —> 1, us
021 0 1 2 3 4 5
Figure 6.23. For Prob. P6.6. Figure 6.24. For Prob. P6.7.

P6.8. The electric field intensity of a uniform plane wave propagating in free space

is given by
E = 37.7 cos (67 X 10% + 2@y) i, V/m

Find (a) the frequency, (b) the wavelength, (c) the direction of propagation of
the wave, and (d) the associated magnetic field intensity vector H.

P6.9. The electric field intensity of a uniform plane wave propagating in free space
is given by

E = 37.7G, — V/3i,) cos 37 x 10°% — @x) V/m

Find (a) the frequency, (b) the wavelength, (c) the direction of propagation of
the wave, and (d) the associated magnetic field intensity vector H.
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P6.10.

Pé.11.

P6.12.

P6.13.

P6.14.

P6.15.

Pé.16.

P6.17.

Chap.

Given two infinite plane sheets of current densities
Js1 = —0.2cos 3w x 10ti, A/m inthe z = 0 plane

Js; = 0.2sin 37 X 10"t i, A/m in the x = 0 plane
in free space, find the expressions for E and H in the region x < 0, z > 0.

For each of the following fields, determine if the polarization is right- or left-
circular or elliptical.
(@) E; cos (wr — Bx) i, + E, sin (wt — Bx) i,
(b) E, sin (wt + By) i, + E; cos (ot + By) i,
(©) Ey cos (ot + Bx) i, — 2E, sin (0t + Bx) i,
(@) E, cos (vt — B2) iy — Ey cos (wr — Bz — 60°) i,
Show that a linearly polarized vector can be expressed as the superposition of
right-handed and left-handed circularly polarized vectors of equal amplitudes
by expressing each of the following vectors in terms of right-handed and left-
handed circularly polarized vectors:
(@) Eoi, cos (wt — B2)
(b) Eyi. + 2i,) cos (wt — B2)
Show that an elliptically polarized vector can be expressed as the superposition
of right-handed and left-handed circularly polarized vectors of unequal amplitudes
by expressing each of the following vectors in terms of right-handed and left-
handed circularly polarized vectors:
(@) Eyi, cos (wt — Bz) + SEyi, sin (wf — B2)
(b) Eqi, cos (wt — Bz + 30°) + Eyi, cos (wf — Bz + 60%
The current densities of two infinite plane, parallel, current sheets are given
by R
Js1 = —Jscoswti, inthe z = 0 plane
Js2 = —kJgcos wti, inthez = \/2 plane

Find the electric field intensities in the three regions (@) z < 0, (b) 0 < z <
A/2, and (c) z > A/2.

The current densities of three infinite plane, parallel, current sheets are given
by

Js1 = —Jg cos wt i, in the z = 0 plane

Joo = —kJgsinwti, inthe z = A/4 plane

Jss = —2kJspcos wti, inthe z = \/2 plane

Obtain the expression for the ratio of the amplitude of the electric field in the
region z > A/2 to the amplitude of the electric field in the region z < 0. Then
find the ratio for each of the following values of &: (a) k = — 1,(b) k =1/2,
and (¢) k = 1.
The electric field intensity of a uniform plane wave is given by

E = Eycos 37 x 10% — mx) i,
Ignoring relativistic effects, find the magnitude of the Doppler shift in f for
each of the following cases: (a) observer moving in the positive x-direction with
velocity 10° m/s, (b) observer moving along the line x = y = z with velocity
10° m/s, and (c) observer moving along the line x = y = 2z with velocity
10* m/s.
Consider an observer moving in free space along the curve x = y = z* in the
direction of increasing z with a velocity v,. For a point source of frequency
S located at the point (0, 0, 1), obtain the expression for the Doppler shift in
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P6.18.

P6.19.

P6.20.

P6.21.

P6.22.

P6.23.

P6.24.
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f as a function of z. Ignore relativistic effects. For what location(s) of the
observer is the Doppler shift zero?
Consider an observer moving on the circumference of a circle of radius a in
the xy-plane and centered at the origin with an angular velocity woi, rad/s in
free space. Assuming the position of the observer to be (a, 0) at ¢ = 0, find
and sketch the Doppler shift in f viewed by the observer as a function of time,
for each of the following cases: (a) the observer is in the field of a uniform
plane wave of frequency f propagating in the + x-direction and (b) the observer
is in the field of a transmitter located at the point (a, 0) on the circle. Ignore
relativistic effects.
An infinite plane sheet lying in the z = 0 plane carries a surface current of
density

Js = —0.2cos 27 x 10°i, A/m
The medium on either side of the sheet is characterized by o = 107* mho/m,
g = 6gy, and u = po. Find E and H on either side of the current sheet.

Consider an array of two infinite plane parallel current sheets of uniform densities
given by

Jo = —Jscos 2w x 10%i, inthe z = 0 plane

Jo = —kJgsin 2w x 10%4, inthe z = d plane

situated in a medium characterized by o = 107> mho/m, & = 6s, and u =
to. (a) Find the minimum value of d (> 0) and the corresponding value of k
for which the fields in the region z < 0 are zero. (b) For the values of d and
k found in (a), obtain the electric field intensity in the region z > d.

A uniform plane wave of frequency 5 X 10° Hz propagating in a material
medium has the following characteristics: (i) The fields are attenuated by the
factor ¢! in a distance of 28.65 m. (ii) The fields undergo a change in phase
by 2 in a distance of 111.2 m. (iii) The ratio of the amplitudes of the electric
and magnetic field intensities at a point in the medium is 59.4. (a) What is the
value of ¥? (b) What is the value of %? (c) Find o, ¢, and u of the medium.
For a uniform plane wave propagating in the +z-direction in a material medium
characterized by o = 107> mho/m, & = 80s, and w = p,, find the electric
field intensity as function of z and ¢ for each of the following magnetic field
intensities in the z = 0 plane:
(@) 0.1 cos 27 x 10°t i, A/m
(b) 0.1 cos 67 X 10°t i, A/m
() 0.1 cos® 27 x 10°t i, A/m
The electric field of a uniform plane wave propagating in a perfect dielectric
medium having p = w, is given by

E = 20 cos Qm X 10t — 0.17ry) i, V/m
Find (a) the frequency, (b) the wavelength, (c) the phase velocity, (d) the relative
permittivity of the medium, and (e) the associated magnetic field vector H.
An infinite plane sheet lying in the z = 0 plane carries a surface current of
density Js = —Js(0)i, A/m, where J5(#) is as shown in Fig. 6.25. The medium

Jg, Ajm

0.2

[, 1S
0 1 2 3 > Figure 6.25. For Prob. P6.24.
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on either side of the current sheet is a perfect dielectric of ¢ = 4y and u =
Mo. Find and sketch (a) E, versus ¢ for z = 200 m, (b) H, versus ¢ for z =
~300 m, (c) E; versus z for t = 2 ys, and (d) H, versus z for t = 3 us.

P6.25. For a uniform plane wave having E = Ef(z, Di, and H = Hz, ni,, and
propagating in the + z-direction in a perfect dielectric medium, the time variation
of H, in the z = 0 plane, and the variation with z of E, for t = 5 us are shown
in Figs. 6.26(a) and (b), respectively. Find the values of &, and pu, of the perfect
dielectric medium.

[H,];-¢, A/m {Eyl=s5 s V/m

0.2 37.7

400

(a) (b)
Figure 6.26. For Prob. P6.25.

P6.26. For uniform plane wave propagation in ice (o ~ 1076 mho/m, & = 3g,, and
# = o), compute a, B, v,, A, and 77 for f = 1 MHz. What is the distance in
which the fields are attenuated by the factor e !?

P6.27. For a uniform plane wave propagating in the + z.ditection in a material medium,

- the magnetic field intensity in the z = 0 plane is given by
[H]..o ='0.1cos’ 27 X 10%i, A/m
Find E(z, #) for each of the following cases: (a) the medium is characterized
by o = 0, e = 9, and & = p,, (b) the medium is characterized by o =
10™* mho/m, ¢ = 9¢,, and # = o, and (c) the medium is characterized by
o = 10 mhos/m, & = 9¢y, and y = u,. .

P6.28. Find the following: (a) the lowest frequency for which the thickness 2 mm of
an aluminum sheet (¢ = 3.5 x 10’ mhos/m) is at least three skin depths,
(b) the minimum thickness of a copper sheet such that it is at least four skin
depths thick in the frequency range 1 MHz to 1 GHz, and (c) the minimum
conductivity of a material of thickness 3 mm for which it is at least five skin
depths thick at f = 25 kHz.

P6.29. For a uniform plane wave propagation in sea water (0 = 4 mhos/m, ¢ = 80g,,
and u = po), compute a, 8, 8, \, U, and % for two frequencies: (a) f = 10
GHz and (b) f = 100 kHz.

P6.30. Find the magnitude of the Doppler shift in f observed by an observer, moving
with velocity 10 m/s along the direction of propagation of a wave propagating
in sea water, for each of the following frequencies of the wave: (@ f=25kHz
and (b) f = 100 kHz. Ignore relativistic effects.

P6.31. For each of the following electric field intensities in free space, find the in-
stantaneous and time-average Poynting vectors:

(@) E = Ey cos (0t — B2) iy + Ey cos (wf — B2) i,
(b) E = E;cos (ot — Bz) i, + E, sin (wr — B2) i,
(©) E = Eycos (0t — B2) i, + V/2E, sin (0t — B2) i,

P6.32. The electric and magnetic field intensities in the radiation field of an antenna

located at the origin are given in spherical coordinates by
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P6.33.

P6.34.

P6.35.

P6.36.

P6.37.

P6.38.

P6.39.
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sin 6

E = EO , cos (O(t - ry [.L()Sg) ig V/m
E, i —
H=——— sin 0 cos ot — rvVpego) iy A/m
wol€a T

Find (a) the instantaneous Poynting vector, (b) the time-average Poynting vector,
and (c) the time-average power radiated by the antenna by evaluating the surface
integral of the time-average Poynting vector over a spherical surface of radius
r centered at the antenna and enclosing the antenna.

The electric and magnetic fields in a parallel-plate resonator made up of perfect
conductors in the z = 0 and z = [ planes and with free space between the
conductors are given by

mZ Tt
E = E,sin —sin ——1i,, 0<z<l!
! \/#0801

E 7z
= — i <z<

H \/mcoslcosmlly, 0<z<l
Find the following: (a) the electric stored energy in the resonator per unit area
of the plates at an instant of time when the magnetic field is zero, (b) the
magnetic stored energy in the resonator per unit area of the plates at an instant
of time when the electric field is zero, and (c) the total stored energy in the
resonator per unit area of the plates at an arbitrary instant of time.
The electric field of a uniform plane wave propagating in a nonmagnetic (u =
i) material medium is given by :

E = Eye *cos @m X 10°% — 22)i, V/m
Find (a) the time-average power flow per unit area normal to the z-direction
and (b) the time-average power dissipated in the volume bounded by the planes
x=0,x=1,y=0,y=1z=0,andz = L
Region 1 (z < 0) is free space and region 2 (z > 0) is a material medium
characterized by o = 107> mho/m, ¢ = 18¢, and x = p,. For a uniform
plane wave having the electric field

150

incident on the interface z = 0 from region 1, obtain the expressions for the
reflected and transmitted wave electric fields.

Repeat Prob. P6.35 for the incident wave electric field given by

E, = E, cos (277 x 10% — —”—z) i, V/m

150

Consider normal incidence of uniform plane wave of frequency 100 kHz on the
plane interface between free space (z < 0) and sea water (z > 0). Determine
the amplitude of the incident wave electric field for which the amplitude of the
transmitted wave electric field at z = 1 m is 1 mV/m.
In Fig. 6.27, medium 3 extends to infinity so that no reflected (—) wave exists
in that medium. For a uniform plane wave having the electric fieid

E; = Eycos (3 X 1087t — m2) i, V/m
incident from medium 1 onto the interface z = 0, obtain the expressions for
the phasor electric and magnetic field components in all three media.
A uniform plane wave propagating in the +z-direction and having the electric
field E; = E_(0i,, where E,(¢) in the z = 0 plane is as shown in Fig. 6.28, is

E; = E, cos® (277 x 10% — —7T—z> i, V/m
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Medium 1
Ko, €y
(+)
—

Figure

P6.40.

Medium 2 Medium 3
Ko, 4eg Mg, 9€q
(+)

X
—_—
S E,, V/m
(-)
y z ,

1 |
z=5m 0 1 2

— f, US

6.27. For Prob. P6.38. Figure 6.28. For Prob. P6.39.

incident normally from free space (z < 0) onto a nonmagnetic (u = uo) perfect
dielectric (z > 0) of permittivity 4g,. Find and sketch the following: (a) E,
versus z for ¢ = 1 us and (b) H, versus z for t = 1 us.

Medium 1 (z < 0) is free space, whereas medium 2 (z > 0) is a nonmagnetic
(. = uo), anisotropic perfect dielectric characterized by

225 0 O
[el=g] 0 16 0
0 0 16

For a uniform plane wave having the electric field
E; = Ey[cos (67 X 10% — 2mz) i, + sin (67 X 10% — 2m2) i]
incident on the interface z = 0 from medium 1, find (a) the reflected wave

electric and magnetic fields and (b) the transmitted wave electric and magnetic
fields.

PC EXERCISES

PCeé.1.

PCé.2.

PCeé.3.

Consider an array of two infinite plane current sheets with current densities
given by

Js1 = —Jg cos wt i, in the z = 0 plane

Js» = —kJspcos (wt — ¢)i, inthez

in free space where k and a are positive. Write a program for computing the
ratio of the amplitude of the electric field in the region z > a\ to the amplitude
of the electric field in the region z < 0, using as input the values of &, ¢, and
a.

Consider the computation of material parameters from propagation parameters.
Write a program for computing o, ¢,, and u, given «, 8, [77] and f and making
use of the condition that the phase angle of ¥% must be /2 for u, to be real.
Consider normal incidence of a uniform plane wave from medium 1 (z < 0)
characterized by o1, &,, and p,; onto medium 2 (z > 0) characterized by o,
€5, and w,. Assuming the phasor electric field intensity of the incident wave
at the interface z = 0 to be 1/0° V/m, write a program which computes the
phasor electric and magnetic field intensities for the reflected and transmitted
waves at z = —1 m and z = 1 m, respectively, for given values of the two
sets of material parameters and the frequency f of the waves.

1

a\ plane
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7

Transmission Lines 1.
Time-Domain Analysis

In Chap. 6 we studied the principles of uniform plane wave propagation first
in free space and then in material media. In both cases we were concerned
with propagation in unbounded media. In this and the next two chapters we
shall consider guided wave propagation, that is, propagation of waves between
boundaries. The boundaries are generally provided by conductors, whereas
the media between the boundaries are generally dielectrics. There are two
kinds of waveguiding systems. These are transmission lines and waveguides.
A transmission line consists of two or more parallel conductors, whereas a
waveguide is generally made up of one conductor. We shall devote this and
the next chapter to transmission lines and their analysis and consider waveguides
in Chap. 9.

We shall introduce the transmission line by considering a uniform plane
wave and placing two parallel plane, perfect conductors such that the fields
remain unaltered by satisfying the boundary conditions on the perfect conductor
surfaces. The wave is then guided between and parallel to the conductors,
thus leading to the parallel-plate line. We shall learn to represent a line by
the “‘distributed”’ parameter equivalent circuit and discuss wave propagation
on the line in terms of voltage and current. We shall learn to compute the
circuit parameters for the parallel-plate line and then extend the computation
to the general case of a line of arbitrary cross section. We shall then turn
our attention to time-domain analysis of transmission-line systems, which is
our main goal in this chapter.

7.1 TRANSMISSION-LINE EQUATIONS AND PARAMETERS

Parallel- In Sec. 6.4 we learned that the tangential component of the electric field
plate line intensity and the normal component of the magnetic field intensity are zero
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on a perfect conductor surface. Let us now consider the uniform plane elec-
tromagnetic wave propagating in the z-direction and having an x-component
only of the electric field and a y-component only of the.magnetic field, that
is,

E = E(z, 0i,

H = H,(z, 0i,
and place perfectly conducting sheets in two planes x = 0 and x = d, as
shown in Fig. 7.1. Since the electric field is completely normal and the
magnetic field is completely tangential to the sheets, the two boundary conditions
Just referred to are satisfied, and hence the wave will simply propagate, as
though the sheets were not present, being guided by the sheets. We then
have a simple case of transmission line, namely, the parallel-plate transmission

line. We shall assume the medium between the plates to be a perfect dielectric
so that the waves are lossless.

0 T/Js=Hyiz
x:

+ s Eo R B A IV TP i s o =cE
i X

x x x | x|x[x{ x

E el Yy
x=d 2 — — — .
Js = ~H,i,

Figure 7.1. Uniform plane electromagnetic wave propagating between two
perfectly conducting sheets, supported by charges and currents on the sheets.

According to the remaining two boundary conditions, there must be
charges and currents on the conductors. The charge densities on the two
plates are

[Ps]x=0 = [in.D]x=0 = ix. SExix = 8Ex (713)
[psleea = [i,* DL,y = —i,*eE, = —&F, (7.1b)

where ¢ is the permittivity of the medium between the two plates. The current
densities on the two plates are

- Uskemo = i X Hl,_o = i, X H,i, = Hj, (7.22)
Uslema = [i, X Hl,oy = —i, X H,i, = —Hj, (7.2b)

In (7.1a)~(7.2b) it is understood that the charge and current densities
are functions of z and ¢ as E, and H, are. Thus the wave propagation along
the transmission line is supported by charges and currents on the plates,
varying with time and distance along the line, as shown in Fig. 7.1.

Let us now consider finitely sized plates having width w in the y-direction,
as shown in Fig. 7.2(a), and neglect fringing of the fields at the edges or
assume that the structure is part of a much larger-sized configuration. By
considering a constant z-plane, that is, a plane ‘‘transverse’’ to the direction
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(a)

(b) » H

¥ Ve Vo ¥ ox ¥ Vx ¥V ¥V =— ),

g w e

Figure 7.2. (a) Parallel-plate transmission line. (b) A transverse plane of
the parallel-plate transmission line.

of propagation of the wave, as shown in Fig. 7.2(b), we can find the voltage
between the two conductors in terms of the line integral of the electric field
intensity evaluated along any path in that plane between the two conductors.
Since the electric field is directed in the x-direction and since it is uniform in
that plane, this voltage is given by

d d
Viz, t) = J;=0Ex(z, Hdx = Ez, 0 J;=O dx = dE\(z, 1) 7.3)

Thus' each transverse plane is characterized by a voltage between the two
conductors which is related simply to the electric field as given by (7.3). Each
transverse plane is also characterized by a current I flowing in the positive
z-direction on the upper conductor and in the negative z-direction on the lower
conductor. From Fig. 7.2(b), we can see that this current is given by

Koo [ aeow=[ Aeod-meo [ @& o

= wH,(z, 1)
since H, is uniform in the cross-sectional plane. Thus the current crossing a
given transverse plane is related simply to the magnetic field in that plane as
given by (7.4).
Proceeding further, we can find the power flow down the line by evaluating
the surface integral of the Poynting vector over a given transverse plane. Thus

P(z, f) = J- (E x H)+dS
transverse
plane

d W
= J' . E(z, HH,(z, )i, * dx dyi,

x=0Jy=
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Transmis-
sion-line
equations

d w
_ Viz, ) I(z, 1)
—fx fy=0—d o dx dy

=0

1

Viz, 0l(z, 1) (7.5)
which is the familiar relationship employed in circuit theory.

We now recall from Sec. 6.3 that E, and H, satisfy the two differential
equations

OE, _ 9B, _ _ oH,

az ot M (7.62)
H. F oE,

o, _ —O'Ex—sb= - (7.6b)
0z at ot

where we have set ¢ = 0 in view of the perfect dielectric medium. From
(7.3) and (7.4), however, we have

Ex = (7 . 7a)

H =

y

(7.7b)

T~ Al

Substituting for E, and H, in (7.6a) and (7.6b) from (7.7a) and (7.7b), respectively,
we now obtain two differential equations for voltage and current along the

line as
a(vy_ _ oI
ai\d) ~ Ha\w
ofIy_ _ 8(V
az\w) ~ "~ %a\d
‘or
v pdy ol
iz (w)&t (7.82)
174 ew) oV
Pl —<7>E' (7.8b)

These equations are known as the ‘‘transmission-line equations.”’ They char-
acterize the wave propagation along the line in terms of line voltage and line
current instead of in terms of the fields.

We now denote two quantities familiarly known as the ““circuit parameters,”’
the inductance and the capacitance per unit length of the transmission line in
the z-direction by the symbols £ and 4, respectively. The inductance per
unit length, having the units henrys per meter (H/m), is the ratio of the
magnetic flux per unit length at any value of z to the line current at that value
of z. Noting from Fig. 7.2 that the cross-sectional area normal to the magnetic
field lines and per unit length in the z-direction is (d)(1) or d, we find the
magnetic flux per unit length to be B,d or wH,d. Since the line current is
H,w, we then have

= — (7.9)
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Distributed
equivalent
circuit

The capacitance per unit length, having the units farads per meter (F/m), is
the ratio of the charge per unit length on either plate at any value of z to the
line voltage at that value of z. Noting from Fig. 7.2 that the cross-sectional
area normal to the electric field lines and per unit length in the z-direction is
(w)(1) or w, we find the charge per unit length to be psw or eEw. Since the
line voltage is E,d, we then have

eEw ew

Ed d

€ = (7.10)

We note that £ and € are purely dependent on the dimensions of the line
and are independent of E, and H,. We further note that

¥ = pe (7.11)

so that only one of the two parameters & and € is independent and the other
can be obtained from the knowledge of & and w.

We now recognize the quantities in parentheses in (7.8a) and (7.8b) to
be £ and €, respectively, of the line. Thus we obtain the transmission-line
equations in terms of these parameters as

W_ ¥4 (7.122)
9z ot
A _ _ gV (7.12b)
9z ot

These equations permit us to discuss wave propagation along the line in terms
of circuit quantities instead of in terms of field quantities. It should, however,
not be forgotten that the actual phenomenon is one of electromagnetic waves
guided by the conductors of the line.

It is customary to represent a transmission line by means of its circuit
equivalent, derived from the transmission-line equations (7.12a) and (7.12b).
To do this, let us consider a section of infinitesimal length Az along the line
between z and z + Az. From (7.12a), we then have
im Vz + Az, ) = V(z, ) &)

£
Ali—>0 AZ ot

or, for Az — 0, o
, L
Vz + Az, f) = V(z, D) = —$Az—(§t—)
This equation can be represented by the circuit equivalent shown in Fig. 7.3(a)
since it satisfies Kirchhoff’s voltage law written around the loop abcda. Similarly,

from (7.12b), we have
. Iz + Az, ) — Iz, 1) . aV(z + Az, 1)
m = lim | —-4———

Ii
Az—0 Az ot

(7.13a)

Az—0
or, for Az — 0,
. aV(z + Az, 1)

Iz + Az, ) — Iz, ) = —€A Py

(7.13b)
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Figure 7.3. Development of circuit equivalent for an infinitesimal length Az
of a transmission line. '

=9

This equation can be represented by the circuit equivalent shown in Fig. 7.3(b)
since it satisfies Kirchhoff’s current law written for node ¢. Combining the
two equations, we then obtain the equivalent circuit shown in Fig. 7.3(c) for
a section Az of the line. It then follows that the circuit representation for a
portion of length [ of the line consists of an infinite number of such sections
in cascade, as shown in Fig. 7.4. Such a circuit is known as a ‘‘distributed
circuit’ as opposed to the “‘lumped circuits’’ that are familiar in circuit theory.
The distributed circuit notion arises from the fact that the inductance and
capacitance are distributed uniformly and overlappingly along the line.

&L Az £ Az £ Az
O Y YY"\ 7YY Y\ & T _____
. G Az== € Az J:J_ %AZT =S

Figure 7.4. Distributed circuit representation of a transmission line.

A more physical interpretation of the distributed circuit concept follows
from energy considerations. - We know that the uniform plane wave propagation
between the conductors of the line is characterized by energy storage in the
electric and magnetic fields. If we consider a section Az of the line, the energy
stored in the electric field in this section is given by

1 1
W, = EeEf (volume) = EsEﬁ(dw Az)
_ 1 ay A = tear v
24 ) BT RTAL

The energy stored in the magnetic field in that section is given by

(7.14a)
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solution

W, = %,LLH; (volume) = %,U,Hﬁ (dw Az)
B lluv_d (7.14‘b)
T 2w

Thus we note that ¥ and € are elements associated with energy storage in
the magnetic field and energy storage in the electric field, respectively, for a
given infinitesimal section of the line. Since these phenomena occur continuously
and since they overlap, the inductance and capacitance must be distributed
uniformly and overlappingly along the line.

Thus far we have introduced the transmission-line equations and the
distributed circuit concept by considering the parallel-plate line in which the
waves are uniform plane waves. In the general case of a line having conductors
with arbitrary cross sections, the fields consist of both x- and y-components
and are dependent on x- and y-coordinates in addition to the z-coordinate.
Thus the fields between the conductors are given by

E = E(x,y,z i, + EJ(x, y, z, 0i,
H = H/(x,y, z, i, + H(x,y, z, D,

These fields are no longer uniform in x and y but are directed entirely transverse
to the direction of propagation, that is, the z-axis, which is the axis of the
transmission line. Hence they are known as ‘‘transverse electromagnetic waves,’”
or “TEM waves.”” The uniform plane waves are simply a special case of the
transverse electromagnetic waves. The transmission-line equations (7.12a) and
(7.12b) and the distributed equivalent circuit of Fig. 7.4 hold for all transmission
lines made of perfect conductors and perfect dielectric, that is, for all lossless
transmission lines. The quantities that differ from one line to another are the
line parameters £ and €, which depend upon the geometry of the line.
Before we consider several common types of lines, we shall show that
the relation (7.11) is valid in general by obtaining the general solution for the
transmission-line equations (7.12a) and (7.12b). To do this, we note their
analogy with the field equations (6.7a) and (6.7b) in Sec. 6.1, as follows:
OE _ _ oH, _ W _ _ il

az . My T T T

oH, _ _ OB o __ oV

(Hyw)2 Az = %fé’ Az I?

9z N 0 ot — 0z ot
The solutions to (7.12a) and (7.12b) can therefore be written by letting
E, — V
H —s I
po — £
g — @
in the solutions (6.13) and (6.14) to the field equations. Thus we obtain

V(z, ) = Af(t — 2\/$6) + Bg(t + 2 \/Z%€) (7.15a)

Iz, 1) = 1 [Af(t — 2z \/¥B) — Bg(t + 2 \/£%6)) (7.15b)

/%
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These solutions represent voltage and current traveling waves propagating
along the +z- and —z-directions with velocity

1
v, = —/———
RYAA
in view of the arguments (r * z \/ﬁ) for the functions fand g. We however

know that the velocity of propagation in terms of the dielectric parameters is
given by

(7.16)

1
v, = — 7.17
D '\/,u,s ( )
Therefore it follows that
FE = pe (7.18)

We now define the ‘‘characteristic impedance”’ of the line to be

Zy = \/% (7.19)

so that (7.15a) and (7.15b) become

Viz, ) = Af(t — z/v,) + Bg(t + z/v,) (7.20a)
I(z,0) = Zlo[Af(t - z/v,) — Bg(t + z/v,)] (7.20b)

where we have also substituted v, for 1 /NVZE€. From (7.20a) and (7.20b), it
can be seen that the characteristic impedance is the ratio of the voltage ‘to
current in the (+) wave or the negative of the same ratio for the (—) wave.
It is analogous to the intrinsic impedance of the dielectric medium but not
necessarily equal to it. For example, for the parallel-plate line,

7, = M /ﬂ
w/ d (7.21)
d

is not equal to » unless d/w is equal to 1. In fact for d/w equal to 1, (7.21)
is strictly not valid because fringing of the fields cannot be neglected. Note
also that the characteristic impedance of a lossless line is a purely real quantity.
We shall find in Sec. 8.6 that for a lossy line, the characteristic impedance
is complex just as the intrinsic impedance of a lossy medium is complex.
Equation (7.21) is strictly valid for d << w, since then fringing of fields
can be neglected. If the condition d << w is not satisfied, then fringing of
the fields has to be taken into account and the solution becomes complicated.
Formulas that are approximate but yielding very accurate values for the line
parameters for different ranges of d/w can be derived by using conformal
transformation techniques. For example, if d/w = 2, the characteristic impedance
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of the parallel-plate line, more commonly known then as the parallel-strip

line, is given by
n 4dd w
Zy=—In|— + —
o n(w * 2d)

Also based on two plane parallel conductors is the microstrip line, used
extensively in microwave integrated circuitry and digital systems. The basic
microstrip line consists of a high permittivity substrate material with a conductor
strip applied to one side and a conducting ground plane applied to the other
side, as shown by the cross-sectional view .in Fig. 7.5(a). The approximate
electric field distribution is shown in Fig. 7.5(b). Since it is not possible to
satisfy the boundary condition of equal phase velocities parallel to the air-
dielectric interface with pure TEM waves, the situation for the microstrip line
does not correspond exactly to TEM wave propagation, as is the case with
any other line involving multiple dielectrics. However using approximate
techniques based on the assumption of TEM wave propagation, an effective
relative permittivity intermediate to that of the substrate and unity (relative
permittivity of air) and which depends on the line geometry can be obtained.
The characteristic impedance and phase velocity for the actual line are then
given by those obtained for the same line geometry but imbedded in a ho-
mogeneous dielectric medium having the effective relative permittivity. For
the line of Fig. 7.5, the effective relative permittivity is given by

_etl g1 104\
reff 2 2 w
The characteristic impedance and the phase velocity are then given by

(7.22)

(7.23)

&

60 8d w
Zy=——I(Z+2% (7.24a)
Ve w  4d
Teff
and
C
b, = —— (7.24b)
\/Sreﬂ'
l“ w _>{ _-Strip
Substrate, €,
Ground Plane
()
Figure 7.5. (a) Transverse cross-
sectional view of a microstrip line.
(b) Approximate electric field distri-
) bution in the transverse plane.
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By placing one microstrip line inverted and on top of another microstrip
line, as shown by the cross-sectional view in Fig. 7.6, a shielded strip line is
obtained. Although the sandwich arrangement of this line is more difficult to
fabricate than is the microstrip line, it has the advantage that the fields are
mostly confined to the substrate region, as shown in the figure for the electric
field.

Figure 7.6. Transverse cross-sectional
view of a shielded strip line and the ap-
proximate electric field distribution in

the transverse plane.

Several
common

types of
lines

Field
mapping

The cross sections of some other common types of lines are shown in
Fig. 7.7. Recalling that v, = 1/\/ue = c¢/\ue&,, and L€ = pe regardless
of the geometry, we shall simply consider Z, for these lines. Accordingly,
the expressions for Z, are listed in Table 7.1. While it is possible to derive
these expressions analytically (see, e.g., Table 5.1 for capacitance of coaxial
cable), we shall discuss a graphical technique which permits the determination
of the approximate value of Z, for a line with an arbitrary cross section.

T

& o O

2]

(a) (b)

2a F—b->l 2a
1O T O "0
y 2“ et 00
7. <b2 - —4> >> g2

(c) (d)
Figure 7.7. Cross sections of some common types of transmission lines.
To do this, let us consider the cross section shown in Fig. 7.8(a). Let

us assume that the inner conductor is positive with respect to the outer
conductor and that the current flows along the positive z-direction (into the
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TABLE 7.1. EXPRESSIONS FOR CHARACTERISTIC IMPEDANCE FOR

THE LINES OF FIG. 7.7.

Description Figure Zy
. n b
Coaxial cable 7.7(a) — In-—
2 a
. n ., d
Parallel-wire line 7.7(b) - cosh ;
Single wire above ground plane 7.7(c) il cosh™! Z
7
. . n ., dw — &/4)
Shielded parallel-wire line 7.7(d) - In PTTERYIN © + 4/

Q.
’.

(e

(f)

Figure 7.8. Construction of a transmission line field map consisting of cur-

vilinear rectangles.
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page) on the inner conductor and along the negative z-direction (out of the
page) on the outer conductor. We can then draw a ‘“‘field map,” that is, a
graphical sketch of the direction lines of the fields between the conductors,
from the following considerations: (1) The electric field lines must originate
on the inner conductor and be normal to it and must terminate on the outer
conductor and be normal to it since the tangential component of the electric
field on a perfect conductor surface must be zero. (2) The magnetic field lines
must be everywhere perpendicular to the electric field lines; although this can
be shown by a rigorous mathematical proof, it is intuitively obvious since,
first, the magnetic field lines must be tangential near the conductor surfaces
and, second, at any arbitrary point the fields correspond to those of a locally
uniform plane wave. Thus suppose that we start with the inner conductor
and draw several lines normal to it at several points on the surface as shown
in Fig. 7.8(b). We can then draw a curved line displaced from the conductor
surface and such that it is perpendicular everywhere to the electric field lines
of Fig. 7.8(b), as shown in Fig. 7.8(c). This contour represents a magnetic
field line and forms the basis for further extension of the electric field lines,
as shown in Fig. 7.8(d). A second magnetic field line can then be drawn so
that it is everywhere perpendicular to the extended electric field lines, as
shown in Fig. 7.8(e). This procedure is continued until the entire cross section
between the conductors is filled with two sets of orthogonal contours, as
shown in Fig. 7.8(f), thereby resulting in a field map made up of curvilinear
rectangles.

By drawing the field lines with very small spacings, we can make the
rectangles so small that each of them can be considered to be the cross section
of a parallel-plate line. If we now replace the magnetic field lines by perfect
conductors, since it does not violate any boundary condition, it can be seen
that the arrangement can be viewed as the parallel combination, in the angular
direction, of m number of series combinations of n number of parallel-plate
lines in the radial direction, where m is the number of squares in the angular
direction, that is, along a magnetic field line, and # is the number of squares
in the radial direction, that is, along an electric field line. We can then find
simple expressions for & and € of the line in the following manner.

Let us for simplicity consider the field map of Fig. 7.9, consisting of
eight segments 1, 2, . . ., 8 in the angular direction and two segments a and
b in the radial direction. The arrangement is then a parallel combination, in
the angular direction, of eight series combinations of two lines in the radial
direction, each having a curvilinear rectangular cross section. LetI,, L, . . .,
I; be the currents associated with the segments 1, 2, ..., 8, respectively,
and let ¥, and ¢, be the magnetic fluxes per unit length in the z-direction
associated with the segments a and b, respectively. Then the inductance per
unit length of the transmission line is given by

P = E — lpa + ",Ib
I Il + 12 + -+ Is
_ 1 .\ 1
A + Iz + e .I_s A + é sen + !ﬁ

U, E Yo Y P 173
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Let Oy, Oz, . . ., Qg be the charges per unit length in the z-direction associated
with the segments 1, 2, . . ., 8, respectively, and let V, and V,, be the voltages
associated with the segments a and b, respectively. Then the capacitance per

unit length of the transmission line is given by

Q O+ 0+ -+ 0s

€= Vo V,+V,
1 1 1
= L N K}Z + Kq Vb + e 4 m (7.25b)
Ql Ql QZ QZ QS Q8
= 1 -|— 1 + e + __.1___
1,1 1,1 1,1
(gla <€1b (gZa <g2b (g&z 66817

Generalizing the expressions (7.25a) and (7.25b) to m segments in the
angular direction and n segments in the radial direction, we obtain

i 1 (7.26a)
j=1 2 =
Z;

i=1

<

V=0

Figure 7.9. For deriving the expressions for the transmission-line parameters
from the field map.
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€ =

(7.26b)

I

i

12": 1
j=1 %

2

where £; and €; are the inductance and capacitance per unit length corresponding
to the rectangle i{j. The simplicity of the field mapping technique consists in
the fact that if the map consists of curvilinear squares (a curvilinear rectangle
becomes a curvilinear square if a circle can be inscribed in it), then &; and
€ are equal to u and &, respectively, according to (7.9) and (7.10), respectively.
Thus we obtain simple expressions for &, 4, and Z, as given by

n
£ = [J,; (7.27&)
6= e (7.27b)
n
k7 n _
Zy = \/% =0 (7.28)

The computation of Z, then consists of sketching a field map consisting of
curvilinear squares, counting the number of squares in each direction, and
substituting these values in (7.28). We shall consider an example.

Example 7.1.

Let us assume the dimensions of the shielded strip line of Fig. 7.6 to be as
follows: spacing between the two outer conductors = 0.04", width of center

conductor = 0.02”, and widths of outer conductors = 0.1". We wish to construct
a field map consisting of curvilinear squares and compute the approximate values
of &, 4, and Z,, considering the substrate to be a perfect dielectric having ¢ =
9gy and u = u,. For simplicity we shall assume the field to be confined to the

substrate region.

Drawing the cross section of the shielded strip line to scale and sketching
the field map approximately by trial and error, as shown in Fig. 7.10, we obtain

0.04" 1

0.1"

Figure 7.10. Approximate curvilinear square field map for the shielded strip
line of Ex. 7.1. For simplicity, the field is assumed to be confined to the

substrate region.
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m = 34 and n = 8. Then

n 8
£ = [.L; ~§,u,0 = 0.235u0 = 0.295 pH

34
€= s%z X 9g, = 38.25g, = 338.2 uuF

8
\/; n 8
Zy= |[——=40m X — =29.6Q)
em 34

D7.1. A parallel-plate transmission line is made up of perfect conductors of width
w = 0.2 m and separation d = 0.01 m. The medium between the plates is a
perfect dielectric of ¢ = 4gy and w = uo. For a uniform plane wave propagating
down the line, find the power crossing a given transverse plane for each of
the following cases at a given time in that plane: (a) the electric field between
the plates is 3007 V/m; (b) the magnetic field between the plates is 6 A/m;
(c) the voltage across the plates is 2.47 V; and (d) the current along the plates
is 1.5 A.

Ans: 37 W; 4327 W; 1.927 W; 6.757 W.

D7.2. Find the following: (a) the ratio d/w for a parallel-plate line of Z, = 30 Q if
e = 2.56g,; (b) the ratio b/a of a coaxial cable of Z, = 50 Q if & = 2.25g;
and (c) the ratio d/a of a parallel-wire line of Z, = 300 Q if ¢ = &. Assume
© = uo for all cases.

Ans: 0.127; 3.49; 6.132

D7.3. Two lossless transmission lines 1 and 2 have nonmagnetic (u = u,) perfect
dielectrics of &, = g and g, = 4g,, respectively. The values of the ratio m/n
corresponding to their curvilinear square field maps are 5 and 4 for lines 1 and
2, respectively. Find (@) v,1/v,, (b) £i/%, (¢) 61/%,, and (d) Zy/Zy, where
the subscripts 1 and 2 denote lines 1 and 2, respectively.

Ans: 2; 0.8; 0.3125; 1.6

7.2 LINE TERMINATED BY RESISTIVE LOAD

Notation

In the previous section, we obtained the general solutions to the transmission-
line equations for the lossless line, as given by (7.20a) and (7.20b). Since
these solutions represent superpositions of (+) and (—) wave voltages and
(+) and (—) wave currents, we now rewrite them as

V(z, ) = V' (@t — z/v,) + V7t + z/v,) (7.29a)
I(z, 0 = ZL[V+(t - z/v,) — V7 (t + z/v,)] (7.29b)
0
or, more concisely,
V=V*+V" (7.30a)
1 ., _
I= Z) V-V (7.30b)

with the understanding that V* is a function of (t — z/v,) and V™ is a function
of (¢t + z/v,). In terms of (+) and (—) wave currents, the solution for the
current may also be written as

I=I"+T (7.31)
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Comparing (7.30b) and (7.31), we see that

+
It = ‘;_ (7.32a)
0
v
I = 5 (7.32b)
0

The minus sign in (7.32b) can be understood if we recognize that in writing
(7.30a) and (7.31), we follow the notation that both V* and V™ have the same
polarities with one conductor (say, a) positive with respect to the other conductor
(say, b) and that both I and I~ flow in the positive z-direction along conductor
a and return in the negative z-direction along conductor b, as shown in Fig.
7.11. The power flow associated with either wave, as given by the product
of the corresponding voltage and current, is then directed in the positive z-
direction, as shown in Fig. 7.11. Thus,

V+ (V+)2
PY = VIt = Vo] = 2
<ZO) ZO

Since (V*)? is always positive, irrespective of whether V* is numerically
positive or negative, (7.33a) indicates that the (+) wave power does actually
flow in the positive z-direction, as it should. On the other hand,

(7.33a)

_ S | Vv (V)
P =VI=vV{-—|=-——= 7.33b

- ( Zo) Z (7.330)
Since (V™) is always positive, irrespective of whether V™ is numerically
positive or negative, the minus sign in (7.33b) indicates that P~ is negative,
and hence the (—) wave power actually flows in the negative z-direction, as
it should.

— It I Conductor a
Q (o)
+
vt V- ————— P+ P~
- Figure 7.11. Polarities for voltages
Q D and currents associated with (+) and
It, [-=~—— Conductor b  (—) waves.

Let us now consider a line of length / terminated by a load resistance
R, and driven by a constant voltage source V, in series with internal resistance
R,, as shown in Fig. 7.12. Note that the conductors of the transmission line
are represented by double ruled lines whereas the connections to the conductors
are single ruled lines, to be treated as lumped circuits. We assume that no
voltage and current exist on the line for ¢ < 0 and the switch S is closed at
t = 0. We wish to discuss the transient wave phenomena on the line for
t > 0. The characteristic impedance of the line and the velocity of propagation
are Z, and v,, respectively.

When the switch S is closed at ¢ = 0, a (+) wave originates at z = 0
and travels toward the load. Let the voltage and current of this (+) wave
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O—
Zy, v, % R,
b
—L Figure 7.12. A transmission line ter-
minated by a load resistance R, and
L—C O—- driven by a constant voltage source in
z=0 z=1 series with an internal resistance R,.

be V* and I, respectively. Then we have the situation at z = 0, as shown
in Fig. 7.13(a). Note that the load resistor does not come into play here since
the phenomenon is one of wave propagation; hence, until the (+) wave goes
to the load, sets up a reflection, and the reflected wave arrives back at the
source, the source does not even know of the existence of R;. This is
a fundamental distinction between ordinary (lumped) circuit theory and
transmission-line (distributed circuit) theory. In ordinary circuit theory, no
time delay is involved; the effect of a transient in one part of the circuit is
felt in all branches of the circuit instantaneously. In a transmission-line system,
the effect of a transient at one location on the line is felt at a different location
on the line only after an interval of time that the wave takes to travel from
the first location to the second. Returning now to the circuit in Fig. 7.13(a),
the various quantities must satisfy the boundary condition, that is, Kirchoff’s
voltage law around the loop. Thus we have

Vo—I"R,— V" =0 (7.34a)
We however know from (7.32a) that I* = V*/Z,. Hence we get
V+
Vo— =R, - V' =0 (7.34b)
Z,
or
Z
+ = — =0
Vv Vo R +7Z (7.35a)
v* V
It = = 0 )
Z, R, +Z, (7.350)

Thus, we note that the situation in Fig. 7.13(a) is equivalent to the circuit
shown in Fig. 7.13(b); that is, the voltage source views a resistance equal to

It
—— 1+
+
R, +
v+ Z ? vt
Vy -
— o Figure 7.13. (a) For obtaining the (+)
7 =0 2 =0 wave voltage and current at z = 0 for

the line of Fig. 7.12. (b) Equivalent
(b) circuit for (a).
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the characteristic impedance of the line, across z = 0. This is to be expected
since only a (+) wave exists at z = 0 and the ratio of the voltage to current
in the (+) wave is equal to Z,.

The (+) wave travels toward the load and reaches the termination at

= l/v,. It does not, however, satisfy the boundary condition there since
this condition requires the voltage across the load resistance to be equal to
the current through it times its value, R;. But the voltage-to-current ratio in
the (+) wave is equal to Z,. To resolve this inconsistency, there is only one
possibility, which is the setting up of a (—) wave, or a reflected wave. Let
the voltage and current in this reflected wave be V™ and I~, respectively.
Then the total voltage across R, is V" + V7, and the total current through
it is I'* + I, as shown in Fig. 7.14(a). To satisfy the boundary condition,
we have

Vi+V =R +17) (7.36a)

But from (7.322) and (7.32b), we know that I* = V*/Z,and I~ = —V~/Z,,
respectively. Hence,

Vi+V =R, (— - —) (7.36b)

or

(7.37)

We now define the ‘‘voltage reflection coefficient,”” denoted by the symbol
T, as the ratio of the reflected voltage to the incident voltage. Thus,

PV _R-2

V' TR, + Z, (7.38)

We then note that the ‘‘current reflection coefficient’’ is

I° =-V/Zy, V"

= vz, - V* = -T (7.39)

Now, returning to the reflected wave, we observe that this wave travels
back toward the source and it reaches there at t = 21/ v,. Since the boundary
condition at z = 0, which was satisfied by the orlgmal (+) wave alone, is

I +1- Y+ +717%

J—

+ +
Rg

V+

+V-SR; | A

Vo
- - Figure 7.14. For obtaining the volt-

= z=0 ages and currents associated with
(a) the (—) wave and (b) the (- +)
(b) wave, for the line of Fig. 7.12.
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then violated, a reflection of the reflection, or a re-reflection, will be set up
and it travels toward the load. Let us assume the voltage and current in this
re-reflected wave, which is a (+) wave, to be V™" and I” ¥, respectively,
with the superscripts denoting that the (+) wave is a consequence of the (—)
wave. Then the total line voltage and line current at z = O are V* + V™ +
V™ *and I* + I- + I~ ", respectively, as shown in Fig. 7.14(b). To satisfy
the boundary condition, we have

VY4V + VI =V,—RUI "+ +I7) (7.40a)
But we know that I* = V*/Z,,I" = -V~ /Z,,and " * = V™" /Z,. Hence,
R
Vi+V +V " =V,- ; Vt -V +V™H (7.40b)
0
Furthermore, substituting for V* from (7.35a), simplifying, and rearranging,
we get
R R
1+ =E) =V £ -1
Y ( Zo) <Zo )
or
R, — Z
vyt =y =2 7.41
R, + Z, .41

Comparing (7.41) with (7.37), we note that the reflected wave views the
source with internal resistance as the internal resistance alone; that is, the
voltage source is equivalent to a short circuit insofar as the (—) wave is
concerned. A moment’s thought will reveal that superposition is at work here.
The effect of the voltage source is taken into account by the constant outflow
of the original (+) wave from the source. Hence, for the reflection of the
reflection, that is, for the (— +) wave, we need only consider the internal
resistance R,. Thus, the voltage reflection coefficient formula (7.38) is a
general formula and will be used repeatedly. In view of its importance, a

brief discussion of the values of T for some special cases is in order as follows:

1. R, = 0, or short-circuited line.
_0-2Z,
0+ Z,
The reflected voltage is exactly the negative of the incident voltage,
thereby keeping the voltage across R, (short circuit) always zero.
2. R, = oo, or open-circuited line.
oo — Z0

°°+ZO

and the current reflection coefficient = —I' = —1. Thus, the reflected
current is exactly the negative of the incident current, thereby keeping
the current through R, (open circuit) always zero.

3. R, = Z,, or line terminated by its characteristic impedance.
_ Ly~ 2y _
Zy + Zy
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This corresponds to no reflection, which is to be expected since
R, (= Z,) is consistent with the voltage to current ratio in the (+) wave
alone, and hence there is no violation of boundary condition and no need
for the setting up of a reflected wave. Thus, a line terminated by its
characteristic impedance is equivalent to an infinitely long line insofar
as the source is concerned.

Bounce Returning to the discussion of the re-reflected wave, we note that this

diagram wave reaches the load at time t = 3//v, and sets up another reflected wave.
This process of bouncing back and forth of waves goes on indefinitely until
the steady state is reached. To keep track of this transient phenomenon, we
make use of the ‘‘bounce diagram’’ technique. Some other names given for
this diagram are ‘“‘reflection diagram” and ‘‘space-time diagram.”” We shall
introduce the bounce diagram through a numerical example.

Example 7.2.
Let us consider the system shown in Fig. 7.15. Note that we have introduced
a new quantity T, which is the one-way travel time along the line from z = 0
to z = [; that is, instead of specifying two quantities / and U,, we specify T(=1/v,).
Using the bounce diagram technique, we wish to obtain and plot line voltage
and current versus ¢ for fixed values z and line voltage and current versus z for
fixed values .

40 Q

Figure 7.15. Transmission-line system
for illustrating the bounce diagram
— —O- technique of keeping track of the tran-
sient phenomenon.

100V

N
]
(=]
N
1]
~—~

Before we construct the bounce diagram, we need to compute the following
quantities:
60
40 + 60

voltage carried by the initial (+) wave = 100 =60V

current carried by the initial (+) wave = % =1A

voltage reflection coefficient at load, I'y = H = %

40-60 1
40+60 5

Construction The bounce diagram is essentially a two-dimensional representation of the
of bounce transient waves bouncing back and forth on the line. Separate bounce diagrams
diagrams are drawn for voltage and current as shown in Figs. 7.16(a) and (b), respectively.
Position (z) on the line is represented horizontally and the time (#) vertically.
Reflection coefficient values for the two ends are shown at the top of the diagrams
for quick reference. Note that current reflection coefficients are -Tr=-1/3
and —T’s = 1/5, respectively at the load and at the source. Criss-cross lines

voltage reflection coefficient at source, Iy =
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(a) _ (b)

Figure 7.16. (a) and (b) Voltage and current bounce diagrams, respectively,
depicting the bouncing back and forth of the transient waves for the system
of Fig. 7.15.

are drawn as shown in the figures to indicate the progress of the wave as a
function of both z and f, with the numerical value for each leg of travel shown
beside the line corresponding to that leg and approximately at the center of the
line. The arrows indicate the directions of travel. Thus, for example, the first
line on the voltage bounce diagram indicates that the initial (+) wave of 60 V
takes a time of 1 us to reach the load end of the line. It sets up a reflected
wave of 20 V, which travels back to the source, reaching there at a time of 2
ws, which then gives rise to a (+) wave of voltage —4 V, and so on, with the
process continuing indefinitely.

Now, to sketch the line voltage and/or current versus time at any value
of z, we note that since the voltage source is a constant voltage source, each
individual wave voltage and current, once the wave is set up at that value of z,
continues to exist there forever. Thus, at any particular time, the voltage (or
current) at that value of z is a superposition of all the voltages (or currents)
corresponding to the criss-cross lines preceding that value of time. These values
are marked on the bounce diagrams for z = 0 and z = [. Noting that each
value corresponds to the 2 us time interval between adjacent criss-cross lines,
we now sketch the time variations of line voltage and current at z = 0 and
z = 1, as shown in Figs. 7.17(a) and (b), respectively. Similarly, by observing
that the numbers written along the time axis for z = 0 are actually valid for any
pair of z and ¢ within the triangle () inside which they lie and that the numbers
written along the time axis for z = [ are actually valid for any pair of z and ¢
within the triangle (<) inside which they lie, we can draw the sketches of line
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Figure 7.17. Time-variations of line voltage and line current at (a) z = 0, bz=1
and (c) z = I/2 for the system of Fig. 7.15.

Steady-state
Situation

voltage and current versus time for any other value of z. This is done for z =
1/2 in Fig. 7.17(c).

It can be seen from the sketches of Figs. 7.17(a)~(c) that as time progresses,
the line voltage and current tend to converge to certain values, which we can
expect to be the steady-state values. In the steady state, the situation consists
of a single (+) wave, which is actually a superposition of the infinite number
of transient (+) waves, and a single (—) wave, which is actually a superposition
of the infinite number of transient (—) waves. Denoting the steady-state (+)
wave voltage and current to be Vi; and I, respectively, and the steady-state
(—) wave voltage and current to be Vg and I, respectively, we obtain from
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the bounce diagrams,

4 1 1

e —_ P —_—— — s =

Vi =60 -4+ 60(1 513 ) 56.25V
1+—1—i+—1——-~—1——+i—---—09375A

8§ 15 225 h 15 ' 15 e

_ 4 4 _ RN B

Vis =20 -3+ 5 - _20<1 TR )—18.75V

S SIS SRS & R SUNRS I I

Is= 3+ ezt~ 3<1 5t I3 >_ 0.3125 A

Note that Ii = Vis/Z, and Iy = —Vi5/Z,, as they should be. The steady-state
line voltage and current can now be obtained to be

Vss = V;—s + VES = 75V

Iss = I;S + I.STS = 0.625A
These are the same as the voltage across R; and current through R, if the source
and its internal resistance were connected directly to R, , as shown in Fig. 7.18.
This is to be expected since the series inductors and shunt capacitors of the

distributed equivalent circuit behave like short circuits and open circuits, re-
spectively, for the constant voltage source in the steady state.

0.625 A

Lot

O

40 2 +
120S2§ sV

100V

T

o]

O Figure 7.18. The steady-state equiva-

0 z=1 lent for the system of Fig. 7.15.

z

Plots of line Sketches of line voltage and current as functions of distance (z) along the

voltage and line for any particular time can also be drawn from considerations similar to

current those employed for the sketches of Fig. 7.17. Thus, for example, suppose we

versus z wish to draw the sketch of line voltage versus z for + = 2.5 us. Then we note
from the voltage bounce diagram that for ¢ = 2.5 us the line voltage is 76 V
fromz = 0toz = I/2 and 80 V from z = [/2 to z = I. This is shown sketched
in Fig. 7.19(a). Similarly, Fig. 7.19(b) shows the variation of line current versus
zfort = 15 us.

AW h=25u V AUl1yzus A

100~ o 80 1

; >z ' > z
0 12 l 0 21/3 !
(2) (b)

Figure 7.19. Variations with z of (a) line voltage for ¢+ = 2.5 us and (b) line
current for ¢ = 1} us, for the system of Fig. 7.15.
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All the computations associated with the bounce diagram technique can
be carried out conveniently by using a computer program. The listing of a PC
program which computes all the voltages and currents in the bounce diagrams
and gives the line voltage and current versus z for specified values of time and
the output from a run of the program using values for the parameters as in Fig.
7.15 are shown as PL 7.1.

PL 7.1. Program listing and sample output for obtaining the volt-
age and current variations with distance, for fixed values of time,
along a line terminated by a resistance and driven by a constant
voltage source in series with internal resistance.

100
110
120
130
140
150
160
170
180
190
200

210
220
230
240
250
260
270
280
290
300

310
320

330
340
350
360
370
380
390
400
410

420
430
440
450
460
470
480

490
500

¥ e e ot e s e e s o sk ofe s ok e o o s ok ode s sl o o e s s e e sl s s ok ok s ke st s o e ok st ok e st ok ok ok ok sk ek ok

'%* TIME DOMAIN ANALYSIS FOR A LOSSLESS TRANSMISSION *
'* LINE TERMINATED BY A RESISTANCE AND DRIVEN BY A *
'* CONSTANT VOLTAGE SOURCE IN SERIES WITH INTERNAL *
'* RESISTANCE *
¥ s ke s s o e sk o e o st e o s e s s sk e s e sk ke s o e sl ok ok s e s ok s ok ok e o sl e sk ok ook ol sk ok ok
DEF FN TRD(ARG)=INT(ARG*100000!+,5)/100000!:'* ROUNDS
' ARG TO FIVE DECIMAL PLACES *

DIM V(20),C(20),VL(20),CL(20)

SB$="PRESS ANY KEY TO CONTINUE"

CLS:SCREEN O:PRINT "ENTER VALUES OF VO IN V, AND RG,R
L,":PRINT "AND ZO IN OHMS:"

PRINT:INPUT "VO = ",VO

PRINT:INPUT "RG ",RG:IF RGO THEN 200

PRINT:INPUT "RL ",RL:IF RL<O THEN 200

PRINT:INPUT "ZO ",Z0:IF Z0<=0 THEN 200

LOCATE 23,1:PRINT SB$:C$=INPUT$(1)

'k COMPUTE VALUES OF VOLTAGES AND CURRENTS IN THE

' BOUNCE DIAGRAMS *

V(0)=VO*ZO/(RG+ZO):C(O)=V(0)/ZO
GL=(RL—ZO)/(RL+ZO):GG=(RG—ZO)/(RG+ZO)

FOR I=1 TO 15 STEP 2:V(I)=V(I-1)*GL:C(I)=-V(I)/Z0:V(I
+1)=V(I)*GG:C(I+1)=V(I+1)/Z0:NEXT

VL(0)=0:CL(0)=0

FOR I=1 TO 16:VL(I)=VL(I—1)+V(I—1):CL(I)=CL(I—1)+C(I-
1) :NEXT

'* DETERMINE LINE VOLTAGE AND CURRENT VERSUS DISTANCE
' ALONG THE LINE FOR SPECIFIED VALUE OF TIME *
CLS:PRINT "ENTER ANY VALUE FROM O TO 16 FOR T/TO"
PRINT "FOR WHICH LINE VOLTAGE AND LINE CURRENT"

INPUT "VERSUS Z/L ARE DESIRED: ", TIME

IF TIME<KO OR TIME>16 THEN 350

CLS:PRINT "LINE VOLTAGE VS. Z/L AT T/TO =";TIME;"IS:"
PRINT:J=INT(TIME)

IF (J-INT(J/2)*2) THEN ZM=FN TRD(1-TIME+J):J1=J:J2=J+
1:GOTO 430

ZM=FN TRD(TIME-~J):J1=J+1:J2=J

IF VL(J1)=VL(J2) THEN ZM=0

IF ZM=0 THEN 460

PRINT FN TRD(VL(J1));"V FROM Z/L = 0 TO Z/L =";ZM

IF ZM=1 THEN 480

PRINT FN TRD(VL(J2));"V FROM Z/L =";ZM;" TO Z/L = 1"
PRINT:PRINT "LINE CURRENT VS. Z/L AT T/TO =";TIME;"IS
1

PRINT:IF ZM=0 THEN 510

PRINT FN TRD(CL(J1));"A FROM Z/L = 0 TO Z/L =";ZM

uu

]
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PL 7.1. (continued)
510 IF ZM=1 THEN 530

520 PRINT FN TRD(CL(J2));"A FROM Z/L =";ZM;" TO Z/L = 1"

530 LOCATE 23,1:PRINT SB$:C$=INPUT$(1)

540 CLS:PRINT "IF YOU WISH TO ENTER ANOTHER VALUE OF"
550 INPUT "T/TO, TYPE Y, OTHERWISE TYPE N: ",W$

560 IF LEFT$(W$,1)="Y" THEN 350

570 CLS:PRINT "IF YOU WISH TO TRY ANOTHER EXAMPLE,"
580 INPUT "TYPE Y, OTHERWISE TYPE N: ",W$

590 IF LEFT$(W$,1)="Y" THEN 200

600 CLS:PRINT "THE. END"

610 END

RUN
ENTER VALUES OF VO IN V, AND RG,RL,
AND ZO IN OHMS:

VO = 100
RG = 40
RL = 120
Z0 = 60

PRESS ANY KEY TO CONTINUE

ENTER ANY VALUE FROM 0 TO 16 FOR T/TO
FOR WHICH LINE VOLTAGE AND LINE CURRENT
VERSUS Z/L ARE DESIRED: 2.5

LINE VOLTAGE VS. Z/L AT T/TO = 2.5 IS:

76 V FROM Z/L
80 V FROM Z/L

0 TO Z/L = .5
.5 T0 Z/L =1

LINE CURRENT VS, Z/L AT T/TO = 2.5 IS:

.6 A FROM Z/L = 0 TO Z/L = .5
.66667 A FROM Z/L = .5 TO Z/L =1
PRESS ANY KEY TO CONTINUE
IF YOU WISH TO ENTER ANOTHER VALUE OF
T/TO, TYPE Y, OTHERWISE TYPE N: Y
ENTER ANY VALUE FROM 0 TO 16 FOR T/TO
FOR WHICH LINE VOLTAGE AND LINE CURRENT
VERSUS Z/L ARE DESIRED: 1,.33333
LINE VOLTAGE VS. Z/L AT T/TO = 1.33333 IS:

60 V FROM Z/L
80 V FROM Z/L

0 TO Z/L = .66667
.66667 TO Z/L =1

LINE CURRENT VS. Z/L AT T/TO = 1.33333 IS:

1 A FROM Z/L = 0 TO Z/L = .66667
.66667 A FROM Z/L = .66667 TO0 Z/L =1
PRESS ANY KEY TO CONTINUE
IF YOU WISH TO ENTER ANOTHER VALUE OF
T/TO, TYPE Y, OTHERWISE TYPE N: N
IF YOU WISH TO TRY ANOTHER EXAMPLE,
TYPE Y, OTHERWISE TYPE N: N
THE END
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by pulse
voltage
source

In Example 7.2, we introduced the bounce diagram technique for a

constant voltage source. The technique can also be applied if the voltage
source is a pulse. In the case of a rectangular pulse, this can be done by
representing the pulse as the superposition of two step functions, as shown
in Fig. 7.20, and superimposing the bounce diagrams for the two sources one
upon another. In doing so, we should note that the bounce diagram for one
source begins at a value of time greater than zero. Alternatively, the time-
variation for each individual wave can be drawn alongside the time axes
beginning at the time of start of the wave. These can then be used to plot
the required sketches. An example is in order to illustrate this technique,
which can also be used for a pulse of arbitrary shape.

Vo

J

\

Vg 1\ A

Ty

Figure 7.20. Representation of a rectangular pulse as the superposition of
two step functions.

Example 7.3.

Let us assume that the voltage source in the system of Fig. 7.15 is a 100 V
rectangular pulse extending from 1 = 0 to t = 1 us and extend the bounce
diagram technique.

Considering, for example, the voltage bounce diagram, we reproduce in
Fig. 7.21 part of the voltage bounce diagram of Fig. 7.16(a) and draw the time-
variations of the individual pulses alongside the time axes, as shown in the figure.
Note that voltage axes are chosen such that positive values are to the left at
the left end (z = 0) of the diagram, but to the right at the right end (z = !) of
the diagram.

From the voltage bounce diagram, sketches of line voltage versus time at
z = 0 and z = I can be drawn as shown in Figs. 7.22(a) and (b), respectively.
To draw the sketch of line voltage versus time for any other value of z, we note
that as time progresses, the (+) wave pulses slide down the criss-cross lines
from left to right, whereas the (—) wave pulses slide down from right to left.
Thus to draw the sketch for z = [/2, we displace the time-plots of the (+) waves
at z = 0 and of the (—) waves at z = [ forward in time by 0.5 us, that is, delay
them by 0.5 us, and add them to obtain the plot shown in Fig. 7.22(c).

Sketches of line voltage versus distance (z) along the line for fixed values
of time can also be drawn from the bounce diagram based on the phenomenon
of the individual pulses sliding down the criss-cross lines. Thus, if we wish to
sketch V(z) for t = 2.25 us, then we take the portion from ¢ = 2.25 us back
tos = 2.25 — 1 = 1.25 us (since the one-way travel time on the line is 1 us)
of all the (+) wave pulses at z = 0 and lay them on the line from z = 0 to
z = 1, and we take the portion from ¢ = 2.25 usback to ¢t = 2.25 — 1 = 1.25
s of all the (—) wave pulses at z = [ and lay them on the line from z = [ back
to z = 0. In this case, we have only one (+) wave pulse—that of the (— +)
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Figure 7.21. Voltage bounce diagram for the system of Fig. 7.15 except that
the voltage source is a rectangular pulse of 1 us duration from ¢ = 0 tot =
1 us.

wave—and only one (—) wave pulse—that of the (-) wave—as shown in Figs.
7.23(a) and (b). The line voltage is then the superposition of these two waveforms,
as shown in Fig. 7.23(c).

Similar considerations apply for the current bounce diagram and plots of
line current versus ¢ for fixed values of z and line current versus z for fixed
values of z.

In this section we have discussed the transient bouncing back and forth
of waves along a transmission line. An example in which this phenomenon
is of concern is in the interconnection of microelectronic silicon chips in a
high-speed digital computer.! We shall consider this topic in more detail in
Sec. 7.6. On the other hand, the same phenomenon can be used to advantage
as a diagnostic tool in the location of faults in transmission-line systems, as
we shall discuss in the following section.

D7.4. At a location on a transmission line of characteristic impedance 50 {1, the
voltage and current are known to be 20 V and 1 A, respectively, at a particular
instant of time. Find (a) the sum of all the (+) wave voltages, (b) the sum of
all the (—) wave voltages, (c) the sum of all the (+) wave currents, and (d)
the sum of all the {—) wave currents at that location and at that instant of
time.

Ans: 35 V; — 15V;0.7 A; 0.3 A,

D7.5. In the system shown in Fig. 7.24, the switch § is closed at + = 0. Find the
value of R, for each of the following cases: (a) V0.5, 1.6 us) = 75V,
(b) V(0.31, 2.5 us) = 44 V, and (c) V(0.7I, =) = 80 V.

Ans: 100 Q; 30 Q; 160 Q

! See, e.g., Albert J. Blodgett, Jr., “Microelectronic Packaging,”” Scientific American, July
1983, pp. 86-96.
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Figure 7.22. Time-variations of line voltage at (a) z = 0, (b) z

= |, and (c)
z = 1/2 for the system of Fig. 7.15, except that the voltage source is a
rectangular pulse of 1 us duration from ¢ = 0tot = 1 ps.
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Figure 7.23. Variations with z of (a)
the (— +) wave voltage, (b) the ()
wave voltage, and (c) the total line
) ! l . , Vvoltage, at r = 2.25 us for the system
0 2 ! of Fig. 7.15, except that the voltage
source is a rectangular pulse of 1 us
(c) duration from ¢t = 0to? = 1 us.
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D7.6. In Fig. 7.25, a line of characteristic impedance 50 £ is terminated by a passive
nonlinear element. A (+) wave of constant voltage V, is incident on the
termination. If the volt-ampere characteristic of the nonlinear element in the
region of interest is V, = 50I%, find the (—) wave voltage for each of
the following values of V,: (a) 66 V; (b) 50 V; and (c) 36 V.

Apns: 6 V;0V; -4V

S
a O— I
t=0 >
40 Q 7 =60
=60 Q +
Zy=50Q — v,
100V
| E— o
z=0 z=1
Figure 7.24. For Prob. D7.5. Figure 7.25. For Prob. D7.6.

7.3 TRANSMISSION-LINE DISCONTINUITY

Junction We now consider the case of a junction between two lines having different
between values for the parameters Z, and v,, as shown in Fig. 7.26. Assuming that
two lines a (+) wave of voltage V* and current I"* is incident on the junction from line
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tion for illustrating reflection (—) and
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1, we find that the (+) wave alone cannot satisfy the boundary condition at
the junction since the voltage-to-current ratio for that wave is Z,,, whereas
the characteristic impedance of line 2 is Z,, # Z,. Hence, a reflected wave
and a transmitted wave are set up such that the boundary conditions are
satisfied. Let the voltages and currents in these waves be V™, I~, and V* ,
I'"*, respectively, where the superscript + + denotes that the transmitted
wave is a (+) wave resulting from the incident (+) wave. We then have the
situation shown in Fig. 7.27(a).

I +1I" | It
—_ ] —
(o] T TTTTTTTO——
T+ I+
I
n +)
Vtr+ Vv : ytt Zy, AL §Z02
: Figure 7.27. (a) For obtaining the re-
-~ flected (—) wave and transmitted
(I) ——— o — (++) wave voltages and currents for
| the system of Fig. 7.26. (b) Equivalent
to (a) for using the reflection coeffi-
(a) (b) cient concept.
Using the boundary conditions at the junction, we then write
Vi+V =yt (7.42a)
'+r =1t (7.42b)
But we know that I = V*/Z,,I" = -V~ /Zy,andI** = V**/Z,,. Hence,

(7.42b) becomes

— - == (7.43)
ZO] ZOI ZOZ
Combining (7.42a) and (7.43), we have
Z
Vi VT =22V - V)
ZOI
_ Zoz) N (Zoz )
Vo1 + 22 = v (22 -1
( Zy Zy
or
Vi Zp —Zn
r=—=="7"-— 7.44
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Thus to the incident wave, the transmission line to the right looks like its
characteristic impedance Z,, as shown in Fig. 7.27(b). The difference between
a resistive load of Z;, and a line of characteristic impedance Z; is that, in
the first case, power is dissipated in the load, whereas in the second case,
the power is transmitted into the line.

We now define the ‘‘voltage transmission coefficient,”” denoted by the
symbol 7y, as the ratio of the transmitted wave voltage to the incident wave
voltage. Thus,

ARSI T Yo V-
= =ltyr =147 (7.45)

Ty =

The ““current transmission coefficient,”” 7., which is the ratio of the transmitted
wave current to the incident wave current, is given by

r~ I +r I
Tc=I+=T‘=1+I—+=1—F (7.46)

At this point, one may be puzzled to note that the transmitted voltage can
be greater than the incident voltage if T is positive. However, this is not of
concern, since then the transmitted current will be less than the incident
current. Likewise, the transmitted current is greater than the incident current
when T is negative, but then the transmitted voltage is less than the incident
voltage. In fact, what is important is that the transmitted power P*™ is always
less than (or equal to) the incident power P*, since

Pr=virrr=vta+DIda-rI
=VIrra-1%)=010-T%)pP*
and (1 — I'®) = 1, irrespective of whether I is positive or negative.

We shall illustrate the application of reflection and transmission at a
junction between lines by means of an example.

(7.47)

Example 7.4.
Let us consider the system of three lines in cascade, driven by a unit impulse
voltage source 8(f), as shown in Fig. 7.28(a). We wish to find the output voltage
V,, thereby obtaining the unit impulse response.

To find the output voltage, we draw the voltage bounce diagram, as shown
in Fig. 7.28(b). In drawing the bounce diagram, we note that since the internal
resistance of the voltage source is 50 , which is equal to Z,,, the strength of
the impulse that the generator supplies to line 1 is 3. The strengths of the various
impulses propagating in the lines are then governed by the reflection and trans-
mission coefficients indicated on the diagram. Also note that the numbers indicated
beside the criss-cross lines are simply the strengths of the impulses and do not
represent constant voltages.

From the bounce diagram, we note that the output voltage is a series of
impulses. In fact, the phenomenon can be visualized without even drawing the
bounce diagram, and the strengths of the impulses can be computed. Thus, the
strength of the first impulse, which occurs at t = T, + T, + T3 = 6 ps, is

50 100 — 50 50 — 100 1 4 2 4
1 X X 1+————><1+-——=1><—><—><—=§

50 + 50 100 + 50 50 + 100 233
Each succeeding impulse is due to the additional reflection and re-reflection of
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Figure 7.28. (a) A system of three lines in cascade driven by a unit impulse
voltage source. (b) Voltage bounce diagram for finding the output voltage
V() for the system of (a).

the previous impulse at the right and left end, respectively, of line 2. Hence,
each succeeding impulse occurs 27 or 4 us later than the previous one, and its

strength is
50 — 100\ /50 — 100 1 1 1
<50 n 100) (50 + 100) N <_ 5) <_ 5) 9
times the strength of the previous impulse. We can now write the output voltage
as

V()= gb‘(t -6x107% + 5455(: — 10 x 1079
4

538 — 14 X 107%) + -~ (7.48)
43S (1\" -6 -6

=->{=) 8¢ —4n x 107¢ — 6 x 1079
94 \9
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Note that 4/9 is the strength of the first impulse and 1/9 is the multiplication
factor for each succeeding impulse. In terms of Ty, T», and T3, we have

oo

V()= g > (é) 8t — 2nT, — (T, + T, + T3)]
n=0
45 (Y s aam - 1 oo
9~ \9 2 0

where we have replaced Ty + T, + T3 by To. ‘

Proceeding further, since the unit impulse response of the system is a
series of impulses delayed in time, the response to any other excitation can be
found by the superposition of time-functions obtained by delaying the exciting
function and multiplying by appropriate constants. In particular, by considering
V,(f) = cos wt, we can find the frequency response of the system. Thus, assuming
V() = cos wt and substituting the cosine function for the impulse function in
(7.49), we obtain the corresponding output voltage to be

oo

V(1) = % > (é) cos w(t — 2nTy — Tp) (7.50)
n=90

The complex voltage V() is then given by

=0

oS (é e-mn) (7.51)

n=0

9
_4
"9

_ @/
T 1 - (1/9)e
Without going into a detailed discussion of the result given by (7.51), we
can conclude the following: maximum amplitude occurs for 2w, = 2mm, m =

0,1, 2, ...; that is, for o = mn/T,, m = 0, 1,2, ..., and its value is
1 j/?/g = 0.5. Minimum amplitude occurs for 20T, = @m + Dm, m = 0,1,
2, ...; that is, for @ = @m + D7/2T,, m = 0, 1, 2, ..., and its value is
1 i/? 75 = 0.4. The amplitude response can therefore be roughly sketched, as

shown in Fig. 7.29.
A practical situation in which the discussion of this example is applicable
is in the design of a radome, which is an enclosure for protecting an antenna

{\ [ Vo(w)]
0.5 \_/\-/\/\
0.4 -

| ! | |
0 n/2T, m/T, 3n/2T, 2n/T, 57/2T,  3x/T,

L L > W

Figure 7.29. Rough sketch of amplitude response versus frequency for the
system of Fig. 7.28(a) for sinusoidal excitation.
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Free Space

€0, Mo

Time-domain

from the weather while allowing transparency for electromagnetic waves. A
simple, idealized, planar version of the radome is a dielectric slab with free space
on either side of it, as shown in Fig. 7.30. For reflection and transmission of
uniform plane waves incident normally onto the dielectric slab, the arrangement
is equivalent to three lines in cascade, with the characteristic impedances equal
to the intrinsic impedances of the media and the velocities of propagation equal
to those in the media. Thus the amplitude versus frequency response is of the
same form as that in Fig. 7.29, where T is the one-way travel time in the dielectric
slab and the maximum is 1 instead of 0.5 (the factor of 0.5 in Fig. 7.29 is due
to voltage drop across the internal resistance of the source in the transmission-
line system). Hence the lowestfrequency for which the dielectric slab is completely
transparent is w = @/T, = wc/I\/e,u, or f = ¢/2\/e,u,. Conversely for a given
frequency f, the minimum thickness for which the slab is transparent is [ =
c/2fVe.u, = M2, where X is the wavelength in the dielectric, corresponding
to f.

Perfect Dielectric Free Space
€=€g¢, €0 Mo
K= ok,

Figure 7.30. A perfect dielectric slab

|-—r———— [ ——————— ! N "
with free space on either side.

We shall now discuss ‘‘time-domain reﬂectometry,” abbreviated TDR,

reﬂectometry a technique by means of which discontinuities in transmission-line systems
can be located by makmg measurements with pulses. The block diagram of
a typical TDR system is shown in Fig. 7.31. It consists of a pulse generator
whose output is connected to the system under test through a matched attenuator.
Voltage pulses are propagated down the transmission-line system, and the
incident and reflected pulses are monitored by the display scope using a high-
impedance probe. The matched attenuator serves the purpose of absorbing
the pulses arriving back from the system so that reflections of those pulses
are not produced. We shall illustrate the application of a TDR system by
means of an example.

Pulse Display
Generator Sync Pulse Scope
High
| Impedance
Probe
Matched Y Sljlstfm
Ll naer
Attenuator Test Figure 7.31. Block diagram of a typi-
cal time-domain reflectometer.

Example 7.5.

Let us consider a transmission line under test as shown in Fig. 7.32, in which
a discontinuity exists at z = 4 m and the line is short circuited at the far end.
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———Q [®] —O—
TDR System Zy=609Q 120 © v, =2 X 108 m/s
e & -
0 ' 4m -z 10 m

Figure 7.32. A transmission line with discontinuity under test by a TDR
system.

We shall first analyze the system to obtain the waveform measured by a TDR
system connected at the input end z = 0, assuming the TDR pulses to be of
amplitude 1 V, duration 10 ns, and repetition rate 10° Hz. We shall then discuss
how one can deduce the information about the discontinuity from the TDR
measurement.

Assuming that a pulse from the TDR system is incident on the input of
the system under test at ¢ = 0, we draw the voltage bounce diagram as shown
in Fig. 7.33. Note that for a pulse incident on the discontinuity from either side,
the resistance viewed is the parallel combination of 120 O and Z(= 60 Q) of
the line, or 40 Q. Hence the reflection and transmission coefficients for the
voltage are given, respectively, by
40 — 60
40 + 60

w=1+T=038
From the bounce diagram, the voltage pulses which would be viewed on the
display scope of the TDR system up to ¢ = 200 ns are shown in Fig. 7.34.
Subsequent pulses become smaller and smaller in amplitude as time progresses

and diminish to insignificant values well before ¢+ = 10 us, which is the period
of the TDR pulses.

r= -0.2

r=-02,7, =08 r=-1
— ——
r=-02,7,=0238
1 €
— 1
0.8
40 P 50
-0.64
l IOOé 110
t,ns -0.128
z2=0 z=4m z=10m

Figure 7.33. Voltage bounce diagram for the system of Fig. 7.32, for TDR
pulses of amplitude 1 V.
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40 50 100 110 160 170

I I 1 - {, ns
o] 10 —0.128
=0.2 :

—0.64

Figure 7.34. Voltage versus time at the input of the transmission line of Fig.
7.32, as displayed by the TDR system.

Now, to discuss how one can deduce information about the discontinuity
from the TDR display of Fig. 7.34, without a priori knowledge of the discontinuity
but knowing the values of Z, and v, of the line and that the line is short circuited
at the far end of unknown distance from the input, we proceed in the following
manner:

The first pulse is the outgoing pulse from the TDR system. The second
pulse arriving at the input of the system under test at z = 40 ns is due to reflection
from a discontinuity, since if there is no discontinuity, the voltage of the second
pulse should be —1 V and there should be no subsequent pulses. From the
voltage of the second pulse, we know that the reflection coefficient at the dis-
continuity is —0.2. The effective resistance R, seen by the incident pulse is
therefore given by the solution of

RL - 60 _

R; + 60
which is 40 . Since this value is less than the Z, of the line, the discontinuity
must be due entirely to a resistance in parallel with the line or due to a combination
of series and parallel resistors; it cannot be due entirely to a resistance in series

with the line. Let us proceed with the assumption of a parallel resistor alone.
Then the value of this resistance R must be such that

60R
60 + R

solving which we obtain R = 120 Q. The location of the discontinuity can be
deduced by multiplying v, by 20 ns, which is one-half of the time interval between
the first and second pulses. Thus the location is 2 X 108 X 20 X 10™° = 4 m.

Continuing, let us postulate that the third pulse of —0.64 V at ¢ = 100 ns
is due to reflection occurring at a second discontinuity located at z = 4 + 2 x
10* x (60/2) x 10™° = 10 m. In terms of the reflection coefficient at the second
discontinuity, denoted I',, the voltage of the third pulse would be Tyrl aTyL , Where
7vg and 7y, are the voltage transmission coefficients at z = 4 m, for pulses
incident from the right and from the left, respectively. Since Tyg and 7y, are
both equal to 0.8, we then have 0.64I', = —0.64 or I', = — 1, which corresponds
to a short circuit, which would then give a fourth pulse of —0.128 V at t = 160
ns, and so on. From these reasonings, we confirm the assumption of a parallel
resistor of 120 Q) for the discontinuity at z = 4 m and also conclude that the
short circuit is at z = 10 m and that no discontinuities exist between z = 4 m

0.2

= 40
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and the short circuit. If the value of I', comes out to be different from — 1, then
further reasonings are necessary to deduce the information. It should also be
noted that the line of reasoning depends on which of the line parameters are
known.

D7.7. Consider a (+) wave incident from line 1 onto the junction between lines 1
and 2 having characteristic impedances Z,, and Z, respectively. Find the
values of Zy/Zg, for the following cases: (a) the reflected wave voltage is 1/3
times the incident wave voltage; (b) the transmitted wave voltage is 1 /3 times
the incident wave voltage; and (c) the reflected wave voltage is 1 /3 times the
transmitted wave voltage.

Ans: 2;0.2; 3
D7.8. The output voltage V,(?) for a system of three lines in cascade is given by

Vi) == 3 (1) 8(t — 107 — 2 x 107°)
4:75\3

when the input voltage Vi(¢) is 8(f). If V(1) = cos wt, find the amplitude of
V.(¢) for the following values of w: (a) 10°7; (b) 1.5 x 10°7; and () 2 X 10%7.
Ans: 0.1875; 0.2372; 0.375

D7.9. In the system shown in Fig. 7.35, a wave carrying power P is incident on the
junction aa’ from line 1. Find (a) the power reflected into line 1; (b) the power
transmitted into line 2; and (c) the power transmitted into line 3.
Ans: 0.04P; 0.64P, 0.32P

Figure 7.35. For Prob. D7.9.

7.4 REACTIVE TERMINATIONS AND DISCONTINUITIES

Inductive
termination

Thus far, we have been concerned with purely resistive terminations and
discontinuities. Now, we shall consider examples of lines terminated by reactive
elements and lines having reactive discontinuities. Let us first consider the
system shown in Fig. 7.36 in which a line of length ! is terminated by an
inductor L with zero initial current and a constant voltage source with internal
resistance equal to the characteristic impedance of the line is connected to
the line at ¢ = 0. The internal resistance is chosen to be equal to Z, so that
no reflection takes place at the source end.

The moment the switch S is closed at ¢ = 0, a (+) wave originates at
z = 0 with voltage V* (= V,/2) and current I (= Vo/2Z,) and travels down
the line to reach the load end at time 7. Since the inductor current cannot
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[,(0-)=0

D—>»

Zy, T %L

z=1

Figure 7.36. A line terminated by an inductor with zero initial current and
driven by a constant voltage source in series with internal resistance equal
to Z, of the line.

change instantaneously from zero to V,/2Z,, the boundary condition at z =
! is violated, and hence a (—) wave is set up. Let the voltage and current in
this (—) wave be V7(¢) and I" (), respectively. Then the total voltage across

V V \a .
L and the total current through L are | — + V™ | and —2 — —|, respectively,
2 2Z, Z,
as shown in Fig. 7.37. To satisfy the boundary condition at
z = I, we then have
Vo - d{Vvy, V~
— =L—|—= - = 7.52
2 TV Ldt(ZZO zo) (7.52)

Noting that V, is a constant and hence that dV,/dt is zero, and rearranging,
we obtain

L A (7.53)

This differential equation for [V~],_; has to be solved, subject to the initial
condition. This initial condition is that the current through the inductor is
zero at ¢ = T; that is, the inductor behaves initially like an open circuit. Thus

atz = [,
v _
__P__V_ =0
272, Z,|,

=T

Vo _ v+
2Z,  Z,

Figure 7.37. For obtaining the (—)
wave voltage and current for the sys-
! tem of Fig. 7.36.
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or

_ V
Vs == (7.54)
The general solution for the differential equation can be written as
Vo= - %’ + Ae” G (7.55)
where A is an arbitrary constant to be evaluated using (7.54). Thus we have
Y_Q - _ K) —(Zy/ )T
5 = > + Ae
or
A = V,e@/DT (7.56)

Substituting this result in (7.55), we obtain the solution for [V7],_, as

vV, t) = — %’ + Voe @M=D fort>T (7.57)

The corresponding solution for the (—) wave current is given by

V6D _ Yo Yop-ame-n gor;>1 | (7.58)

ren=-—=—=5"

The (—) wave, characterized by V™ and I™ as given by (7.57) and (7.58),
respectively, travels back toward the source, and it does not set up a reflected
wave, since the reflection coefficient at that end is zero. At this point, it is
worth noting that when the termination is not resistive, the concept of reflection
coefficient is no longer useful for studying transient behavior. In fact, we
note from (7.57) and (7.58) that the ratio of reflected voltage and current to
the incident voltage and current, respectively, are no longer constants as in
the resistive case.

We may now write the expressions for the total voltage across the inductor
and the total current through the inductor as follows:

V.
Vi, 1= 7" +V (D
0 fort<T
- V, e~ @/Da=D fort> T (7.59)
VY -
I, = 27, +1I° (0
0 fort<T
= (7.60)
?[1 — " @DEDY fort>T
0

These quantities are shown sketched in Figs. 7.38(a) and (b), respectively. It
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Alll -,

(b}

Figure 7.38. Time-variations of (a) voltage across the inductor and (b) current
through the inductor, for the system of Fig. 7.36.

may be seen from these sketches that in the steady state, the voltage goes to
zero and the current goes to V,/Z,. This is consistent with the fact that the
inductor behaves like a short circuit for the DC voltage in the steady state,
and hence the situation in the steady state is the same as that for a short-
circuited line. Note also that the variations of the voltage and current from
t = Ttot = oo are governed by the time constant L/Z,, which is that of
the inductor L in series with Z, of the line. In fact, we can obtain the voltage
and current sketches from considerations of initial and final behaviors of the
reactive element and the time constant without formally going through the
process of setting up the differential equation and solving it. We shall illustrate
this procedure by means of an example.

Example 7.6.

Capacitive Let us consider the system shown in Fig. 7.39 consisting of a series capacitor
discontinuity of value 10 pF at the junction between the two lines. Note that line 2 is terminated
S a 10 pF
Y | N
Q C I l—() C
t=0
50Q
2y =509 Zyy =150 2 150 2
T=1ns
20V )
L() e _ 0]
z=0 a

Figure 7.39. Transmission-line system with a capacitive discontinuity.
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362

by its own characteristic impedance whereas the internal resistance of the voltage
source is equal to the characteristic impedance of line 1 so that no reflections
occur at the two ends of the system. We shall assume that the capacitor is
initially uncharged and obtain the plots of line voltage and line current at the
input z = 0 from considerations of initial and final behaviors of the capacitor.

Plots of line voltage and line current at z = 0 versus time are shown in
Figs. 7.40(a) and (b), respectively. We shall explain the several features in these
plots as follows:

When the switch S is closed at t = 0, a (+) wave of voltage 10 V and
current 0.2 A goes down the line. Since the voltage across a capacitor cannot
change instantaneously, the initially uncharged capacitor behaves like a short
circuit when the (+) wave impinges on the junction aa’ at t = 1 ns. Therefore
the (+) wave then sees a resistance of Zy (= 150 Q) across aa’ and produces
a (—) wave of initial voltage 5 V and initial current —0.1 A. The (—) wave
arrives initially at z = 0 at ¢+ = 2 ns, thereby changing the line voltage and line
current there to 15 V and 0.1 A, as shown in Figs. 7.40(a) and (b), respectively.
In the steady state, the capacitor behaves like an open circuit, which explains
the steady-state values of 20 V and 0 A in these plots. Between t = 2 ns and
t = oo, the voltage and current vary exponentially with a time constant of
107" x 200 = 2 x 10~°s = 2 ns, which is that of C (= 10 pF) in series with
(Zoy + Zy) or 200 Q. The voltage and current values at t = 4 ns are thus given
by 15+ 51 — e ') =18.16 Vand 0.1 — 0.1 (1 - e = 0.037 A, respectively.

Finally, the arguments which we have employed to explain the features
in Figs. 7.40(a) and (b) can be used to deduce information about the nature of
the discontinuity if the plots represent measurements by a time-domain
reflectometer.

1\ [V]z=03 A
o j;—_—_:_:;;f_—:
- |
10 : 18.16
i
! ' > ¢, 13
0 2 4
(a)
1\ [Il,=0,A
0.2
0.1 0.037
' > ¢, ns
0 2 4
(b)

Figure 7.40. Plots of (a) line voltage and (b) line current at z = 0, for the
system of Fig. 7.39.
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D7.10. In the system of Fig. 7.36, assume that Vo = 20 V, Z, = 50 Q, and T =
1 us. Find the value of the voltage across the inductor at £ = 3 us for each
of the following cases: (a) L = 0.1 mH, I;(0-) = 0 A; (b) L = 0.1 mH,
L{0-) = 0.05 A; and (¢c) L = 0.05 mH, I,(0-) = 0.2 A.

Ans: 7.36 V; 6.44 V; 1.35 V

D7.11. In the system shown in Fig. 7.41, the capacitor is initially uncharged. Find
the values of the line voltage at z = 0 at the following times: (a) t = 2 ns+;
()t = ; and (c) t = 3 ns.

Ans: 0 V; 10 V; 632V

S
omm D-—e—Q LO—
t=0
50 Q
Zy=508 Z, =502 50 Q2
T=1ns 40 pF 0
20V

—I_ — g —
z=0

Figure 7.41. For Prob. D7.11.

7.5 LINES WITH INITIAL CONDITIONS

Arbitrary Thus far, we have considered lines with quiescent initial conditions, that is,

distribution ~ with no initial voltages and currents on them. We now consider lines with
nonzero initial conditions. We shall first discuss the general case of arbitrary
initial voltage and current distributions by decomposing them into (+) and
(—) wave voltages and currents. To do this, we consider the example shown
in Fig. 7.42, in which a line open circuited at both ends is charged initially,
say, at t = 0, to the voltage and current distributions shown in the figure.

AV(z,0),V
1(z, 0)
— 50
Q O
+ o+ o+ o+ 4 +T+ + [ ~—
> Z
zp=s00 1 0 i !
T=1us z,0)
o o 1(z,0), A
Q (@]
z=0 z=1 1
L >z
0 12 I

Figure 7.42. A line open circuited at both ends and initially charged to the
voltage and current distributions V(z, 0) and I(z, 0), respectively.
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Writing the line voltage and current distributions as sums of (+) and
(—) wave voltages and currents, we have

V*(z,0) + V7 (z,0) = V(z,0) (7.61a)
I*(z, 0) + I"(z, 0) = I(z, 0) (7.61b)
But we know that I" = V*/Z,and I- = —V~/Z,. Substituting these into
(7.61b) and multiplying by Z,, we get
V*(z,0) — V7 (z,0) = Zl(z, 0) (7.62)
Solving (7.61a) and (7.62), we obtain
1
Vi(z,0) = 5 V&, 0) + Zl(z, 0)] (7.63a)
1
Vi(z, 0) = 3 [V(z, 0) — ZI(z, 0)] (7.63b)

Thus, for the distributions V(z, 0) and I(z, 0) given in Fig. 7.42, we obtain
the distributions of V*(z, 0) and V™ (z, 0) as shown by the sketches in Fig.
7.43(a), and hence of I*(z, 0) and I (z, 0), as shown by the sketches in Fig.
7.43(b).

V¥ (z,0),V I*(z,0), A

—
| >z
0 12 I
V=(z,0),V A1 0,A
D
— ' L7
12 I 0| <= 2 !
_1 —
(a) (b)

Figure 7.43. Distributions of (a) voltage and (b) current in the (+) and (—) waves
obtained by decomposing the voltage and current distributions of Fig. 7.42.

Suppose we wish to find the voltage and current distributions at some
later value of time, say, t = 0.5 us. Then, we note that as the (+) and (—)
waves propagate and impinge on the open circuits at z = [ and z = 0,
respectively, they produce the (—) and (+) waves, respectively, consistent
with a voltage reflection coefficient of 1 and current reflection coefficient of
—1 at both ends. Hence at 1 = 0.5 us, the (+) and (—) wave voltage and
current distributions and their sum distributions are as shown in Fig. 7.44, in
which the points A, B, C, and D correspond to the points A, B, C, and D,
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Figure 7.44. Distributions of (a) voltage and (b) current in the (+) and (—) waves
and their sum for 1 = 0.5 us for the initially charged line of Fig. 7.42.

respectively, in Fig. 7.43. Proceeding in this manner, one can obtain the
voltage and current distributions for any value of time.

Suppose we connect a resistor of value Z, at the end z = lat ¢ = 0
instead of keeping it open circuited. Then, the reflection coefficient at that
end becomes zero thereafter and the (+) wave, as it impinges on the resistor,
gets absorbed in it instead of producing the (—) wave. The line therefore
completely discharges into the resistor by the time ¢ = 1.5 us, with the
resulting time-variation of voltage across R, as shown in Fig. 7.45, where the
points A, B, C, and D correspond to the points A, B, C, and D, respectively,
in Fig. 7.43.

[V, V

Figure 7.45. Voltage across R,
(= Z, = 50 Q) resuiting from connect-

' » f,us ingitats = 0totheendz = [of
0.5 1.0 1.5 2.0 the line of Fig. 7.42.
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Uniform
distribution

For a line with uniform initial voltage and current distributions, the
analysis can be performed in the same manner as for arbitrary initial voltage
and current distributions. Alternatively and more conveniently, the analysis
can be carried out with the aid of superposition and bounce diagrams. The
basis behind this method lies in the fact that the uniform distribution corresponds
to a situation in which the line voltage and current remain constant with time
at all points on the line until a change is made at some point on the line. The
boundary condition is then violated at that point, and a transient wave of
constant voltage and current is set up, to be superimposed on the initial
distribution. We shall illustrate this technique of analysis by means of an
example.

Example 7.7.
Let us consider a line of Z, = 50 Q and T = 1 us initially charged to uniform
voltage Vo = 100 V and zero current. A resistor R, = 150 € is connected at
t = 0 to the end z = 0 of the line, as shown in Fig. 7.46(a). We wish to obtain
the time-variation of the voltage across R; for ¢t > 0.

(a) (b)

Figure 7.46. (2) A transmission line charged initially to uniform voltage V,.
(b) For obtaining the voltage and current associated with the transient (+)
wave resulting from the closure of the switch in (a).

Since the change is made at z = 0 by connecting R, to the line, a (+)
wave originates at z = 0 so that the total line voltage at that point is V, + vt
and the total line current is 0 + I*, or I*, as shown in Fig. 7.46(b). To satisfy
the boundary condition at z = 0, we then write

Vo+ V¥ = =R, I" (7.64)
But we know that I* = V*/Z;. Hence we have

Vo+ V' = R v* (7.65)
Zy
or
Z
+ o Q0
Vi = -V, R+ Z (7.66a)
1
+ P — —
I'= -V, R+ Z (7.66b)

For V, = 100 V, Z, = 50 Q, and R, = 150 €, we obtain Vvt = -25Vand I*
= —0.5 A.

We may now draw the voltage and current bounce diagrams, as shown in
Fig. 7.47. We note that in these bounce diagrams, the initial conditions are
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L=1/2 r=1 -r'=-1/2 -I'=-1
‘ 100 V > ‘ 0A ’
0 " 0 0 o 0
100 : 0
- 1
75 —25 1 0.5 05
2 -12.5 >0 2 -0.25 0
l 4 ~6.25 25 4 -0.125 0
t, us
18.75 —6.25 5 -0.125 0.125 5
6 12.5 6 0
z=0 z=1 z=0 z=]

Figure 7.47. Voltage and current bounce diagrams depicting the transient
phenomenon for 7 > 0 for the line of Fig. 7.46(a), for V, = 100 V, Z, = 50
Q, R, =150Q,and T = 1 us.

accounted for by the horizontal lines drawn at the top, with the numerical values
of voltage and current indicated on them. Sketches of line voltage and current
versus z for fixed values of ¢ can be drawn from these bounce diagrams in the
usual manner. Sketches of line voltage and current versus ¢ for any fixed value
of z can also be drawn from the bounce diagrams in the usual manner. Of
particular interest is the voltage across R, which illustrates how the line discharges
into the resistor. The time-variation of this voltage is shown in Fig. 7.48.

{\ [V] R L? v
75
37.5 . .. o .

18.75 Figure 7.48. Tlme-\{arla'tlon of voltage

9.375 across R, for ¢t > 0 in Fig. 7.46(a) for

' ! > fus Vo =100V, Z, = 50Q, R, = 150 Q,

0 2 4 6 and T = 1 ps.

Check of It is instructive to check the energy balance, that is, to verify that the
energy energy dissipated in the 150 £ resistor for z > 0 is indeed equal to the energy
balance stored in the line at t = 0—, since the line is lossless. To do this, we note that,

in general, energy is stored in both electric and magnetic fields in the line, with
S | 1 . . .
energy densmesz %V? and 2 P, respectively. Thus, for a line charged uniformly

to voltage V; and current I, the total electric and magnetic stored energies are
given, respectively, by

i PPSPIED P
We=>@Vil =35 Vi, T .67
1., 1 1V}
== ==—T
5 @V %_T 27,
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and

W, = %5’15 l= %.Eflﬁv,,T
. . . (7.67b)
_ = 2~ 7 _ 152
= 5 415 \/%T I 2T

Since for the example under consideration, Vo, = 100 V, I, = 0,and T = 1 us,
W, = 107*J and W,, = 0. Thus, the total initial stored energy in the line is
10~ J. Now, denoting the power dissipated in the resistor to be P,, we obtain
the energy dissipated in the resistor to be

Wd = fko Pd dt
B J-2x10-6~7i2dt N f4><10-5 37.52 . f6><10—6 18.752 U+
o 150 ax10-s 150 ax10-s 150
2 x 1078 R 1 1 s
= 150 X75<1+4+16+...>—10 J

which is exactly the same as the initial stored energy in the line, thereby satisfying
the energy balance.

The technique which we have illustrated in Ex. 7.7 can be applied to a
system consisting of any number of lines as long as the uniformity of initial
voltage and current distributions holds for each line. Let us consider an
example involving two lines.

Example 7.8.
The system shown in Fig. 7.49 is in steady state with the switch § open. At
t = 0, the switch is closed, thereby connecting the 100 €} resistor across the
junction between the two lines. We wish to determine the line voltages and
currents at z = [— and z = [+ at ¢ = 0, that is, immediately after closure of

the switch.
I e Q
i
100 £ Line 1 1=0 Line 2
Zy=100Q Zy=50Q 100 &
120V _|: 100
z=0 z=]- z =1+ Z=2l

Figure 7.49. A transmission-line system in steady state for 1 = 0— and in which a
100 Q resistor is connected across the junction between the lines at ¢ = 0.

Since the voltage source is a constant voltage source, the steady-state
situation can be viewed as though the source is connected directly to the 100
resistor at z = 21, thereby resulting in a current of 0.6 A in the loop and producing
a voltage drop of 60 V across the 100 Q resistor. Thus, at ¢ = 0—, both lines
are charged to a voltage of 60 V and a current of 0.6 A.

When the switch is closed at ¢ = 0, the steady-state conditions are disturbed
and the resulting transient phenomenon can be taken into account by the setting
up of a (+) wave to the right of the junction and a (—) wave to the left of the
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junction, to be superimposed on the steady-state phenomenon. Thus, the situation

at ¢ = 0+ is as shown in Fig. 7.50. To satisfy the new boundary conditions,
we then write

60 +V =60+ V*

0.6 +1 =06+1" +L(60 + VY

100
But we know that I" = V*/50 and I~ = —V~/100. Substituting these and
solving for V* and V~, we obtain

Vt=—-15V, V- = -15V
It then follows that
I'=—-03A, I"=015A
The required voltages and currents are then given by
Vi-,0+)=60 - 15=45V
Vi+,0+) =60 — 15=45V
I0—,0+) = 0.6 + 0.15 = 0.75 A
Il+,0+)=06-03=03A

0.6+1" 0.6+ 1"
e e
JE— —Q
+T +
60+ V™ 100 © 60+ v+

Figure 7.50. For obtaining the tran-
sient (+) and (—) wave voltages and
currents resulting from the closure of

D7.12.

D7.13.

40 Q

100 vV

Sec. 7.5

- ——  the switch § in the initially charged
z =1+ system of Fig. 7.49.

For the line of Fig. 7.42 with the initial voltage and current distributions as
given in the figure, find the following: (a) V(I/2, 0.25 us); (b) I(/2, 0.25 us);
(©) V(/4, 1 us); and (d) I(1/4, 1 us).
Ans: 37.5V; 0.75 A;25V; —0.5 A

In the system shown in Fig. 7.51, steady-state conditions are established with
the switch S open. At ¢t = 0, the switch is closed. Find the following:
(@ V({I—,0-); b) Vi—, 0+); (c) Il—, 0—); and (d) I(I—, 0+).

Ans: 80 V; 65 V; 0.5 A; 08 A

o

60 Q

Zy =509 Zyp=50Q §1009

Figure 7.51. For Prob. D7.13.
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7.6 INTERCONNECTIONS BETWEEN LOGIC GATES

Thus far we have been concerned with time-domain analysis for lines with
terminations and discontinuities made up of linear circuit elements. Logic
gates present nonlinear resistive terminations to the interconnecting transmission
lines in digital circuits. The analysis is then made convenient by a graphical
technique known as the ‘‘load-line’’ technique. We shall first introduce this
technique by means of an example.

Load-line
technique

Example 7.9.

370

Let us consider the transmission-line system shown in Fig. 7.52 in which the
line is terminated by a passive nonlinear element having the indicated V-I re-
lationship. We wish to obtain the time variations of the voltages Vs and V; at
the source and load ends, respectively, following the closure of the switch S at

t = 0, using the load-line technique.

Passive Nonlinear

5
b

Zy=50Q v, } v, =501, I,
C

!

Figure 7.52. A line terminated by a passive nonlinear element and driven
by a constant voltage source in series with internal resistance.

With reference to the notation shown in Fig. 7.52, we can write the following
equations pertinent to t = 0+ at z = O:

50 = 2005 + Vs (7.68a)
Vs = V+
vVt Vs
gyt Y _7Xs
Iy=1 Z, 50 (7.68b)

where V* and I are the voltage and current, respectively, of the (+) wave set
up immediately after closure of the switch. The two equations (7.68a) and (7.68b)
can be solved graphically by constructing the straight lines representing them,
as shown in Fig. 7.53, and obtaining the point of intersection A, which gives
the values of Vs and Is. Note in particular that (7.68b) is a straight line of slope
1/50 and passing through the origin.

When the (+) wave reaches the load end z = [ at t = T, a (—) wave is
set up. We can then write the following equations pertinent to ¢+ = T+ at
z=1L

V. = 501, I, (7.69a)
V.=V + V"
. e
I = I'+1 = %‘
0 (7.69b)
V=W -V 2V -V,
50 50
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Al
Lo T2V AV
0.4 <\\\ S~ 50 )
S Vv, =501, | I |
\\\ B
0.3 SS > WH-y,
°~.¢C L= ==
A E
0.2 7D
d 50 =200[g + Vg 4
14
0.1 o= -3
5750
| 1 | ; | | N
0 2 4 6 8 10 12

Figure 7.53. Graphical solution for obtaining time-variations of Vs and V,
for ¢ > 0 in the transmission-line system of Fig. 7.52.

where V™ and I” are the (—) wave voltage and current, respectively. The solution
for V; and I is then given by the intersection of the nonlinear curve representing
(7.69a) and the straight line of slope —1/50 corresponding to (7.69b). Noting
V+
from (7.69b) that for V, = V", I, = o
through point A. Thus the solution of (7.69a) and (7.69b) is given by point B in
Fig. 7.53.
When the (—) wave reaches the source end z = 0 at + = 27, it sets up
areflection. Denoting this to be the (—+) wave, we can then write the following
equations pertinent to ¢t = 2T+ at z = 0:

50 = 2005 + Vg (7.70a)
Vs=V*+V +V*

, we see that the straight line passes

+ _ y- -+
IS=I++I—+I—+=VV—+V

Z (7.70b)
V-V (V- VE-VT) =2V 4V
B 50 h 50
where V™ * and I * are the (—+) wave voltage and current, respectively. Noting
+ -
from (7.70b) that for Vg = V¥ + V7, I, = V——L, we see that (7.70b)

50
represents a straight line of slope 1/50 passing through B. Thus the solution of
(7.702) and (7.70b) is given by point C in Fig. 7.53.

Continuing in this manner, we observe that the solution consists of obtaining
the points of intersection on the source and load V-I characteristics by drawing
successively straight lines of slopes 1/Z, and —1/Z,, beginning at the origin (the
initial state) and with each straight line originating at the previous point of
intersection, as shown in Fig. 7.53. The points A, C, E, . . ., give the voltage
and current at the source end for 0 < ¢t < 2T, 2T <t < 4T, 4T <t < 6T, . . .,
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whereas the points B, D, . . . , give the voltage and current at the load end for
T <t <3T,3T <t<5T,.... Thus for example, the time-variations of Vg
and V; are as shown in Figs. 7.54(a) and (b), respectively. Finally, it can be
seen from Fig. 7.53 that the steady-state values of line voltage and current are
reached at the point of intersection (denoted SS) of the source and load V-I
characteristics.

10

' ! ‘ —» £, S

Figure 7.54. Time-variations of (a) V;
| | £, s and (b) V., for the transmission-line

Inter-
connection
between
two TTL
inverters

Analysis
Of [ 10) ) to
gy
transition

1 3 5 system of Fig. 7.52. The voltage lev-

els A, B, C, . .. correspond to those
(b) in Fig. 7.53.

We shall now apply the load-line technique to the analysis of the system
in Fig. 7.55(a) in which two transistor-transistor logic (TTL) inverters are
interconnected by using a transmission line of characteristic impedance Z,
and one-way travel time 7. As the name inverter implies, the gate has an
output which is the inverse of the input. Thus if the input is in the HIGH
(logic ““1”’) range, the output will be in the LOW (logic ‘‘0’’) range, and vice
versa. Typical V-I characteristics for a TTL inverter are shown in Fig. 7.55(b).
As shown in this figure, when the system is in the steady state with the output
of the first inverter in the ‘0’ state, the voltage and current along the line
are given by the intersection of the output 0 characteristic and the input
characteristic; when the system is in the steady state with the output of the
first inverter in the <1’ state, the voltage and current along the line are given
by the intersection of the output *‘1°” characteristic and the input characteristic.
Thus the line is charged to 0.2 V for the steady-state “0’’ condition and to
4V for the steady-state ‘1" condition. We wish to study the transient phenomena
corresponding to the transition when the output of the first gate switches
from the ““0’" to the “‘1” state, and vice versa, assuming Z, of the line to be
30 Q.

Considering first the transition from the *‘0”" state to the ‘“1>’ state, and
following the line of argument in Ex. 7.9, we carry out the construction shown
in Fig. 7.56(a). This construction consists of beginning at the point corresponding
to the steady-state ‘0" (the initial state) and drawing a straight line of slope
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Do
Vl'o_ Zy, T _1
= =l

i

Output “1” State

Steady-State “1”

Output “0” State

(b)

Figure 7.55. (a) Transmission-line interconnection between two logic gates.
(b) Typical V-I characteristics for the logic gates.

1/30 to intersect with the output “‘1”’ characteristic at point A, then drawing
from point A a straight line of slope —1/30 to intersect the input characteristic
at point B, and so on. From this construction, the variation of the voltage
V; at the input of the second gate can be sketched as shown in Fig. 7.56(b),
in which the voltage levels correspond to the points ““0°’’, B, D, . . . , in Fig,
7.56(a). The effect of the transients on the performance of the system may
now be seen by noting from Fig. 7.56(b) that depending on the value of the
minimum gate voltage which will reliably be recognized at logic ““1,”” a time
delay in excess of 7 may be involved in the transition from ““0”’ to *‘1.”” Thus
if this minimum voltage is 2 V, the interconnecting line will result in an extra
time delay of 27 for the input of the second gate to switch from ‘0’ to “1,”
since V; does not exceed 2 V until r = 3T+.
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transition

4\ I, mA

30

20 ZO=3OQ

Output “0” State

(a)
AV V
4 |
2.95
31 26
2 -
1.55
l -
0.2
' ' >t
0 T 3T 5T
(b)

Figure 7.56. (a) Construction based on the load-line technique for the analysis
of ““0” to “‘1” transition for the system of Fig. 7.55(a). (b) Plot of V, versus
t obtained from the construction in (a).

Considering next the transition from the ‘1’ state to the “‘0”’ state, we
carry out the construction shown in Fig. 7.57(a), with the criss-cross lines
beginning at the point corresponding to the steady-state “1.”” From this con-
struction, we obtain the plot of V; versus ¢, as shown in Fig. 7.57(b), in which
the voltage levels correspond to the points *“1”°, B, D, . . ., in Fig. 7.57(a).
If we assume a maximum gate input voltage which can be readily recognized
as logic ““0”’ to be 1V, it can once again be seen that an extra time delay of
2T is involved in the switching of the input of the second gate from “‘1’* to
“0,”" since V; does not drop below 1 V until ¢ = 3T+.
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Zy,=308
Output “1” State
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(@)
AViV
4
3 —

2
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l —
0.4
Loy roer,

0 T 3T 5T
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Figure 7.57.

(a) Construction based on the load-line technique for the analysis
of *“1” to “‘0” transition for the system of Fig. 7.55(a). (b) Plot of V, versus

t obtained from the construction in (a).

D7.14. Assume that in the system of Fig. 7.52 the values of the voltage source and
its internal resistance are 12 V and 10 (), respectively, and that Z; of the line
is 100 Q0. By using the load-line technique, find the approximate values of
(@ Vyoatr = 2 us; (b) Vgat ¢t = 3 us; (¢c) Vo at t = 4 us; and (d) V. at

=
Ans:2V;93V;5V;8V

(==

Sec. 7.6

Interconnections Between Logic Gates



7.7 SUMMARY

In this chapter we first introduced the parallel-plate transmission line by con-
sidering a uniform plane wave propagating between two parallel perfectly
conducting plates and showed that wave propagation on a transmission line
can be discussed in terms of voltage and current, which are related to the
electric and magnetic fields, respectively, by deriving the transmission-line

equations
A4 = — o (7.71a)
dz ot
a = —‘gﬂ/ (7.71b)
0z ot

which then led us to the concept of the distributed circuit. The parameters
Z and €, which differ from one line to another, are the inductance and
capacitance, respectively, per unit length of the line. The solutions to the
transmission-line equations are

Viz, 1) = Af(t — z/v,) + Bg(t + z/v,) (7.722)
Iz, 1) = Zi[Af(t - z/v,) — Bg(t + z/v,)] (7.72b)
0

where Z, = \V¥/%€ is the characteristic impedance of the line and v, =

1/ \/f‘@ is the velocity of propagation on the line.

We discussed the microstrip line, also based on two parallel plane con-
ductors and used extensively in microwave integrated circuitry and digital
systems. We considered several other common types of lines and learned
how to compute £, 4, and Z, for a line of arbitrary cross section by constructing
a curvilinear square field map in the cross-sectional plane of the line. If m
is the number of squares tangential to the conductors and # is the number of
squares normal to the conductors, then

n

£=u (7.73a)

¢ =2 (7.73b)
n

Z = \/f_’* n (7.73¢)
EMmM

where u and ¢ are the material parameters of the medium between the conductors
of the line.

We then discussed time-domain analysis of a transmission line terminated
by a load resistance R, and excited by a constant voltage source V, in series
with internal resistance R,. Writing the general solutions (7.72a) and (7.72b)
concisely in the manner

VeVt  (7.740)
I=1"+1 (7.74b)
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where

V+
I = —Z— (7.753)
0
I = —‘;— (7.75b)
0

we found that the situation consists of bouncing back and forth of transient
(+) and (—) waves between the two ends of the line. The initial (+) wave
voltage is V*Z,/(R, + Z;). All other waves are governed by the reflection
coefficients at the two ends of the line, given for the voltage by

RL - ZO
=220 )
R=R, + Z, (7.76a)
and
_ Rg - Zo
ST R, + Z, (7.76b)

for the load and source ends, respectively. In the steady state, the situation
is the superposition of all the transient waves, equivalent to the sum of a
single (+) wave and a single (—) wave. We discussed the bounce diagram
technique of keeping track of the transient phenomenon and extended it to a
pulse voltage source.

We learned that when a wave is incident from, say, line 1 onto a junction
with line 2, reflection occurs just as though line 1 is terminated by a load
resistor equal to the characteristic impedance of line 2. A transmitted wave
goes into line 2 in accordance with the voltage and current transmission
coefficients

7v=1+T (7.77a)
and
7¢c=1-T (7.77b)

respectively, where I is the voltage reflection coefficient. Applying this to a
system of three lines in cascade, we showed how to obtain the unit impulse
response of the system and from it obtain the frequency response. We then
extended the analysis to lines with discontinuities to discuss and illustrate by
means of an example the application of time-domain reflectometry, an important
experimental technique.

We then considered lines with reactive terminations and discontinuities,
where we learned that the reflection coefficient concept is not useful to study
the transient behavior. It is necessary to write the differential equations
pertinent to the boundary conditions at the terminations and/or discontinuities,
and solve them subject to the appropriate initial conditions; alternatively, the
required voltages and currents can be obtained from considerations of initial
and final behaviors of the reactive element(s), and associated time constant(s).

As a prelude to the consideration of interconnections between logic gates,
we discussed time-domain analysis of lines with nonzero initial conditions.
For the general case, the initial voltage and current distributions V(z, 0) and
I(z, 0) are decomposed into (+) and (—) wave voltages and currents as given
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by
V*(z,0) = %[V(z, 0) + Zol(z, 0)]

V-, 0) = %[V(z, 0) — ZoI(z, 0)]

1
+ - —yt
I'(z,0) ZOV (z, 0)

I'(z,0) = _Zi V(z,0
0

The voltage and current distributions for ¢ > 0 are then obtained by keeping
track of the bouncing of these waves at the two ends of the line. For the
special case of uniform distribution, the analysis can be performed more
conveniently by considering the situation as one in which a transient wave is
superimposed on the initial distribution.

Finally, we discussed the load-line technique of time-domain analysis,
which is particularly useful with nonlinear resistive terminations, and applied
the technique to the analysis of transmission-line interconnection between
logic gates.

REVIEW QUESTIONS

R7.1. Describe the phenomenon of guiding of a uniform plane wave by a pair of
parallel, plane, perfectly conducting sheets.

R7.2. Discuss the derivation of the transmission-line equations from the field equations
by considering the parallel-plate line.

R7.3. Discuss the concept of the distributed circuit as compared to a lumped circuit.

R7.4. What is a transverse electromagnetic wave? How is the uniform plane wave
a special case of the transverse electromagnetic wave?

R7.5. Explain why the product of £ and € of a line is equal to the product of u and
¢ of the dielectric of the line.

R7.6. What is the significance of the “‘characteristic impedance’” of a line? Why is
it not in general equal to the intrinsic impedance of the medium between the
conductors of the line?

R7.7. Discuss the geometry associated with the microstrip line and the determination
of its characteristic impedance.

R7.8. Describe the procedure for computing the transmission-line parameters by using
the field mapping technique.

R7.9. Discuss the general solutions for the line voltage and current and the notation
associated with their representation in concise form.

R7.10. What is the fundamental distinction between the occurrence of the response
in one branch of a lumped circuit to the application of an excitation in a different
branch of the circuit and the occurrence of the response at one location on a
transmission line to the application of an excitation at a different location on
the line?
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R7.11.

R7.12.

R7.13.

R7.14.

R7.15.

R7.16.

R7.17.

R7.18.

R7.19.

R7.20.
R7.21.

R7.22,

R7.23.

R7.24.

R7.25.

R7.26.

R7.27.

R7.28.

R7.29.

R7.30.

Describe the phenomenon of the bouncing back and forth of transient waves
on a transmission line excited by a constant voltage source in series with internal
resistance and terminated by a resistance.

What is the nature of the formula for the voltage reflection coefficient? Discuss
its values for some special cases.

What is the steady-state equivalent of a line excited by a constant voltage
source? What is the actual situation in the steady state?

Discuss the bounce diagram technique of keeping track of the bouncing back
and forth of the transient waves on a transmission line, for a constant voltage
source.

Discuss the bounce diagram technique of keeping track of the bouncing back
and forth of the transient waves on a transmission line, for a pulse voltage
source.

How are the voltage and current transmission coefficients at the Jjunction between
two lines related to the voltage reflection coefficient?

Explain how it is possible for the transmitted voltage or current at a junction
between two lines to exceed the incident voltage or current.

Discuss the determination of the unit impulse response of a system of three
lines in cascade.

Outline the procedure for the determination of the frequency response of a
system of three lines in cascade from its unit impulse response.

What is a radome? How is it analyzed by using transmission line equivalent?
Describe the technique of locating discontinuities in a transmission-line system
by using a time-domain reflectometer.

Discuss the transient analysis of a line driven by a constant voltage source in
series with a resistance equal to the Z, of the line and terminated by an inductor,
Why is the concept of reflection coefficient not useful for studying the transient
behavior of lines with reactive terminations and discontinuities?

Discuss the determination of the transient behavior of lines with reactive ter-
minations and discontinuities without formally setting up the differential equations
and solving them.

Discuss the determination of the voltage and current distributions on an initially
charged line for any given time from the knowledge of the initial voltage and
current distributions.

Discuss with the aid of an example the discharging of an initially charged line
into a resistor.

Discuss the bounce diagram technique of transient analysis of a line with
uniform initial voltage and current distributions.

How do you check the energy balance for the case of a line with initial voltage
and/or current distribution(s) and discharged into a resistor?

Discuss the load-line technique of obtaining the time-variations of the voltages
and currents at the source and load ends of a line from a knowledge of the
terminal V-I characteristics.

Discuss the analysis of transmission-line interconnection between two logic
gates.
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PROBLEMS

P7.1.

P7.2.

A parallel-plate transmission line is made up of perfect conductors of width
w = 0.1 m and lying in the planes x = 0 and x = 0.01 m. The medium
between the conductors is a nonmagnetic (u = po), perfect dielectric. For a
uniform plane wave propagating along the line, the voltage along the line is
given by

V(z, ©) = 10 cos 3w x 10% — 3mz) V

Find (a) the electric field intensity E,(z, f) of the wave, (b) the magnetic field
intensity H,(z, t) of the wave, (¢) the current I(z, 1) along the line, and (d) the
power flow P(z, t) down the line.

A parallel-plate transmission line consists of an arrangement of two perfect
dielectrics, as shown by the transverse cross section in Fig. 7.58. Note that
(i = (e, so that the TEM waves propagating in the two dielectrics are in
phase at all points along the interface between the dielectrics. Neglect fringing
of fields and compute the values of £, %, and Z, of the line.

Figure 7.58. For Prob. P7.2.

P7.3. Repeat Prob. P7.2 for a parallel-plate line having the transverse cross section

shown in Fig. 7.59.

0.0l m

- T
T |
€y < 960 { €y = 3€0 z
By = Mg : By = 3u I y
| X
!

P7.4.

P7.5.

‘ P7.6.

380

l<— 0.lm —+—0.1 m JP(
Figure 7.59. For Prob. P7.3.

The dimensions of a microstrip line are given by d = w = 5 mm. The relative
permittivity of the substrate is 10. Find the characteristic impedance.

By applying the curvilinear squares technique to a coaxial cable of inner radius
a and outer radius b, show that the characteristic impedance of the cable is
(n/2m) In b/a, where 7 is the intrinsic impedance of the dielectric of the cable.

The inner conductor of a coaxial cable has a square cross section of sides
a whereas the outer conductor has a circular cross section of diameter 3a.
(a) By constructing a field map consisting of curvilinear squares, obtain the
approximate value of Z, in terms of n of the dielectric. (b) What should be
the radius of a cylindrical inner conductor such that the characteristic impedance
is the same as that found in (a)?
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P7.7. The cross section of an eccentric coaxial cable consists of an outer circle of
radius @ = 5 cm and an inner circle of radius b = 2 cm, with their centers
separated by d = 2 cm. By constructing a field map consisting of curvilinear
squares, obtain the approximate value of Z, in terms of 7 of the dielectric.

P7.8. Assume the dimensions for the shielded strip line of Fig. 7.6 to be as follows:
spacing between the two outer conductors = 3 mm, width of center conductor
= 2.5 mm, and widths of outer conductors = 9 mm. Construct a curvilinear
square field map and compute the approximate values of £, €, and Z,, assuming
that the substrate is a nonmagnetic perfect dielectric of & = Sgy and the field
is confined to the substrate region.

P7.9. In the system shown in Fig. 7.60, the switch S is closed at ¢t = 0. Find and
sketch (a) line voltage versus z for ¢+ = 0.5 us, (b) line voltage versus ¢ for

z = 100 m, and (c) line current versus ¢ for z = — 300 m.
30V S
— MMQ 0
150 ;g
: Zy=759 Zy=60Q S
759‘§ vp=3X108m/s vp=2><108m/s §60‘Q

L o D— — g —0
z=-300m — z=0- z =0+ —> z =300 m

Figure 7.60. For Prob. P7.9.

P7.10. In the system shown in Fig. 7.61(a), the switch S is closed at ¢ = 0. The line
voltage variations with time at z = 0 and z = [ for the first § us are observed
to be as shown in Figs. 7.61 (b) and (c), respectively. Find the values of Vo,

R,, R;, and T.
-y
Zy=100Q g
T:'l/l)p < RL
-0 —
z=0 z=1]
(a)
;}[V]FO,V Vi,-pVv
100_'_—|_90 100
I 75
! | ] > f, 1S | ! > [, US
0 2 4 . 0 2 4 6
(b) ©

Figure 7.61. For Prob. P7.10.
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P7.11. The system shown in Fig. 7.62 is in the steady state. Find (a) the line voltage
and current, (b) the (+) wave voltage and current, and (c) the (—) wave voltage

and current.
G -
40Q 7 =75
70’ =1 p? 60 &
100V
-l_ —J O
z=0 z=1 Figure 7.62. For Prob. P7.11.

P7.12. In the system shown in Fig. 7.63, the switch § is closed at + = 0. Assume
V(9 to be a direct voltage of 90 V and draw the voltage and current bounce
diagrams. From these bounce diagrams, sketch the following: (a) line voltage
and line current versus t (up to ¢t = 7.25 us) at z = 0,z = [, and z = 1/2;
(b) line voltage and line current versus z for r = 1.2 us and t = 3.5 us.

300
Zy =608
T=1ps 240 Q2

Vo ()

z=0 z=1 Figure 7.63. For Prob. P7.12.

P7.13. For the system of Prob. P7.12, assume that the voltage source is of 0.3 us
duration instead of being of infinite duration. Find and sketch the line voltage
and line current versus z for t = 1.2 us and £ = 3.5 ps.

P7.14. In the system shown in Fig. 7.64, the switch S is closed at ¢ = 0. Find and
sketch (a) the line voltage versus z for t = 2} us, (b) the line current versus
z for t = 2% us, and (c) the line voltage at z = [ versus rup to ¢ = 4 us.

a D—
r=0
40 Q
Zy=60Q >
T=1ps 209 §
V, (2)
a )]
z=0 z=]
AGRY
100
b | | | >t us
0 0.5 10 15 20 ’ Figure 7.64. For Prob. P7.14.

382 Transmission Lines 1. Time-Domain Analysis Chap. 7



P7.15. In the system shown in Fig. 7.65, the switch S is closed at ¢ = 0. Draw the
voltage and current bounce diagrams and sketch the following: (a) line voltage
and line current versus ¢ for z = 0 and z = [; (b) line voltage and line current
versus z for t = 2,9/4, 5/2, 11/4, and 3 us. Note that the period of the source
voltage is 2 us, which is equal to the two-way travel time on the line.

@)

508
Zy=508
T=1us

10sin 105 1t V

o——
z=0 z=1 Figure 7.65. For Prob. P7.15.

P7.16. In the system shown in Fig. 7.66, an incident wave of voltage V* strikes the
discontinuity from the left, that is, from line 1. Find the reflected wave voltage
and current into line 1 and the transmitted wave voltage and current into line

2.
R,=150%
O—AMWW—Q
. + .
Line 1 +) R,=100Q Line 2
Zy =500 Zp=1000
O - Figure 7.66. For Prob. P7.16.

P7.17. In the system shown in Fig. 7.67, (a) find the output voltage V, across the 100
Q resistor for V,(f) = 8(5), and (b) find and sketch the amplitude of V,(r) versus
o for V() = cos wt.

T T o
|
1502 | : +
zy=150a | zy=500 | Zz,=1009Q s
T=1us : T=1us l T=1us 100 2 Yo
Ve () | { -
! |
6 é) oO—

Figure 7.67. For Prob. P7.17.

P7.18. In Fig. 7.68(a), the plane I is the input plane from which a uniform plane wave
is incident normally on the interface between medium 1 and medium 2, and
the plane O is the output plane in which the response of the system is observed.
For an incident wave of E,(r) = &(?), find the permittivity e,(> &) and the
thickness ! of medium 2 required to obtain the electric field E_(¢) in the output
plane, as shown in Fig. 7.68(b), in which the interval between successive
impulses is 2 us. Then find the value of A. Hint: Use transmission-line analogy.
First find &, and then /.
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P7.19.
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2us’<—

(b) Figure 7.68. For Prob. P7.18.

In Fig‘. 7.69, a (+) wave carrying power P is incident on the junction a—a’
from }me 1. Find (a) the power reflected into line 1, (b) the power transmitted
into line 2 and (c) the power transmitted into line 3.

a

o0 "

Line 1

Line 2

Zy =100 Q Zy; =100 Q

P7.20.

P7.21.

P7.22.

384

Line 3
Zy3 =508

Figure 7.69. For Prob. P7.19.

In the system shown in Fig. 7.70, a (+) wave carrying power P is incident on
the junction a—a’ from line 1. (a) Find the value of R for which there is no
reflected wave into line 1. (b) For the value of R found in (a), find the power
transmitted into each of lines 2 and 3.

In the system of Fig. 7.32, assume that the discontinuity at z = 4 m is a resistor
of value 40 Q in series with the line, instead of the 120 Q parallel resistor.
Find and sketch the waveform that the TDR system would measure up to ¢t =
200 ns.

In the system shown in Fig. 7.71, the switch § is closed at ¢ = 0, with no
current in the relay coil and with the relay in position 1. When the relay coil
current I, reaches 1.73 A, the relay switches to position 2; when the current
drops to 0.636 A, the relay swtiches back to position 1. (a) Find the time ¢,
at which the relay switches to position 2. (b) Find the time #, at which the
relay switches back to position 1.
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Line 1 (+)

Zy=60Q ~—

Figure 7.70. For Prob. P7.20.

Zy=50Q Relay 50 Qg
T=1ms Coil Qo1H S
IL
— 00—+ Figure 7.71. For Prob. P7.22.

P7.23. In the system shown in Fig. 7.72, the switch S is closed at r+ = 0, with the

voltage across the capacitor equal to zero. (a) Obtain the differential equation
for V™ at z = I. (b) Find the solution for V=, .

L
ZO

Zy, T

z=0 z=] Figure 7.72. For Prob. P7.23.

P7.24. In the system shown in Fig. 7.73, the switch S is closed at + = 0, with the
lines uncharged and with zero current in the inductor. Obtain the solution for
the line voltage versus time at z = [+.

L
—O—JVV —Q

ZO’ T ZO ZO

Figure 7.73. For Prob. P7.24.

Chap. 7 Problems 385



P7.25. In the system shown in Fig. 7.74(a), the network N consists of a single circuit
element (R, L, or C). The system is initially uncharged. The switch S is closed

at ¢t = 0, and the line voltage at z =

0 is observed to be as shown in Fig.

7.74(b). (a) Determine whether the circuit element is R, L, or C. (b) Find the

value of Zy,/Zy,.

S
(@] O 2 )] C
t=0
Zy
Zo, T Zg Zgy
Vo
0] O— »- y 0] C
z=0
(2)
AVl -0
075V, f———————
0.5,
L >t
0 27,

(b)
Figure 7.74.

For Prob. P7.25.

P7.26. In Fig. 7.75(a), the line is short circuited at one end z = 0 and open circuited
at the other end z = 100 m. At ¢ = 0, the current is zero throughout the line,
and the voltage distribution is given by V(z, 0) = 10 sin 0.0057rz V as shown
in Fig. 7.75(b). Find and sketch the voltage and current distributions on the
line for values of ¢ equal to 0.5 us and 1 us.

-O_ (0]
+ 4+ 4+ + + +H+ o+
Z,=50%
V(z,0
v, = 108 m/s @0
)_ — — _ — O
z=0 z =100 m
(a)
V(z,0),V

(b)
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P7.27. In the system of Fig. 7.75(a), assume that a resistor of value 50 ) is connected
at the end z = 100 m at t = 0. Find and sketch the voltage across the resistor
Versus f.

P7.28. In the system shown in Fig. 7.76, a passive nonlinear element having the
indicated volt-ampere characteristic is connected to an initially charged line at
¢t = 0. Find the voltage across the nonlinear element immediately after closure
of the switch.

N

Q_— O
+ + + o+ 4+ A+ + gy

+
Zy=50Q 10V V=s50|Il1

0 z=1 Figure 7.76. For Prob. P7.28.

P7.29. In the system shown in Fig. 7.77, steady-state conditions are established with
the switch S closed. At = 0, the swtich is opened. (a) Find and sketch the
voltage across the 150 () resistor for ¢ = 0, with the aid of a bounce diagram.
(b) Show that the total energy dissipated in the 150 Q resistor after opening
the switch is exactly the same as the energy stored in the line before opening

the switch.
t=0
D] C
A
50
Zy=509
2ol s 150
100V
L, (
z=0 z=1 Figure 7.77. For Prob. P7.29.

P7.30. In the system shown in Fig. 7.78, a line of characteristic impedance 50 Q and
charged to 10 V is connected at ¢ = 0 to another line of characteristic impedance
75 Q and charged to 5 V. The one-way travel time, T, is equal to 1 us for
both lines. (a) Find the energy stored in the system at ¢t = 0—. (b) By obtaining
the line voltage and current distributions along the system at ¢t = 1 us—,
compute the energy stored in the system at ¢ = 1 us— and show that energy
is conserved.

a % O

+T+++++++t=0+++++++T+

. Zy=509 Zy=75Q

l T=1pus T=1us l

a D—Q O Figure 7.78. For Prob. P7.30.
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P7.31.

In the system shown in Fig. 7.79, steady-state conditions are established with
the switch S closed. At t = 0, the switch is opened. (a) Sketch the voltage
and current along the system for ¢ = 0—. (b) Find the total energy stored in
the lines for t = 0—. (c) Find and sketch the voltages across the two resistors
for t > 0. (d) From your sketches of part {(c), find the total energy dissipated
in the resistors for ¢ > 0.

ZO—60.Q IOOE Z0 6082

60 Q 120 2
=1us
S t=
O QO
z=-l z=0 Figure 7.79. For Prob. P7.31.

P7.32. In the system shown in Fig. 7.80, steady-state conditions are established with
the switch S open and no current in the inductor. At ¢ = 0, the swtich is
closed. (a) Obtain the expression for the line voltage and current versus ¢ at

= [. (b) Sketch the line voltage and current versus z for t = 7/2,
S
O
Z, t=0
ZO> T L
Vo
L .
z=0 z=1 Figure 7.80. For Prob. P7.32.

P7.33.

P7.34.

P7.35.

P7.36.

For the system of Prob. P7.12, use the load-line technique to obtain and plot
line voltage and line current versus ¢ (up to z = 5.25 us)atz = Oand z = L.
Also obtain the steady-state values of line voltage and current from the load-
line construction.

For the system of Prob. P7.28, use the load-line technique to obtain and plot
line voltage versus ¢t from ¢t = Quptot = 7l/v,atz = Oand z = L

For the example of interconnection between logic gates in Sec. 7.6, repeat the
load-line constructions for Z, = 50 Q and draw graphs of V; versus ¢ for both
“0’” to ““1”” and ‘1"’ to ‘0" transitions.

For the example of interconnection between logic gates in Sec. 7.6, find
(2) the minimum value of Z, such that for the transition from ““0” to ‘1, the
voltage V; reaches 2 V at t = T+, and (b) the minimum value of Z, such that
for the transition from ‘1>’ to *‘0,”’ the voltage V; reaches 1 Vat ¢ = T+.

PC EXERCISES

PC7.1. Extend the program of PL 7.1 to give as its output line voltage and line current

388

versus ¢ for specified values of z.

Transmission Lines 1. Time-Domain Analysis Chap. 7



PC7.2.

PC7.3.

PC7.4.

PC7.5.

Chap. 7

Modify the program of PL 7.1 for a rectangular pulse voltage source of duration
from¢ = 0 to ¢t = T. The value of T is to be considered as additional input
to the program. The output from the program is to consist of line voltage
and line current versus z for specified values of ¢.

Consider a system of three lines in cascade, as that in Fig. 7.28(a), driven
by a voltage source in series with a resistance equal to Z, and terminated
by a resistance equal to Zy;. Using the values of Z,, Z,, and Zy; as input,
write a program which computes and plots the frequency response of the
amplitude of V,, as in Fig. 7.29, except in the interval 0 =< oT, = 7 only,
since the plot is periodic. An odd number of points n, where # is input to
the program, are to be used in drawing the plot.

Consider »n lines in parallel emanating from a junction a—b. For a wave
incident on the junction from line i, where i = 1, 2, 3, .. ., n, it is desired
to compute the fraction of the incident power reflected into that line and
the fraction of the incident power transmitted into each of the remaining
(n — 1) lines, assuming that no reflection occurs of the reflected wave and
of the transmitted waves. The number # of the lines, the characteristic imped-
ances of the lines, and the number i of the line from which the wave is incident
on the junction are to be considered as inputs to the program.

Write a program which applies the load-line technique to the time-domain
analysis of a line excited by a constant voltage source in series with a resistance
and terminated by a resistance. The output is to consist of the time-variations
of the voltages and currents at the two ends of the line, up to a specified
value of time, and the steady-state values of the line voltage and line current.
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Transmission Lines 2.
Sinusoidal Steady-State
Analysis

In Chap. 7 we introduced transmission lines and then discussed time-domain
analysis of transmission-line systems. In this chapter, we shall be concerned
with the steady-state analysis of transmission-line systems excited by sinusoidally
time-varying sources. We recall from Chap. 7 that the phenomenon on a
transmission line excited by a source connected to the line at a certain instant
of time, say, ¢t = 0, consists of the transient bouncing of (+) and (—) waves
along the line for > 0. In the steady state, the situation is equivalent to the
superposition of one (+) wave, which is the sum of all the transient ()
waves, and one (—) wave, which is the sum of all the transient (—) waves.
Thus the general solutions for the line voltage and line current in the sinusoidal
steady state are superpositions of voltages and currents, respectively, of si-
nusoidal (+) and (—) waves. We shall first write these general solutions and
then discuss several topics pertinent to sinusoidal steady-state analysis of
transmission-line systems.

We shall introduce the standing wave concept by first considering the
particular case of a short-circuited line and then the general case of a line
terminated by an arbitrary load. We shall discuss several techniques of
transmission-line matching. In this connection, we shall introduce the Smith
chart, a useful graphical aid in the solution of transmission-line problems.
Finally we shall extend our treatment of sinusoidal steady-state analysis to
lossy lines.

Although the concepts and techniques to be discussed in this chapter
will be based on the analysis of transmission line systems, many of these are
also applicable to the analysis of other, analogous, systems. Examples are
uniform plane wave propagation involving multiple media, as in Sec. 6.6, and
discontinuities in waveguides, to be considered in the next chapter.
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8.1. SHORT-CIRCUITED LINE

General
solution

in the
sinusoidal
steady state

Solution
for short-
circuited
line

From (7.20a) and (7.20b), we write the general solutions for the line voltage
and line current in the sinusoidal steady state to be

V(z, ) = A cos [o(t — z/v,) + 6] + B cos [o(t + z/v,) + ¢] (8.1a)
I(z, ® -Z%,{A cos [w(t — z/v,) + 6] — B cos [e(t + z/v,) + ¢I} (8.1b)

The corresponding expressions for the phasor line voltage and phasor line
current are

V(g) = Ve + Ve (8.2a)
- 1 — . —
I(z) = Z (V+e_lﬁz _ V"eJBZ) (8.2b)
0
where V' = Ae” and V- = Be’® and we have substituted 8 for w/v,. For

sinusoidal steady-state problems, it is convenient to use a distance variable
d which increases as we go from the load toward the generator as opposed
to z, which increases from the generator toward the load, as shown in Fig.
8.1. The wave which progresses away from the generator is still denoted as
the (+) wave, and the wave which progresses toward the generator is still
denoted as the (—) wave. In terms of d, the solutions for V and I are then
given by

V(d) = Vel + Ve # (8.32)
Id) = ZL(VJreW — Ve (8.3b)
0
(+) Wave
’ Load

Generator
-

(—) Wave

—_— 7
d -——

Figure 8.1. For illustrating the distance variable d used for sinusoidal steady-
state analysis of traveling waves.

Let us now consider a lossless line short circuited at the far end d = 0,
as shown in Fig. 8.2. We shall assume that sinusoidally time-varying traveling
waves exist on the line due to a source which is not shown in the figure and
that conditions have reached steady state. We wish to determine the char-
acteristics of the waves satisfying the boundary condition at the short circuit.
Since the voltage across a short circuit has to be always equal to zero, this
boundary condition is given by

V©0) =0 8.4
Applying it to the general solution for V(d) given by (8.3a), we obtain
V(0) = Ve 4 VB9 =
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1)

Zy, B V(d)

€ Figure 8.2. Transmission line short
d ——— d=0 circuited at the far end.

or
V =-V* (8.5)
Thus we find that the short circuit gives rise to a (—) or reflected wave whose
voltage is exactly the negative of the (+) or incident wave voltage, at the
short circuit.
Substituting (8.5) into (8.3a) and (8.3b), we get the particular solutions
for the complex voltage and current on the short-circuited line to be

V(d)=V"e® — V*e P = 2V* sin pd (8.6a)
7+

1) = 1 (Vte? + Ve ) = ZV— cos Bd (8.6b)
ZO ZO

The real voltage and current are then given by
V(d, t) = Re[V(d)e’']
= Re2e™)V*| e’ sin Bd ') (8.7a)
—2|V*| sin 8d sin (ot + 6)
Re[I(d)e’™]
- el e on i o)
Rel 2 e” cos Bd ¢’ (8.7b)
Zy
V"]
Zy

where we have replaced V* by [V*|e” and j by ¢/ The instantaneous
power flow down the line is given by
P(d, 1) = V{d, nId, 1)
4v*E . :
= — sin Bd cos Bd sin (wt + 6) cos (wt + 0)
Zy (8.7¢)
VP .
= — sin 28d sin 2(wt + 6)
Zy
These results for the voltage, current, and power flow on the short-
circuited line are illustrated in Fig. 8.3, which shows the variation of each of
these quantities with distance from the short circuit for several values of time.
The numbers 1, 2, 3, . . ., 9 beside the curves in Fig. 8.3 represent the order
of the curves corresponding to values of (w?z + ) equal to 0, w/4, w/2, . . .,
27. From (8.7a), (8.7b), and (8.7¢) and from the sketches of Fig. 8.3, we can
infer the following:

Id, 1)

=2

cos Bd cos (wt + 6)
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Figure 8.3. Time-variations of voltage, current, and power flow associated
with standing waves on a short-circuited transmission line.

. The line voltage is zero for sin Bd = 0, or Bd = 0, =, 27, ..., Or
d = 0,72, \, ..., for all values of time. If we short circuit the line
at these values of d, there will be no effect on the voltage and current
at any other value of d.

. The line current is zero for cos 8d = 0, or 8d = «/2, 3w/2, Sw/2, . . .,
ord = A4, 3\/4, 50\/4, . . ., for all values of time. If we open circuit
the line at these values of d, there will be no effect on the voltage and
current at any other value of d.

. The power flow is zero for sin 28d = 0, or 28d = 0, =, 2w, . . ., Or
d = 0,A/4, \/2, ..., for all values of time.
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wave
patterns

Natural
oscillations

Thus the phenomenon on the short-circuited line is one in which the
voltage, current, and power flow oscillate sinusoidally with time with different
amplitudes at different locations on the line, unlike in the case of traveling
waves in which a given point on the waveform progresses in distance with
time. Since there is no feeling of wave motion down the line, these waves
are known as ‘‘standing waves.”” In particular, they represent ‘‘complete
standing waves’’ in view of the zero amplitudes of the voltage, current, and
power flow at certain locations on the line, as just discussed and as shown
in Fig. 8.3. Complete standing waves are the result of (4+) and (—) traveling
waves of equal amplitudes. Whatever power is incident on the short circuit
by the (+) wave is reflected entirely in the form of the (—) wave since the
short circuit cannot absorb any power. While there is instantaneous power
flow at values of d between the voltage and current nodes, there is no time-
average power flow for any value of d, as can be seen from

~ 1J~T B ® J'Z'lr/w
<P> = T r=OP(d, Hdt = vl P, 1) dt

21/ w

sin 28d f sin 2 (wt + 6) dt

_e VP
277 ZO

=0
From (8.6a) and (8.6b) or (8.7a) and (8.7b), or from Figs. 8.3(a) and
8.3(b), we find that the amplitudes of the sinusoidal time-variations of the line
voltage and line current as functions of distance along the line are

V()| = 2[V*| |sin 8d| = 2[V"| |sin2777 d| (8.82)
v A7, 2
@) = le |cos Bd| = v |cos del (8.8b)

Sketches of these quantities versus d are shown in Fig. 8.4. These are known
as the ‘“‘standing wave patterns.”” They are the patterns of line voltage and
line current one would obtain by connecting an AC voltmeter between the
conductors of the line and an AC ammeter in series with one of the conductors
of the line and observing their readings at various points along the line.
Alternatively, one can sample the electric and magnetic fields by means of
probes. Standing wave patterns should not be misinterpreted as the voltage
and current remaining constant with time at a given point. On the other hand,
the voltage and current at every point on the line vary sinusoidally with time,
as shown in the insets of Fig. 8.4, with the amplitudes of these sinusoidal
variations equal to the magnitudes indicated by the standing wave patterns.
Since the distance between successive nodes of voltage or current is equal
to A/2, a measurement of this distance provides the knowledge of the wavelength.
Furthermore, if the phase velocity in the line is known, the frequency of the
source can be computed, and vice versa, since v, = Af.

Since there is no power flow across a voltage node or a current node
of the standing wave patterns, a constant amount of total energy is locked
up in every A\/4 section between two such adjacent nodes with exchange of
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Figure 8.4. Standing wave patterns for voltage and current on a short-circuited
line. The insets show time-variations of the voltage at points along the line.

energy taking place between the electric and magnetic fields. Thus once the
line is excited by applying a source of energy, then each A/4 section of the
line between the voltage and current nodes acts as a resonator entirely in-
dependent of the remainder of the line. In fact, the A/4 section can be removed
from the line by cutting it, that is, open circuiting it, at the current node and
short circuiting it at the voltage node, and still be made to maintain forever
the oscillations of voltage and current. Such oscillations are called ‘‘natural
oscillations.” Similarly, sections of lengths equal to multiples of A/4 can be
removed by always cutting the line at current nodes and short circuiting it at
voltage nodes, without disturbing the oscillations.

For a fixed physical length of the line, its electrical length, that is, its
length in terms of wavelength, depends upon the frequency. Thus, a line of
length equal to one-quarter wavelength at one frequency behaves as a line of
length equal to a different multiple of a wavelength at a different frequency.
Let us now consider a line of length I/, one end of which is open circuited
and the other end short circuited, and assume that some energy is stored in
this line. Suppose we now pose the question: ‘“What are all the possible
standing wave patterns on this line?”’ To answer this, we note that the voltage
across the short circuit must always be zero, and hence the current there
must have maximum amplitude. Similarly, the current at the open-circuited
end must always be zero, and hence the voltage there must have maximum
amplitude. We also know that the standing wave patterns are sinusoidal with
the distance between sucessive nodes corresponding to a half sine wave. Thus,
the least possible variation is a quarter cycle of a sine waveform. This cor-
responds to a wavelength, say, A;, equal to 4/, and the corresponding standing
wave patterns are shown in Fig. 8.5(a).

It is not possible to have a standing wave pattern for which the wavelength
is greater than 4/ since then the pattern on the line of length ! will be less
than a quarter cycle of a sine wave. On the other hand, it is possible to have
a pattern for which the wavelength is less than 4/ as long as the conditions
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Figare 8.5. Standing wave patterns corresponding to (a) one-quarter cycle,
(b) three-quarters cycle, and (c) five-quarters cycle, of a sine wave for the
voltage and current amplitude distributions for a line of length [ open circuited
at one end and short circuited at the other end.

of zero voltage (maximum current) at the short circuit and zero current (maximum
voltage) at the open circuit are satisfied. Obviously, the next largest wavelength
., less than A, for which this condition is satisfied corresponds to the patterns
shown in Fig. 8.5(b). For these patterns, [ = 3)\,/4, or \, = 41/3. The next
largest wavelength, As;, less than \,, corresponds to the patterns shown in
Fig. 8.5(c). For these patterns, [ = 5\;/4, or A; = 41/5.

We can continue in this manner and see that any standing wave pattern
for which the length of the line is an odd multiple of one-quarter wavelength,
that is

_ @2n - 1A,
4 2

is a valid standing wave pattern. Alternatively, the wavelengths A, corresponding

to the valid standing wave patterns, are given by

4

l n=12,3,.. (8.9

AN, = —— = 8.1
=y n=123 (8.10)
The corresponding frequencies are
v, @n-1uv,
= —-——=———— = cee 11
I \, T 1,2,3, (8.11)

where v, is the phase velocity. These frequencies are known as the ‘‘natural
frequencies of oscillation.”” The standing wave patterns are said to correspond
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to the different natural modes of oscillation. The lowest frequency (corresponding
to the longest wavelength) is known as the “‘fundamental’’ frequency of os-
cillation, and the corresponding mode is known as the ‘“fundamental’® mode.
The quantity »n is called the mode number. In the most general case of
nonsinusoidal voltage and current distributions on the line, the situation cor-
responds to the superposition of some or all of the infinite number of natural
modes.

Considerations similar to those for the line open circuited at one end
and short circuited at the other end apply to natural oscillations on lines short
circuited at both ends or open circuited at both ends.

Returning now to the expressions for the phasor line voltage and the
phasor line current given by (8.6a) and (8.6b), respectively, we define the ratio
of these two quantities as the line impedance Z(d) at that point seen looking
toward the short circuit. Thus :

V)  2jV*sinBd
Id)  2(V*/Z,) cos Bd

In particular, the input impedance Z;, of a short-circuited line of length [ is
given by

Z@d) =

= jZ, tan Bd (8.12)

Z,, = jZytan Bl = jZ, tan 2Ulfl 8.13)

p

We note from (8.13) that the input impedance of the short-circuited line is
purely reactive. As the frequency is varied from a low value upward, the
input reactance changes from inductive to capacitive and back to inductive,
and so on, as illustrated in Fig. 8.6. The input reactance is zero for values
of frequency equal to multiples of u,/2l. These are the frequencies for which
l is equal to multiples of \/2 so that the line voltage is zero at the input and
hence the input sees a short circuit. The input reactance is infinity for values
of frequency equal to odd multiples of v,/4l. These are the frequencies for
which ! is equal to odd multiples of A/4 so that the line current is zero at the
input and hence the input sees an open circuit.

These properties of the input impedance of a short-circuited line (and,

y
ol | |
! I ,
L)L
3v lSv
| 2o |22 2%
141 |41 1% / .y
S L S
l 2| 1 , 21
| | |
| | |
| | || Figure 8.6. Variation of the input re-
| | | actance of a short-circuited transmis-
sion line with frequency.
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similarly, of an open-circuited line) have several applications. We shall here
discuss two of these applications.

1. Determination of the location of a short circuit (or open circuit) in a
line. The principle behind this lies in the fact that as the frequency of a
generator connected to the input of a short-circuited (or open-circuited) line
is varied continuously upward, the current drawn from it undergoes alternatively
maxima and minima corresponding to zero input reactance and infinite input
reactance conditions, respectively. Since the difference between a pair of
consecutive frequencies for which the input reactance values are zero and
infinity is v,/4l, as can be seen from Fig. 8.6, it follows that the difference
between successive frequencies for which the currents drawn from the generator
are maxima and minima is v,/4l. As a numerical example, if for an air-
dielectric line, it is found that as the frequency is varied from 50 MHz upward,
the current reaches a minimum for 50.01 MHz and then a maximum for
50.04 MHz, then the distance [ of the short circuit from the generator is given
by

% = (50.04 — 50.01) x 10° = 0.03 X 10° = 3 x 10°
Since v, = 3 x 10° m/s, it follows that
3 x 10°
- e = B%0m = 25km

Alternatively, if the length [ is known, we can compute v, for the dielectric
of the line, from which the permittivity of the dielectric can be found, provided
that the value of u (usually equal to ) is known.

2. Construction of resonant circuits at microwave frequencies. The prin-
ciple behind this lies in the fact that the input reactance of a short-circuited
line of a given length can be inductive or capacitive, depending upon the
frequency, and hence two short-circuited lines connected together form a
resonant system. To obtain the characteristic equation for the resonant fre-
quencies of such a system, let us consider the system shown in Fig. 8.7,
which is made up of two short-circuited line sections of characteristic impedances
Zy, and Zy,, lengths /; and /,, and phase velocities v,; and v,,. Denoting the
voltages and currents just to the left and just to the right of the junction to
be V, and T,, and V, and I,, respectively, as shown in the figure, we write
the boundary conditions at the junction as

V] = Vz (8.143)
L+L=0 (8.14b)
e | —> 1,
1 | 2
D] O
+T l T+
= | =
Zop Up1 =~V 1V, = ZoUp
LT
— (l) —
- L ::a Iy ——
Figure 8.7. A resonant system formed by connecting together two short-
circuited line sections.
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Combining the two, we have

I, L,
v, "y, =0
or
71 + 72 =0 (8.15)

where Y, and Y, are the input admittances of the sections to the left and to
the right, respectively, of the junction and seen looking toward the short
circuits. Equation (8.15) is the condition for resonance of the system. To
express it in terms of the line parameters, we note that

— 1 1 1

Y, == = - = - 8.16a
' Z, jZytan By, jZy tan Qaf /vy ( )

— 1 1 1

Y, == =- = - 8.16b)
7 Z, jZptan By, jZy tan Qmf/ U2 b (

Substituting (8.16a) and (8.16b) into (8.15) and simplifying, we obtain the
characteristic equation for the resonant frequencies to be

ZOI tan zlfll + Zoz tan 2~7T;f‘lz = 0 (8.17)
Up1 Up2

We shall illustrate the computation of the resonant frequencies by means of
an example.

Example 8.1.
For the system of Fig. 8.7, let us assume Zy, = 2Zp = 60 Q,1l, = 5cm, I, =
2 cm, and v,; = v, = ¢/2, and obtain the four lowest resonant frequencies of
the system.
Substituting the numerical values of the parameters into the characteristic
equation (8.17), we obtain
n 9.2af + ! tan _0.0fwf =

tal >

0

This equation is of the form
tankx + mtanx = 0

where here k = 2.5, m = 0.5, and x = 0.08%f/c. In general, an equation of
this type can be solved by plotting tan kx and —m tan x to scale versus x and
finding the points of intersection. Alternatively, a programmable calculator or
a computer can be used. The listing of a PC program that computes the first
N nonzero solutions of the equation for specified values of k¥ (> 1.01) and m
(> 0) and the output from a run of the program for values of &k = 2.5, m = 0.5,
and N = 4 are included as PL 8.1.

From the values of x obtained from the computer program, we obtain the
lowest four resonant frequencies to be 1.1869 x 10°, 2.0861 x 10°, 3.1324 x
10°, and 4.3676 x 10° Hz, or 1.1869, 2.0861, 3.1324, and 4.3676 GHz.

D8.1. For each of the following characteristics of standing waves on a lossless short-
circuited line, find the frequency of the source exciting the line: (a) the distance
between successive nodes of voltage amplitude is 1 m and the dielectric is air;
(b) the distance between successive nodes of current amplitude is 1 m and the
dielectric is nonmagnetic with ¢ = 2.25&,; and (c) the distance between successive
nodes of instantaneous power flow is 1 m and the dielectric is air.

Ans: 150 MHz; 100 MHz; 75 MHz
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PL 8.

1. Program listing and sample output for computing solutions

for the equation tan kx + m tan x = 0, where k > 1.01 and m > 0.

100
110
120
130
140
150
160
170
180
190
200
210

220
230
240
250
260
270
280
290

300
310
320

330
340
350
360
370
380
390
400
410
420
430

440

450
460

RUN
ENTE

K=2.
M=,5
ENTE

SOLUTION NO, 1 IS: X
SOLUTION NO. 2 IS: X
SOLUTION NO., 3 1IS: X
SOLUTION NO. 4 IS: X

PRES

400

¥ e sfe ke s o ofe fe o ok o e o ok o e ok e sk s s sl sk e o s sfe s ook sl sfe o sfe s sk ok ofe e sheofe s sk ok ok ok ok ke ok sk ok ok

'* COMPUTATION OF LOWEST N NONZERO SOLUTIONS FOR *
"% F(X)=TAN(K*X)+M*TAN(X)=0, WHERE K IS GREATER THAN *
'* UNITY AND M IS POSITIVE
'*****************************************************
DEF FN TRD(ARG)=INT(ARG*10000+.5)/10000:"'* ROUNDS ARG
' TO FOUR DECIMAL PLACES *

PI=3,1416:P2=PI/2

CLS:LOCATE 1,1:PRINT "ENTER VALUES OF K>1.01 AND M>0:"
PRINT:INPUT "K=",K

PRINT:INPUT "M=",6M

PRINT:INPUT "ENTER NUMBER OF SOLUTIONS DESIRED: N=",NS
:PRINT

IF K<1.01 AND M<=0 THEN 180

PK=P2/K:I=1:N=0

'* COMPUTATION OF X1 AND X2, THE LOWER AND UPPER

' BOUNDS FOR X, FOR A GIVEN SOLUTION *

IF (INT(I/2)*2-I) THEN SK=-1:GOTO 280

SK=1

X1=PK*I:X2=X1+4PK

IF INT(I/2)=I/2 AND INT(I/(2%K))=I/(2*K) THEN X=X1:GOT
0 430

IF INT(I/K)=I/K THEN S1=SGN(TAN(X1+.0001)):GOTO 320
S1=SGN(TAN(X1))

IF INT((I+1)/K)=(I+1)/K THEN S2=SGN(TAN(X2-.0001)):GOT
0 340

S2=SGN(TAN(X2))

IF S1=SK AND S2=SK THEN I=I+1:GOTO 260

IF S1=SK AND S2<>SK THEN X1=(INT(X1/P2)+1)*P2:GOTO 380
IF S1<>SK AND S2=SK THEN X2=INT(X2/P2)*P2

'* COMPUTATION AND PRINTING OF VALUE OF X *
X=(X1+4X2)/2

F=TAN(K*X)+M*TAN(X)

IF F<O THEN X1=X:GOTO 420

X2=X

IF ABS(F)>,0001 THEN 380 ,

N=N+1:PRINT "SOLUTION NO.";N;" IS: X =";FN TRD(X);" =
;FN TRD(X/PI);"*pPI"

IF N=NS THEN PRINT:PRINT "PRESS ANY KEY TO CONTINUE":C
$=INPUT$(1):GOTO 180

I=I+1:GOTO 260

END

R VALUES OF K>1.01 AND M>O0:
5

R NUMBER OF SOLUTIONS DESIRED: N=4

.9944 = ,3165 *PI
1.7476 .5563 *PI
2.6242 .8353 *PI
3.659 = 1.1647 *PI

nuann

S ANY KEY TO CONTINUE
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D8.2. A lossless transmission line is short circuited at the far end. A variable frequency
voltage generator is connected at its input, and the current drawn is monitored.,
It is found that the current reaches a maximum for f = 500 MHz and then a
minimum for f = 505 MHz. Determine if the current drawn would be a maxi-
mum or a minimum or neither of the two for each of the following frequencies:
(a) 265 MHz; (b) 350 MHz; and (c) 424 MHz.
Ans: Minimum; maximum; neither

D8.3. A lossless coxial cable of characteristic impedance 50  and having a nonmagnetic
dielectric of permittivity 2.25g, is short circuited at its far end. Find the minimum
length for which the input impedance is equivalent to that of each of the following
at 100 MHz: (a) a capacitor of value 10 pF; (b) a capacitor of value 100 pF;
and (c) an inductor of value 0.25 uH.

Ans: 59.7 cm; 90.2 cm; 40.2 cm

8.2 LINE TERMINATED BY ARBITRARY LOAD

UQNl

o=

We devoted the previous section to the short-circuited line. In this section,
we shall consider a line terminated by an arbitrary load impedance Z,, as
shown in Fig. 8.8. Then starting with the general solutions for the complex
line voltage and line current given by

V(d) = Vel 4 Ve ¥ (8.18a)
Id) = %(V*e”’" — Ve 7#d) (8.18b)
(1}
and using the boundary condition at d = 0, given by
V(0) = ZRI(0) 8.19)
we obtain
— — Zr — —
+ - _ ZR + _ -
Vi +V Z, v V7))
or
— —Zr — Z
- _ + €R 0
o=y Zp + Zy

Thus, the ratio of V-, the reflected wave voltage at the load, to V*, the
incident wave voltage at the load, that is, the voltage reflection coefficient at

Zy, 8 1710) D Zx

—Q- O Figure 8.8. Line terminated by a

d=1 d<— d=0 complex load impedance.
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the load, denoted by T'g, is given by

—_ —V_ ZR - ZO
= o = = 8.20
RTV*r  Zr+ Z, (8.20)
The solutions for V(d) and I(d) can then be written as
V(d) = Ve + TRV e (8.21a)
Id) = —Zl—(7+ej’3d — TV e /) (8.21b)
0

We now define the generalized voltage reflection coefficient, T(d), that
is, the voltage reflection coefficient at any value of d, as the ratio of the
reflected wave voltage to the incident wave voltage at that value of ‘d. From
(8.21a) we see that

_ T Vte#d _
Td) =~ = Tae (8.22)
so that
[T(d)| = [Txl le 7| = [Tl (8.232)
and
/T(d) = /T + [e 7P = 6 — 2Bd (8.23b)

where 6 is the phase angle of Tx. Thus, the magnitude of the generalized
reflection coefficient remains constant along the line and equal to its value at
the load, whereas the phase angle varies linearly with d. In terms of T(d),
we can write the solutions for V(d) and I(d) as

V(d) = Ve (1 + Tre ™79

R - (8.24a)
= Ve[l + T(d)]
_ v _
1) = 7efﬁd(1 — Tre 74
oo (8.24b)
V+

= Y T Bdr _ T
Z ™1 (d)]

To study the standing wave patterns corresponding to (8.24a) and (8.24b),
we look at the magnitudes of V(d) and I(d). These are given by

V) = [V*le™| |1 + T(@)|

— [V*|[1 + Tee ™ (8.252)
7+
p@) = e - Ty
IVO (8.25b)

Iy -

|1 = Tre

7 1= Tee ™

To sketch |V(d)| and [I(d)], it is sufficient if we consider the quantities
|1 + Tre ™ and |1 — Tre 9 since |V*| is simply a constant, determined
by the boundary condition at the source end. Each of these quantities consists
of two complex numbers, one of which is a constant equal to (1 + j0) and
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the other of which has a constant magnitude [T| but a variable phase angle
9 — 2Bd. To evaluate |1 + Tre ™| and |1 — Tre ™, we make use of the
constructions in the complex I'-plane as shown in Figs. 8.9(a) and (b), re-
spectively. In both diagrams, we draw circles with centers at the origin and
having radii equal to [Ts|. For d = 0, the complex number T'ze 7% is equal
to Tk or [Tzle’, which is represented by point A in Fig. 8.9(a). To add a1+
JO) and T, we simply draw a line from the point (—1, 0) to the point A. The
length of this line gives |1 + Tg|, which is proportional to the amplitude of
the voltage at d = 0. As d increases, point A, representing T'ze 2%, moves
around the circle in the clockwise direction. The line joining (—1, 0) to the
point A whose length is |1 + T'rze /%] executes the motion of a ““crank.”’ To
subtract Ty from (1 + jO) we locate point B in Fig. 8.9(b), which is diametrically
opposite to point A in Fig. 8.9(a), and draw a line from (-1, 0) to point B.
The length of the line gives |1 — T, which is proportional to the amplitude
of the current at d = 0. As d increases, B moves around the circle in the
clockwise direction following the movement of A in Fig. 8.9(a). The line
joining (-1, 0) to the point B whose length is [I — Tre % executes the
motion of a ““‘crank.”” From these constructions and assuming —7 < 0 < 7,
we note the following facts:

1. Point A lies along the positive real axis and point B lies along the neg-
ative real axis for § — 28d = 0, —27, —4m7, —6m, .. s ord =
(A/4m) (6 + 2nm), where n = 0, 1,2, 3, .. .. Hence, at these values
of d, the voltage amplitude is maximum and equal to [V*] (1 + [T)
whereas the current amplitude is minimum and equal to ((V*|/Z,) (1 —
ITz]). The voltage and current are in phase.

2. Point A lies along the negative real axis and point B lies along the positive

real axis for 0 ~ 28d = —#@, ~3mw, —Sw, —7m, ..., ord = (\/4m)
[6 + 2rn — Dm], where n = 1,2, 3,4, .... Hence, at these values
of d, the voltage amplitude is minimum and equal to [V*| (1 — ITzD

whereas the current amplitude is maximum and equal to (V*|/Zy)
(1 + [Tg)). The voltage and current are in phase.

T d=0,\/2,2, + - -
Tr A
WY (-1,0) 9 +m
/ 9 —RCF - D *>RCF

N\
(-1,0 AN /7
[T A
+/ X8 /d
d=0,M2,\, " - -

~

Wz

(@) (b)

Figure 8.9. I_‘-plane diagrams for sketching the voltage and current standing
wave patterns for the system of Fig. 8.8.
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3. Between maxima and minima, the voltage and current vary in accordance

Standing

with the lengths of the line joining (—1, 0) to the points A and B,
respectively, as they move around the circles. These variations are not
sinusoidal with distance. The variations near the minima are sharper
than are those near the maxima, and hence the minima can be located
more accurately than can the maxima. Also, the voltage and current
are not in phase.

From the preceding discussion, we now sketch the standing wave patterns

wave for the line voltage and current, as shown in Fig. 8.10. These patterns correspond

parameters  to partial standing waves, as compared to complete standing waves in the
case of the short-circuited line. There are three parameters associated with
the standing wave patterns as follows.

1. The standing wave ratio, abbreviated as SWR. This is the ratio of the

maximum voltage amplitude V., to the minimum voltage amplitude Vi,
in the standing wave pattern. Thus,

Vmax - Iv+l(1 + |FR|) = 1+ eri
Vmin |V+|(1 - |FR|) 1 - lFR|

SWR = (8.26)

Note also that SWR is equal to the ratio of the maximum current amplitude
I to the minimum current amplitude I, in the standing wave pattern,
since

Loax _ (V*]/Z)(1 + |TRl) _ 1+ |Tg
Imin (|V+I/Zo)(1 - |FR|) 1 - |FR‘

The SWR is a measure of standing waves on the line. It is an easily

measurable parameter. We note the following special cases:

(@) For T = 0, SWR = 1 and the standing wave pattern is simply a
line representing constant amplitude. This is the case for a semi-
infinitely long line or for a line terminated by its characteristic
impedance.

7
|7+ 11+ TR
P71 - ITRD
d 1 1 1 1 1 1
v+ — -
________ AHasmy  _ hin
Al |1 -T, Figure 8.10. Voltage and current
Had Bty 1 % standing wave patterns for the system
l | Zy, R . 1 . of Fig. 8.8. The insets show time-
d X N N variations of voltage at points along
A+ 2o Aty Ay .
47 2 47 47 the line.
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(b) For |TR| = 1, SWR = oo and the standing wave pattern possesses
perfect nulls. This is the case for complete standing waves.

2. The distance of the first voltage minimum from the load, denoted by

dmin. The voltage minimum nearest to the load occurs when the phase

of I'(d) = Tre 77 is equal to —, that is, for (§ — 2Bd) equal to —r.

Thus
0 — 28dpin = —7r (8.27)
or
0+ A
. = — = — 8-28
d i 28 e 0+ m (8.28)

where —7 = 0 < 7. If @ = 0, which occurs when Zy is purely real
and greater than Z,, d,;, = A/4 and a voltage maximum exists right at
the load. If @ = —, which occurs when Zy, is purely real and less than
Zy, dmin = 0 and a voltage minimum exists right at the load.

3. The wavelength \. Since the distance between successive voltage minima
is equal to A/2, the wavelength is twice the distance between successive
voltage minima.

For a numerical example involving a complex Zz, let us consider Zg =
(15 - j20) Q and Z, = 50 Q. Then,

r _Zr = Zy _ (15 — j20) — 50

R™Ze+2Z, (15 — j20) + 50
_ =7 -j4 8.06/—150.26°

T 13 —j4  13.60/=17.10°

0.593/—133.16°

= 0.593 ¢~ /0747

_ 1+ Tl 1+0.59

"1 - Tl 1-0.593

SWR = 3.914

Ain = l(a + 7)) = —A‘(—0.7477 + )
47 47

= 0.065\

Conversely to the computation of standing wave parameters for a given
load impedance, an unknown load impedance can be determined from standing
wave measurements on a line of known characteristic impedance. An application
in practice is the determination of the input impedance of an antenna by
making standing wave measurements on the line feeding the antenna. To
outline the basis, we note that by rearranging (8.26) and (8.28), we obtain

— . SWR -1

Tl = SWR 1 (8.29)
and

6 = % -7 (8.30)
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Thus, the measurement of SWR, d_;,, and \ provides both the magnitude and
phase angle of T'x. Then, since from (8.20)

8.31)

we can compute the value of Z.

A method of performing standing wave measurements in the laboratory
is by using a “‘slotted line.”” The slotted line is essentially a rigid coaxial line
with air dielectric and having a length of about one meter (or at least a half-
wavelength long). The center conductor is supported by dielectric inserts. A
narrow longitudinal slot is cut in the outer conductor, as shown in Fig. 8.11(a).
The width of the slot is so small that it has negligible influence on the current
flow on the outer conductor, and hence on the field configurations between
the conductors. A ‘‘probe’’ of small length, shown in Fig. 8.11(b), intercepts
a portion of the electric field between the inner and outer conductors, and
hence a small voltage proportional to the line voltage at the probe’s location
is developed between the probe and the outer conductor. The signal frequency
voltage thus developed is detected by some sort of detector, and the resulting
output is used as an indicator of the amplitude of the line voltage at the probe’s
location. The amount of energy picked up by the probe is small enough not
to disturb appreciably the fields within the line. The probe and the associated
detector components are mounted on a carriage arranged to slide mechanically
along the longitudinal slot. As the probe is moved along the slot, the detector
indication provides a measure of the variation of the voltage as a function of
position on the line. Since the SWR is the ratio of V., t0 Vi, the quantity
of interest is the ratio of the two readings rather than the absolute values of
the readings themselves. Therefore, absolute calibration of the detector is
not required, provided that the detector response is uniform in the range of
voltages to be measured.

Inner
' Conductor

To Detector

Probe
Outer
Conductor ©
Figure 8.11. (a) A slotted line.
(b) Cross-sectional view of the slotted
(2) (b) line illustrating the probe arrangement.

Since it is not always possible to measure the distances of the standing
wave pattern minima from the location of the load, the following procedure
is employed. First, the line is terminated by a short circuit in the place of
the load. One of the nulls in the resulting standing wave pattern is taken as
the reference point, as shown in Fig. 8.12(a). This establishes that the location
of the load is an integral multiple of half-wavelengths from the reference point.

406 Transmission Lines 2. Sinusoidal Steady-State Analysis Chap. 8



Reference

Point Load
| |
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(2) | ! |
;<'—7\/2——>| :

|
[

|
| |
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®) ! { ! { :
;<—da—>-?<d, -»f |l<—"dm‘m*’}

:—4—)\/2 SE—

Figure 8.12. For illustrating the procedure employed for the determination
of dpin, the distance of the first voltage minimum of the standing wave pattern
from the load, by making measurements away from the load.

Next, the short circuit is removed and the load is connected. The voltage
minimum then shifts away from the reference point, as shown in Fig. 8.12(b).
By measuring this shift, either away from the load or toward the load, the
value of d,,,, can be established. If the shift d, away from the load is measured,
then we can see from Fig. 8.12(b) that d.;, is simply equal to d,. On the
other hand, if the shift d, toward the load is measured, then d,;, is equal to
A/2 — d,, where \/2 is given by the distance between consecutive nulls either
in the case of short circuit or with the unknown load as the termination.

We shall illustrate the computation of Z from standing wave measurements
by means of an example.

Example 8.2.
Let us assume that measurements performed on a slotted line of characteristic
impedance Z, = 50 Q provided the following data. First, with the short circuit
as the termination, voltage minima were found to be 20 cm apart. Next, with
one of the minima marked as the reference point and the short circuit replaced
by the unknown load, the SWR was found to be 3.0 and a voltage minimum
was found to be at 5.80 cm from the reference point on the side toward the
load. We wish to compute the value of the unknown load impedance.
From the value of the SWR, we obtain by using (8.29)

— 3-1
Tel = 35 = 0

Since the distance between successive voltage minima is 20 cm, A/2 is equal to
20 cm, or A is equal to 40 cm. Since the voltage minimum shifted toward the
load from the reference point, dy;, is equal to A/2 minus the shift, or 20 — 5.8 =
14.2 cm. Then, from (8.30), we get

4
O_EX 142 — 7 = 0.427
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Thus,
Tx = 0.5¢047

Finally, using (8.31), we compute the value of the load impedance to be

1 + 0.5¢7%%

l _ O.Sej0.421'r
1.1243 + j0.4843
0.8757 — j0.4843
_ s 1.2242/23.303°
© 77 1.0007 /—28.945°

= 61.17 /52.248°
= (37.45 + j48.365) Q)

—Z_R=50

=50

Returning now to the solutions for the complex line voltage and current
given by (8.24a) and (8.24b), respectively, we find that the line impedance
Z(d), that is, the impedance at any value of d seen looking toward the load,
is given by

Vd)  V*e® + T(d)]

Z(d) = T(d) = (V+/Zo)ej.3d[1 — T(d)] (832)
_ g L T@
-1 -T@)

The following properties of the line impedance are of interest:

1. At the location of a voltage maximum of the standing wave pattern,
1 + T(d) and 1 — T(d) are purely real and equal to their maximum and
minimum magnitudes 1 + [T and 1 — [Tl, respectively. Hence, Z(d)

1+ Ty

1= lTRI’or Z(SWR).

2. At the location of a voltage minimum of the standing wave pattern,
1 + T(d) and 1 — T(d) are purely real and equal to their minimum and
maximum magnitudes 1 — [Tz and 1 + |Tl, respectively. Hence Z(d)

is purely real and maximum, say, Rp.x, equal to Z,

. . 1-1|r
is purely real and minimum, say, Ry, equal to Z, 1_+_|T!;|’ or Z,/(SWR).
R
3. Between voltage maxima and minima, 1 + T(d) and 1 — T'(d) are both

complex and out of phase. Hence, Z(d) is complex, with amplitude
lying between Z(SWR) and Z,/(SWR).

4. Since_l_"(d + n\/2) = T(d)e™#™? = T(d)e™" = TWd), n = 1,2, 3,
.. ., I(d) repeats at intervals of \/2, and hence Z(d) repeats at intervals
of \/2.

5. The product of the line impedances at two values of d separated by \/4
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is given by

o 1+T@][, 1+ T =
Nz o - 2, 2D o L T =200
_ o [1+T@][1 + T
TN -T@ || 1 - Td)eT 7
_ gL+ T@][L+ T@)e™
1 -T@ ]| 1 - T(d)e™"
_ 2L+ T@]|[1-T@)
ST -T@ {1+ T@)

or

[Z@NZd = N/D] = Z} (8.33)

This is a useful property, as we shall learn in the following section.

Input For a line of length /, as in Fig. 8.8, the input impedance is given by
impedance —
_ — 1+ I
=20 = 27 50 (8.34)

The input impedance is a useful parameter since for a given generator voltage
and internal impedance, the power flow down the line can be computed by
considering the line voltage and current at any value of d, since the line is
lossless; in particular, it is convenient to do this at the input end of the line
from input impedance considerations. We shall illustrate this by means of an
example.

Example 8.3.
Let us consider the system shown in Fig. 8.13, and find the time-average power
delivered to the load from input impedance considerations.
We proceed with the solution in the following step-by-step manner:

(a) Compute the reflection coefficient at the load.

—_ZR—ZO_(30+J40)_50_ o
FR_7R+ZO_(30 +j40)+50_0'5ﬂ)'

0.7251

HY

9 QA

Z, = (10 + j10)

Zy=50Q Zp = (30 + j40)

V,=100,0°V

T
d=0

d=1

Figure 8.13. A transmission-line system for illustrating the computation of
power flow from input impedance considerations.
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(b) Compute the reflection coefficient T() at the input end d = 1.
T() = Tre ™

= 0.5 900 X e—j(411'/)\)(0.725)\)

= 0.5/90° x 1/— 162°

=0.5/—-72°
(c) Compute the input impedance.
= = 1+ ()
Zi = = Z T-T0
Z0) = 271,

01 +0.5/=72° 1+ (0.1545 — j0.4755)
1—0.5/=72 " 1— (0.1545 — j0.4755)
_ 5 1.2486/ —22.385°
h 0.970/29.353°
= (39.86 — j50.54)

(d) We now have the equivalent circuit at the input, as shown in Fig. 8.14,
from which we compute the current I = I(l), drawn from the generator.

= 64.361/—51.738°

Thus
T V 100/0°
I0) = Z + Zy (10 + j10) + (39.86 — j50.54)
100/0° 100/0°

T 49.86 — j40.54  64.261/—39.114°
= 1.5562/39.114° A
(e) The voltage across the input impedance is then given by
Vi) = Z I()
= 64.361/—51.738° x 1.5562/39.114°
= 100.159/—-12.624° V

(f) Finally, the time-average power delivered to the input and hence to the
load is given by

<P> = = Re[V() T*()]

-l=~ NI»— N= =

Re[100.159/—12.624° x 1.5562/—39.114°]

x 100.159 x 1.5562 X cos 51.738°
8.26 W

Z, =(10+10)Q

Bl

Z, =(39.86 - j50.54) Q

o

Figure 8.14. Equivalent circuit at the
input end d = [ for the system of Fig.
d=1 8.13.

410 Transmission Lines 2. Sinusoidal Steady-State Analysis Chap. 8



Normalized
impedance
and
admittance

Returning to (8.32), we now define the normalized line impedance z(d)
as the ratio of the line impedance to the line characteristic impedance. Thus

o Z(d) _1+T@)
zZd) = Z, 1-T@) (8.35)
Conversely,
oy 2d) =1
I'd) = D71 (8.36)
Finally, the line admittance is given by
von_ 1 _11- T'(d)
Yd) = Zd) Zy1+Td)
or
N Y ()]
Yd)=1Y, S V7T Td) (8.37)

where Y, = 1/Z, is the characteristic admittance of the line. The normalized
line admittance is

o _Y(d) 1-T()
y(d) = Y,  1+T@) (8.38)
and conversely
N a1 C))
I'd) = T+ 5@ (8.39)

We shall use these relationships in the following sections.

D8.4. A line of characteristic impedance 60 Q is terminated by a load consisting of
the series combination of R = 30 Q, L = 1 #H, and C = 100 pF. Find the
values of SWR and d,,;, for each of the following radian frequencies of the
source: (@) @ = 10% (b) w = 2 x 10% and (c) = 0.8 x 10%

Ans: 2, 0; 14.94, 0.309\; 3.324, 0.115\

D8.5. Standing wave measurements are performed on a line of characteristic impedance
100 Q terminated by a load Zz. For each of the following sets of standing wave
data, find Z: (a) SWR = 2.5, a voltage minimum right at the load; (b) SWR =
1.5, two successive voltage minima at 4 cm and 12 cm from the load; and
(c) SWR = 3.0, two successive voltage minima at 2 cm and 10 cm from the
load.

Ans: (40 + j0) Q; (150 + jO) Q; (60 — j80) O

D8.6. An air-dielectric line of characteristic impedance 75 Q and length [ is terminated
by a load impedance (45 + j60) Q and driven by a source of frequency f =
15 MHz. Find the input impedance of the line for each of the following values
of I (@) 5 m; (b) 10 m; (c) 12.5 m; and (d) 37.5 m.

Ans: (45 — j60) Q; (45 + j60) Q; 225 Q;25 Q
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8.3 TRANSMISSION-LINE MATCHING

Quarter-
wave
transformer
matching

In the previous section, we discussed standing waves on a line terminated by
an arbitrary load. In the presence of standing waves, that is, when the load
impedance is not equal to the characteristic impedance, it follows from (8.34)
that the input impedance of the line will vary with frequency since the electrical
length of the line and hence T(!) = Tze™ ™' changes. This sensitivity to
frequency increases with the electrical length of the line. To show this, let
the length of the line be I = nA. If the frequency is changed by an amount
Af, then the change in n is given by

An = A(i) = A(ll) = iAf= i}:Af= ng (8.40)

A Up U, v, f
Thus An, the change in the number of wavelengths corresponding to the line
length, is proportional to n. The variation of the input impedance with frequency
puts a limitation on the performance of a transmission-line system from the
point of view of communication. For this and other reasons pertaining to
power flow, it is desirable to eliminate standing waves on the line by connecting
a ‘“‘matching’’ device near the load such that the line views an effective
impedance equal to its own characteristic impedance on the generator side of
the matching device as shown in Fig. 8.15. The matching device should not
at the same time absorb any power. It should be noted that “matching,”’ as
referred to here, is not related to maximum power transfer since the condition
for maximum power transfer is that the line input impedance must be the
complex conjugate of the generator internal impedance. In the following, we
shall discuss three techniques of matching.

Z, R Matching Z, Load
Z Device

Source

Figure 8.15. For illustrating the principle behind transmission-line “‘matching.”

A. Quarter-Wave Transformer Matching

The quarter-wave transformer or QWT matching technique makes use of a
section of length \/4 of a line of characteristic impedance Z, different from
that of the main line, as shown in Fig. 8.16. The principle is based upon the
property of line impedance given by (8.33). With reference to the notation
of Fig. 8.16, we first note that to achieve a match, Z; must be equal to Z,.
Then since from 8.33) Z,Z, = 22, Z, = Z,/Z, = Z,/Z, must be purely real.
We recall from the discussion of line impedance in Sec. 8.2 that the line
impedance is purely real at locations of voltage maxima and minima of the
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Single-stub
matching

(l) O
|

|

|

~

: :
{ |
|
z, — z, — z, | Zx
i
| | |
| | !
] | !
? (l) |
[ | Tr >

Figure 8.16. For illustrating the quarter-wave transformer matching technique.

standing wave pattern. Therefore within the first half-wavelength from the
load, there are two solutions for d, and hence for Z,.
If we choose a voltage minimum for the first solution, then from (8.28)

A
dll = y @+ m (8.41)

where 6 is the phase angle of T, and the superscript (1) refers to solution 1.
The value of the line impedance is Z, (1 — [Tx)/(1 + |T]). Hence the value
of Z, is given by

1—lfR, 2
< Zy— =R
M T o a4
or

1-C
m _ 1 R :
zZ0 = 7, \/ T (8.42)

For the second solution, the value of d, corresponds to the location of a
voltage maximum which occurs at =\/4 from the location of the voltage
minimum. Thus

d? = dP + r/4 (8.43)

whichever is positive and less than \/2. The corresponding line impedance

z% = z, \/1_+E51 (8.44)

1 — [Tl

B. Single-Stub Matching

Another technique of transmission-line matching known as ““stub matching”’
consists of connecting small sections of short-circuited lines (stubs) of appropriate
lengths in parallel with the line, at appropriate distances from the load. In
the single-stub matching technique, one stub is used and a match is achieved
by varying the location of the stub and the length of the stub. We shall assume

Sec. 8.3  Transmission-Line Matching 413



the characteristic impedance of the stub to be the same as that of the line
and use the notation shown in Fig. 8.17, in which Zy is the normalized load
impedance, 7, and ¥ are the normalized line admittances just to the left and
just to the right, respectively, of the stub, and b is the normalized input
susceptance of the stub. The solution to the single-stub matching problem
then consists of finding the values of d, and [, for a given value of Zz and
hence of Tk.

First we observe that to achieve a match, y; must be equal to (1 + JjO).
Then proceeding to the right of the stub, we can write the following steps:

yi=1—jb (8.45a)
I = T3y, " 2—-Jjb (8.45b)
J (8.45¢)
— \/4“:'_ b2 ej(tﬂ'/2+tan‘1b/2+ZBd:+2n'rr) for b = 0
where n is an integer. Thus
= ||
= 8.46a
| R| \/4 T b2 ( )
9 = i‘% + tan"lg +28d, + 2nm forbz0 (8.46b)
so that
_ 2 [Ty
b== CIF (8.47)
d, = ﬁ CEs % - tan"‘g — 2nw) forb=0 (8.48)

Figure 8.17. For illustrating the
single-stub matching technique.
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Double-stub
matching

Thus two solutions are possible for b as given by (8.47) and the corresponding
solutions for d, are given by (8.48) where the integer value for n is chosen
such that 0 = d; < A/2. Finally to find the solutions for the stub length, we
note from (8.13) that the normalized input impedance of a short-circuited line
of length [ is j tan B so that

I = (8.49)

C. Double-Stub Matching

In the single-stub matching technique, it is necessary to vary the distance
between the stub and the load as well as the length of the stub to achieve a
match for different loads or for different frequencies. This can be inconvenient
for some arrangements of lines. When two stubs are used, it is possible to
fix their locations and achieve a match for a wide range of loads by adjusting
the lengths of the stubs. To discuss the principle behind this ‘‘double-stub
matching” technique, we make use of the notation shown in Fig. 8.18, in
which all admittances and susceptances are normalized quantities with respect
to the characteristic admittance of the line. The solution to the double-stub

P =7 Ta—r]

O [ON O—
‘S o !
d; >
| i
| | B
| Zg
| |
| |
.
1701 |
[O N \ (])———
— | —
1—‘1 l—‘R
11
Stub 2 Stub 1

Figure 8.18. For illustrating the double-stub matching technique.
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matching problem then consists of finding the values of {; and , for a given
set of values of Zz (and hence of Ik), d;, and d,.

First we observe that to achieve a match, ¥, must be equal to (1 + j0).
Then proceeding to the right in a step-by-step manner, we obtain an expression
for y; in terms of by, b,, and d,, as follows:

i =Y, —jb,=1—jb, (8.50a)
= _1-3 Jjba
1= = .50b
=1y " 2-Jn (8.500)
T _ T/ ,/28d12 _ ij Jj2Bd12
I', = Tae =——e (8.50¢)
2 — jb,
__1-T
NEIET,
. s . (8.50d)
_ 4 — J(4b2 COS ZBdIZ - 2b2 sin 2Bd12)
4 — 4b2 sin 2Bd12 + 4b§ Sin2 BdIZ
yi=¥% —Jb
_ 1 (8.50e)

1 - bz sin ZBdIZ + b% Sinz Bdlz

e b% sin ZBdIZ - 2b2 Ccos ZBdIZ —b
2 — 2b,sin 28d,, + 2b%sin®Bd,

For given values of Zz and d,, yi can be computed in the usual manner,
and the real and imaginary parts can be equated to the real and imaginary
parts, respectively, on the right side of (8.50¢). Noting that b, does not appear
in the real part expression, we can first compute b, by solving the equation
for the real parts. Thus letting the real part of y; as computed from Zz and
d, to be g', we have

1
1 - b2 sin 2Bd12 + b% Sin2 ,Bdlz -

g 8.51)

Rearranging and solving for b,, we obtain

b = sin 28d,, = \/sin®2Bdy, — 4 (1 — 1/g") sin’ Bd
) e 2 Sin2 Bd12
or

b, = Cos ,BdIZ = \/l/gl - Sinz BdIZ

8.52
2 sin Bd, ( )

We now see that a solution does not exist for b, if g’ > 1/sin’® 8d},, and
hence it is not possible to achieve a match for loads which result in real part
of ¥} greater than 1/sin’ B8d,,. A simple way to get around this problem is
to increase d; by A/4 (see Prob. P8.20). Assuming that the condition g’ <
1/sin® Bd, is achieved, we then compute two possible values for b, as given
by (8.52). From the equation for the imaginary parts of yi, the corresponding
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values of b, are then given by

_ b% sin ZBdlz - 2b2 COS ZBdIZ
2 — 2b2 sin ZBdIZ + 2b§ Sin2 Bdll

b1 - b, (8-53)

where b’ is the imaginary part of ¥; as computed from Zz and d,. Finally,
the lengths of the two stubs are computed from b, and b, as in the case of
the single-stub matching technique.

The listing of a PC program which computes the solutions for all three
types of matching techniques for specified values of Zg(=R, + jX,) and Z,
and values of d,/A and d;,/\ for the double-stub matching case is included
as PL 8.2. The output from a run of the program for values of R, = 30 Q,
X, = —-40Q,7Z, =509, d, =0, and di,/N = 0.375 is also included. Values
of odd multiples of A/8 are commonly chosen for d,,. If the specified value
of Z is such that g’ > 1/sin’* Bd,,, then the value of d, is increased by /4
and the double-stub matching solution is continued.

PL 8.2. Program listing and sample output for obtaining the solu-
tions for quarter-wave transformer and single-stub and double-stub
matching techniques.

10 7 % sksk sk stk e sk sfe oo e s s ke o s e s s oo e o e o e o e o e o sfe st e sfeofe ke sfe sk e e sl ke e sk sk sk ko ok sk

110 '* SOLUTION OF TRANSMISSION LINE MATCHING PROBLEM FOR *

120 '* QUARTER-WAVE TRANSFORMER, SINGLE STUB, AND DOUBLE *

130 '* STUB MATCHING TECHNIQUES *

140 7 deskeskeororok ok sk ek okt s o e o e ool o st o e ke e o ok e oo oo sl s e ke e o e o s s ke o

150 PI=3.1416

160 DEF FN TRD(ARG)=INT(ARG*100000!+.5)/100000!:'* ROUNDS

170 ' ARG TO FIVE DECIMAL PLACES *

180 CLS:LOCATE 1,1:PRINT "ENTER VALUES OF Z0,RL, AND XL IN
OHMS:"

190 INPUT "Z0=",Z0

200 LOCATE 2,15:INPUT "RL=",RL:R=RL/Z0O

210 LOCATE 2,30:INPUT "XL=",XL:X=XL/ZO

220 IF RL=ZO AND XL=0 THEN PRINT:PRINT "LINE IS TERMINATED
BY A MATCHED LOAD":GOTO 550

230 PRINT "ENTER VALUES OF D1 AND D12 FOR DOUBLE"

240 PRINT "STUB MATCHING:"

250 INPUT "D1/WL=",D1

260 LOCATE 5,15:INPUT "D12/WL=",DB

270 '* QUARTER-WAVE TRANSFORMER MATCHING *

280 GOSUB 580:SR=(1+4MG)/(1~MG)

290 PRINT:PRINT "SOLUTIONS FOR QWT MATCHING ARE:":PRINT

300 DQ=.25%(PG/PI+1):Z2Q=Z20/SQR(SR):GOSUB 320

310 DQ=DQ+.25:ZQ=Z0*SQR(SR):GOSUB 320:GOTO 340

320 IF DQ>=.5 THEN DQ=DQ-.5

330 PRINT "DQ =";FN TRD(DQ);"*WL";" ZQ = ";FN TRD(ZQ);"
OHMS" :RETURN

340 '#* SINGLE STUB MATCHING *

350 PRINT:PRINT "SOLUTIONS FOR SINGLE STUB MATCHING ARE:":P
RINT

360 B=2*MG/SQR(1-MG*MG) :DS=(PG-ATN(B/2))/(4*PI)~.125:G0SUB
380
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PL 8.2. (continued)

370
380
390
400
410

420
430
440
450
460
470

480

490
500
510

520
530
540

550
560
570
580
5960

RUN

B=-B:DS=(PG-ATN(B/2))/(4*PI)+.125:GOSUB 380:G0TO 420

IF DS<0 THEN DS=DS+.5

IF DS>=.5 THEN DS=DS-.5

IS=B:GOSUB 710

PRINT "DS =";FN TRD(DS);"*WL";" LS =";FN TRD(LS);"*
WL":RETURN

'* DOUBLE STUB MATCHING *
CB=COS(2*PI*DB):SB=SIN(2*PI*DB)
PL=PG-4*PI*D1:R=MG*COS(PL) :X=MG*SIN(PL):GOSUB 580
G=-MG*COS(PG) :B=-MG*SIN(PG)

IF G<1/(SB*SB) THEN 480

D1=D1+.25:PRINT "VALUE OF D1 CHANGED TO";D1;"*WL":GOTO
440

PRINT:PRINT "SOLUTIONS FOR DOUBLE STUB MATCHING ARE:":P
RINT

GI=G:BI=B:B2=CB/SB+SQR(1/(GI*SB*SB)-1):GOSUB 510
B2=CB/SB-SQR(1/(GI*SB*SB)-1):G0OSUB 510:GOTO 550
Bl=-BI+(B2*B2%*SB*CB-B2%(CB*CB-SB*SB))/(1-2%B2*SB*CB+B2*
B2*SB*SB)

IS=B1:GOSUB 710:L1=LS

IS=B2:GOSUB 710:L2=LS

PRINT "L1 =";FN TRD(LL);"*WL";" L2 =";FN TRD(L2);"*
WL":RETURN

LOCATE 23,1:PRINT "PRESS ANY KEY TO CONTINUE"
C$=INPUT$(1):GOTO 180

END

'* SUBPROGRAM TO COMPUTE REFLECTION COEFFICIENT FROM

' NORMALIZED LINE IMPEDENCE *

REAL=R-1:IMAG=X:G0SUB 640:MN=MAG:PN=PANG

REAL=R+1:GOSUB 640:MD=MAG:PD=PANG

MG=MN/MD :PG=PN-PD

RETURN

'* SUBPROGRAM TO CONVERT COMPLEX NUMBER IN RECTANGLULAR
' FORM TO ONE IN POLAR FORM *
MAG=SQR(REAL*REAL+IMAG*IMAG)

IF REAL=0 THEN PANG=SGN(IMAG)*PI/2:RETURN
PANG=ATN(IMAG/REAL)

IF REAL<O THEN PANG=PANG+PI

RETURN

'# SUBPROGRAM TO COMPUTE STUB LENGTH *
LS=ATN(-1/1IS8)/(2*PI):IF LS<O0 THEN LS=LS+.5

RETURN

ENTER VALUES OF Z0,RL, AND XL IN OHMS:
Z0=50 RL=30 XL=-40
ENTER VALUES OF D1 AND D12 FOR DOUBLE
STUB MATCHING:

D1/WL=0 D12/WL=.375

SOLUTIONS FOR QWT MATCHING ARE:

DQ
DQ

418

.125 *WL ZQ = 28.86751 OHMS
.375 *WL ZQ = 86.60256 OHMS
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Bandwidth

SWR versus
frequency
computation

PL 8.2. (continued)
SOLUTIONS FOR SINGLE STUB MATCHING ARE:

DS
DS

.20833 *WL LS
.04167 *WL LS

.38641 *WL
.11359 *WL

SOLUTIONS FOR DOUBLE STUB MATCHING ARE:

L1
L1

.13483 *WL L2
05614 *WL L2

.32726 *WL
.05996 *WL

[}

PRESS ANY KEY TO CONTINUE

For any transmission-line matched system, the match is disturbed as the
frequency is varied from that at which the various electrical lengths and
distances are equal to the computed values for achieving the match. For
example, in the QWT matched system, the electrical length of the QWT departs
from one-quarter wavelength as the frequency is varied from that at which
the match is achieved, and the system is no longer matched even if the load
does not vary with frequency. A plot of the SWR in the main line to the left
of the QWT versus frequency is typically of the shape shown in Fig. 8.19,
where f; is the design frequency at which the system is matched, and hence
the SWR is unity. One can then specify a tolerable value of SWR, say, S,
so that there exists an acceptable bandwidth of operation, £, — f;. Similar
considerations apply to the single-stub and double-stub matched systems.

A SWR

S _— A e ——
Figure 8.19. The SWR versus fre-
quency curve illustrating the band-
width between the two frequencies,
Ji and f;, on either side of the design
1 » f frequency f;, at which the SWR is a

fi fo fa specified value, SC> 1).

To discuss a procedure by means of which the SWR versus frequency
curve can be computed for all three types of matching techniques discussed,
let us consider a transmission-line system having » discontinuities, as shown
for n = 2 in Fig. 8.20. At each discontinuity, there can exist a stub and a
change in characteristic impedance. We shall consider a specification of zero
for the length of the stub to mean no stub is present instead of a stub of zero
length. This does not result in a conflict since for any matched system using
short-circuited stubs, values of zero cannot be obtained for stub lengths since
then SWR would be infinity. With this understanding, Fig. 8.20 can be used
to represent all three types of matching systems by specifying values for the
various parameters as shown in Table 8.1.
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Figure 8.20 Transmission-line system for computing the SWR versus
frequency curve for QWT and single-stub and double-stub matched systems.

Then to compute the SWR in the main line at a given frequency, we
first note that since A « 1/f, the electrical length of a line section or of a stub
is proportional to f. Thus at a frequency f, the electrical length is equal to
f/f, times its value at f,. For a given f/f,, the procedure consists of starting
at. the load and computing in succession the line admittance to the left of the
stub at each discontinuity from a knowledge of the line admittance at the
output of the line section to the right of that stub, until the line admittance
to the left of the last discontinuity is found and used to compute the required
SWR. In carrying out this procedure, we observe the following:

1. To compute the normalized admittance, say, y;, at the input (left) end
of a line section of length [ from the normalized admittance, say, ¥,, at
the output (right) end of that section, we use the formula

1-T, 1-Te’™#
1+T, 1+T,e’™®
1= - 7)/U +y) e
T+ - 7/ A+ F) e

)_)iz

TABLE 8.1. VALUES OF PARAMETERS FOR USING THE SYSTEM OF FIG. 8.20
FOR THREE DIFFERENT CASES. VALUES OF ZERO FOR /, and /; MEAN NO
STUBS PRESENT.

System n Zy d, L Zo, d, I,
QWT 2 Z, d, 0 z, 1/4 0
Single stub 1 Z, d, IR — — —
Double stub 2 Zy d, | Z, dy, L

420 Transmission Lines 2. Sinusoidal Steady-State Analysis Chap. 8



or

— _JsinBl + y,cos Bl
"7 cosBl +jy,sinpl

(8.54)

where T and T, are the reflection coefficients at the input and output
ends, respectively.

. To compute the line admittance to the left of a stub, we add the input

admittance of the stub to the line admittance to the right of the stub.

The listing of a PC program which computes SWR versus f/f; using the

procedure just discussed is presented as PL 8.3. The output from a run of
the program is also included.

PL 8.3. Program listing and sample output for computing SWR in
the main line versus frequency for the transmission-line system of

Fig.

100
110
120
130
140
150
160
170
180

190
200
210
220
230
240
250
260
270
280
290
300
310
320
330
340
350
360
370
380
390
400

410
420
430
440
450
460
470

Sec.

8.20.

¥ e sfe o o s e ke s o e ke o e e s o e o o e ke s s e sk s e e sl o e e s sk s st s o st ke s o ol e ke st ok sk e e sk sk ok e sk ok ok ok

'* COMPUTATION OF SWR VERSUS FREQUENCY FOR A TRANSMISSION *

'# LINE SYSTEM MATCHED AT F=FO *

¥ e ode e o sk e b e o s e s ok e st s ke o s e ofe st s e e s e e s sl ol e s sk s sfe s e s e ok ok ke ok ok s ok sk s o e e ok ok e ke

DIM D(10),ZS(10),L(10)

PI=3.1416

DEF FN TR(ARG)=INT(ARG*10000+.5)/10000:"'* ROUNDS ARG TO

' FOUR DECIMAL PLACES *

CLS:LOCATE 1,1:PRINT "ENTER VALUES OF ZO, RL, AND XL IN OHM

S:"

INPUT "ZO=",Z0

LOCATE 2,15:INPUT "RL=",RL:R=RL/ZO

LOCATE 2,30:INPUT "XL=",XL:X=XL/ZO

PRINT:INPUT "ENTER NUMBER OF SECTIONS: ",NS:PRINT

PRINT "FOR EACH SECTION, ENTER ITS ELECTRICAL"

PRINT "LENGTH, Z0O IN OHMS, AND ELECTRICAL"

PRINT "LENGTH OF STUB (IF NO STUB, ENTER 0):"

I=1:IL=10

LOCATE IL,1:PRINT I;":":'* NUMBER OF SECTIONS *

LOCATE IL,6:INPUT "DS/WL=",D(I):'* ELECTRICAL LENGTH OF

' SECTION *

LOCATE IL,19:INPUT "Z0=",ZS(I):'* CHARACTERISTIC

' IMPEDANCE OF SECTION *

%QCATE IL,31:INPUT "LS/WL=",L(I):'#* ELECTRICAL LENGTH OF
STUB *

IF I<KNS THEN I=I+1:IL=IL+1:GOTO 270

PRINT:PRINT "ENTER THE FOLLOWING:":PRINT

INPUT "MINIMUM VALUE OF F/FO =

INPUT "MAXIMUM VALUE OF F/FO = ",F2

INPUT "STEP IN F/FO = ",FS

PRINT:PRINT "PRESS ANY KEY TO CONTINUE":C$=INPUT$(1)

CLS:LOCATE 1,1:PRINT "VARIATION OF SWR WITH FREQUENCY IS:":

PRINT

'* COMPUTE SWR VERSUS FREQUENCY *

FOR RT=F1 TO F2 STEP FS

TF XL>0 THEN X=XL*RT/Z0:GOTO 450

X=XL/(RT*Z0)

R=RL/Z0:MZ2=R*R+X*X:G=R/MZ2:B=-X/MZ2:'* COMPUTATION OF

' NORMALIZED LOAD ADMITTANCE *

FOR I=1 TO NS

t
o]
—
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PL 8.3. (continued)

480 IF D(I)=0 THEN 540

490 DI=D(I)*RT:ZR=ZS(1)/Z0

500 G=G*ZR:B=B*ZR

510 CL=COS(2*PI*DI):SL=SIN(2*PI*DI)

520 RN=G*CL:IN=B*CL+SL:RD=CL-B*SL:ID=G*SL

230 MN2-RD*RD+ID*ID:G=(RN*RD+IN*ID)/(MN2*ZR):B=(IN*RD-RN*ID)/(M
N2*ZR)

540 IF L(I)=0 THEN 590:'* NO STUB *

550 BX=TAN(2%PI*L(I)*RT)

560 IF BX=0 THEN 620:'* IF INPUT REACTANCE OF STUB IS ZERO,

570 ' THEN SET SWR EQUAL TO INFINITY *

580 B=B-1/BX

590 NEXT

600 MG=SQR(((1-G)" 2+B*B)/((14G)"2+B*B)) :SWR=(1+MG)/(1-MG)

610 PRINT USING "F/FO = #.##";RT;:LOCATE ,15:PRINT "SWR =";FN T
R(SWR) :GOTO 630

620 PRINT USING "F/FO = #.##";RT;:LOCATE ,15:PRINT "SWR = INFIN
ITY"

630 NEXT

640 PRINT:PRINT "PRESS ANY KEY TO CONTINUE"

650 C$=INPUT$(1):GOTO 180

660 END

RUN

ENTER VALUES OF Z0O, RL, AND XL IN OHMS:
Z0=50 RL=30 XL=-40

ENTER NUMBER OF SECTIONS: 2

FOR EACH SECTION, ENTER ITS ELECTRICAL
LENGTH, ZO IN OHMS, AND ELECTRICAL
LENGTH OF STUB (IF NO STUB, ENTER 0):

1 : DS/WL=0 Z0=50 LS/WL=.1348
2 : DS/WL=.375 20=50 LS/WL=.3273

ENTER THE FOLLOWING:
MINIMUM VALUE OF F/FO

MAXIMUM VALUE OF F/FO
STEP IN F/FO = .02

.9
1.1

PRESS ANY KEY TO CONTINUE

VARIATION OF SWR WITH FREQUENCY IS:

F/FO = 0.90 SWR = 1.9249
F/FO = 0.92 SWR = 1.7124
F/FO = 0.94 SWR = 1.5117
F/FO = 0.96 SWR = 1.325

F/FO = 0.98 SWR = 1.1543
F/FO = 1.00 SWR = 1.0006
F/FO = 1.02 SWR = 1.1583
F/FO = 1.04 SWR = 1.3459
F/FO = 1.06 SWR = 1.5663
F/FO = 1.08 SWR = 1.8236
F/FO = 1.10 SWR = 2,1216

PRESS ANY KEY TO CONTINUE
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1t can be seen from PL 8.3 that the values of input parameters used for
the run are pertlnent to the first of the two solutions for the double-stub
matching case in the output of PL 8.2. The frequency variation of Zy is taken
into account by assuming Zy to be the series combination of a single resistor
and a single reactive element.

D8.7. For a line of characteristic impedance 60 £, find the location nearest to the load
and the characteristic impedance of a quarter-wave transformer to achieve a
match for each of the following values of Ix: (a) 1/9; (b) —j0.5; and (c) j1/3.
Ans: 67.08 Q, 0; 34.64 €}, 0.125); 84.85 Q, 0.1251

D8.8. For each of the following values of Z terminating a line of characteristic impedance
60 Q, find the lowest value of d, and the corresponding smallest value of the
length I, of a single short-circuited stub of characteristic impedance 60 €2 required
to achieve a match between the line and the load: (a) Zzx = 30 Q; (b) Zz =
12 — j24) Q.

Ans: 0.098\, 0.348\; 0, 0.074A

D8.9. For each of the following sets of values for d,, d,, and Z associated with the
double-stub matching technique, determine whether or not it is possible to
achieve a match between the line and the load: (a) d, = 0, dy;, = 3\/8, %z =
0.3 + jOo.4; (b) dy = N4, dy = 508, Zzg = 2.5 — j5; and (c) d; = MA/8,
dip = 3M\/8,7z = 0.5.

Ans: Yes; no; yes

8.4 THE SMITH CHART 1. BASIC PROCEDURES

Construction

In the previous section, we considered transmission-line matching techniques
and computer solutions of matching problems. In this section, we shall discuss
some basic procedures using the Smith chart. Introduced in 1939 by P. H.
Smith,' the Smith chart continues to be a popular graphical aid in the solutlon
of transmission-line problems including simulation on personal computers
__ The ““Smith chart’’ is a transformation from the complex Z-plane (or
Y-plane) to the complex I'-plane. To discuss the basis behind the construction
of the Smith chart, we begin with the relationship for the reflection coefficient
in terms of the normalized line impedance as given by

7d) — 1

') =t

(8.55)

Letting Z(d) = r + jx, we have
r+jx—-1_ (—1)+jx

F(d)=r+jx+1—(r+1)+jx
and
— -1+ 1/2<
T'(d)| = [—‘—(H_ 7 + xz] =1

for positive values of . Thus, for passive line impedances the reflection
coefficient lies inside or on the circle of unit radius in the T-plane. We will

' P, H. Smith, ‘“Transmission-Line Calculator,” Electronics, January 1939, pp. 29-31.

2 See, e.g., M. Felton, ‘““Moving the Smith Chart to a Low-Cost Computer,’” Microwave
Journal, October 1983, pp. 131-133.
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hereafter call this circle the ‘“unit circle.”” Conversely, each point inside or
on the unit circle represents a possible value of reflection coefficient corre-
sponding to a unique value of passive normalized line impedance. Hence all
possible values of passive normalized line impedances can be mapped onto
the region bounded by the unit circle.

To determine how the normalized line impedance values are mapped
onto the region bounded by the unit circle, we note that

r+jx—-1_r2—-1+x2 ) 2x

—F- = =
r+jx + 1 (r-i—1)2+x2+J(r—l-1)2+x2
so that
— =1+ x
= - 7 (8.56a)
Re () (r + 1) + x*
— 2x
e 8.56b
Im (1) (r+ 1%+ x* ( )

Let us now discuss different cases:
1. 7 is purely real; that is, x = 0. Then

Re@ ="—1 and Im(@ =0

r+1
Purely real values of 7 are represented by points on the real axis. For
example, r = 0, %, 1, 3, and oo are represented by I' = —1, —4, 0, 3,

and 1, respectively, as shown in Fig. 8.21(a).
2. 7 is purely imaginary; that is, » = 0. Then
-1 . 2x
21T

T} =

and

[T = tan™" 22x
x -1

Purely imaginary values of 7 are represented by points on the unit circle.

For example, x = 0, 1, oo, —1, and —oo are represented by I' = 1/,

1/w/2,1/0°, 1/—x/2, and 1/27, respectively, as shown in Fig. 8.21(b).
3. 7 is complex, but its real part is constant. Then

+ 1

3 r2—1+x2_ ¥ 2+ 2x 2 1 \?

e+ D2+ r 41 (r+ D* + x? r+1
This is the equation of a circle with center at Re @) = r/(r + 1) and
Im (I') = 0 and radius equal to 1/( + 1). Thus loci of constant r are
circles in the I-plane with centers at [r/(* + 1), 0] and radii 1/(r + 1).
For example, for r = 0, 3, 1, 3, and oo, the centers of the circles are
0, 0), G, 00, (4, 0), ¢, 0), and (1, 0), respectively, and the radii are 1,
3,3, %4, and 0, respectively. These circles are shown in Fig. 8.21(c).

2
[Re(T) _ rL] + [Im@)?
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(c)

Figure 8.21. Development of the Smith chart by transformation from Z to T.

4. 7 is complex, but its imaginary part is constant. Then

2
[Re) — 11 + [Im @) - i:l

B r2—1+x2_12+ 2x 1P 1y
T+ 1)+ AP r+1D+x x| \x

This is the equation of a circle with center at Re(T) = 1 and Im(T) =
1/x and radius equal to 1/|x|. Thus locii of constant x are circles in the
T-plane with centers at (1, 1/x) and radii equal to 1/|x|. For example,
forx = 0, +3, =1, £2, and +oo, the centers of the circles are (1, =),
(1, =2), (1, =1, (1, =%, and (1, 0), respectively, and the radii are oo,
2, 1, 3, and 0, respectively. Portions of these circles which fall inside
the unit circle are shown in Fig. 8.21(d). Portions which fall outside the
unit circle represent active impedances.

Combining (c) and (d), we obtain the chart of Fig. 8.21(¢). In a commercially
available form shown in Fig. 8.22, the Smith chart contains circles of constant
r and constant x for very small increments of r and x, respectively, so that
interpolation between the contours can be carried out accurately. We shall
now consider an example to illustrate some basic procedures using the Smith
chart.
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Figure 8.22. The Smith chart. (Copyrighted by and reproduced with the
permission of Kay Elemetrics Corp., Pine Brook, N.J.)

Example 8.4.

Some basic A transmission line of characteristic impedance 50 ) is terminated by a load

procedures impedance Z; = (15 — j20) Q. It is desired to find the following quantities by
using the Smith chart.

(i) Reflection coefficient at the load.
(i) SWR on the line.

(iii) Distance of the first voltage minimum of the standing wave pattern from
the load.

(iv) Line impedance at d = 0.05\.
(v) Line admittance at d = 0.05A.

(vi) Location nearest to the load at which the real part of the line admittance
is equal to the line characteristic admittance.

We proceed with the solution of the problem in the following step-by-step
manner with reference to Fig. 8.23.
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Constant Unit Conductance

SWR Circley |\ — / Circle
0.26
| v
Toward
Generator

Figure 8.23. For illustrating the various procedures to be followed in using
the Smith chart.

(@)

(b

©)

Find the normalized load impedance.

Locate the normalized load impedance on the Smith chart at the intersection
of the 0.3 constant normalized resistance circle and —0.4 constant normalized
reactance circle (point A).

Locating point A actually amounts to computing the reflection coefficient
at the load since the Smith chart is a transformation in the I'-plane. The
magnitude of the reflection coefficient is the distance from the center (O)
of the Smith chart (origin of the I-plane) to the point A based on a radius
of unity for the outermost circle. For this example, [Tz| = 0.6. The phase
angle of Tk is the angle measured from the horizontal axis to the right of
O (positive real axis in the -plane) to the line OA in the counterclockwise
direction. This angle is indicated on the chart along its circumference.
For this example, /Tr = 227°, Thus

FR — 0.6 ejLZﬁl‘rr

(d) To find the SWR, we recall that at the location of a voltage maximum,

Sec. 8.4

the line impedance is purely real and given by
Rmax = ZO (SWR) (8.57)

Thus the normalized value of R, is equal to the SWR. We therefore
move along the line to the location of the voltage maximum, which involves
going around the constant I circle to the point on the positive real axis.
To do this on the Smith chart, we draw a circle passing through A and
with center at 0. This circle is known as the ‘‘constant SWR circle’’ since
for points on this circle, [I'| and hence SWR = (1 + [[)/(1 — [T|) is a
constant. Impedance values along this circle are normalized line impedances
as seen moving along the line. In particular, since point B (the intersection
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(e)

®

(®

G

of the constant SWR circle with the horizontal axis to the right of O)
corresponds to voltage maximum, the normalized impedance value at point
B, which is purely real and maximum, is equal to the SWR. Thus, for
this example, SWR = 4.

Just as point B represents the position of a voltage maximum on the line,
point C (intersection of the constant SWR circle with the horizontal axis
to the left of O, i.c., the negative real axis of the I'-plane) represents the
location of a voltage minimum. Hence, to find the distance of the first
voltage minimum from the load, we move along the constant SWR circle
starting at point A (load impedance) toward the generator (clockwise direction
on the chart) to reach point C. Distance moved along the constant SWR
circle in this process can be determined by recognizing that one complete
revolution around the chart (I'-plane diagram) constitutes movement on
the line by 0.5A. However, it is not necessary to compute in this manner
since distance scales in terms of A are provided along the periphery of the
chart for movement in both directions. For this example, the distance
from the load to the first voltage minimum = (0.5 — 0.435)A = 0.065A.
Conversely, if the SWR and the location of the voltage minimum are
specified, we can find the load impedance by following the foregoing pro-
cedures in reverse.

To find the line impedance at d = 0.05\, we start at point A and move
along the constant SWR circle toward the generator (in the clockwise
direction) by a distance of 0.05\ to reach point D. This step is equivalent
to finding the reflection coefficient at d = 0.05A knowing the reflection
coefficient at d = 0 and then computing the normalized line impedance
by using (8.35). Thus, from the coordinates corresponding to point D, the
normalized line impedance at d = 0.05X is (0.26 — j0.09), and hence the
line impedance at d = 0.05\A is 50(0.26 — j0.09) or (13 — j4.5) Q.

To find the line admittance at d = 0.05\, we recall that

[Z@d) [Z(d + %)] =7

Z(d)] [z<d + %)] -1

yd) = Z(d + %) (8.58)

Thus the normalized line admittance at point D is the same as the normalized
line impedance at a distance A/4 from it. Hence, to find ¥(0.05)), we start
at point D and move along the constant SWR circle by a distance A/4 to
reach point E (we note that this point is diametrically opposite to point
D) and read its coordinates. This gives ¥(0.050) = (3.4 + j1.2). We then
have Y(0.050) = ¥(0.05\) x Y, = 3.4 + j1.2) x 1/50 = (0.068 + j0.024)
mhos.

Relationship (8.58) permits us to use the Smith chart as an admittance
chart instead of an impedance chart. In other words, if we want to find
the normalized line admittance ¥(Q) at a point Q on the line, knowing the
normalized line admittance 7(P) at another point P on the line, we can
simply locate ¥(P) by entering the chart at coordinates equal to its real
and imaginary parts and then moving along the constant SWR circle by

so that

or
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the amount of the distance from P to Q in the proper direction to obtain
the coordinates equal to the real and imaginary parts of ¥(Q). Thus it is
not necessary first to locate z(P) diametrically opposite to ¥(P) on the
constant SWR circle, then move along the constant SWR circle to locate
z(Q), and then find ¥(Q) diametrically opposite to Z(Q). To find the location
nearest to the load at which the real part of the line admittance is equal
to the line characteristic admittance, we first locate y(0) at point F dia-
metrically opposite to point A which corresponds to z(0). We then move
along the constant SWR circle toward the generator to reach point G on
the circle corresponding to constant real part equal to unity (we call this
circle the ‘‘unit conductance circle’’). Distance moved from F to G is read
off the chart as (0.325 — 0.185)A = 0.14\. This is the distance closest to
the load at which the real part of the normalized line admittance is equal
to unity and hence the real part of the line admittance is equal to line
characteristic admittance.

D8.10. Find the values of T in polar form onto which the following normalized impedances
are mapped: (a) 3 + j3; (b) 0 — j0.5; (c) 0.25 + jO; and (d) —1 + j2.
Ans: 0.721/19.44°; 1/233.13°; 0.6/180°; 1.414/45°

D8.11. Find the following using the Smith chart: (a) the normalized input impedance
of a line of length 0.1\ and terminated by a normalized load impedance (2 +
j1); (b) the normalized input admittance of a short-circuited stub of length
0.17); and (c) the normalized input admittance of an open-circuited stub of
length 0.06A.
Ans: 1.4 — jl1.1; —j0.55; j0.4

8.5 THE SMITH CHART 2. APPLICATIONS

In the previous section, we introduced the Smith chart and discussed some
basic procedures. In this section we shall first consider by means of examples
graphical solutions of transmission-line matching problems using the Smith
chart and then discuss further applications.

Example 8.5.

Single-stub Let us consider a transmission line of characteristic impedance Z, = 50 Q
matching terminated by a load impedance Z; = (30 — j40) Q and illustrate the solution
solution of the single-stub matching problem by using the Smith chart, assuming Z, of

the stub to be 50 Q.

With reference to the notation in Fig. 8.17, we recall that to achieve a
match, the stub must be located at a point on the line at which the real part of
the normalized line admittance is equal to unity; the imaginary part of the line
admittance at that point is then canceled by appropriately choosing the length
of the stub. Hence we proceed with the solution in the following step-by-step
manner with reference to Fig. 8.24.

(a) Find the normalized load impedance.
Tr=2="""—=0.6—j08
Locate the normalized load impedance on the Smith chart at point A.

(b) Draw the constant SWR circle passing through point A. This is the locus
of the normalized line impedance as well as the normalized line admittance.
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0.125) 0.1372

G 0.1665A
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/ Generator
//
E
03335 Figure 8.24. Solution of single-stub
—0.8 0.363A matching problem by using the Smith
—1.16 chart.

Starting at point A, go around the constant SWR circle by half a revolution
to reach point B diametrically opposite to point A. Point B corresponds
to the normalized load admittance.

(c) Starting at point B, go around the constant SWR circle toward the generator
until point C on the unit conductance circle is reached. This point corresponds
to the normalized line admittance having the real part equal to unity, and
hence it corresponds to the location of the stub. The distance moved from
point B to point C (not from point A to point C) is equal to the distance
from the load at which the stub must be located. Thus the location of the
stub from the load = (0.1665 — 0.125)A = 0.0415\.

(d) Read off the Smith chart the normalized susceptance value corresponding
to point C. This value is 1.16, and it is the imaginary part of the normalized
line admittance at the location of the stub. The imaginary part of the line
admittance is equal to 1.16 X Y; = (1.16/50) mhos. The input susceptance
of the stub must therefore be equal to —(1.16/50) mhos.

(e) This step consists of finding the length of a short-circuited stub having an
input susceptance equal to —(1.16/50) mhos. We can use the Smith chart
for this purpose since this simply consists of finding the distance between
two points on a line (the stub in this case) at which the admittances (purely
imaginary in this case) are known. Thus, since the short circuit corresponds
to a susceptance of infinity, we start at point D and move toward the
generator along the constant SWR circle through D (the outermost circle)
to reach point E corresponding to —;1.16, which is the input admittance
of the stub normalized with respect to its own characteristic admittance.
The distance moved from D to E is the required length of the stub. Thus
length of the short-circuited stub = (0.363 — 0.25)A = 0.113A.

(f) The results obtained for the location and the length of the stub agree with
one of the solutions found analytically in Sec. 8.3 by using PL 8.2. The
second solution can be obtained by noting that in step (c), we can go
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Double-stub
matching
solution

around the constant SWR circle from point B until point F on the unit
conductance circle is reached instead of stopping at point C. The stub
location for this solution is (0.3335 — 0.125)A = 0.2085A. The required
input susceptance of the stub is (1.16/50) mhos. The length of the stub
is the distance from point D to point G in the clockwise direction. This
is (0.137 + 0.25)A = 0.387A. These values are the same as the second
solution obtained in Sec. 8.3.

Example 8.6.

For the line of characteristic impedance Z, = 50 © and load impedance Z =
(30 — j40) Q of Ex. 8.5, it is desired to solve the double-stub matching problem
by using the Smith chart and assuming Z, of both stubs to be 50 Q, the first
stub to be located at the load, and distance between stubs equal to 0.375A.

With reference to the notation of Fig. 8.18, we first note that to achieve
a match, y; = 1 — jb, must fall on the unit conductance circle. Now since y;
and ¥, correspond to locations at the end points of the line section between the
stubs, for a given ¥,, ¥, can be obtained by drawing the constant SWR circle
through y, and going toward the generator (clockwise direction) by the distance
d;, from y,. Conversely, to obtain y, for a given ¥, we start at y; and go toward
the load (counterclockwise direction) by the distance d}, along the constant SWR
circle. Hence, for y, to fall on the unit conductance circle, y; must fall on a
circle which is obtained by pivoting the unit conductance circle at the center of
the Smith chart (point O) and rotating it toward the load by the distance d,, as
shown in Fig. 8.25 for d;, = 3\/8. We shall call this circle the ‘‘auxiliary circle.”
Thus the auxiliary circle is the “‘locus of ¥, for possible match.”

Unit
Conductance
Circle

Toward\\

Load

Auxiliary
Circle

Figure 8.25. Rotation of the unit conductance circle by d;, (= 3 A/8) toward
the load about O for illustrating the construction of the auxiliary circle, that
is, the locus of y, for possible match for the double-stub matching arrangement
of Fig. 8.18.
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The matching procedure consists of first locating y; on the Smith chart
and then moving along the constant SWR circle through y; toward the generator
by the distance d; between the load and the first stub, thereby locating y;. The
right amount of susceptance is then added to y; to reach a point on the auxiliary
circle. This point corresponds to ¥, and determines a new constant SWR circle.
By going along this new constant SWR circle toward the generator by the distance
dy, V5 is located on the unit conductance circle. The amount of susceptance
added to yj is the required normalized input susceptance of the first stub, whereas
the negative of the imaginary part of y; is the required normalized input susceptance
of the second stub.

Considering now the numerical values of 7, = (30 — j40)/50 = 0.6 —
j0.8, d; = 0, and d;, = 0.375\, we proceed with the solution in the following
step-by-step manner with reference to Fig. 8.26.

(a) Locate zz = 0.6 — j0.8 at point A and draw the constant SWR circle
through A.

(b) Locate point B on the constant SWR circle and diametrically opposite to
point A. This point corresponds to ¥z. Since d; is equal to zero, it also
corresponds to y;. If d; is not equal to zero, then 7 has to be located by
going along the constant SWR circle toward the generator by the distance
d, from point B.

(c) Draw the auxiliary circle which is the circle obtained by pivoting the unit
conductance circle at the center of the chart and rotating it by the distance
d;; = 0.375\ toward the load.

(d) This step consists of adding the right amount of susceptance to y; to get
to a point on the auxiliary circle. Hence, starting at point B, go along the

Auxiliary
Circle

Figure 8.26. Solution of the double-stub matching problem by using the
Smith chart.
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constant conductance circle to reach point C on the auxiliary circle. This
point corresponds to y;. The required normalized input susceptance of
the first stub can now be found by noting that ¥, = y{ + jb;, and hence
jby =5 — y; = (0.6 — j0.09) — (0.6 + j0.8) = —j0.89

(e) Starting at point C, go along the constant SWR circle through C toward
the generator by d;, = 0.375\A to reach point D on the unit conductance
circle. This point corresponds to y5. Note that the SWR on the portion
of the line between the stubs is different from the SWR to the right of the
first stub because of the discontinuity introduced by the stub. The required
normalized input susceptance of the second stub can now be found by
reading the imaginary part of y; and taking its negative. Thus

jb, = —jlIm(y3)] = j0.53
(f) This step consists of finding the lengths of the two stubs having the normalized
input susceptances found in steps (d) and (e), by using the procedure
discussed in Ex. 8.5. Thus we obtain
I;, length of first stub = (0.385 — 0.25)A = 0.135A

l,, length of second stub = (0.077 + 0.25)A = 0.327A
which agree with one of the solutions found analytically in Sec. 8.3 by
using PL 8.2.
(2) Finally, the second solution can be obtained by going from point B to point
C' on the auxiliary circle and then to point D’ on the unit conductance
circle, and computing jb, and jb, as in steps (d) and (e). Thus we obtain

jby = (0.6 — j1.92) — (0.6 + j0.8) = —j2.72
Jjby = —j2.5
giving us
I, = (0.306 — 0.25)A = 0.056A
L = (0.31 — 0.25)A = 0.06A
These values are the same as the second solution obtained in Sec. 8.3.

Before proceeding further, we recall from Sec. 8.3 that in the double-
stub matching technique, it is not possible to achieve a match for loads which
result in real part of ¥} greater than 1/sin? 8d,,. For d;, = 3\/8, 1/sin* Bd,,
= 2, and a match cannot be achieved if the real part of y; is greater than 2.
This is easily evident from the Smith chart construction in Fig. 8.26, since if
point B falls inside the cross-hatched region (real part > 2), it is not possible
to reach a point on the auxiliary circle by moving on the constant conductance
circle through B. The cross-hatched region is therefore called the *‘forbidden
region of y{ for possible match.”” As pointed out in Sec. 8.3, a solution to
the problem is to increase d; by A/4. This effectively rotates the forbidden
region by 180° about the center of the chart, thereby making possible a match.

To illustrate the application of the Smith chart further, we shall now
discuss a very useful property of the reflection coefficient and hence of the
Smith chart. This has to do with the transformation of the reflection coefficient
from one side of a discontinuity to the other side of the discontinuity. Let
us, for example, consider the system shown in Fig. 8.27, which consists of
a junction between two lines of characteristic admittances Y, and Yy, and in
addition, an admittance ¥, connected across the junction. If Y, = 0, then
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Line 1

Figure 8.27. A transmission-line system for deriving the transformation of
I" across a discontinuity.

the system reduces to a simple junction between two lines. If Yy = Yoo,
then the system reduces to an admittance discontinuity in the same line.
Lety, = Y,/Y, and 3, = Y,/Y, be the normalized admittances to the
left and to the right, respectively, of the junction, and let the corresponding
reflection coefficients be I'; and T',, respectively, as shown in Fig. 8.27. Then,
since Y, = Y, + Y,;, we have
% % Y,

YOI YOl Y_Ol

Yo (72 Yd)

e (8.59)
Y01 YOZ Y02

=a(y, + 7
where a = Yy,/Y,, is the ratio of the characteristic admittances of the two
lines and 3, = Y,/Yy, is the normalized value of Y, with respect to Yq,.
Substituting for 7, and ¥, in (8.59) in terms of I'; and T, respectively, we

have
l—r,_ 1_r2 —
1+1, “(1 T y") (8.60)

Rearranging (8.60), we obtain

- (+a—-ap)l, + (A —a - ayy
= — 8.61
L 1-a+ay)l, + A+ a+ ayy) (8.61)

Equation (8.61) is of the form of the so-called ‘‘bilinear transformation,”’
between two complex planes, a property of which is that circles in one plane
are transformed into circles in the second plane. Consequently, loci of T
which are circles in the I-plane are mapped on to loci of T'; which are also
circles in the I-plane, and vice versa. Since the Smith chart is a transformation
(also bilinear) from 7 or y to I', this means that loci of ¥, which are circles
are mapped on to loci of y;, which are also circles. Since a circle is defined
completely by three points, it is therefore sufficient if we use any three points
on the locus of 7, and find the corresponding three points for ¥;. By locating
the center at the intersection of the perpendicular bisectors of lines joining
any two pairs of these three points, we can then draw the circle passing
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through these points, that is, the locus of y;. While we have demonstrated
this property by considering the discontinuity of the form shown in Fig. 8.27,
it can be shown that the property holds for the case of any linear, passive,
bilateral network serving as the discontinuity. We shall now consider an
example.

Example 8.7.

Let us consider the system shown in Fig. 8.28, in which a line is terminated by
a normalized admittance y; = (0.6 + j0.8) and a normalized susceptance of
value b = 0.8 connected between the two conductors of the line forms the
discontinuity. We wish to find the locus of the normalized admittance v, to the
left of the discontinuity as the susceptance slides along the line, and then determine
the location, nearest to the load, of the susceptance for which the SWR to the
left of it is minimized.

— | —
y1—>-|——>-y2

[:l jb =j0.8 [i| Ygr=0.6 +70.8

(@}

Figure 8.28. A transmission-line system in which a susceptance of fixed
value sliding along the line forms a discontinuity.

To construct the locus of ¥,, we first locate ¥ = (0.6 + j0.8) on the Smith
chart at point A and draw the constant SWR circle passing through A, as shown
in Fig. 8.29. This circle is the locus of ¥,, the normalized admittance just to the
right of the discontinuity as the distance between the load and the discontinuity
is varied, that is, as the susceptance slides along the line. We then choose any
three points on the locus of ¥, and locate the corresponding three points for
¥1 = ¥; + j0.8. Here, we choose the points A, B, and C. Following the constant
conductance circles through these points by the amount of normalized susceptance
+0.8, we obtain the points D, E, and F, respectively. We then draw the circle
passing through these points to obtain the locus of y;.

Proceeding further, we note that each point on the locus of ¥; corresponds
to a value of SWR to the left of the susceptance, obtained by following the
constant SWR circle through that point to the r value at the V., point. In
particular, it can be seen that minimum SWR is achieved to the left of the
susceptance for y, lying at point G, which is the closest point to the center of
the chart, and the minimum SWR value is 1.35. The distance from the load at
which the susceptance must be connected to achieve this minimum SWR can
be found by locating the 7, corresponding to the y; at G by following the constant
conductance circle through G by the amount —;0.8 to reach point H. The
distance from point A to point H toward the generator is the required distance.
It is equal to (0.346 — 0.125)\, or 0.221A.

Together with the basic procedures discussed in the previous section,

Sec. 8.5 The Smith Chart 2. Applications 435



Toward
Generator

Locus of Pid

2 %

0.34
-0.8 oA

Figure 8.29. Construction of the locus of y, for the system of Fig. 8.28 as
the susceptance jb slides along the line and determination of the minimum
SWR that can be achieved to the left of the susceptance and the location of
the susceptance to achieve the minimum SWR.

the methods which we have discussed in this section can be extended to solve
many other problems using the Smith chart. We shall include some of these
in the problems.

D8.12.

D8.13.

436

A line of characteristic impedance 100 {2 is terminated by a load of impedance
(50 + j65) Q. Find the following using the Smith chart: (a) the SWR on the
line; (b) the minimum SWR that can be achieved on the line by connecting a
stub in parallel with the load; and (c) the minimum SWR that can be achieved
on the line by connecting a stub in series with the load.

Ans: 3.0; 1.33; 2.0

A line of characteristic impedance 100 ) is terminated by a load of impedance
(30 — j40) Q. Find the following using the Smith chart: (a) the minimum
distance at which a reactance of value 100  must be connected in parallel
with the line to minimize the SWR to the left of the reactance and the minimum
SWR achieved and (b) the minimum length of a line section of characteristic
impedance 50 Q between the main line and the load to minimize the SWR on
the main line and the minimum SWR achieved.

Ans: 0.479X, 1.48; 0.375\, 1.50
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8.6 THE LOSSY LINE

Distributed
equivalent
circuit

Transmis-
sion-line
equations
and solution

Thus far we have been concerned with lossless lines. We learned in Sec. 7.1
that the distributed equivalent circuit for a lossless line consists of series
inductors and shunt capacitors, representing energy storage in magnetic and
electric fields, respectively. Lossy lines are characterized by imperfect but
good conductors and imperfect dielectric giving rise to power dissipation,
thereby modifying the distributed equivalent circuit. The power dissipation
in the conductors is taken into account by a resistance in series with the
inductor whereas the power dissipation in the dielectric is taken into account
by a conductance in parallel with the capacitor. In addition, the magnetic
field inside the conductors is taken into account by an additional inductance
in the series branch. Thus the distributed equivalent circuit for the lossy line
is as shown in Fig. 8.30, where £ includes the additional inductance just
mentioned.

I(z, t) I(z + Az, 1)

v 7O00 ’ 0

A+ R'AZ PAz + A

V(z, D C Az V(z + Az, 1)
€Az

Y

. . )

z z + Az

Figure 8.30. Distributed equivalent circuit for a lossy transmission line.

To discuss wave propagation on a lossy line, we first obtain the trans-
mission-line equations by applying Kirchoff’s voltage and current laws to the
circuit of Fig. 8.30. Thus we have

Viz+ Az, 8) — Vg, ) = —RAz Iz, 1) — .SBAZQ—I(;;Q (8.62a)
Iz +Az,t) —Iz,) = —6AzV(z, ©) — %Az% (8.62b)

Dividing both sides of (8.62a) and (8.62b) by Az and letting Az — 0, we obtain
the transmission-line equations

V@D gye - o@D (8.632)
iz at
J({
A& D | gy - V@D (8.63b)
az ot
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The corresponding equations in terms of phasor voltage and current are

V@ _ g1 - judl@)
0z
4D _ v - joeV@)
9z
or
QY— = —(R + job)I (8.64a)
0z
A %+ jo®) T (8.64b)
az

where V and T are understood to be functions of z.
Combining the two transmission-line equations (8.64a) and (8.64b) by
eliminating I, we obtain the wave equation

0’V N
= (R + joL) (4 + jo€)V
or
s
% =7V (8.65)
where
Yy =a+jB

(8.66)

V(R + joL)G + jub)

The solution for V(z) is given by
V(z) = Ae™7* + Be™ (8.67)
where A = Ae’” and B = Be’® are arbitrary constants. It then follows that
V(z, ) = Re[A e’e™ % e/ + Bel®e*e/Pe’']
= Ae *cos (wt — Bz + 6) + Be™ cos (wt + Bz + ¢)

Noting that the first and second terms on the right side correspond to waves
propagating in the +z and —z-directions, respectively, we write (8.67) as

V@) =V'e ™+ Ve~ (8.68)

where the superscripts + and — denote (+) and (—) waves, respectively.
The quantity 8, which is the imaginary part of ¥ is, of course, the phase
constant, that is, the rate of change of phase with z for a fixed time, for either
wave. The quantity a, which is the real part of ¥, is the attentuation constant,
denoting that the waves get attenuated by the factor e* per unit distance as
they propagate in their respective directions. Thus the quantity ¥(= « + jB)
is the propagation constant associated with the wave. We recall that the units
of a are nepers per meter. Proceeding further, we obtain the corresponding
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Low-loss line

solution for the phasor line current by substituting (8.68) into one of the
transmission-line equations. Thus using (8.64a), we obtain

- 1 oV
7)) = ——F——
@) R+ jof oz
1 —— e e o
= —m[—y Vie " — YV e
or
T 1 =, ¥z _ - 72
I(7) = 7(V e 7" —-V e (8.69)
0
where
- R+ jof
= 7
0 9 + jog ®.70)

is the characteristic impedance of the line, which is now complex.
Equations (8.68) and (8.69) are the general solutions for the phasor line
voltage and current, respectively, with the associated propagation constant
and characteristic impedance given by (8.66) and (8.70), respectively. While
it is possible to obtain explicit expressions for « and 8, as well as for the real
and imaginary parts of Z, in terms of w, &, &, ¥, and €, such expressions
are often not meaningful since &, &, ¥, and € are themselves functions of
frequency. Hence in practice these quantities are obtained from experimental
determination of characteristic impedance and propagation constant. However,
for the special case of the low-loss line, that is, for ¥ >> &, and w€ >>

¥, we have
= R ¢
S A R Y P
jmff(l +jw$>Jw‘6 (1 +jw‘6)
oo R [
~]w\/$<€\/1+jw$+jw<g

~jw\/ %% | 1 [ ! <Ji,£ + Jj(g)]

z%<%\/g+ @\/%) + jo\/ L6

so that

<%\/$ + fﬁ\/'g) (8.71a)

(8.71b)

Up —— (8.71¢)

\VEE

1
T2
wV.
©_ 1
B
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Similarly,

> _ \/jwff(l ¥ Rfjo?)
job(l + 9/jw%)

20

;-cé’\/ R 9 8.71d)
\/(6 (1 + JZ_%’ B jw(g)
€ 2\ju?  jo%
_ \/?
RVE"

Thus for the low-loss line, the expressions for 8 and Z, are essentially the
same as those for a lossless line. Note that the low-loss conditions w¥ >>
R and 0% >> ¥ are valid for very high frequencies or for very small values
of & and ¥ at lower frequencies.
Experimental As already pointed out, for the general case, it is more convenient to
determina-  determine experimentally the values of Z, and ¥ than it is to compute them
tion of Z, analytically. The experimental technique is based upon the measurements of
and y the input impedance of the line for two values of load impedance. To obtain
the expression for the input impedance, we first write the general solutions
for the phasor line voltage and current given by (8.68) and (8.69), respectively,
in terms of the distance variable d, measured from the load toward the generator,
as opposed to z, measured from the generator toward the load. Thus we have

U

i

Vd)=V*e + Ve ™ (8.72a)
I1d) = -ZI—(VHJ" ~ Ve (8.72b)
(1]
or
Vd) = Vel + T(d)] (8.73a)
1d) = L1 — T(d)] (8.73b)
Zy
where

V@ _ Ve 7
Vid) V*eH (8.74)

— FRe—Z’yd — TRe—Zade—jZBd

is the voltage reflection coefficient at any value of d, and Ty is the voltage
reflection coefficient at the load.
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The line impedance is given by

Vd) 1+ f(d)
Id) “°1-TW)

— 1+ Tge 7
= Zy = —Zyd
1 - FRe

Z@d) =
(8.75)

The input impedance of a line of length / terminated by a load impedance
Zy as shown in Fig. 8.31 is then given in terms of Z; by

= -
Zo = 20) = T 1o
= 1+ [(ZR - 70)/(7R + 70)]e—271
T = 1Zk — 20/ Zr + Zle
= @r + Zp) + Zg — Zye™™
T @+ Z) - @n - Zpe T
Zg cosh ¥l + Z, sinh 71
~ “0Z.sinhyl + Z, cosh vl

or
= = Zgp + Zytanh ¥yl
Zn=Zy 2 0L (8.76)
Zg tanh ¥yl + Z,
a— T
Z,—> Zy 7y Zy
a Figure 8.31. A lossy line of length [
d=1 d<-—— d=0 terminated by Zg.

Let us now consider two values of Zg; in particular, Zz = 0 and Z; =
oo, corresponding to short circuit and open circuit, respectively. Then denoting
the corresponding input impedances to be Z;, and Z3,, respectively, we have

from (8.76),
Z; = Zytanh 1 (8.77a)
Z2 = Z,coth ¥yl (8.77b)
from which we obtain
Z= |77 .79
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and

7
tanh y! = \/ =n
Y 7 8.79)

To illustrate the computation of Z, and ¥ by means of a numerical
example, let us assume that at a certain frequency, measurements indicated

Zs = (30 — j40) Q
Z2, = (30 + j40) Q
Then from (8.78),

Zo = V(30 — j40) 30 + j40) = 50 Q

From (8.79),
_ 30 — j40 50/—53.13°
tachyl = [———— = |————
30 + j40 50/53.13°
= 1/-53.13° = 0.6 — j0.8
yl = tanh™' (0.6 — j0.8)
Using the identity tanh™' x = %ln ij, we then have
— X
1, 16-j08 1 1789/-26.565
YT 204 108 2 " 0.894 /63.435°
= %m 2/=90° = %m [2 /=]
1
= 502 + j@nm ~ /2)]
= 0.3466 + jinm — w/4), n=0,1,2,...
Thus
al = 0.3466
= 0.3466/!
whereas

Bl=nm —mw/4, n=12, ..

where n = 0 is ruled out since it gives negative value for 8. Note that 8 can
only be determined to within nw. However, if the approximate value of 8 is
known, then the correct value of # and hence of 8 can be determined.

In practice, since a perfect open-circuited termination can often be difficult
to achieve, it may be desirable to consider the second value of Z; to be
arbitrary instead of being equal to e=. Denoting the corresponding input impe-
dance to be Z,,, we then have from (8.76) and (8.77a)

= =, Zr + Z;,
Zm ZO ZR Zixn + Zg (880)
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Power flow

and hence

7 l ZRZiann 881
%‘/z+2—z &80

Knowing the value of Z, from (8.81), we can then compute the value of ¥ by
using (8.77a). '

We shall conclude this section with a discussion of power flow down
the line. From (8.73a) and (8.73b), the time-average power flow down the
line is given by

<P> = %Re[V(d)T *(d)]
L eolve et o+ meag O rary _
= zRe{V e"[1 + T(d)] 7_5"e 11 - F*(d)]}
1 ,V+|2 2ad T 2 T Tk
ERC 7_5“e [1 — [T@)f + T(d) — T*(d)]
= %Re{|V+[2?3<e2°‘d[1 — [T + j2 Im T(d)]}
or
<P> = %IV*FeZ""{GO[l — [T(d)|2] + 2B, Im I'(d)} (8.82)
where

- 1
Yo == = G, + jB,
0 A o T JDy
is the characteristic admittance of the line. For a given source voltage and
impedance, we can compute the value of [V *| from line impedance and power
flow considerations at the input end of the line and use that value for further
computations. We shall illustrate this by means of an example.

Example 8.8.
Let us consider the low-loss line system shown in Fig. 8.32, and compute the
time-average power delivered to the input of the line, the time-average power
delivered to the load, and the time-average power dissipated in the line.

—- : 10.20 >

Z, = (30 — j40) Q

Zo=508 Zp=150Q
_ a=10"2 Np/A
Vg=100LO°V
a
d=1 d +— d=0

Figure 8.32. A lossy transmission-line system for illustrating the computation
of power flow at the two ends of the line and the power dissipated in the
line.
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We proceed with the solution in a step-by-step manner as follows:

(2) The reflection coefficient at the load end is given by

T Zr—Zy 150 — 50 _
R Ze+2Z, 150+ 50

0.5

(b) Noting that « is specified in nepers per wavelength, we obtain the reflection
coefficient at the input end d = I as

T() = Tre™@ = Tge e

— 0 Se—0.204€—j40.81r

= 0.4077/—144°
(c) The input impedance of the line is given by
7. = Z() = 72+ 1O
1-T)

_ 501 +0.4077/=144° 1 + (=0.33 — j0.24)
T V1 - 0.4077/=144° " 71— (—0.33 —j0.24)

0.7117/—19.708°
0 m = 26.33/—29.937

= (22.817 — j13.140) @

(d) The current I, = I(!) drawn from the voltage generator can be obtained
as

. Ve 100/0°
®= Z + 2, (30— j40) + (22.817 - j13.140)

100/0° 100/0°
T 52.817 — j53.140  74.923/—45.175°

= 1.3347/45.175°A
(e) The voltage at the input end of the line is given by
V) = Zu IO
= 26.33/—29.937° x 1.3347/45.175°
= 35.143/15.238° V

(f) The time-average power flow at the input end of the line is given by

<P()> = %Re[V(l)T*(l)]

Re[35.143/15.238° x 1.3347/—45.175°]

0| =

% X 35.143 x 1.3347 x cos 29.937°
2032 W
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(2) Noting that By = 0, we then obtain the value of [V*| by applying (8.82)

tod = [. Thus .
_ —2al

7 - e

Gl - L

_[2X20.32 x 0
T/ 0.02( - 0.4077)
= 44,58 V
(h) The time-average power delivered to the load is then given by

<PO> = 3|7} Gt — [T

X 44.58% x 0.02(1 — 0.25)

NS

= 1491 W
(i) Finally, the time-average power dissipated in the line is
<P;> = <P()> — <P(0)>
(20.32 — 14.91)
=541W

D8.14. For a lossy line of length I = 16.3x and characterized by Z, = 60 Q and o =
0.02 Np/A, find the input impedance for each of the following values of Z:
(@) Zg = 0; (b) Zg = oo; and (c) Zz = (36 + jO) Q.
Ans: (102.04 — j85.77) Q; (20.67 + j17.38) Q; (73.17 — j11.39) Q

8.7 SUMMARY

In this chapter, we began our study of sinusoidal steady-state analysis of
lossless transmission lines by expressing the general solutions for the phasor
line voltage and line current in terms of the distance variable d measured from
the load toward the source. These solutions are

Vid) = Vel + V-9
I@) = o (V* e~ V=e )
(1}

By applying these general solutions to the case of a line short circuited at the
far end and obtaining the particular solutions for that case, we discussed the
standing wave phenomenon resulting from the complete reflection of waves
by the short circuit. We introduced the concept of a standing wave pattern
and discussed the phenomenon of natural oscillations. We examined the fre-
quency behavior of the input impedance of a short-circuited line of length /,
given by
Z, = jZ, tan Bl

and illustrated (1) its application in a technique for locating short circuit in a
line and (2) the computation of resonant frequencies for a system formed by
connecting together short-circuited line sections.

Next we considered the general case of a line terminated by an arbitrary
load Z,, and introduced the concept of the generalized voltage reflection coef-

Sec. 8.7 Summary 445



ficient, as the ratio of the phasor reflected wave voltage at any value of d to
the phasor incident wave voltage at that value of d. It is given by

T(d) = Tge
where

= = p ZR - Zo
Ik = [Tkle”® = =——

R l Rl ZR + Z()
is the voltage reflection coefficient at the load. We then expressed the solutions
for the line voltage and line current in terms of I'(d) and discussed the construction
of standing wave patterns from the solutions. We learned that together with
the property that distance between successive voltage minima of the standing

wave pattern is A/2, the quantities
1+ [Tl

SWR = —=~

1 — |Tl

and
dmin = )\ (0 + 'Tl')
47

constitute an important set of parameters associated with the standing waves.
The SWR, which is the ratio of the maximum voltage amplitude to the minimum
voltage amplitude in the standing wave pattern, and dmi, which is the distance
of the first voltage minimum of the standing wave pattern from the load, are
easily measurable quantities. We then defined the ratio of the complex line
voltage to the complex line current at a given value of d to be the line
impedance Z(d), given by

1+ I(d)

1 — T'(d)

and discussed its several properties as well as the computation of power flow
along the line from considerations of input impedance of the line.

We then turned our attention to the topic of transmission-line matching,
which consists of eliminating standing waves by connecting a matching device
near the load such that the line views an effective impedance equal to its own
characteristic impedance, on the generator side of the matching device. We
discussed the need for matching and three techniques of matching: (1) quarter-
wave transformer, (2) single stub, and (3) double stub. The quarter-wave
transformer technique is based on a property of the line impedance that

(Z()][Zd + \/] = Z}
whereas the stub-matching techniques make use of the property that the input
impedance of a lossless line short circuited (or open circuited) at the far end
is purely reactive. We also discussed the departure of SWR from unity as
the frequency is varied from that at which the match is achieved and illustrated
a procedure for computation of the SWR versus frequency.

Next we introduced the Smith chart, a popular graphical aid in the
solution of transmission-line problems. We learned that the Smith chart is
based upon the transformation from the Z-plane to the T-plane in accordance
with the relationship

7d) — 1

Td) = Z(d) + 1
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where

- Z(d)

z(d) Z
is the normalized line impedance. We discussed the construction of the Smith
chart, some basic procedures, and the solution of transmission-line matching
problems. We also discussed a useful property associated with the transformation
of the reflection coefficient across a discontinuity and illustrated its application
by means of an example.

Finally we extended our analysis of lossless lines briefly to lossy lines,
with the discussion of (1) the distributed equivalent circuit, (2) computation
of characteristic impedance and propagation constant from input impedance
measurements, and (3) computation of power flow at the generator and load
ends of the line and power dissipated in the line.

REVIEW QUESTIONS

R8.1. Discuss the general solutions for the line voltage and line current in terms of
the distance variable d, in the sinusoidal steady state.

R8.2. State the boundary condition at a short circuit on a line. For an open-circuited
line, what is the boundary condition to be satisfied at the open circuit?

R8.3. What is a standing wave? How do complete standing waves arise? Discuss
their characteristics.

R8.4. What is a standing wave pattern? Discuss the voltage and current standing
wave patterns for a short-circuited line.

R8.5. Explain the phenomenon of natural oscillations and the determination of natural

frequencies of oscillation by means of an example.

Discuss the varjation with frequency of the input reactance of a short-circuited

line and its application in the determination of the location of a short circuit.

R8.7. Outline the method of computation of resonant frequencies of a system formed
by connecting together two short-circuited line sections.

R8.8. How is the generalized voltage reflection coefficient defined? Discuss its variation
along the line.

R8.9. Discuss the sketching of standing wave patterns for line voltage and current
on a line terminated by an arbitrary load.

R8.10. Define standing wave ratio (SWR). What are the standing wave ratios for
(a) a semi-infinitely long line, (b) a short-circuited line, (c) an open-circuited
line, and (d) a line terminated by its characteristic impedance?

R8.11. Discuss the slotted line technique for performing standing wave measurements
on aline and the determination of an unknown load impedance from the standing
wave measurements.

R8.12. How is line impedance defined? Summarize the several properties of the line
impedance.

R8.13. Outline the procedure for the determination of time-average power flow down
a line from input impedance considerations.

R8.14. Define normalized line impedance and normalized line admittance. How are
they related to the voltage reflection coefficient?

R8.6
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R8.15.

R8.16.

R8.17.

R8.18.
R8.19.

R8.20.

R8.21.

R8.22.

R8.23.

R8.24.

R8.25.

R8.26.

R8.27.

R8.28.

R8.29.

R8.30.

Discuss the reasons for transmission-line matching and the principle behind
matching.

Which property of line impedance forms the basis for the quarter-wave transformer
(QWT) technique of transmission-line matching? Outline the solution for the
QWT matching problem.

What is a stub? Outline the solution for the single-stub matching problem.
Outline the solution for the double-stub matching problem.

Discuss the ‘‘bandwidth’’ associated with a transmission-line matched system
and the procedure for obtaining the SWR in the main line versus frequency.

What is the basis behind the construction of the Smith chart? Briefly discuss
the mapping of the normalized line impedances on to the I-plane.

Why is a circle with its center at the center of the Smith chart known as a
constant SWR circle? Where on the circle is the corresponding SWR value
marked?

Using the Smith chart, how do you find the normalized line admittance at a
point on the line, given the normalized line impedance at that point?

Briefly describe the solution to the single-stub matching problem by using the
Smith chart.

Briefly describe the solution to the double-stub matching problem by using the
Smith chart.

Discuss the ““forbidden region of y; for possible match,’” associated with the
double-stub matching technique.

Discuss the transformation of the reflection coefficient from one side of a
transmission-line discontinuity to the other side of the discontinuity and an
application of the property associated with this transformation.

Discuss the modification of the distributed equivalent circuit for the lossless
line case to the lossy line case.

What are the conditions under which a lossy line can be classified as a low-
loss line? Compare the propagation parameters of the low-loss line with those
for the lossless line.

Discuss the computation of Z, and ¥ for a lossy line from a knowledge of the
input impedances of the line with short-circuit and open-circuit terminations.
Briefly outline the procedure for the computation of time-average power flow
at the input and the load ends of a lossy line and hence the time-average power
dissipated in the line.

PROBLEMS

P8.1.

P8.2.

P8.3.

448

For a line open circuited at the far end, as shown in Fig. 8.33, obtain the
solutions for the complex line voltage and current and sketch the voltage and
current standing wave patterns.

In the system shown in Fig. 8.34, V,(t) = V, cos 27fyt. For each of the cases
(@) ! = N4 and (b) I = A\/2, find and sketch the standing wave patterns for
the line voltage and line current, indicating the values of the maximum voltage
and current amplitudes.

In the system shown in Fig. 8.35, the source voltage is

V(t) = 100 cos’ 2afyt V
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20Q

Z,, Open
of Circuit
O
d<—o d=0  Figure 8.33. For Prob. P8.1.

D] O—
Zy=50Q
Q O—-I
d=1 d <—— d=0 Figure 8.34. For Prob. P8.2.
—O—
Zy=508
-Q ——
d=1 d<—o d=0 Figure 8.35. For Prob. P8.3.

P8.4.

P8.5.

P8.6.

P8.7.

Chap.

and [ = A/2 at f = f;. Find the root mean square values of the line voltage
and line current at values of d equal to 0, {/3, I/2, and [. (Note: The root
mean square value of the sum of the voltages of two harmonically related
frequencies is equal to the square root of the sum of the squares of the root
mean square values of the individual voltages.)

In the system shown in Fig. 8.36(a), the source voltage is periodic as shown
in Fig. 8.36(b). Find the reading of the ammeter A, if it reads root mean square
values.

In the arrangement shown in Fig. 8.37, a dielectric slab is sandwiched between
two parallel, perfect conductors. For uniform plane waves bouncing back and
forth normal to the conductors, find the natural frequencies of oscillation.

A ring transmission line is formed by connecting together the ends of each
conductor of a line of length [, as shown in Fig. 8.38. Find the natural frequencies
of oscillation of the system.

The arrangement shown in Fig. 8.39 is that of a parallel-plate resonator made
up of two dielectric slabs, sandwiched between perfect conductors, and in which
uniform plane waves bounce back and forth normal to the conductors. (a)
Show that the resonant frequencies of the system are given by the roots of the
characteristic equation

tan 0)'\/,“081 t + \/ﬂ tan w\/[.L()Sz (l - t) =0
&
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Figure 8.36. For Prob. P8.4.
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g, €

Figure 8.37. For Prob. P8.5.

7,

|
|
I
2O} 5-1 ! Mg, €3
|
|
|
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/<———t—>%<-———(l - )—

N

Figure 8.38. For Prob. P8.6.

Figure 8.39. For Prob. P8.7.

(b) Find the three lowest resonant frequencies if ¢t = [/2, [ = 5.0 cm, g =

480

. and & = 1680.

P8.8. An air-dielectric transmission line of characteristic impedance 100 ) and length
15 c¢m is short circuited at one end and terminated by a capacitor of value 5
pF at the other end. Find the two lowest resonant frequencies of the system.
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Transmission Lines 2. Sinusoidal Steady-State Analysis Chap. 8




P8.9.

P8.10.

P8.11.

P8.12,

M
Fr

P8.13.

P8.14.

P8.15.

Chap.

For a line of characteristic impedance Z,, terminated by a purely reactive load
JX, show that the SWR is equal to infinity and the value of duin i (\/27)
(m — tan™' X/Z,) for X > 0 and (A\/27) tan™" |X|/Z, for X < 0.

In the system shown in Fig. 8.40, a line of characteristic impedance 50 Q is
terminated by a series R, L, C circuit having the values R = 50 Q,L=1uH,
and C = 100 pF. (a) Find the source frequency f, for which there are no
standing waves on the line. (b) Find the source frequencies f; and f; on either
side of fy for which the SWR on the line is 2.0.

Zy=50Q L

V,, cos 2wft
c

o1

Figure 8.40. For Prob. P8.10.

A slotted coaxial line of characteristic impedance 50 ) was used to measure
an unknown load impedance. First, the receiving end of the line was short
circuited. The voltage minima were found to be 0.6 m apart. One of the minima
was marked as the reference point. Next, the unknown impedance was connected
to the receiving end of the line. The SWR was found to be 5.0 and a voltage
minimum was found to be 0.1 m from the reference point toward the load.
Find the value of the unknown load impedance.

For the system shown in Fig. 8.41, find the values of the three lowest frequencies
for which complete transmission occurs from medium 1 to medium 3 for normally
incident uniform plane waves.

edium 1 Medium 2 Medium 3
ee Space Dielectric Free Space

Hp, €g [} 950 Mo, €g

[—5 cm—

Figure 8.41. For Prob. P8.12.

For the system shown in Fig. 8.42, find the input impedance of the line and
the time average power delivered to the load.

In the system shown in Fig. 8.43, find (a) the value of the load impedance that
enables maximum power transfer from the generator to the load and (b) the
power transferred to the load for the value found in (a). Hint: Apply maximum
power transfer theorem at d = /.

In the system shown in Fig. 8.44, it is desired to achieve maximum power
transfer from the source to the load. Find the values of Z, and the minimum
electrical length I/\ of the line.
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50 = 5A/8 >
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100 /0° V(_) Z, =508 100 Q

|

d=1 d=0
Figure 8.42. For Prob. P8.13.
- A6 >
o) O
(30 — j40) Q2
Zy =508 [ ZR
100 /0° Vv
-a O——
d=1] d=0
Figure 8.43. For Prob. P8.14.
o—
(50 + j20) Q2
Zg D 40 ©
Ve

D] e,

Y

— 1
Figure 8.44. For Prob. P8.15.

P8.16. With reference to the notation in Fig. 8.45(a), the A cD parameters of a
two-port network are defined by

v A B[V,
I, C DI|l-L
Obtain the A B C D parameters for each of the cases shown in Figs. 8.45(b)
and (c) for the two-port network.
P8.17. In the arrangement shown in Fig. 8.46, a quarter-wave dielectric coating is
employed to eliminate reflections of uniform plane waves of frequency 2500
MH?z incident normally from free space onto a dielectric of permittivity 9s,.
Assuming u = ,, find the thickness in centimeters and the permittivity of the
dielectric coating.
P8.18. In the system shown in Fig. 8.47, find the characteristic impedance Z, of the

quarter-wave section and the minimum electrical length [ /X of a short-circuited
stub of characteristic impedance 100 Q, required to achieve a match between
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1 n - 2
171 Two-Port %
_ Network 2
1 ey L
(@)
1 > 2 1 2
o—O— O——@ @ - @
ZO: ﬁ
*——C O——@ (3
1 2! 1
(b)
Figure 8.45. For Prob. P8.16.
Mos €p kg 9€g
Dielectric
Coating
———
2500 MHz
le———A/4 ——
Figure 8.46. For Prob. P8.17.

Figure 8.47. For Prob. P8.18.

the line of characteristic impedance Z, = 100 Q and the load impedance
Zr = (16 — j12) Q. .

P8.19. Fig. 8.48 shows an arrangement, known as the alternated-line transformer, for
achieving a matched interconnection between two lines of different characteristic
impedances Zy and Zy,. It consists of two sections of the same characteristic

Chap. 8
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P8.20.

P8.21.

Figure 8.48. For Prob. P8.19.

impedances as those of the lines to be matched, but alternated, as shown in
the figure. The electrical lengths of the two sections are equal. Show that to
achieve a match, the required electrical length of each section is

l = Lt -1 \/ N

A 27 an n+n+1
where n = Zy/Zy,.
We learned that in the double-stub matching technique, a solution does not
exist for b, if g’ > 1/sin’ Bd;,—see Eq. (8.52) and associated discussion. Show
that one means of resolving this problem is by increasing d;, by A/4.
In the arrangment shown in Fig. 8.49, a quarter-wave transformer is employed
to eliminate reflections of uniform plane waves of frequency 1500 MHz incident
normally from the free space side. Find analytically the bandwidth between
frequencies on either side of 1500 MHz at which the SWR in free space is 1.5.

Free Space Dielectric Dielectric
My, €g Hos 4€g Ko, 16€g
—_—
1500 MHz
e—2.5 cm—>
Figure 8.49. For Prob. P8.21.

P8.22.

P8.23.

454

The transformation
-1

z7+1
which forms the basis for the construction of the Smith chart maps circles in
the complex Z-plane into circles in the complex Iplane. For the circle in the
Z-plane given by (r — 2)> + x* = 1, find the equation for the circle in the T-
plane. Hint: Consider three points on the circle in the z-plane, find the cor-
responding three points in the I“plane, and then find the equation.
For a transmission line of characteristic impedance 100 , terminated by a load
impedance (80 + j200) Q, find the following quantities by using the Smith chart;
(a) reflection coefficient at the load, (b) SWR on the line, (c) the distance of
the first voltage minimum of the standing wave pattern from the load, (d) the
line impedance at d = 0.1A, (¢) the line admittance at d = 0.1\, and (f) the
location nearest to the load at which the real part of the line admittance is
equal to the line characteristic admittance.

|

-
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P8.24. In the arrangement shown in Fig. 8.50, uniform plane waves of frequency 1.5
GHz are incident normally from medium 1 onto the interface between medium
1 and medium 2. Find by using the Smith chart the SWR in (a) medium 3,
(b) medium 2, and (¢) medium 1.

Medium 1 Medium 2 Medium 3 Medium 4
Ko €9 Ho, 4€p Ko, Y€q Hos €p
EX
l«——12 cm——>»<——12 cm -
H z

Figure 8.50. For Prob. P8.24.

P8.25. Standing wave measurements on a line of characteristic impedance 50 () indicate
an SWR of 5.0 and a voltage minimum at a distance of 5A/12 from the load.
Determine by using the Smith chart the value of the load impedance.

P8.26. A transmission line of characteristic impedance 50 ) is terminated by a certain
load impedance. It is found that the SWR on the line is equal to 5.0 and that
the first voltage minimum of the standing wave pattern is located to be at 0.1\
from the load. Using the Smith chart, determine the location nearest to the
load and the length of a short-circuited stub of characteristic impedance 50 ()
connected in parallel with the line required to achieve a match between the
line and the load.

P8.27. Standing wave measurements on a line of characteristic impedance 50 {) indicate
SWR on the line to be 3.0 and the location of the first voltage minimum of the
standing wave pattern to be 0.16\ from the load. Assuming d; = 0.1\ and
di; = 0.625n and using the Smith chart, find the lengths of the two short-
circuited stubs of characteristic impedance 50 () required to achieve a match
between the line and the load.

P8.28. It is proposed to match a transmission line of characteristic impedance 100
to a load impedance (7.5 — j30) Q by using a double-stub arrangement with
spacing between stubs, d),, equal to 3A/8. Determine using the Smith chart
the forbidden range of values of d; within the first half-wavelength to achieve
the match.

P8.29. In the system shown in Fig. 8.51, a transmission line of characteristic impedance
100 Q is terminated by a load impedance (50 + j50) , and a line section of
length A/4 and characteristic impedance 50 Q is located at a distance d; from

le— /4 — g ——>

Zy=100Q2 Z,=50Q Zy =100 Q (50 +750) Q

Figure 8.51. For Prob. P8.29.
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P8.30.

the load. Using the Smith chart, (a) obtain the locus of the normalized line
impedance 7, just to the left of the A/4 section as d, is varied, and (b) find the
minimum SWR that can be achieved to the left of the A/4 section and the
corresponding value of the distance d; between the A/4 section and the load.

In the system shown in Fig. 8.52, two line sections, each of length /4 and
characteristic impedance 50 Q, are employed. Find by using the Smith chart
the locations of the two A/4 sections, that is, the values of /; and /, to achieve
a match between the 100 Q) line and the load. Use the notation shown in the
figure.

H—x/4—>—f<——12—>§<—)\/4 _>}<-—11——>(

Z4=100Q FZ,=

"ZO—SOSM Zy =100 £ (50 + j50) 2

/4%/?
///AV/ |

P8.31.

Figure 8.52. For Prob. P8.30.

In the system shown in Fig. 8.53, it is proposed to achieve a match between
line 1 of characteristic impedance 150 ) and line 2 of characteristic impedance
50 Q by inserting a line section of characteristic impedance 25 € in line 2.
Find by using the Smith chart the values of /; and I, to achieve the match.
Assume line 2 to be infinitely long. Use the notation shown in the figure.

Line 2 Line 2
ZOZ-_‘SOQ Z()2=SOQ

(@]
T
!
|
| Zy=25%
1
|
o)

P8.32.

P8.33.

P8.34.

P8.35.
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!
—_— | — —|
— —
I z3 z, | zZy Zy

Figure 8.53. For Prob. P8.31.

Solve Prob. P8.21 by using the Smith chart.

For a lossy line having the parameters & = 0.03 Q/m, £ = 1.0 uH/m, ¥ =
3 x 107° mho/m, and € = 50 pF/m, compute the values of Z, and ¥ for f =
10 kHz.

The input impedance of a lossy line of length 30 m is measured at a frequency
of 100 MHz for two cases: with the output short circuited, it is (44 + j90) Q,
and with the output open circuited, it is (44 — j90) Q. Find (a) the characteristic
impedance of the line, (b) the attenuation constant of the line, and (c¢) the phase
velocity in the line, assuming its approximate value to be 2 X 10® m/s.

For the lossy transmission line system shown in Fig. 8.54, find the time-average
power flow at the input end of the line, the time-average power delivered to
the load, and the time-average power dissipated in the line.

Transmission Lines 2. Sinusoidal Steady-State Analysis Chap. 8



10875\ ——>

— O—
Z,=60Q ~
Zy=100 92 _ .
= 0.05 Np/A Zg = (60 + j80) 2
v, =100 /0°V
|
d=1 d ~-—— d=0

Figure 8.54. For Prob. P8.35.

P8.36. A lossy line of length | = 10X and characterized by Z, = 100 Q and a =

1072 Np/x is terminated by a load impedance Z. If a power of 10 W is to
be delivered to the load, determine how much power should be delivered to
the input terminals of the line for each of the following cases: (a) Zr = 100
Q, matched termination, and (b) Zz = 20 (.

PC EXERCISES

PC8.1. Consider the computation of the resonant frequencies of a transmission line

short circuited at one end and terminated by a series L-C circuit at the other
end. The characteristic impedance, phase velocity and length of the line, and
the values of L and C are given. Write a program which uses these as input
quantities and computes the lowest n resonant frequencies, where n is to be
specified as input.

PC8.2. The arrangement shown in Fig. 8.55 is that of a parallel-plate resonator made

up of two plane perfect conductors coated with a dielectric, and in which
uniform plane waves bounce back and forth normal to the plates. It is desired
to investigate the variation of the lowest resonant frequency of the system as
the thickness ¢ of the dielectric coating varies from 0 to I. Show that the
characteristic equation for this resonant frequency is given by

tan 0V pogo ([ — 1) tan @V poea t = Ve, /e,

Assuming the input quantity to be the value of ¢,/&,, write a program which
computes the ratio of the lowest resonant frequency for ¢+ # 0 to the lowest
resonant frequency for ¢ = 0, for a specified value of ¢/l = 1.

Perfect Perfect
Conductor Conductor
Y
Fo> €0 Ko, €g
< 21 >
T e— f —»—
Z Figure 8.55. For Exer. PC8.2.
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PC8.3.

PC8.4.

PC8.5.

458

Consider n transmission lines in cascade terminated by a load impedance _Z R
and driven by a voltage generator V,/0° in series with internal impedance Z,.
Write a program which computes the SWR in each line and the time-average
power delivered to the load. The number # of the lines, their electrical lengths
and characteristic impedances, the load impedance, the source voltage, and
its internal impedance are to be provided as input quantities to the program.

Consider matching between two dielectric media 1 and 2 having relative per-
mittivities &, and e,,, respectively, by employing a dielectric slab of relative
permittivity &, sandwiched between media 1 and 2 and having thickness A/4
for uniform plane waves of frequency f, (see Prob. P8.17, for example). Assume
the waves to be incident from medium 1. Write a program which computes
for specified values of &,q, £,,, and f; in megahertz, the value of ¢,,, the thickness
of the slab in centimeters, and the bandwidth between the two frequencies on
either side of f; at which the SWR in medium 1 is a specified value S, to be
supplied as input to the program. Note that the value of S cannot exceed a
maximum value which depends upon the values of ¢, and g,.
Consider the computation of the line voltage and line current amplitudes versus
distance along a lossy line of length /, terminated by a load impedance Zr and
driven by a voltage source V,/0° in series with internal impedance Z,. Note
that from (8.73a), (8.73b), and (8.74), these are given by
[V(d)| = [V*]e*|1 + Tre e~
+
[@)| = lY:~lez"“’|1 — Tre e~/
|ZJ|
Assuming the input quantities to be the value of « in nepers per wavelength,
the value of [/A, and the values of Z;, Z, and Z, in rectangular or polar form,
write a program which computes |V| and |I| versus d/\ from d/A equal to zero
to d/\ equal to I/\ in steps of A/A, where A/\ is to be specified as input.
The program is also to compute the time-average power at the input end of
the line, the time-average power delivered to the load, and the time-average
power dissipated in the line.
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Waveguides

In Chaps. 7 and 8 we studied the principles of transmission lines, one of the
two kinds of waveguiding systems. We learned that transmission lines are
made up of two (or more) parallel conductors. The second kind of waveguiding
system, namely, waveguide, generally consists of a single conductor. It is
our goal in this chapter to learn the principles of waveguides. We shall first
consider the parallel-plate waveguide, that is, a waveguide consisting of two
parallel, plane conductors and then extend it to the rectangular waveguide,
which is a metallic pipe of rectangular cross section, a common form of
waveguide.

We will learn that guiding of waves in these waveguides is accomplished
by the bouncing of the waves obliquely between the walls of the guide, as
compared to the case of a transmission line in which the waves slide parallel
to the conductors of the line. We will also learn that waveguides are characterized
by cutoff, which is the phenomenon of no propagation in a certain range of
frequencies, and dispersion, which is the phenomenon of propagating waves
of different frequencies possessing different phase velocities along the waveguide.
In connection with the latter characteristic, we shall introduce the concept of
group velocity. We shall also discuss the principles of cavity resonators, the
microwave counterparts of resonant circuits, and the principles of optical
waveguides. To introduce the parallel-plate waveguide, we shall make use of
the superposition of two uniform plane waves propagating at an angle to each
other. Hence we shall begin the chapter with the discussion of uniform plane
wave propagation in an arbitrary direction relative to the coordinate axes.
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9.1 UNIFORM PLANE WAVE PROPAGATION IN AN
ARBITRARY DIRECTION

Two-
dimensional
case

In Chap. 6 we introduced the uniform plane wave propagating in the z-direction
by considering an infinite plane current sheet lying in the xy-plane. If the
current sheet lies in a plane making an angle to the xy-plane, the uniform
plane wave would then propagate in a direction different from the z-direction.
Thus let us first consider the two-dimensional case of a uniform plane wave
propagating in a perfect dielectric medium in the z-direction making an angle
6 with the negative x-axis as shown in Fig. 9.1. Let the electric field of the
wave be entirely in the y-direction. The magnetic field would then be directed
as shown in the figure so that E x H points in the z'-direction.

B\
\\ \
\
\ \ z'
€, M \ \
N
\ \A
\ |2
0 X >z y z
\ O\
H \ \ |
\ \ X
\ \
E \ \
\ \

Figure 9.1. Uniform plane wave propagating in the z'-direction lying in the
xz-plane and making an angle 6 with the negative x-axis.

We can write the expression for the electric field of the wave as
E = E;cos (wt — B2') i, 9.1)
where 8 = w\/ue is the phase constant, that is, the rate of change of phase

with distance along the z'-direction for a fixed value of time. From the con-
struction of Fig. 9.2(a), we, however, have

7’ = —xcosf + zsind 9.2)

H cos [/

1 i

—x 1\

-

Yx

(a) ()]

Figure 9.2. Constructions pertinent to the formulation of the expressions
for the fields of the uniform plane wave of Fig. 9.1.
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so that
E = Eycos [wf — B(—x cos 0 + zsin 6)] i,

= E; cos [wt — (—B cos 0)x — (B sin 0)z] i, 9.3)
= Eycos (wf — B.x — B2) i,
where 8, = —B cos # and B, = B sin 6 are the phase constants in the positive

x- and positive z-directions, respectively.

We note that |8, and |8, are less than 8, the phase constant along the
direction of propagation of the wave. This can also be seen from Fig. 9.1 in
which two constant phase surfaces are shown by dashed lines passing through
the points O and A on the z-axis. Since the distance along the x-direction
between the two constant phase surfaces, that is, the distance OB is equal to
OA/cos 6, the rate of change of phase with distance along the x-direction is
equal to

BOA _ _BO4)

OB OA/cos 0
The minus sign for B, simply signifies the fact that insofar as the x-axis is
concerned, the wave is progressing in the negative x-direction. Similarly,
since the distance along the z-direction between the two constant phase surfaces,
that is, the distance OC is equal to OA/sin 6, the rate of change of phase
with distance along the z-direction is equal to

04 _ _BOA)

OC OA/sin6
Since the wave is progressing along the positive z-direction, B, is positive.
We further note that

B+ B2 = (—Bcos )’ + (Bsin )’ = B 9.9

= Bcos b

= Bsin 6

and that
—cos 8, + sin i, =i, 9.5)

where i, is the unit vector directed along z'-direction, as shown in Fig. 9.2(b).
Thus the vector

B = (—Bcos B)i, + (Bsin O, = B,i, + B, (9.6)

defines completely the direction of propagation and the phase constant along
the direction of propagation. Hence the vector B8 is known as the ‘‘propagation
vector.”’

The expression for the magnetic field of the wave can be written as

H = H, cos (ot — 87) .7
where
E, EO
H — 9.8

since the ratio of the electric field intensuy to the magnetic field intensity of
a uniform plane wave is equal to the intrinsic impedance of the medium. From
the construction in Fig. 9.2(b), we observe that

H, = Hy(—sin i, — cos i, (5.9)
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General-
ization to
three
dimensions

Thus using (9.9) and substituting for z' from (9.2), we obtain
H = Hy—sin 0i, — cos #1i,) cos [wt — B(—x cos @ + z sin 6)]

= —%(sin fi, + cos 61i,) cos [wt — B.x — Bzl ©-10)

Generalizing the foregoing treatment to the case of a uniform plane wave
propagating in a completely arbitrary direction in three dimensions, as shown
in Fig. 9.3, and characterized by phase constants 8,, 8,, and B, in the x-,
y-, and z-directions, respectively, we can write the expression for the electric
field as

E = Eycos (wf — B,x — By — Bz + o)
= EO Cos [(Dt - (ﬁxix + B)’iy + ﬂziz) ¢ (xix + yi}’ + Ziz) + d)O] (911)
= Egcos (wt — Ber + ¢o)

where

B = Bd. + B, + B, 9.12)

is the propagation vector,

r = xi, + yi, + zi, 9.13)

is the position vector, and ¢, is the phase at the origin at t = 0. We recall
that the position vector is the vector drawn from the origin to the point

X A

z

< 7 >~

4 Constant Phase Surface
Phase=¢ — 27

Constant Phase Surface
Phase = ¢

Figure 9.3. The various quantities associated with a uniform plane wave
propagating in an arbitrary direction.
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Apparent
wavelengths
and phase
velocities

(x, ¥, z) and hence has components x, y, and z along the x-, y-, and
z-axes, respectively. The expression for the magnetic field of the wave is then
given by

H = Hycos (wt — Ber + ¢y) (9.14)

where

i) = 9.15)
n

Since E, H, ahd the direction of propagation are mutually perpendicular to
each other, it follows that

E; B =0 (9.16a)
Hy*B =0 (9.16b)
Ey*H, = 0 (9.16¢)

In particular, E x H should be directed along the propagation vector B as
illustrated in Fig. 9.3 so that B X E, is directed along H,. We can therefore
combine the facts (9.16) and (9.15) to obtain

_inEo_inEo w\/ﬂsinEo

H, = =
n Viu/e wp 9.17)
_Big X E, B xE
B o 13113

where ig is the unit vector along B. Thus

H=1gxE (9.18)
wp

Returning to Fig. 9.3, we can define several quantities pertinent to the
uniform plane wave propagation in an arbitrary direction. The apparent wave-
lengths A,, A,, and A, along the coordinate axes x, y, and z, respectively, are
the distances measured along those respective axes between two consecutive
constant phase surfaces between which the phase difference is 27, as shown
in the figure, at a fixed time. From the interpretations of g,, 8,, and B, as
being the phase constants along the x-, y-, and z-axes, respectively, we have

2
A = — (9.19a)
B
2
A, =— 9.19b)
y By (
2
A, = — (9.19¢)
B:

We note that the wavelength A\ along the direction of propagation is related
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to A;, A,, and A, in the manner

1 1 B _BE+B+E
A Qr/BP 4wt 4
L1 1 (9.20)

DD S ¥

The apparent phase velocities v,,, v,,, and v,, along the x-, y-, and z-axes,
respectively, are the velocities with which the phase of the wave progresses
with time along the respective axes. Thus

%x=§- (9.21a)

Upy = Bﬁ (9.21b)
Yy

Upe = i; (9.21¢)

The phase velocity v, along the direction of propagation is related to v, Uy,
and v,, in the manner

1 1 B _ B+ Bt B
a s - 2 T 3
v, (/B w )
1 1 1 (9.22)
=+ + 5
vzzix v127y vxz:z

The apparent wavelengths and phase velocities along the coordinate axes
are greater than the actual wavelength and phase velocity, respectively, along
the direction of propagation of the wave. This fact can be understood physically
by considering, for example, water waves in an ocean striking the shore at
an angle. The distance along the shoreline between two successive crests is
greater than the distance between the same two crests measured along a line
normal to the orientation of the crests. Also, an observer has to run faster
along the shoreline to keep pace with a particular crest than he has to do in
a direction normal to the orientation of the crests. We shall now consider an
example.

Example 9.1.
Let us consider a 30 MHz uniform plane wave propagating in free space and
given by the electric field vector

E = 5(, + \/3i,) cos [67 x 1077 — 0.057(3x — \/3y + 22)] V/m

We wish to verify the properties and find the magnetic field vector H and other
parameters associated with the wave.

Comparing the given expression for E with the general expression (9.11),
we have

E, = 5G, + V/3i)
Ber =0.0573x — \/3y + 22)
= 0.057Gi, — V/3i, + 2i))* (i, + yi, + zi))
B = 0.057Gi, — /3, + 2i))
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B*E, = 0.057(3i, — V/3i, + 2i) * 5, + V/3i)
=02573 - 3) =0
Hence (9.16a) is satisfied; E, is perpendicular to 8.
B = |B| = 0.0573i, — V/3i, + 2 = 0.057\/9 + 3 + 4 = 0.27

8

This does correspond to a frequency of Hz or 30 MHz in free space.

10
The direction of propagation is along the unit vector

B 3—V3i,+2, 3 V3 1
_B_ _3 V3

From (9.17),
1
Ho = ﬂ X Eo
@y

0.057 x § ,
=6 x 107 x 47 x 1070k
T AT
- Lls -3 2

1 3 0

1 AN .
= qu—_r(—\/glx +1i, + 2V/3i)

= V3i, + 2i) x G, + V/3i)

Thus o
H= ﬁ(—\ﬁix + i, + 21/3i) cos [67 X 107t — 0.057(3x — \/3y + 22)] A/m
To verify the expression for H just derived, we note that
Hy* B = [ﬁ(—\/ﬁx +i, + 2\/§iz)] * [0.057(3, — V/3i, + 2i))]
= %(—3\/5 -V3i+4/3)=0
Eo+ Hy = 5@, + V/3i) oﬁ(—\/ﬁx + i, + 24/3i)

5 —
= m"Vi+VH =0

|EJ Sli, + V/3i)| ~ 5V1 + 3
Hol  (1/487)| =3, + i, + 2V3i] (1/4870\3 + 1 + 12
10
= Un 1207 = m,

Hence (9.16b), (9.16¢), and (9.15) are satisfied.
Proceeding further, we find that

B, = 0.057 X 3 = 0.157
B, = —0.057 x /3 = —0.05\/3x
B, = 0057 x 2 =0.1w7
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We then obtain

A = = =" m=13.

RNt 13.333 m
2 2 4

A= 2 A 23.004m
1B,]  0.05\/3x 3
2 2

}\——_._._.__

e =5 T oag o M

67 % 10
v =2—7T—0=4><108m/s

=8, 0.157

u,,z—Ez——(—)—l—=6>< 10° m/s
Finally, to verify (9.20) and (9.22), we note that
1 1 1 1 1 1
TN T s T wnay T
_ 9,3 4 111
1600 © 1600 ~ 1600 100 10* A’
and
iz + iz + iz = ! + = 1 + L
v vy, vk @ x 10 T @3 x 108 (6 x 10%°
1 1 1
=T6x 10° T 28 x 10° T 36 x 10°
1 1 1
Tox 10 3 x 109 o
D9.1. For a uniform plane wave of frequency f = 150 MHz propagating in a nonmagnetic

D9.2.

D9.3.
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(= mo), perfect dielectric medium of & = 2&, the apparent wavelengths along
the x- and y-directions are known to be 33 m and 2} m, respectively. Find
(a) the phase constant along the x-direction; (b) the apparent wavelength along
the z-direction; and (c) the apparent phase velocity along the y-direction.
Ans: 0.67 rad/m; 2 m; 3.75 X 10 m/s

For each of the following cases of uniform plane wave propagating in free
space, find the frequency f: (a) wavelength along the direction of propagation
of the wave is 3 m; (b) the apparent wavelengths along the coordinate axes
are 2 m, 2 m, and \/2 m; and (¢) the propagation vector is 0.57(\/3i, + iy).
Ans: 100 MHz; 300 MHz; 150 MHz

For a uniform plane wave propagating in free space away from the origin into
the first octant, find the unit vector along the direction of propagation of the
wave for each of the following cases: (a) the propagation vector is 0.17(2i, +
2i, + i); (b) the apparent phase velocities along the x- and y-axes are 4.5 X
10® m/s and 9 x 10° m/s, respectively; and (c) the source is an infinite plane
sheet of uniform current density in the plane x + 2y + 2z = 0.

Ans: 32, + 2i, + i); 3Qi + i, + 2ip); 3G, + 20, + 2i,)
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9.2 TE AND TM WAVES IN A PARALLEL-PLATE WAVEGUIDE

TE waves

In the previous section we introduced uniform plane wave propagation in an
arbitrary direction. Let us now consider the superposition of two uniform
plane waves propagating symmetrically with respect to the z-axis as shown
in Fig. 9.4 and having the electric fields entirely in the y-direction as given

by

E
—2cos (wt — Bi°1)i,

E1 =
é (9.232)
= —?0 cos (wf + Bx cos § — Bzsin 6) i,
E, = %)cos (0t — Byo1)i,
(9.23b)

E .
= ?Ocos (wt — Bx cos @ — Bzsin 6) i,

where 8 = w\/ue, with £ and u being the permittivity and the permeability,
respectively, of the medium. The corresponding magnetic fields are given by

H, = %(sin 01, + cos i) cos (wt + Bxcos & — Bz sin 6) (9.24a)

E , .

H, = Ef'-(—sm 0i, + cos @i,)cos(wt — Bxcos @ — Bzsinf) (9.24b)
where n = \/,u_/&; The electric and magnetic fields of the superposition of
the two waves are given by

E=E1+E2

E, .
——=|cos(wt — Bzsinf + Bxcos b
5 [cos (wt — B B ) 9.252)

— cos (wf — Bz sin 6§ — Bx cos )] i,

E, sin (Bx cos ) sin (wt — Bz sin 6) i,

> Z y z
81 s H,
P

E, B, E) g
2

Yx

Figure 9.4. Superposition of two uniform plane waves propagating
symmetrically with respect to the z-axis.
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H=H1+H2

g 2)

sin 8 [cos (wt — Bz sin & + Bx cos )

— cos (wt — Bz sin 8 — Bx cos 6)] i,

+ %cos 9 [cos (wt — Bz sin 6 + Bx cos b) (9.25b)
+ cos (wt — Bz sin @ — Bx cos )] i,

= —?0 sin 6 sin (Bx cos 6) sin (wt — Bz sin ) i,

E .
+ ;0 c0s 6 cos (Bx cos 6) cos (wt — Bzsin O) i,

In view of the factors sin (Bx cos ) and cos (Bx cos 6) for the x-
dependence and the factors sin (wf — Bz sin 6) and cos (wt — Bz sin 6) for
the z-dependence, the composite fields have standing wave character in the
x-direction and traveling wave character in the z-direction. Thus we have
standing waves in the x-direction moving bodily in the z-direction, as illustrated
in Fig. 9.5, by considering the electric field for two different times. In fact,
we find that the Poynting vector is given by

P = E x H = Eji, x (Hji, + Hji,)

= —EHJi, + EHji,
E% . .2 .2 . .
= ? sin 0 sin” (Bx cos 6) sin” (wt — Bz sin 6) i, (9.26)

E} .
+Z~7(;) cos 6 sin (2Bx cos ) sin 2(wt — Bz sin ) i,

The time-averaging Poynting vector is given by
Ej . . : .
<P> = 70 sin 9 sin® (Bx cos 6) <sin® (wf — Bz sin 6)> i,

E2
+ 4—7‘; cos 0 sin (2Bx cos 6) <sin 2wt — Bz sin §)>1i, (9.27)

Eq sin 6 sin” (Bx cos 6) i
= — 1
27 x ¢

Thus the time-average power flow is entirely in the z-direction, thereby verifying
our interpretation of the field expressions. Since the composite electric field
is directed entirely transverse to the z-direction, that is, the direction of time-
average power flow, whereas the composite magnetic field is not, the composite
wave is known as the ‘‘transverse electric,”” or TE wave.

From the expressions for the fields for the TE wave given by (9.25a)
and (9.25b), we note that the electric field is zero for sin (8x cos 6) equal to
zero, or

Bxcos 6 = =mm, m=20,1,2,3, ...
mir mA

=+ = =+ ,

Bcos b 2cos d

x = m=20,1,2,3,.. (9.28)
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ARV VAN A V4

Figure 9.5. Standing waves in the x-direction moving bodily\in the z-direction.
where
2 27 1
A=—=——=—-=

B wVue fVue
Thus if we place perfectly conducting sheets in these planes, the waves will
propagate undisturbed, that is, as though the sheets were not present since
the boundary condition that the tangential component of the electric field be
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waveguide
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phenomenon

zero on the surface of a perfect conductor is satisfied in these planes. The
boundary condition that the normal component of the magnetic field be zero
on the surface of a perfect conductor is also satisfied since H, is zero in these
planes.

If we consider any two adjacent sheets, the situation is actually one of
uniform plane waves bouncing obliquely between the sheets, as illustrated in
Fig. 9.6 for two sheets in the planes x = 0 and x = A\/(2 cos 6), thereby
guiding the wave and hence the energy in the z-direction, parallel to the plates.
Thus we have a ‘‘parallel-plate waveguide,’’ as compared to the parallel-plate
transmission line in which the uniform plane wave slides parallel to the plates.
We note from the constant phase surfaces of the obliquely bouncing wave
shown in Fig. 9.6 that A/(2 cos 8) is simply one-half of the apparent wavelength
of that wave in the x-direction, that is, normal to the plates. Thus the fields
have one-half apparent wavelength in the x-direction. If we place the perfectly
conducting sheets in the planes x = 0 and x = mA/(2 cos 6), the fields will
then have m number of one-half apparent wavelengths in the x-direction between
the plates. The fields have no variations in the y-direction. Thus the fields
are said to correspond to ‘“TE,, , modes’’ where the subscript m refers to the
x-direction, denoting m number of one-half apparent wavelengths in that direction
and the subscript 0 refers to the y-direction, denoting zero number of one-
half apparent wavelengths in that direction.

*=2cosd

Figure 9.6. Uniform plane waves bouncing obliquely between two parallel
plane perfectly conducting sheets.

Let us now consider a parallel-plate waveguide with perfectly conducting
plates situated in the planes x = 0 and x = a, that is, having a fixed spacing
a between them, as shown in Fig. 9.7(a). Then, for TE, ¢ waves guided by
the plates, we have from (9.28),

g = mA
2cos @
or
mh m 1
=— = ——= 9.29
cos 0 a Zaf\/,us ( )

Thus waves of different wavelengths (or frequencies) bounce obliquely between
the plates at different values of the angle 6. For very small wavelengths (very
high frequencies), m\/2a is small, cos § = 0, § =~ 90°, and the waves simply
slide between the plates as in the case of the transmission line, as shown in
Fig. 9.7(b). As X increases (f decreases), m\/2a increases, 6 decreases, and
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xX=a
(@) (b)
(© (d)

(e) ()

Figure 9.7. For illustrating the phenomenon of cutoff in a parallel-plate
waveguide.

the waves bounce more and more obliquely, as shown in Figs. 9.7(c)-(e),
until A becomes equal to 2a/m for which cos 8 = 1, § = 0°, and the waves
simply bounce back and forth normally to the plates, as shown in Fig. 9.7(f),
without any feeling of being guided parallel to the plates. For A > 2a/m,
m\/2a > 1, cos 6 > 1, and  has no real solution, indicating that propagation
does not occur for these wavelengths in the waveguide mode. This condition
is known as the ‘“‘cutoff’’ condition.
The cutoff wavelength, denoted by the symbol A, is given by

_2a
_m

Ao (9.30)

This is simply the wavelength for which the spacing a is equal to m number
of one-half wavelengths. Propagation of a particular mode is possible only if
A is less than the value of A, for that mode. The cutoff frequency is given
by

_ m
2a\/ue

Propagation of a particular mode is possible only if f is greater than the value
of f. for that mode. Consequently, waves of a given frequency f can propagate
in all modes for which the cutoff wavelengths are greater than the wavelength
or the cutoff frequencies are less than the frequency.

Substituting A, for 2a/m in (9.29), we have

Je 9.31)

cos @ = ", =Ji; (9.32a)
sinf = \/1 — cos’0 = \/1 _ <AA)2 — \/1 _ (J})Z (9.32b)
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(9.32¢)

2w A
Bsinf = N \/1—(}\—) (9.32d)

We see from (9.32d) that the phase constant along the z-direction, that is,
B sin 6, is real for A < A, and imaginary for A > .. Since

cos (o T j|Blz) = Re e/ 7/1eR
Re(e*Pe™)
= ¢*P cos wt '
an imaginary value of the phase constant does not correspond to wave prop-
agation. This once again explains the cutoff phenomenon. We now define

the guide wavelength, A,, to be the wavelength in the z-direction, that is,
along the guide. This is given by

\ = 27 _ A _ A
£ Bsind  \/1- /A VI-— (L))

This is simply the apparent wavelength, in the z-direction, of the obliquely
bouncing uniform plane waves. The phase velocity along the guide axis, which
is simply the apparent phase velocity, in the z-direction, of the obliquely
bouncing uniform plane waves, is

(9.33)

v = —2 Up  _ Up - Up
27 Bsing  sind /1 - /A VI - (L)

Finally, substituting (9.32a)-(9.32d) in the field expressions (9.25a) and
(9.25b), we obtain

9.34)

. . 2
E = E,sin mmx sin | wt — —Trz i, (9.35a)
a A,

H = _E 2 sin (@) sin <wt — 2_772) i,

n A, a A,

Ey \ 2

+ 2= cos mrx cos | wt — -—Trz i, (9.35b)
n Ac a A,

These expressions for the TE,,, mode fields in the parallel-plate waveguide
do not contain the angle §. They clearly indicate the standing wave character
of the fields in the x-direction, having m one-half sinusoidal variations between
the plates. We shall now consider an example.

Example 9.2.
Let us assume the spacing a between the plates of an air-dielectric parallel-plate
waveguide to be 5 cm and investigate the propagating TE,, , modes for f = 10,000
MHz.
From (9.30), the cutoff wavelengths for TE,,, modes are given by
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This result is independent of the dielectric between the plates. Since the medium
between the plates is free space, the cutoff frequencies for the TE,,, modes are

_3x10° 3 x10°
T oA 0l/m

For f = 10,000 MHz = 10" Hz, the propagating modes are TE, o(f. = 3 x 10°
Hz), TE,o(f, = 6 X 10° Hz), and TE;o(f, = 9 x 10° Hz).

For each propagating mode, we can find 6, A,, and u,, by using (9.32a),
(9.33), and (9.34), respectively. Values of these quantitites are listed in the

fe 3m x 10° Hz

following:
Mode Ac, CI f., MHz 9, deg A, cm Uper M/S
TE,, 10 3000 72.54 3.145 3.145 x 10®
TE,, S 6000 53.13 3.75 3.75 x 10°
TE;, 3.33 9000 25.84 6.882 6.882 x 10°

We have thus far considered transverse electric or TE waves in a parallel-
plate waveguide. In a similar manner, it is possible to have propagation of
transverse magnetic or TM waves, so termed because the magnetic field is
directed entirely transverse to the direction of time-average power flow whereas
the electric field is not. The field expressions for TM waves can be obtained
by starting with two uniform plane waves having their magnetic fields entirely
in the y-direction and proceeding in a manner similar to the development of
TE waves. We shall however not pursue that approach. Instead, we shall,
by analogy with (9.35a), write the expression for the magnetic field of the TM
wave and then derive the electric field by using one of Maxwell’s curl equations.

Thus assuming the guide to be made up of parallel plates in the x = 0
and x = a planes, and writing the expression for the magnetic field of the
T™, ., wave and using

vxa=-2
at

we obtain the fields for the TM modes to be

2
H = H, cos (Tlx> sin (m - —’Tz) i, (9.362)
a A,
A 2
E = }\—g nH, cos <r_na77_x> sin (wt - )\_:Z) i,
A . {mmx 27\ .
+ )\—c nH, sin (T) cos (mt - A—gz) i, (9.36b)

Note that the x-variation of H, is cosinusoidal, which leads to sinusoidal
variation for E, so that the boundary condition of zero tangential electric field
is satisfied on the two plates. The parameters A, and A, in (9.36a) and (9.36b)
and other parameters f; and v,, for the TM modes are the same as those for
the TE modes, given by (9.30), (9.33), (9.31), and (9.34), respectively.
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Let us now consider reflection and transmission at a dielectric discontinuity
in a parallel-plate guide, as shown in Fig. 9.8. If a TE or TM wave is incident
on the junction from section 1, then it will set up a reflected wave into section
1 and a transmitted wave into section 2, provided that mode propagates in
that section. The fields corresponding to these incident, reflected, and transmitted
waves must satisfy the boundary conditions at the dielectric discontinuity.

x=0
Incident
Section 1
el ’ #1 ——
Reflected
x=a
z=0

Figure 9.8. For consideration of reflection and transmission at a dielectric
discontinuity in a parallel-plate waveguide.

Considering first TE waves and denoting the incident, reflected, and
transmitted wave fields by the subscripts i, r, and ¢, respectively, we have
from the continuity of the tangential component of E at a dielectric discontinuity,

E,+E,=E, atz=0 (9.37a)
and from the continuity of the tangential component of H at a dielectric
discontinuity,

H;,+ H,=H, atz=20 (9.37b)
We now define the guide characteristic impedance, 7, of section 1 as
E,
N1 = —;I~ (9.38)

Recognizing that i, X (—i,) = i,, we note that 7, is simply the ratio of the
transverse components of the electric and magnetic fields of the TE, , wave
which give rise to time-average power flow down the guide. From (9.35a)
and (9.35b) applied to section 1, we have

Agi ™ ™
= o Rel _ = 9.39
TN TNV = WA VL - Galf) ©-3
The guide characteristic impedance is analogous to the characteristic impedance
of a transmission line, if we recognize that E,; and — H,; are analogous to V*
and I*, respectively. In terms of the reflected wave fields, it then follows

that
E,, E,
= —|—2&| == 9.40
el <_er> er ( )
This result can also be seen from the fact that for the reflected wave, the
power flow is in the negative z-direction, and since i, X i, = —i,, 1, is equal
to E,,/H,,. For the transmitted wave fields, we have
E
" e 9.41)
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where

Ag M N2
Ng2 = Mo = = (9.42)
TR VI A VI = (faff)
is the guide characteristic impedance of section 2.
Using (9.38), (9.40), and (9.41), (9.37b) can be written as
. E, .
By _ L == (9.43)
MNe1 ngl MNg2
Solving (9.37a) and (9.43), we get
Eyi(l —"—gz) +Ey,<1 +"’—g2) =0
MNg1 Nei
or the reflection coefficient at the junction is given by
T = E, = N2 ~ M1 9.44)
Eyi 7’g2 + ngl

This expression for the reflection coefficient is the same as that for the
voltage reflection coefficient at the load of a lossless transmission line of
characteristic impedance 7, terminated by a resistive load Mg. It is also the
same as the voltage reflection coefficient at the junction between two transmission
lines 1 and 2 having the characteristic impedances 7,; and 7,,, respectively,
as shown in Fig. 9.9, where line 2 is infinitely long and hence its input impedance
is equal to 1,,. Thus insofar as reflection and transmission at the discontinuity.
are concerned, each waveguide section can be replaced by a transmission line
of characteristic impedance equal to the guide characteristic impedance given
for the TE modes by

S N
V1 = (£./f)

It should be noted that unlike the characteristic impedance of a lossless line,
which is a constant independent of frequency, the guide characteristic impedance
of the lossless waveguide is a function of the frequency, and the mode of
propagation. Before considering TM modes, it should be pointed out that the
power reflection coefficient is I'? so that the reflected power is I'? times the
incident power and the transmitted power into section 2 is (1 — I'®) times
the incident power.

[Mele = (9.45)

I
I
Line 1 } Line 2
Mg1 I ngl
(l) Figure 9.9. Transmission-line equiva-
| lent of parallel-plate waveguide
z=0 —z discontinuity.
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Turning now to TM waves, we observe from (9.36a) and (9.36b) that the
ratio of the transverse electric field component E, to the transverse magnetic
field component H,, which together are responsible for time-average power
flow in the z-direction is equal to nA/A,, and hence the guide characteristic
impedance for TM waves is given by

Ml = 7V1 = (/f) (9.46)

Thus the transmission-line equivalent for reflection and transmission of TM
waves at the waveguide discontinuity is the same as in Fig. 9.9 except that
M1 and 7, follow from (9.46). We shall now consider an example.
Example 9.3.
Let us consider the parallel-plate waveguide discontinuity shown in Fig. 9.10.
We wish to find the electric field reflection coefficients for TE, , and TM, , waves
of frequency f = 5000 MHz incident on the junction from the free space side.

|«——5 cm ——>

€gs Mo
Figure 9.10. For illustrating the com-
putation of reflection and transmission
coefficients at a parallel-plate wave-

z= guide discontinuity.

For the TE,, mode or for the TM; mode, A, = 2a = 10 ¢cm, independent
of the dielectric. For f = 5000 MHz,

. 3 x 10°
A, = wavelength on the free space side = T——— = 6 cm
5% 10
. L 3 x 10° 6
X\, = wavelength on the dielectric side = m =3= 2cm

© Since A < ). in both sections, TE, , and TM,; , modes propagate in both sections.
Thus for the TE, y mode,

" 1207
. _ = 47124 Q
8! V1< (/A V1 - (6/10)°
s 120m/V9 40w 128.25 Q

M = 0oy V1- @10 V- 004
Mo — My 128.25 — 471.24

ot 1825 T4tz 7
For the TM,, mode,
Mg =m V1 — /A = 30159 Q
Ne = m V1 — (/A =123.120

Mg — Mg _ 12312 — 301.59 _
T Mg+ Mg 123.12 + 30159

-0.42

We have in this section introduced the principle of waveguides by con-
sidering the parallel-plate waveguide. In practice, however, waveguides are
generally made up of a single conductor having rectangular or circular cross
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section. We shall defer the consideration of rectangular waveguides to Sec.
9.4 and discuss in Sec. 9.3 the important phenomenon of dispersion, characteristic
of propagation in parallel-plate as well as rectangular and circular waveguides,
and leading to the concept of group velocity.

But first we shall conclude this section with a brief description of a
naturally occurring waveguide, although of spherical geometry. This is the
earth-ionosphere waveguide. The ionosphere is a region of the upper atmosphere
extending from approximately 50 km to more than 1000 km above the earth.
In this region the constituent gases are ionized, mostly because of ultraviolet
radiation from the sun, thereby resulting in the production of positive ions
and electrons that are free to move under the influence of the fields of a wave
incident upon the medium. The positive ions are, however, heavy compared
to the electrons, and hence they are relatively immobile. The electron motion
produces a current that influences the wave propagation. The electron density
in the ionosphere exists in several layers known as the D, E, and F layers in
which the ionization changes with the hour of the day, the season, and the
sunspot cycle. However, for the purpose of our discussion, it is sufficient to
assume that the electron density increases continuously from zero at the lower
boundary, reaching a peak at some height, typically lying between 250 and
350 km, and then decreases continuously, as shown in Fig. 9.11(a). The wave
propagation is influenced by the electrons in such a manner that waves of
very low frequencies are reflected at the base. As the frequency is increased,
the waves penetrate deeper into the region but still return to earth after
reflection. When their frequency exceeds certain value, typically between 20
and 40 MHz depending upon the angle of incidence, they penetrate through
the maximum of the layer and hence do not return to the earth. Thus for
frequencies in the VLF range and lower, the lower boundary of the ionosphere
and the earth form a waveguide, thereby permitting waveguide mode of
propagation.

A Height N

- z Earth i

—

Electron Density

(@) (b)

Figure 9.11. (a) Variation of electron density with height for a simplified
ionosphere. (b) Depiction of waveguide mode of propagation in the earth-
ionosphere waveguide.

D9.4. The dimension a of an air-dielectric parallel-plate waveguide is 3 cm. Find the
‘values of 6 and A, for each of the following cases: (a) f = 6000 MHz, TE, ,
mode; (b) f = 12,000 MHz, TE,, mode, and (c) f = 12,000 MHz, TE,, mode.
Ans: 33.56° 9.045 cm; 65.38°, 2.75 cm; 33.56°, 4.523 cm
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D9.5. TE waves are excited in a parallel-plate waveguide having the plates in the
x = 0 and x = 5 cm planes by setting up at its input z = 0 a field distribution
having

E = 40 sin® 207rx sin 10"7¢ i, V/m
Noting that the electric field of a propagating TE mode is of the form given
by (9.35a), find E, for each of the following modes: (a) TE,y; (b) TE,,; and
(c) TE;,. Assume the medium between the plates to be a perfect dielectric of
e = 4gpand u = py.
Ans: 30 V/m; 0 V/m; —10 V/m

D9.6. For a parallel-plate waveguide of spacing a = 3 cm and filled with a dielectric
of ¢ = 4g, and w = ug, find the values of the guide characteristic impedance
for (a) TE;, mode of f = 3000 MHz; (b) TM,, mode of f = 3000 MHz; and
(c) TE,, mode of f = 6000 MHz.

Ans: 341 Q; 104.2 Q; 207.4 Q)

9.3 DISPERSION AND GROUP VELOCITY

In the previous section we learned that for the propagating range of frequencies,
the phase velocity and the wavelength along the axis of the parallel-plate
waveguide are given by

U
= ——P— (9.47)
T T =
and
A (9.48)

A\ = ——
V1 = (L)

where v, = 1/\ue, A = v,/f = 1/f\/ue, and f; is the cutoff frequency. We
note that for a particular mode, the phase velocity of propagation along the
guide axis varies with the frequency. As a consequence of this characteristic
of the guided wave propagation, the field patterns of the different frequency
components of a signal comprising a band of frequencies do not maintain the
same phase relationships as they propagate down the guide. This phenomenon
is known as “‘dispersion,”’ so termed after the phenomenon of dispersion of
colors by a prism.

To discuss dispersion, let us consider a simple example of two infinitely
long trains A and B traveling in parallel, one below the other, with each train
made up of boxcars of identical size and having wavy tops, as shown in Fig.
9.12. Let the spacings between the peaks (centers) of successive boxcars be
50 m and 90 m, and let the speeds of the trains be 20 m/s and 30 m/s, for
trains A and B, respectively. Let the peaks of the cars numbered 0 for the
two trains be aligned at time ¢ = 0, as shown in Fig. 9.12(a). Now, as time
progresses, the two peaks get out of alignment as shown, for example, for
t = 1 s in Fig. 9.12(b), since train B is traveling faster than train A. But at
the same time, the gap between the peaks of cars numbered —1 decreases.
This continues until at ¢ = 4 s, the peak of car ““‘— 1" of train A having moved
by a distance of 80 m aligns with the peak of car ““—1"" of train B, which
will have moved by a distance of 120 m, as shown in Fig. 9.12(c). For an
observer following the movement of the two trains as a group, the group
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Figure 9.12. For illustrating the concept of group velocity.

appears to have moved by a distance of 30 m although the individual trains
will have moved by 80 m and 120 m, respectively. Thus we can talk of a
‘“‘group velocity,” that is, the velocity with which the group as a whole is
moving. In this case, the group velocity is 30 m/4 s or 7.5 m/s.

The situation in the case of the guided wave propagation of two different
frequencies in the parallel-plate waveguide is exactly similar to the two-train
example just discussed. The distance between the peaks of two successive

Sec. 9.3 Dispersion and Group Velocity 479



cars is analogous to the guide wavelength, and the speed of the train is
analogous to the phase velocity along the guide axis. Thus let us consider
the field patterns corresponding to two waves of frequencies f; and f; propagating
in the same mode, having guide wavelengths A, and Az, and phase velocities
along the guide axis v,,, and v,.5, respectively, as shown, for example, for
the electric field of the TE,, mode in Fig. 9.13. Let the positive peaks
numbered 0 of the two patterns be aligned at t = 0, as shown in Fig. 9.13(a).
As the individual waves travel with their respective phase velocities along the
guide, these two peaks get out of alignment, but some time later, say, Az, the
positive peaks numbered —1 will align at some distance, say, Az, from the
location of the alignment of the ‘0’ peaks, as shown in Fig. 9.13(b). Since
the “—1”’th peak of wave A will have traveled a distance A4, + Az with a
phase velocity v,., and the ““—1""th peak of wave B will have traveled a

-1 0 1 2
® ® ® ®
® ® ® ® —
® ® ® ® Upea
® ® ®
® ® ® —
® ® ® CeB
L |
b e 1@ )
| z
|
| Az |
f—> X
-3 -2 -1 0
® ® ® ®
® ® ® ® —
® ® ® ® Uped
-2 -1 0 t = Ar
® ®
® ) ® —
® ® Veas
(b)

Figure 9.13. For illustrating the concept of group velocity for guided wave
propagation.
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distance Az + Az with a phase velocity v, in this time Af, we have
AgA + AZ = UPZAAt (9.493)
Agg + Az = v, 5At (9.49b)
Solving (9.49a) and (9.49b) for Ar and Az, we obtain
Ar = Nea = Aep (9.50a)
Upza = Upzp
and
AZ - }\gAvsz N )\ngPzA (950b)
Upza — Upzs

The group velocity, v,, is then given by

v, = % - }\gAvsz - )\ngpzA — AgA)\ngB - )\gB)\gAfA
f At }\gA - AgB A\ L _ L
gANgB )\gB )\gA
_ fite
1_1
Aep  Aga
or
Wp — Wy
p, = ———4 9.51)
£ BZB - BZA

where 8,4 and .5 are the phase constants along the guide axis, corresponding
to f, and f3, respectively. Thus the group velocity of a signal comprised of
two frequencies is the ratio of the difference between the two radian frequencies
to the difference between the corresponding phase constants along the guide
axis.

If we now have a signal comprised of a number of frequencies, then a
value of group velocity can be obtained for each pair of these frequencies in
accordance with (9.51). In general, these values of group velocity will all be
different. In fact, this is the case for wave propagation in the parallel-plate
guide, as can be seen from Fig. 9.14, which is a plot of w versus 3, corresponding

> Figure 9.14. Dispersion diagram for
?  the parallel-plate waveguide.
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to the parallel-plate guide for which

_m_ 2 M _ i A
Bz—xg——)\ 1—()\—) —w\/,u.s 1—(f> %.52)

Such a plot is known as the ‘“‘w-@, diagram” or the “‘dispersion diagram.”’
The phase velocity along the guide axis given for a particular frequency by

(0]

= — 9.53
Upz B. ( )

is equal to the slope of the line drawn from the origin to the point, on the
dispersion curve, corresponding to that frequency as shown in the figure for
the three frequencies o;, w,, and w;. The group velocity for a particular pair
of frequencies is given by the slope of the line joining the two points, on the
curve, corresponding to the two frequencies as shown in the figure for the
two pairs ;, w, and o,, w;. Since the curve is nonlinear, it can be seen that
the two group velocities are not equal. We cannot then attribute a particular
value of group velocity for the group of the three frequencies w;, w,, and ws.

If, however, the three frequencies are very close, as in the case of a
narrow-band signal, it is meaningful to assign a group velocity to the entire
group having a value equal to the slope of the tangent to the dispersion curve
at the center frequency. Thus the group velocity corresponding to a narrow
band of frequencies centered around a predominant frequency w is given by

dw

l)g=E

9.54)

For the parallel-plate waveguide under consideration, we have from (9.54)
a6; _ _\/ ARl P AR i
—(, _fi, of: AN
= 1 —Le 4 2 le _Je
\/,LLS( f2 + 27Tf3 1 f2

-1/2
=

do 1 2 2
v, = = _Le=yp [1-[= 9.55)
¢ dB, Ve 1 i p\/ (f)
From (9.47) and (9.55), we note that v,, > v,, v, < v,, and

2
Upzlg = Up

and

For a numerical example, let us consider the air-dielectric parallel-plate waveguide
of spacing @ = 5 cm and a narrow-band signal of center frequency f = 10,000
MHz propagating in the TE,, mode. Then from Ex. 9.2, f. = 3000 MHz,

482 Waveguides Chap. 9



Amplitude-
modulated
signal

and from (9.55),

32
vg=3x108\/1_<ﬁ>

= 2.862 x 10°m/s

as compared to v,, = 3.145 X 10° m/s found in Ex. 9.2.

An example of a narrow-band signal is an amplitude-modulated signal,
having a carrier frequency w modulated by a low-frequency Aw << w as given
by

E(t) = E, (1 + mcos Aw - £) cos ot (9.56)
where m is the percentage modulation. Such a signal is actually equivalent
to a superposition of unmodulated signals of three frequencies v — Aw, o,
and o + Aw, as can be seen by expanding the right side of (9.56). Thus

E() = Eycos wt + mE, cos wt cos Aw * ¢

E (9.57)
'"2"° [cos(w — Aw)t + cos (@ + Aw)f]

The frequencies o — Aw and w + Aw are the side frequencies. When the
amplitude-modulated signal propagates in a dispersive channel such as the
parallel-plate waveguide under consideration, the different frequency components
undergo phase changes in accordance with their respective phase constants.
Thus if 8, — AB,, B,, and B, + AR, are the phase constants corresponding
to o — Aw, w, and @ + Aw, respectively, assuming linearity of the dispersion
curve within the narrow band, the amplitude-modulated wave is given by

Efz, 1) = E,cos (ot — B,2)

= Lo COS wt +

+ 5 05 [(w ~ Mo ~ (B, — 4]

+ cos [(w+ Aw)t — (B, + AB)z]}
= E,ocos (ot — B,2) (9.58)

+ 220 os [(t — B) — (Bo - £ — A, - 2]

+ cos [(wf — B2) + (Aw - t — AB, - DI}
= E,,cos (wt — 8,2) + mE,,cos (wt — B,2) cos (Aw - ¢t — AB, - 2)
= E [l + mcos (Aw - t — AB, * 2)] cos (wt — B,2)

This indicates that although the carrier frequency phase changes in accordance
with the phase constant 8., the modulation envelope and hence the information
travels with the group velocity Aw/AB,, as shown in Fig. 9.15. In view of
this and since v, is less than v,, the fact that v,, is greater than v, is not a
violation of the theory of relativity. Since it is always necessary to use some
modulation technique to convey information from one point to another, the
information always takes more time to reach from one point to another in a
dispersive channel than in the corresponding nondispersive medium. For
further understanding of the concept of group velocity, the reader is advised
to view a movie narrated by Van Duzer.!

' T. Van Duzer, ‘““Wave Velocities, Dispersion and the Omega-Beta Diagram,” (Newton,
Mass.: Educational Development Center).
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Figure 9.15. For illustrating that the modulation envelope travels with the
group velocity.

D9.7. The w-B, curve for a dispersive channel can be approximated by
© = o + kp?
in the vicinity of @ = 1.5w,, where k is a positive constant. Find (a) the phase
velocity for a signal of frequency 1.5w,; (b) the group velocity for a signal
composed of the two frequencies 1.5w and 1.6w,; and (c) the group velocity
for a narrow-band signal having the center frequency 1.5wj.
Ans: 2.121V/kwy; 1.4827/ key; 1.4147\/ ke

9.4 RECTANGULAR WAVEGUIDE AND CAVITY RESONATOR

TE modes in In Sec. 9.2 we mentioned that a common form of waveguide is the rectangular

rectangular
waveguide

waveguide. To introduce the rectangular waveguide, we shall begin with TE
modes in a parallel-plate waveguide. We recall that the parallel-plate waveguide
is made up of two perfectly conducting sheets in the planes x = 0 and x = a
and that the electric field of the TE,,, mode has only a y-component with m
number of one-half sinusoidal variations in the x-direction and no variations
in the y-direction. If we now introduce two perfectly conducting sheets in
two constant y-planes, say, y = 0 and y = b, the field distribution will remain
unaltered since the electric field is entirely normal to the plates, and hence
the boundary condition of zero tangential electric field is satisfied for both
sheets. We then have the rectangular waveguide, a metallic pipe with rectangular
cross section in the xy-plane, as shown in Fig. 9.16.

x=0

/| ¥

xY

x=a y=0
Figure 9.16. A rectangular waveguide.
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Since the TE,,, mode field expressions derived for the parallel-plate
waveguide satisfy the boundary conditions for the rectangular waveguide,
those expressions as well as the entire discussion of the parallel-plate waveguide
case hold also for TE,, , mode propagation in the rectangular waveguide case.
We learned that the TE,, , modes can be interpreted as due to uniform plane
waves having electric field in the y-direction and bouncing obliquely between
the conducting walls x = 0 and x = g, and with the associated cutoff condition
characterized by bouncing of the waves back and forth normally to these
walls, as shown in Fig. 9.17(a). For the cutoff condition, the dimension a is
equal to m number of one-half wavelengths such that

2
ey, = Za 9.59)

In a similar manner, we can have uniform plane waves having electric
field in the x-direction and bouncing obliquely between the walls y = 0 and
y = b, and with the associated cutoff condition characterized by bouncing of
the waves back and forth normally to these walls, as shown in Fig. 9.17(b),
thereby resulting in TE,, modes having no variations in the x-direction and
n number of one-half sinusoidal variations in the y-direction. For the cutoff
condition, the dimension & is equal to # number of one-half wavelengths such

y
Z o>
xY A
Y
(a)
Y A
) 4
z)| "
xY M/ xY
— _ o
s
e
(b)
N
y
7% z >
xY i xY
|
7
e

()

Figure 9.17. Propagation and cutoff of (a) TE,,,, (b) TE,,, and (c) TE,,,
modes in a rectangular waveguide.
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modes

that

2b
[)\E]TE(),,, = 7 (960)

We can even have TE,, , modes having m number of one-half sinusoidal
variations in the x-direction and » number of one-half sinusoidal variations in
the y-direction due to uniform plane waves having both x- and y-components
of the electric field and bouncing obliquely between all four walls of the guide
and with the associated cutoff condition characterized by bouncing of the
waves back and forth obliquely between the four walls as shown, for example,
in Fig. 9.17(c). For the cutoff condition, the dimension a must be equal to
m number of one-half apparent wavelengths in the x-direction, and the dimension
b must be equal to #» number of one-half apparent wavelengths in the y-direction
such that

1 1 1
Fon.  @a/m? ' @b/}

or

1
" \V(m/2a + (n)2bY

The discussion thus far of TE,,,, modes in a rectangular waveguide has
been based on qualitative reasoning. We shall now derive the field expressions
for the TE modes. To do this, we shall first show, by making use of the
expansions for the Maxwell’s curl equations in Cartesian coordinates that all
transverse (x and y) field components are derivable from the longitudinal field
component H,. It is convenient to use the phasor forms of the field components
and differential equations. Since all components of the fields are then dependent
on ¢ and z in the manner &/'“'~?"/*¢3 e can replace 9/dt by jo and 8/dz by
—jQm/\,). Furthermore, E, = 0 in view of TE modes and J,, J,, and J, are
all zero since the medium inside the waveguide is a perfect dielectric. Thus
the phasor forms of (4.12a)—(4.12c) and of the component equations of (4.22)
pertinent to the discussion here are

[)\C]TEm,,, 9.61)

2 —
}\g
2m— .=
_J)\_Ex = _JwMHy (962b)
t4
0E, OE, .=
Po= L .62
= o JjouH, (9.62c)
oH 2 — —
2 2 H o= 9.62d
P ‘]}\g , = Jwek, ( )
2n—  OH . =
_j)\—g - axz = jweE, (9.62¢)
H H
oH, oH, _ 9.62f)
ox dy
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technique

Solving (9.62a), (9.62b), (9.62d), and (9.62¢), for E,, E,, H,, and H, in
terms of H,, we obtain

= Jop oH,
E = —JX# % ,

* T QN — wPue Oy (©.632)
—= Jou 0H,
E = ——J2% .

4 Qm/A)* — wlue ox (9.63b)
= . 27/ oH,
H, = j—le 2k .

* J(27r/)\g)2 - o’ue ox (9.63c)
— 27/\ H,

2/, O, (9.63d)

H, = e
4 J(27T/)\g)2 — w*ue Jy

Furthermore by substituting (9.63a) and (9.63b) into (9.62c) and rearranging,
we obtain a differential equation for H, as given by

CH, FH [_(
0x A

2
> 5 ——) + wzus]ﬁz =0 © (9.64)

g

To solve (9.64) for H,, we make use of the ‘‘separation of variables”’
technique. This consists of assuming that the required function of the two
variables x and y is the product of two functions, one of which is a function
of x only and the second is a function of y only. Thus denoting these functions
to be X and Y, we have

H.(x,y,2) = XY (y)e 7" (9.65)

Substituting (9.65) into (9.64), we then obtain

2
X0 F0) + X0 7’00 + |- (2] + e | X0 ¥ = 0
or

X" Y [2w) 5
- A ()\g) - w'ue (9.66)

where the primes denote differentiation with respect to the respective variables.
Equation (9.66) says that a function of x only plus a function of y only is
equal to a constant. For this to be satisfied, both functions must be equal to
constants. Hence we write

Y(l 5
¥ = —PB aconstant (9.67a)
and
7" 5
5 = —# aconstant (9.67b)
or
X -
o 8xX (9.68a)
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and

Y -
i -8y (9.68b)

We have thus obtained two ordinary differential equations involving separately
the two variables x and y; hence the technique is known as the ‘‘separation
of variables’’ technique.
The solutions to (9.68a) and (9.68b) are given by
X(x) = A, + Ao P
Y(y) = Flejﬁyy + B—ze—jﬁy}’
so that
H, = A,e™ + Ao %) (B,e™ + Bye P7) ¢ 10Nk (9.69)

where 4,, A,, B,, and B, are constants. We also note from substitution of
(9.67a) and (9.67b) into (9.66) that

2 2 2m\? 2
BB =) - e

4
or
2m\? 2 2 2
) = oke - B2 - B 9.70)
4

Now, to determine the constants in (9.69), we make use of the boundary
conditions which require that the tangential components of the electric field
intensity on all four walls of the guide be zero. Thus we have

=0 fory=0, 0<x<a
=0 fory=5b, 0<x<a
=0 forx=0, 0<y<b
=0 forx=a, 0<y<b

To apply these boundary conditions to (9.69), we have to translate them into
boundary conditions involving H,. From (9.63a) and (9.63b), these are

SR W

oH,

% =0 fory=0, 0<x<a 9.71a)
‘%ﬂ fory = b, 0<x<a 9.71b)
aZ‘=0 forx=0, 0<y<b 9.71c)
aa—H;=0 forx=a, 0<y<b 9.71d)

Using (9.71c¢) and (9.71a) in conjunction with (9.69), we get
Z] - Zz = 0 or Zz = Z]
El - EZ =0 or Fz = l_;l
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which then simplifies (9.69) to
H, = A cos fB,x cos B,y e /@7/*e" 9.72)

where A is a constant. Using the remaining two boundary conditions (9.71d)
and (9.71b), we then obtain

mar

sinB,a=0 or B, = o m= 0,1,2, ... (9.73a)
sinBb=0 or B, = ”7”, n=0,1,2,.. (9.73b)

Thus the solution for H, for the TE,,, mode is given by
H, = A cos (Ln—:—x> cos (?) e ~I@m/Agk (9.74)

We also note by substituting (9.73a) and (9.73b) in (9.70) that

2r\* mm\’ nwr\’ 5
)\—g = @'ue — -, \7 9.75)

For propagation to occur, the exponent 27/ )\g) in (9.74) must be real. Hence
the cutoff condition is given by

2 2
w’us — (ﬂ) - (n—ﬂ-) =0 (9.76)
a b

or the cutoff frequency is given by

1 )2 7 \2

and the cutoff wavelength is

1
Vs f,
1
 \lm/2a) + (n/2b)

which is the same as given by (9.61). Now, from (9.75) and (9.78), we have
have

2\ e = — () _ (7Y

Ag @ ne a b

2 2
—o2 | (7 n
(2m) [(2(1) + <2b> ] 9.79)

_ _ (=Y
= .

Substituting (9.74) and (9.79) into (9.63a)—(9.63d), we obtain the expressions
for the transverse field components:

A
9.78)
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propagating
modes

— A2 nm— ) .
E, = jw‘:;zc ’%T cos (?) sin (?) e ~@m/hg) (9.80a)

— A2 mar —_ ,
E, = —j e P sin [ 27F) cos (L2 ] gsemien (9.80b)
7 a a b

47?
2
H, =j Ao ™7 K sin <M> cos <@> e /@m/hek (9.80c)
2w, a a b
- Al nm— mmx nwy\ _;
H =j—<"24 P72 sin (272 p-ieninen _
y szg > cos( p; )sm( ? )e (9.80d)

Note that the sine terms in these field expressions satisfy the boundary conditions
of zero tangential electric field and zero normal magnetic field at the walls of
the waveguide. It can also be seen that if both m and n are equal to zero,
then all transverse field components go to zero. Therefore for TE modes,
either m or n can be zero, but both m and n cannot be zero.

The entire procedure for the derivation of the field expressions can be
repeated for TM waves by starting with the longitudinal field component E,.
We shall however not pursue the derivation here but instead present the final
expressions. This is done in Table 9.1 together with the TE mode field expres-
sions. The upper signs of the ¥ and = signs in these expressions refer to
waves propagating in the +z-direction, whereas the lower signs refer to waves
propagating the —z-direction. Note from the expression for E, in Table 9.1
that the x- and y-variations of E, are sinusoidal so that E, goes to zero on all
four walls of the waveguide. This arises because E,, being longitudinal, is
tangential to all four walls, and the boundary conditions require that the
tangential components of E be zero on the walls. It can also be seen that if
either m or n is equal to zero, then E, = 0. Therefore, for TM modes both
m and n must be nonzero. Also listed in Table 9.1 are the expressions for
the cutoff frequency f,, the cutoff wavelength \., the guide wavelength A,,
the phase velocity v, along the guide axis, and the guide characteristic impedance
7., all of which have the same interpretations as the corresponding quantities
for the parallel-plate waveguide case.

The foregoing discussion of the modes of propagation in a rectangular
waveguide points out that a signal of given frequency can propagate in several
modes, namely, all modes for which the cutoff frequencies are less than the
signal frequency or the cutoff wavelengths are greater than the signal wavelength.
Waveguides are, however, designed so that only one mode, the mode with
the lowest cutoff frequency (or the largest cutoff wavelength), propagates.
This is known as the ‘‘dominant mode.’” From Table 9.1, we can see that
the dominant mode is the TE, , mode or the TE, ; mode, depending on whether
the dimension a or the dimension 4 is the larger of the two. By convention,
the larger dimension is designated to be a, and hence the TE,, mode is the
dominant mode. We shall now consider an example.

Example 9.4.

It is desired to determine the lowest four cutoff frequencies referred to the cutoff

frequency of the dominant mode for three cases of rectangular waveguide di-

mensions: b/a = 1, b/a = 1/2, and b/a = 1/3. Given a = 3 cm, it is then
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TABLE 9.1.
RECTANGULAR WAVEGUIDE

FIELD EXPRESSIONS AND ASSOCIATED PARAMETERS FOR TE AND TM MODES IN A

Transverse electric (TE) waves

Transverse magnetic (TM) waves

Field Expressions:

Field Expressions:

_(m,n=0,1,2, ..., but not both zero) _myn=1,23,.)
E =0 H =0
H, = A cos inalx cos X grianine: E, = A sin ? sin n‘;ry e /AR
- A2 nw — max o MY iowpg =  _ M omw—  mmx . nmy oo
E, = 14772 wp =~ A cos — sin —= ¢™@n/Ae> E, = 271')\57 A cos — - sin==e J@m/he)
— A2 mar m ATY oo - _. A nm— | mmx RTY oo
E, = —j 4— op — A s1nT7TcosTe"2 Pe = i b sm—a—cos—e"2 7o
H =2 H, = =2
N N
- _  E
R - <L A - oL
_ 1 m 2 n 2 _ 1 (m>2 (2>2
. 2V pe (a) * <Z) . 2V pe a) T \b
. 2 N
© " \lm/a¥ + /by © " \m/aP + (/b
v = A B A \ A A
*VI-OAF V- (Y * TVI-OAY  VI- PP
1 1 1

Upz = 7 2 Upz = 7 _ 2

Vue V1= (£/fY  Vie VI = O/\) Ve VI = (LI Ves VI~ O/A)

Vel e " =JE/1_<J;>2=Y\/E\/1_<A>Z
" TNT-GE VI-Ohg * Vs f e N
desired to find the propagating mode(s) for f = 9000 MHz for each of the three
cases.

From Table 9.1, the expression for the cutoff wavelength for a TE,, , mode
where m = 0,1,2,3,...andn = 0,1, 2, 3, ... but not both m and n equal
to zero and for a TM,,,‘,l mode where m = 1, 2, 3, ...andn=1,2,3,...1is
given by :

_ 1
V(m/2a)* + (n/2b)
The corresponding expression for the cutoff frequency is
——'_2
_Y% _
N Vue (2!1) ( )
= —'\/ mt + n2
2a\/ pe b
The cutoff frequency of the dominant mode TEis 1 /2a\/;_;;. Hence
L _ \/ m + (n2 2
[f;]TEl,o b
By assigning different pairs of values for m and n, the lowest four values of
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Transmis-
sion-line
analogy

f./[fdre, » can be computed for each of the three specified values of b/a. These
computed values and the corresponding modes are shown in Fig. 9.18.

For a = 3 cm, and assuming free space for the dielectric in the waveguide,
1 3 x 10

2a\/me 2 X 0.03

Hence for a signal of frequency f = 9000 MHz, all the modes for which f,/[ fJrg, o
is less than 1.8 propagate. From Fig. 9.18, these are

= 5000 MHz

[fc]TELo =

TEI,O! TEQJ, TMI’], TE]‘I fOr b/a =1
TE, for b/a = 1/2
TE,, for b/a = 1/3

It can be seen from Fig. 9.18 that for b/a = 1/2, the second lowest cutoff
frequency that corresponds to that of the TE,  mode is twice the cutoff frequency
of the dominant mode TE,,. For this reason, the dimension b of a rectangular
waveguide is generally chosen to be less than or equal to ¢/2 in order to achieve
single-mode transmission over a complete octave (factor of two) range of
frequencies.
TM2,1
™,
TEI,O ™, TEZ,O TEZ’I
TEq; TE;; TEo, TEy,
1 # ¢ ¢ ‘ ] | L fe
1 2 V5

V2 3 4 s [fc]TEl,o

b
a

TEg; TE,; TEy,;

TEI,O TE,p TMU TM2,1
b1y vy . L fe
a 2 1 2 5 VB 3 4 5 e TE,
TE3’0 TM1,1
TE; TE, TEO,I TEl,l
IR ¥ 2 . .t
a 3 1 2 310 4 s {felte

Figure 9.18. Lowest four cutoff frequencies referred to the cutoff frequency
of the dominant mode for three cases of rectangular waveguide dimensions.

As in the case of the parallel-plate waveguide, reflection and transmission

at discontinuities in rectangular waveguides can be studied by using the trans-
mission-line analogy. We shall illustrate this by means of an example.

Example 9.5.

492

A rectangular waveguide extending in the z-direction and having the dimensions
a = 4cmand b = 2 cm has a dielectric discontinuity at z = 0, as shown in
Fig. 9.19. For TE,, waves of frequency f = 5000 MHz incident from section
1, we wish to find (a) the transmission-line equivalent and (b) the length and the
permittivity of a quarter-wave section required to achieve a match between the
two sections.
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l
Secton1 |  Section 2
b=2cm |
AY Ko, €g | Ho9¢
|
- |
a=4cm X z=0 —_— z

Figure 9.19. A rectangular waveguide discontinuity.

(a) First we note that for the TE,, mode, A, = 2a = 8 c¢m for both sections.
For f = 5000 MHz, the wavelength in free space is A\, = 6 cm and the
wavelength in a dielectric of permittivity 9¢y is A, = 2 cm. Since \; and
A, are both less than A., the TE,;, mode propagates in both sections.
Denoting the guide parameters associated with sections 1 and 2 by subscripts
1 and 2, respectively, we then obtain

™ 377
Ny = = =5700
TVI- /A VI - (6/8)
Ne2 U - 3B _ _19s0

V1- (/A V1 - (2/8)
Thus the transmission-line equivalent is as shown in Fig. 9.20.
|

|
8]

Ny = 570 2 Mg = 129.8 Q
Figure 9.20. Transmission-line equiva-
lent for the rectangular waveguide dis-
0] continuity of Fig. 9.19 for TE,, waves

|
| of frequency 5000 MHz.

|
|
|
|
]
|

(b) The characteristic impedance of a quarter-wave section required to achieve

a match between line 1 and line 2 must be equal to \/n, n,. Denoting
the parameters associated with the quarter-wave section by subscript 3,

we then have
m
Ny = === VNanp
CVIi-unr

or
L) \/% _ \/
\/1 - (7\1/)\c)2 (eo/83) et M
&o/&s _ 570 x 129.8

= 0.5205

1—(6/8) (so/e) (3770
solving which we obtain &; = 2.484g,. To find the length of the quarter-
wave section, we compute

= A3 _ M Veo/es
L= -
VI A VT = /A (eo/e)
6 X 0.6345
0.63 =4.33cm

/1 — (9/16) x 0.4026
Thus the length of the quarter-wave section is A,/4 or 1.0825 cm.
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Cavity
resonator

Let us now consider guided waves of equal amplitude propagating in the
positive z- and negative z-directions in a rectangular waveguide. This can be
achieved by terminating the guide by a perfectly conducting sheet in a constant
z-plane, that is, a transverse plane of the guide. Due to perfect reflection
from the sheet, the fields will then be characterized by standing wave nature
along the guide axis, that is, in the z-direction, in addition to the standing
wave nature in the x- and y-directions. The standing wave pattern along the
guide axis will have nulls of transverse electric field on the terminating sheet
and in planes parallel to it at distances of integer multiples of A,/2 from that
sheet. Placing of perfect conductors in these planes will not disturb the fields
since the boundary condition of zero tangential electric field is satisfied in
those planes.

Conversely, if we place two perfectly conducting sheets in two constant
z-planes separated by a distance d, then, for the boundary conditions to be
satisfied, d must be equal to an integer multiple of A\,/2. We then have a
rectangular box of dimensions a, b, and d in the x-, y-, and z-directions,
respectively, as shown in Fig. 9.21. Such a structure is known as a ‘‘cavity
resonator’’ and is the counterpart of the low-frequency lumped parameter
resonant circuit at microwave frequencies since it supports oscillations at
frequencies for which the foregoing condition, that is,

d= lz\z—g, 1=1,2,3,.. 9.81)

is satisfied. Substituting for A, in (9.81) from Table 9.1 and rearranging, we
obtain

L S
L VI= A

1 1 I\,
I (ﬁ)
which upon substitution for A, gives
1 m\ [ n\ 1\?
) -6 - )
N = 1
\(m/2a)* + (n/2b)* + (1/2d)*

or

9.82)

-
-
7~
-
-
- x z Figure 9.21. A rectangular cavity
a - resonator.
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The expression for the frequencies of oscillation is thus given by

Up 1 m\* n\ 1\?

Josc Mose '\/E <2a) + <2b> + (Zd) (9.83)
The modes are designated by three subscripts in the manner TE,, nand TM,, ;.
Since m, n, and [ can assume combinations of i integer values, an infinite number
of frequencies of oscillation are possible for a given set of dimensions of the
cavity resonator. Also, a given frequency of oscillation may correspond to
more than one mode. We recall that for TE modes m, n = 0, 1, 2, . . ., but
not both zero, whereas for TM modes m, n = 1, 2, 3, . ... For both TE
and TM modes =123, , as given in (9.81). In addition TM modes
at cutoff A, = oo and 7, = 0) satlsfy the boundary conditions since then
E, and E, both go to zero. Hence for TM modes [ = 0 is allowed. We shall
now c0n51der an example.

Example 9.6.
The dimensions of a rectangular cavity resonator with air dielectric are a = 4
cm, b = 2 cm, and d = 4 cm. It is desired to determine the three lowest
frequencies of oscillation and specify the mode(s) of oscillation, transverse with
respect to the z-direction, for each frequency.

By substituting u = py, € = &, and the given dimensions for a, b, and
d in (9.83), we obtain

3 IOSJ 2 n 2 l 2
os¢ X . ey
% <0 08) * (0.04) * (o.os)

= 3750\/m* + 4n* + I MHz
By assigning combinations of integer values for m, n, and I and keeping in mind

the restrictions on these values as discussed, we obtain the three lowest frequencies
of oscillation and the corresponding modes to be

3750 x \/2 = 5303 MHz for TE,,; mode
3750 x g = 8385 MHz for TEO,I,] , TEZ,O,la TEI,O,Z’ and TM],],O modes
3750 x \/6 = 9186 MHz for TE,, and TM, , ; modes

D9.8. A generator of fundamental frequency 1750 MHz and rich in harmonics excites
a rectangular waveguide. Find all frequencies that propagate in TE modes only
for each of the following cases: (a) a = S5cm, b = 2.5¢cm, &€ = & (b) a =
45cm,b =1.5cm, e = 4ep;and (c)a = 6cm, b = 6cm, € = g. Assume
u = g for all cases.

Ans: 3500, 5250 MHz; 1750, 3500, 5250 MHz; 1750 MHz

D9.9. For the rectangular waveguide discontinuity of Fig. 9.19, find the electric field
reflection coefficient for incidence from section 1 for each of the following
cases: (a) TE,, waves of frequency f = 10,000 MHz; (b) TE,, waves of
frequency f = 10,000 MHz; and (c) TM, ; waves of frequency f = 10,000 MHz.
Ans: —0.525; —0.682; —0.260

D9.10. The frequencies of oscillation for an air-dielectric rectangular cavity of dimensions
a, b, and d are given for three modes as follows:

fose = 25001/3 MHz for TE, ; mode
fose = 25001/5MHz for TE,, , mode
fose = 2500 /6 MHz for TM, , ; mode
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Find the values of a, b, and d in centimeters.
Ans: 6 cm; 2V/3 cm; 33/2 cm

9.5 REFLECTION AND REFRACTION OF PLANE WAVES

Laws of
reflection
and
refraction

Thus far we have been concerned with waveguides having metallic conductors
as boundaries. Another class of waveguides, based upon oblique reflections
at dielectric-dielectric interfaces, forms the basis for waveguiding at optical
frequencies. As a prelude to the study of such optical waveguides in the next
section, we shall in this section consider the topic of reflection and refraction
of plane waves. We shall also discuss other characteristics of reflection and
refraction of plane waves not necessarily pertinent to optical waveguides.
Thus let us consider a uniform plane wave incident obliquely on a plane
boundary between two different perfect dielectric media at an angle of incidence
6; to the normal to the boundary, as shown in Fig. 9.22. To satisfy the
boundary conditions at the interface between the two media, a reflected wave
and a transmitted wave will be set up. Let 8, be the angle of reflection and
6, be the angle of transmission. Then without writing the expressions for the
fields, we can find the relationship among 6;, 6,, and 6, by noting that for the
incident, reflected, and transmitted waves to be in step at the boundary, their
apparent phase velocities parallel to the boundary must be equal; that is,

Ut _ Yt _ Up (9.84)
sin§; sin@, siné,

where v, (= 1/V &) and vy, (= 1/4/m,€,) are the phase velocities along
the directions of propagation of the waves in medium 1 and medium 2,
respectively.

I Medium 1
€1 M
Incident {
I

Reflected

Wave
0, Medium 2
| €2, My
l Figure 9.22. Reflection and transmis-
I Transmitted sion of an obliquely incident uniform
| Wave plane wave on a plane boundary be-
| tween two different perfect dielectric
| media.
From (9.84), we have
sin 6, = sin 0, (9.85a)
. Up2 . g .
sin 6, = Ui sin 6; = \/ B Gin 9; (9.85b)
Pl K282
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Perpen-
dicular
polarization

or

6, =6 (9.862)
6, = sin~! ( Bi®t gin o,.) (9.86b)
M8

Equation (9.86a) is known as the ‘‘law of reflection” and (9.86b) is known as
the ““law of refraction,”” or ‘‘Snell’s law.”” Snell’s law is commonly cast in
terms of the refractive index, denoted by the symbol n and defined as the
ratio of the velocity of light in free space to the phase velocity in the medium.
Thus if n; (= ¢/v,y) and n, (= ¢/v,,) are the phase refractive indices for media
1 and 2, respectively, then

9, = sin~"! (ﬂ sin a,.> (9.87)

ny

For two dielectrics having u; = u, = u,, which is usually the case, (9.87)

reduces to
9, = sin~! ( \/ﬂ sin o,.) (9.88)
&2

We shall now consider the derivation of the expressions for the reflection
and transmission coefficients at the boundary. To do this, we distinguish
between two cases: (1) the electric field vector of the wave linearly polarized
parallel to the interface and (2) the magnetic field vector of the wave linearly
polarized parallel to the interface. The law of reflection and Snell’s law hold
for both cases since they result from the fact that the apparent phase velocities
of the incident, reflected, and transmitted waves parallel to the boundary must
be equal.

The geometry pertinent to the case of the electric field vector parallel
to the interface is shown in Fig. 9.23 in which the interface is assumed to be
in the x = 0 plane, and the subscripts i, r, and ¢ associated with the field
symbols denote incident, reflected, and transmitted waves, respectively. The
plane of incidence, that is, the plane containing the normal to the interface
and the propagation vectors, is assumed to be in the xz-plane so that the
electric field vectors are entirely in the y-direction. The corresponding magnetic
field vectors are then as shown in the figure so as to be consistent with the
condition that E, H, and B form a right-handed mutually orthogonal set of
vectors. Since the electric field vectors are perpendicular to the plane of
incidence, this case is also said to correspond to perpendicular polarization.
The angle of incidence is assumed to be 6,. From the law of reflection (9.86a),
the angle of reflection is then also 6,. The angle of transmission, assumed to
be 6, is related to 6, by Snell’s law, given by (9.86b).

The boundary conditions to be satisfied at the interface x = 0 are that
(1) the tangential component of the electric field intensity be continuous and
(2) the tangential component of the magnetic field intensity be continuous.
Thus, we have at the interface x = 0

E, +E, = E, (9.892)
H, + H, = H, (9.89b)
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Medium 1
€15

y z
Medium 2
52 > /-12 x

Figure 9.23. For obtaining the reflection and transmission coefficients for
an obliquely incident uniform plane wave on a dielectric interface with its
electric field perpendicular to the plane of incidence.

Expressing the quantities in (9.89a) and (9.89b) in terms of the total fields,
we obtain

E +E.=E, (9.90a)
H,cos 9, — H,cos 6, = H,cos 0, (9.90b)
We also know from one of the properties of uniform plane waves that
E_E___ [|m
H-H n = o (9.91a)
E, \/Fz
St = (22 9.91b
H, M2 & ( )
Substituting (9.91a) and (9.91b) into (9.90b) and rearranging, we get
E - E = 1<% 9.92)
7, €OS 0,
Solving (9.90a) and (9.92) for E; and E,, we have
E =51 4 mest, (9.93a)
2 7, c0s 6,
E =5 _mcosh (9.93b)
2 M, COS 0,

We now define the reflection coefficient I', and the transmission coefficient
T, as

_E _E
R (9.942)
E, E,
T 9.94b
T Ey,' Ei ( )
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Parallel
polarization

where the subscript 1 refers to perpendicular polarization. From (9.93a) and
(9.93b), we then obtain

cos 6, — os 6
/7 1~ M€ 2 (9.95a)
M, COs 8; + m; cos 0,
_ 2m, cos 8,
Tz 7, €08 0; + n, cos 6, (9.950)

Before we discuss the result given by (9.95a) and (9.95b), we shall derive
the corresponding expressions for the case in which the magnetic field of the
wave is parallel to the interface. The geometry pertinent to this case is shown
in Fig. 9.24. Here again the plane of incidence is chosen to be the xz-plane
so that the magnetic field vectors are entirely in the y-direction. The corre-
sponding electric field vectors are then as shown in the figure so as to be
consistent with the condition that E, H, and g form a right-handed mutually
orthogonal set of vectors. Since the electric field vectors are parallel to the
plane of incidence, this case is also said to correspond to parallel polarization.

Medium 1
€15 My

¥ z
Medium 2
€35 My
6, x

E,

I
I
|
|
I P

Figure 9.24. For obtaining the reflection and transmission coefficients for
an obliquely incident uniform plane wave on a dielectric interface with its
electric field parallel to the plane of incidence.

Once again the boundary conditions to be satisfied at the interface x =
0 are that (1) the tangential component of the electric field intensity be continuous
and (2) the tangential component of the magnetic field intensity be continuous.
Thus we have at the interface x = 0,

E;+E,=E, (9.96a)
H, + H, = H, (9.96b)

Expressing the quantities in (9.96a) and (9.96b) in terms of the total fields and
also using (9.91a) and (9.91b), we obtain
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cos 0,
cos 6,

Ei_Er=Et

E +E, = EX
N2

Solving (9.97a) and (9.97b) for E; and E,, we have

B = E(m s ﬂ)

2 M2 Ccos 01
E = Efm cos 0,
2 Yl Ccos 01

(9.97a)

(9.97b)

(9.98a)

(9.98b)

We now define the reflection coefficient I and the transmission coefficient

T as

E, Eccosf _ _E_,
Ezi _E,' cos 01 E,'
E, —-Ecosf, 5 cos 6,

E, —Ecosb, B E,; cos 6,

(9.99a)

(9.99b)

where the subscript || refers to parallel polarization. From (9.98a) and (9.98b),

we then obtain

™=

_ M08 6, — m; cos b,
7, €Os 6, + m; cos 6,

27, cos 6,
M, cOs 6, + m,; cos 6,

Note from (9.99a) and (9.99b) that

E

== T

E, I

E, cos 6,
and

E; I'cos 0,

(9.100a)

(9.100b)

(9.101a)

(9.101b)

We shall now discuss the results given by (9.95a), (9.95b), (9.100a), and
(9.100b) for the reflection and transmission coefficients for the two cases:

1. For 6, = 0, that is, for the case of normal incidence of the uniform
plane wave upon the interface, 6, = 0 and

Thus the reflection coefficients as well as

_M =M o _ T
1L = ’ -
n + M P+ m
21, _ 27,
T, = s TN T T
N+ M 2t M

the transmission coefficients

for the two cases become equal as they should since for normal incidence,
there is no difference between the two polarizations except for rotation
by 90° parallel to the interface.
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2.T, =1land I, = —1if cos 6, = 0; that is,

V1 - sin® 9, = \/1 —msinZGI =0

282

or .
sin 6, = \/“—28—2 (9.102)

1€
where we have used Snell’s law given by (9.86b) to express sin 6, in
terms of sin 6;. If we assume u, = pu; = y, as is usuvally the case,

(9.102) has real solutions for 6, for e, < £,. Thus, for ¢, < &,, that is,
for transmission from a dielectric medium of higher permittivity into a
dielectric medium of lower permittivity, there is a critical angle of incidence
0. given by

9, = sin™! \/2 (9.103)

€

for which 6, is equal to 90° and [T',| and || = 1. For 6, > 6,, sin 6,
becomes greater than 1, cos 6, becomes imaginary, and I", and I’y become
complex, but with their magnitudes equal to unity, and ‘‘total internal
reflection’” occurs; that is, the incident wave is entirely reflected, the
boundary condition being satisfied by an evanescent field in medium 2.
Thus if we have a dielectric slab of permittivity ,, sandwiched between
two dielectric media of permittivity &, < &, then by launching waves at
an angle of incidence greater than the critical angle, it is possible to
achieve guided wave propagation within the slab. This is the principle
of optical waveguides, as we shall learn in the next section.

. I', = 0for m, cos 6, = m; cos 6,; that is, for

7]2\/1 - Sin2 01 = ’7)1\/1 - msinz 01
1527

or
"7% - 7}% M2 — ii(8y/ &)

"7% - "'7%(/-"181/#282) Ha H-% - ,u,% ©-104)

For the usual case of transmission between two dielectric materials, that

is, for u, = w; and &, # ¢, this equation has no real solution for 6,

and hence there is no angle of incidence for which the reflection coefficient

is zero for the case of perpendicular polarization.

Sin2 01 =

. T} = 0 for m, cos 8, = x, cos 6,; that is, for

7’2/1 - msinz 01 = 'T){\/l - Sin2 01

M2€2
or
2 2
. - g — &
sin? 9, = . M2~ M ;= sz(Mz/I:l) 1 - 2 (9.105)
N(181/1282) — M7 & — &
If we assume u, = u, this equation reduces to
Sin2 01 = ©2
g + &
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which then gives
€1

cos’f, = 1 —sin’ 6, =

& + &y
and _
&

tan 9, = _/—

€

Thus there exists a value of the angle of incidence 6,, given by

9, = tan~' \/2 (9.106)

€1

for which the reflection coefficient is zero, and hence there is complete
transmission for the case of parallel polarization.

. In view of (3) and (4), for an elliptically polarized wave incident on the

interface at the angle 6,, the reflected wave will be linearly polarlzed
perpendicular to the plane of incidence. For this reason, the angle 6, is
known as the ‘‘polarizing angle.”” It is also known as the “Brewster
angle.”” The phenomenon associated with the Brewster angle has several
applications. An example is in gas lasers in which the discharge tube
lying between the mirrors of a Fabry Perot resonator is sealed by glass
windows placed at the Brewster angle, as shown in Fig. 9.25, to minimize
reflections from the ends of the tube so that the laser behavior is governed
by the mirrors external to the tube.

Gas Discharge Tube

Mirror /% ; 5 f Mirror

Glass Window Glass Window

Figure 9.25. For illustrating the application of the Brewster angle effect in
gas lasers.

We shall now consider an example.

Example 9.7.

502

A uniform plane wave having the electric field

27 2
is incident on the interface between free space and a dielectric medium of ¢ =
1.5g, and w = g, as shown in Fig. 9.26. We wish to obtain the expressions
for the electric fields of the reflected and transmitted waves.
First we note from the given E; that the propagation vector of the incident
wave is given by

3
E = E, (\/—i ~ 1;) cos [6m x 10°% — 10 (x + V/32)]

B: = 107G, + V3i) = 2077(% i + %;)
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Medium 1
50 s p<0

x=0 f y z
{ Medium 2 ‘
I 1.560,;10 x

Figure 9.26. For Ex. 9.7.

the direction of which is consistent with the angle of incidence of 60°. We also
note that the electric field vector (which is perpendicular to 8;) is entirely in the
plane of incidence. Thus the situation corresponds to one of parallel polarization,
as in Fig. 9.24.

To obtain the required fields, we first find, by using (9.88) and with reference
to the notation of Fig. 9.24, that

sin 6, = \/1 55 Osm60° = -%
or 6, = 45°. Then from (9.1002)—(9.100b) and (9.1012)-(9.101b), we have
_ o/ V/1.5) cos 45° — m, cos 60°
1 (mo/V/1.5) cos 45° + g cos 60°

2 -3

= v = 0.072
2+13

= 1+ F" = 1.072

E,

E 0.072

E cos 60°

B = 072 s = 0758

Finally, noting that
1. 3.\ . .
B, = 20#(-51, + > lz) = 107(—i, + V31i)
and
1. = e s
= 207 V1. <\/— i + %11) =10 V3#(, + i)

we write the expressions for the reflected and transmitted wave fields to be

3.1 -
E, = —0.072E, (%— i+ Ei‘> cos [67 X 10% + 107 (x — V/32)]
and
1
E, = 0.758E, (75 i, — \/2 1z> cos [67 X 10% — 10\/37r x + 2)]

Note that for x = 0, E; + E, = E, and E,; + E,, = 1.5E,, so that the fields
do indeed satisfy the boundary conditions.
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D9.11. Consider a plane boundary between medium 1 (¢ = g, 4 = o) and medium
2 (e = &, u = ug). Find the value of &,/¢, for each of the following cases:
(a) for a uniform plane wave incident on the boundary from medium 1, total
internal reflection occurs for ; = 60°; (b) for uniform plane waves incident on
the boundary from medium 1, the reflection coefficient for parallel polarization
is zero for 8; = 60°; (c) the critical angle of incidence for total internal reflection
for uniform plane waves incident on the boundary from medium 1 is the same
as the Brewster angle for incidence on the boundary from medium 2.
Ans: 0.75; 3; 0.618

D9.12. In Figs. 9.23 and 9.24, assume &, = 3gy, &, = 98, u1 = M2 = Mg, and 6, =
45°, Find (a) E,/E; and E,/E; for the case of perpendicular polarization (Fig.
9.23) and (b) E,/E; and E,/E; for the case of parallel polarization (Fig. 9.24).
Ans: —0.382, 0.618; 0.146, 0.662

9.6 OPTICAL WAVEGUIDES

Dielectric
slab
waveguide

In the previous section, we learned that for a wave incident obliquely from
a dielectric medium of permittivity &; onto another dielectric medium of per-
mittivity &, < g;, total internal reflection occurs for angles of incidence 6,
exceeding the critical angle 6, given by

6, = sin! |2 (9.107)

€

We also pointed out that this phenomenon forms the basis for waveguiding
at optical frequencies. In this section, we shall elaborate upon this by considering
the dielectric slab waveguide, which forms the basis for thin film waveguides,
used extensively in integrated optics.’

The dielectric slab waveguide consists of a dielectric slab of permittivity
€,, sandwiched between two dielectric media of permittivities less than ;.
For simplicity we shall consider the symmetric waveguide, that is, one for
which the permittivities of the dielectrics on either side of the slab are the
same and equal to &,, as shown in Fig. 9.27. Then by launching waves at an
angle of incidence 6; > 6, where 6, is given by (9.107), it is possible to achieve
guided wave propagation within the slab, as shown in the figure. For a given

uo,ez<e1

|
6,>6,—7
“0561

Ky, €, <€

Figure 9.27. Total internal reflection in a dielectric slab waveguide.

*See, e.g., P. K. Tien, “Integrated Optics,”” Scientific American, April 1974, pp.
28-35.
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thickness d of the slab and for a given frequency of the waves, there are only
discrete values of ; for which the guiding can take place. In other words,
guiding of a wave of a given frequency is not ensured simply because the
condition for total internal reflection is met.

The allowed values of 6, are dictated by the self-consistency condition,
which can be explained with the aid of the construction in Fig. 9.28, as follows.
If we consider a point A on a given wavefront designated 1 and follow that
wavefront as it moves to position 1’ passing through point B, reflects at the
interface x = 0 giving rise to wavefront designated 2, then moves to position
2’ passing through point C, reflects at the interface x = d giving rise to
wavefront designated 3, and moves to position 3’ passing through A, then the
total phase shift undergone must be equal to an integer multiple of 27. If A\,
is the wavelength in free space corresponding to the wave frequency, then
the self-consistency condition is given by

27V e, — 2 ,
—7—T)\—81 (ABcos0) + /I'p + % (BC cos 6))

0 0 (9.108)
— 27 Ve,
+ Ty + W}\—OSI(CA cos 6) = 2mm, m=0,1,2, ...

where T, and T'; are the reflection coefficients at the interfaces x = 0 and
x = d, respectively, and &, = £,/5,. We recall that under conditions of total
internal reflection, the reflection coefficients (9.95a) and (9.100a) become complex
with their magnitudes equal to unity. For the symmetric waveguide, I'y =
I';. Thus substituting I for ', and T'y and 2d for (AB + BC + CA), we write

(9.108) as
drd \/ _
W—d)\ﬁcos 0, + 2T = 2mm, m=0,1,2, ...
0

or

2wd \/s_,l

X cos9; + /T =mm, m=0,1,2, ... (9.109)
0

€2

Figure 9.28. For explaining the self-consistency condition for waveguiding
in a dielectric slab guide.
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To proceed further, we need to distinguish between the cases of per-
pendicular and parallel polarizations as defined in the previous section, since
the reflection coefficients for the two cases are different. We shall here consider
only the case of perpendicular polarization. The situation then corresponds
to TE modes since the electric field has no longitudinal or z-component. Thus
substituting

cos 6; = cos 0;
and
cos 0, = \/1 — sin’ 6,
Y
=j [Dsin?6, - 1
&
in (9.95a), we obtain
T = M2 €08 6; — fﬂl\/(f?l/sz) sin” 6, — 1

(9.110)
2 €08 8; + jn;\/(e,/ey) sin’ 6, — 1
so that
[T = 2t 2Ve/e) S0, - |
72 €0S 6; (9.111)
— —2tan-! V sin® 6; — (&2/#y)
cos 6;
Substituting (9.111) into (9.109), we then obtain
2nd \/e, V/sin? 6, —
—mcos 6, — 2tan™’ i ) =mmw, m=20,1,2,...
Ao cos 6;
or
wd\Ve, mw\ Vsin® 8; — (e,/ey) _
tan | ————cos 6, — — | = , m=20,1,2,
Ao 2 cos 6;
or
26y, m=20,2,4,..
tan [f(6)] = 1 (9.112)
-—) m=1,3,5,..
g(6)’
where
7d €1
f(6) = Y cos 0, (9.113a)
0
\/sin2 0; — (85/&y)
) = ! 9.113b)
&) cos 6; (

Equation (9.112) is the characteristic equation for the guiding of TE waves
in the dielectric slab. For given values of €,, &,, d, and Ay, the solutions for
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6; can be obtained by plotting the two sides of (9.112) versus 6; and finding
the points of intersection. The nature of this construction is shown in Fig.
9.29. Each solution corresponds to one mode. It can be seen from (9.113a)
and Fig. 9.29 that for a given set of values of £, and &,, fewer solutions are
obtained for 6; as the ratio (d/A,) becomes smaller, since the number of
branches of the plot of tan [f(6,)] between 6; = w/2 and 6, = 6, become
fewer. It can also be seen that there is always one solution even for arbitrarily
low values of (d/A,), that is, for large values of A, or low frequencies, for a
given d.

tan [£(6))]

m=0

g(@i)

/2

Figure 9.29. Graphical construction pertinent to the solution of Eq. (9.112).

Alternative to the graphical solution, we can use a computer to solve
(9.112). The listing of a PC program which computes the allowed values of
6; for specified values of «,, ¢,, d, and Ay is included as PL 9.1. Sample
output from a run of the program for values of &1 =4,e, =1,d = 10 mm,
and Ay = 5 mm is also included.

PL 9.1. Program listing and sample output for computing allowed
values of angles of incidence for guided modes in a symmetric
dielectric slab waveguide.

100 "otk fok ok ootk ok ok ookt ok ok ok ek ol ke o ook ook ol ok ok
110 '* COMPUTAION OF ALLOWED VALUES OF ANGLES OF INCIDENCE *
120 '* FOR TE GUIDED MODES IN A SYMMETRIC DIELECTRIC SLAB =*
130 '* WAVEGUIDE *
140 " sskesrsiesotiokookdoko oot ok ok okt oo ok ok ok ol ol sk s ook ok
150 CLS:SCREEN 0

160 PRINT "ENTER VALUES OF INPUT PARAMETERS:"

170 PRINT:INPUT "REL, PERMITTIVITY ER1 = ",E1l
180 INPUT "REL, PERMITTIVITY ER2 = ",E2

190 INPUT "THICKNESS IN MM = ",D

200 INPUT "WAVELENGTH IN MM = ",WL

210 PI=3.1416:RD=180/PI
220 ER=E2/E1:ES=SQR(ER)
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Optical fiber

PL 9.1. (continued)

230 TMAX=ATN(ES/SQR(1-ES*ES)):'* CRITICAL ANGLE *
240 CNST=WL/(D*SQR(ELl))

250 PRINT:PRINT "COMPUTED VALUES ARE:":PRINT

260 '* COMPUTATION OF T1 AND T2, THE LOWER AND UPPER BOUNDS
270 ' TFOR THETA, THE ALLOWED ANGLE OF INCIDENCE, FOR A
280 ' GIVEN VALUE OF M *

290 M=0:T1=PI/2:GOTO 340

300 ARG=M*CNST/2

310 IF ARG>=1 THEN 480:'* SOLUTION COMPLETED *

320 T1=ATN(SQR(1-ARG*ARG)/ARG)

330 IF T1<=TMAX THEN 480:'* SOLUTION COMPLETED *
340 ARG=(M+1)*CNST/2

350 IF ARG>=1 THEN T2=TMAX:GOTO 390

360 T2=ATN(SQR(1-ARG*ARG)/ARG)

370 IF TMAX>T2 THEN T2=TMAX

380 '* COMPUTATION AND PRINTING OF VALUE OF THETA *
390 THETA=(T1+4T2)/2

400 LHS=TAN(PI*COS(THETA)/CNST)

410 RHS:SQR((SIN(THETA)“2—ER))/COS(THETA)

420 IF (M-INT(M/2)*2)<>0 THEN RHS=-1/RHS

430 IF ABS(RHS-LHS)<ABS(RHS/10000) THEN 460

440 IF RHS>LHS THEN T1=THETA:GOTO 390

450 T2=THETA:GOTO 390

460 PRINT "M =";M;" THETA =";THETA*RD;"DEG"

470 M=M+1:GOTO 300

480 LOCATE 23,1:PRINT "PRESS ANY KEY TO CONTINUE"
490 C$=INPUTS$(1)

500 GOTO 150

510 END

RUN
ENTER VALUES OF INPUT PARAMETERS:

REL. PERMITTIVITY ERI
REL. PERMITTIVITY ER2
THICKNESS IN MM = 10
WAVELENGTH IN MM = 5

nn
—

COMPUTED VALUES ARE:

M=20 THETA = 83.42783 DEG
M=1 THETA = 76.77756 DEG
M=2 THETA = 69.96263 DEG
M=3 THETA = 62.87805 DEG
M=24 THETA = 55.38428 DEG
M =5 THETA = 47.28283 DEG
M =26 THETA = 38.30225 DEG
PRESS ANY KEY TO CONTINUE

Thus far in this section we discussed guiding of waves in a dielectric
slab waveguide. Another common form of optical waveguide is the optical
fiber. An optical fiber, so termed because of its filamentary appearance,
consists typically of a core and a cladding, having circular cross sections as
shown in Fig. 9.30(a). The core is made up of a material of permittivity greater
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Figure 9.30. (a) Transverse and (b) longitudinal cross sections of an optical
fiber.

than that of the cladding so that a critical angle exists for waves inside the
core incident on the interface between the core and the cladding, and hence
waveguiding is made possible in the core by total internal reflection. A detailed
analysis of modes in an optical fiber is complicated. The phenomenon of
guiding may however be visualized by considering a longitudinal cross section
of the fiber through its axis, shown in Fig. 9.30(b), and comparing it with that
of the slab waveguide shown in Fig. 9.27. Although the cladding is not essential
for the purpose of waveguiding in the core since the permittivity of the core
material is greater than that of free space, the cladding serves two useful
purposes: (1) It avoids scattering and field distortion by the supporting structure
of the fiber since the field decays exponentially outside the core and hence
is negligible outside the cladding. (2) It allows a single-mode propagation for
a larger value of the radius of the core than permitted in the absence of the
cladding. :

Optical fibers are used predominantly in communication, among other
applications. The first commercial light-wave communications system was put
into operation in May 1977 in downtown Chicago by interconnecting two
switching offices of the Illinois Bell Telephone Company and a large commercial
building to carry voice, data, and video signals.> Another milestone was
reached early in 1983 when American Telephone & Telegraph Company began
carrying some telephone calls between New York City and Washington, D.C.,
by light, thereby signaling the entrance of light-wave communication into the
long-distance market.*

D9.13. For a symmetric dielectric waveguide, &, = 2.25¢;, and &, = &,. Find the
‘ following: (a) the lowest value of d/\, for which an allowed value of 6; is 60°;
(b) the lowest value of d/A, for which an allowed value of 6; is 75°; and
(c) the second lowest value of d/\, for which an allowed value of 6; is 75°.
Assume TE modes.
Ans: 0.3545; 0.9972; 2.2852

* See, e.g., W. S. Boyle, ‘“‘Light-Wave Communications,”’ Scientific American, August
1977, pp. 40-48.

* “Optic Fiber Net Sends AT&T Light Years Ahead,” The New York Times News Service,
published in the Chicago Tribune, February 25, 1983.
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9.7 SUMMARY

In this chapter we studied the principles of waveguides. To introduce the
waveguiding phenomenon, we first learned how to write the expressions for
the electric and magnetic fields of a uniform plane wave propagating in an
arbitrary direction with respect to the coordinate axes. These expressions
are given by
E = EOCOS ((Dt - B'l‘ + d)o)
H=Hycos(wt — Ber + ¢y
where B and r are the propagation and position vectors given by
B = B, + Byiy + Bd;
r = xi, + yi, + 7,
and ¢, is the phase of the wave at the origin at ¢ = 0. The magnitude of
is equal to w\/ue, the phase constant along the direction of propagation of

the wave. The direction of B8 is the direction of propagation of the wave. We
learned that

E;+B=0
HyeB =0
Eo'Ho =0

that is, E,, Hy, and 8 are mutually perpendicular, and that

I
|Ho| €
Also, since E x H should be directed along the propagation vector B, it then
follows that

1
=—f XE
wp
The quantities B,, 8,, and B, are the phase constants along the x-, y-, and z-
axes, respectively. The apparent wavelengths and the apparent phase velocities
along the coordinate axes are given, respectively, by

27 .
N=—, i=Xx,%2
B:
®
v, =—, I =x,¥,2
pi ’ s )
Bi

By considering the superposition of two uniform plane waves having
only y-components of electric fields and propagating at an angle to each other
and placing perfect conductors in two constant x-planes such that the boundary
condition of zero tangential electric field is satisfied, we introduced the parallel-
plate waveguide. We learned that the composite wave is a transverse electric,
or TE wave since the electric field is entirely transverse to the direction of
time-average power flow, that is, the guide axis, but the magnetic field is not.
In terms of the uniform plane wave propagation, the phenomenon is one of
waves bouncing obliquely between the conductors as they progress down the
guide. For a fixed spacing a between the conductors of the guide, waves of
different frequencies bounce obliquely at different angles such that the spacing
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a is equal to an integer, say, m number of one-half apparent wavelengths
normal to the plates and hence the fields have m number of one-half sinusoidal
variations normal to the plates. These are said to correspond to TE,, ; modes
where the subscript 0 implies no variations of the fields in the direction parallel
to the plates and transverse to the guide axis. When the frequency is such
that the spacing a is equal to m one-half wavelengths, the waves bounce
normally to the plates without the feeling of being guided along the axis,
thereby leading to the cutoff condition. Thus the cutoff wavelengths corre-
sponding to TE,, , modes are given by

o2
m

and the cutoff frequencies are given by
v m

fomit= e
Ao 2a\/ue
A given frequency signal can propagate in all modes for which A < A, or
f > f.. For the propagating range of frequencies, the wavelength along the
guide axis, that is, the guide wavelength, and the phase velocity along the
guide axis are given, respectively, by
A A

A = =
FVI- AP V1= (£

” v, v,

VIO V= (B

As compared to TE modes, the transverse magnetic or TM modes have
their magnetic fields entirely transverse to the direction of time-average power
flow. They are obtained by considering two uniform plane waves having only
y-components of magnetic fields and propagating at an angle to each other,
and placing two perfect conductors in two constant x-planes. The expressions
for the propagation parameters A, f;, A,, and v,, for the TM modes are the
same as those for the TE modes.

We discussed the solution of problems involving reflection and transmission
at a discontinuity in a waveguide by using the tranmission-line analogy. This
consists of replacing each section of the waveguide by a transmission line
whose characteristic impedance is equal to the guide characteristic impedance
and then computing the reflection and transmission coefficients as in the trans-
mission-line case. The guide characteristic impedance, 7M,, is the ratio of a
transverse electric field component to the corresponding transverse magnetic
field component, which together with the electric field component gives rise
to time-average power flow down the guide. It is given for TE modes by

n _ i
V1= QNP V1= (L))

[ng]TE =

and for TM modes by

e = /1 - (2) = h- @)

We then discussed the phenomenon of dispersion arising from the frequency
dependence of the phase velocity along the guide axis, and we introduced the
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concept of group velocity. Group velocity is the velocity with which the
envelope of a narrow-band modulated signal travels in the dispersive channel,
and hence it is the velocity with which the information is transmitted. It is
given by

do

dp.

where B, is the phase constant along the guide axis. On the dispersion diagram
or the w— B, diagram, the group velocity is equal to the slope of the tangent
to the dispersion curve at the center frequency of the narrow-band signal.
For the parallel-plate waveguide, it is given by

o]

We extended the treatment of the parallel-plate waveguide to the rectangular
waveguide, which is a metallic pipe of rectangular cross section. By considering
a rectangular waveguide of cross-sectional dimensions a and b, we discussed
transverse electric or TE modes, as well as transverse magnetic or TM modes,
and learned that while TE,,, modes can include values of m or n equal to
zero, TM,,, modes require that both m and n be nonzero, where m and n
refer to the number of one-half sinusoidal variations of the fields along the
dimensions a and b, respectively. The cutoff wavelengths for the TE,, , or
TM,,, modes are given by ’

Ve =

1
N ,
© Vm/2a) + (n/2b)

The mode that has the largest cutoff wavelength or the lowest cutoff frequency
is the dominant mode, which here is the TE, , mode.

By placing perfect conductors in two transverse planes of a rectangular
waveguide separated by an integer multiple of one-half the guide wavelength,
we introduced the cavity resonator, which is the microwave counterpart of
the lumped parameter resonant circuit encountered in low-frequency circuit
theory. For a rectangular cavity resonator having dimensions a, b, and d,
the frequencies of oscillation for the TE,, ,, or TM,, ,, modes are given by

o= ) + (35) + (o)

where [ refers to the number of one-half sinusoidal variations of the fields
along the dimension d.

We then considered oblique incidence of a uniform plane wave upon the
boundary between two perfect dielectric media. First we derived the laws of
reflection and refraction given, respectively, by

0,.=0,'

sin™! (\/M—ls—l sin 0,~>
H2€>

where 6;, 6,, and 6, are the angles of incidence, reflection, and transmission,
respectively of a uniform plane wave incident from medium 1 (g;, ®,) onto
medium 2 (g,, py). The law of refraction is also known as Snell’s law. We

Il

0:
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then derived the expressions for the reflection and transmission coefficients
for the cases of perpendicular and parallel polarizations. An examination of
these expressions revealed the following, under the assumption of u; = wu,:
(1) For incidence from a medium of higher permittivity onto one of lower
permittivity, there is a critical angle of incidence given by

.1 e

0. = sin! |2

€1
beyond which total internal reflection occurs, and (2) for the case of parallel
polarization, there is an angle of incidence, known as the Brewster angle and

given by

_ €y
#, = tan ‘\/——
p £

for which the reflection coefficient is zero.

Finally, we discussed the principle of optical waveguides. By considering
a dielectric slab waveguide, which consists of a dielectric slab of permittivity
g, sandwiched between two dielectric media of permittivities &, < g,, we
learned that by launching waves at an angle of incidence 6, greater than the
critical angle 6, for total internal reflection, it is possible to achieve guided
wave propagation within the slab. We also learned that for a given frequency,
several modes are possible corresponding to values of §; which satisfy the
self-consistency condition. We derived the characteristic equation for computing
these values of 6; and discussed its solution. We concluded the chapter with
a brief description of the optical fiber.

REVIEW QUESTIONS

R9.1. What is the propagation vector? Interpret the significance of its magnitude
and direction.

R9.2. Discuss how the phase constants along the coordinate axes are less than the
phase constant along the direction of propagation of a uniform plane wave
propagating in an arbitrary direction.

R9.3. Write the expressions for the electric and magnetic fields of a uniform plane
wave propagating in an arbitrary direction and list all the conditions to be
satisfied by the electric field, magnetic field, and propagation vectors.

R9.4. What are apparent wavelengths? Why are they longer than the wavelength
along the direction of propagation?

R9.5. What are apparent phase velocities? Why are they greater than the phase

velocity along the direction of propagation?

Discuss how the superposition of two uniform plane waves propagating at an

angle to each other gives rise to a composite wave consisting of standing waves

traveling bodily transverse to the standing waves.

R9.7. What is a transverse electric wave? Discuss the reasoning behind the nomenclature
TE,., modes.

R9.8. Compare the phenomenon of guiding of uniform plane waves in a parallel-plate
waveguide with that in a parallel-plate transmission line.

R9.9. Discuss how the cutoff condition arises in a parallel-plate waveguide. Explain

R9.6
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R9.10.

R9.11.
R9.12.

R9.13.
R9.14.
R9.15.

R9.16.

R9.17.
R9.18.
R9.19.
R9.20.

R9.21.
R9.22.
R9.23.
R9.24.
R9.25.
R9.26.
R9.27.
R9.28.

R9.29.
R9.30.

R9.31.

R9.32.
R9.33.
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the relationship between the cutoff wavelength and the spacing between the
plates of a parallel-plate waveguide based on the phenomenon at cutoff.

Is the cutoff wavelength dependent on the dielectric in the waveguide? Is the
cutoff frequency dependent on the dielectric in the waveguide?

What is guide wavelength?

Provide a physical explanation for the frequency dependence of the phase
velocity along the guide axis.

What is a transverse magnetic wave? Compare and contrast TE and TM waves
in a parallel-plate waveguide.

How is guide characteristic impedance defined? Discuss guide characteristic
impedance for both TE and TM modes.

Discuss the use of the transmission-line analogy for solving problems involving
reflection and transmission at a waveguide discontinuity.

Why are the reflection and transmission coefficients for a given mode at a
lossless waveguide discontinuity dependent on frequency whereas the reflection
and transmission coefficients at the junction of two lossless lines are independent
of frequency?

Discuss the phenomenon of guiding of waves in the earth-ionosphere waveguide.
Discuss the phenomenon of dispersion.

Discuss the concept of group velocity with the aid of an example.

What is a dispersion diagram? Explain how the phase and group velocities
can be determined from a dispersion diagram.

When is it meaningful to attribute a group velocity to a signal comprised of
more than two frequencies? Why? .

Discuss the propagation of a narrow-band amplitude-modulated signal in a
dispersive channel.

Discuss the nomenclature associated with the modes of propagation in a rectangular
waveguide.

Explain the relationship between the cutoff wavelength and the dimensions of
a rectangular waveguide based on the phenomenon at cutoff.

Briefly outline the procedure for deriving the expressions for TE mode fields
in a rectangular waveguide.

Discuss the reasoning behind the formulation of the expression for H, for TE,,
modes in a rectangular waveguide.

What is meant by the dominant mode? Which one of the rectangular waveguide
modes is the dominant mode?

Why is the dimension b of a rectangular waveguide generally chosen to be less
than or equal to one-half the dimension a?

What is a cavity resonator?

How do the dimensions of a rectangular cavity resonator determine the frequencies
of oscillation of the resonator?

Discuss the condition required to be satisfied by the incident, reflected, and
transmitted waves at the interface between two dielectric media.

What is Snell’s law?

What is meant by the plane of incidence? Distinguish between the two different
linear polarizations pertinent to the derivation of the reflection and transmission
coefficients for oblique incidence on a dielectric interface.
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R9.34.
R9.35.

R9.36.

R9.37.
R9.38.

R9.39.

R9.40.

Briefly discuss the determination of the reflection and transmission coefficients
for an obliquely incident wave on a dielectric interface.

What is total internal reflection? What is the nature of the reflection coefficient
for angle of incidence greater than the critical angle for total internal reflection?
What is the Brewster angle? What is the polarization of the reflected wave
for an elliptically polarized wave incident on a dielectric interface at the Brewster
angle? Discuss an application of the Brewster angle effect.

Discuss the principle of optical waveguides, by considering the dielectric slab
waveguide.

Explain the self-consistency condition for waveguiding in a dielectric slab
waveguide.

Discuss the dependence of the number of propagating modes in a dielectric
slab waveguide upon the ratio of the thickness d of the dielectric slab to the
wavelength A,.

Provide a brief description of the optical fiber.

PROBLEMS

P9.1.

P9.2.

P9.3.

P9.4.

P9.5.

P9.6.

Chap.

The electric field of a uniform plane wave propagating in a perfect dielectric
medium having ¢ = 4gy and u = p, is given by

E = 103i, + 5i, + 4i;) cos [157 X 10% — 0.027(3x — 42)]
Find (a) the frequency, (b) the direction of propagation, (c) the wavelength
along the direction of propagation, (d) the apparent wavelengths along the x-,
y-, and z-axes, and (e) the apparent phase velocities along the x-, y-, and
z-axes.
Given

E = 100\/3i, + i;) cos [6r x 107t — 0.1a(y — \/32)]

(a) Determine if the given E represents the electric field of a uniform plane
wave propagating in free space. (b) If the answer to part (a) is “‘yes,” find
the corresponding magnetic field vector H.
Given

E = (2, + i, — 2i;) cos [157 X 10"t — #(2x ~ 2y + 2)]
1
H = @(ix + 2i, + 2i,) cos [157 x 10"t — 7(2x — 2y + 2)]

(2) Perform all the necessary tests and determine if these fields represent a
uniform plane wave propagating in a perfect dielectric medium. (b) If the answer
is “‘yes,” find the permittivity and the permeability of the medium.

Show that < sin® (o — Bz sin §) > and < sin 2(wt — Bz sin ) > are equal
to 1/2 and zero, respectively.

The dimension a of a parallel-plate waveguide filled with a dielectric of & =
2.25¢y and p = g is 3 cm. Determine the propagating modes for a wave of
frequency 9000 MHz. For each propagating mode, find A, f;, 6, A,, and v,,.
TE modes are excited in an air-dielectric parallel-plate waveguide having the
plates in the x = 0 and x = 10 cm planes by setting up at its input z = 0 the
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P9.7.

P9.8.

P9.9.

P9.10.

P9.11.

P9.12.

P9.13.

P9.14.

P9.15.

P9.16.
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electric field distribution
E = E, sin 107x cos 10°7¢ cos 57 X 10°ti,
Find the expression for the electric field of the propagating wave.
TM mode is excited in a parallel-plate waveguide filled with a dielectric of

e = 4gyand p = o, and having the plates in the x = 0 and x = 5 cm planes
by setting up at its input z = 0 the magnetic field distribution

H = H,cos 407x sin 87 x 10’11,

Find the expressions for the electric and magnetic fields of the propagating
wave.

The left half of a parallel-plate waveguide of dimensions @ = 4 cm is filled
with a dielectric of ¢ = 2.25¢, and w = po. The right half is filled with a
dielectric of ¢ = 4e, and u = po. For TE,, waves of frequency 3000 MHz
incident on the discontinuity from the left, find the electric field reflection
coefficient.

For the parallel-plate waveguide discontinuity of Ex. 9.3, find the electric field
reflection coefficients for f = 7500 MHz propagating in (a) TM,, mode and
(b) TM, mode.

For the signal of Prob. P9.6, find the group velocity of propagation down the
guide.

For an air-dielectric parallel-plate waveguide having the dimension ¢ = 3 cm,
find the group velocity for (a) a signal composed of the two frequencies f; =
6000 MHz and £, = 9000 MHz and (b) a narrow-band signal having the center
frequency 6000 MHz. Assume TE or TM mode propagation.

By considering the parallel-plate waveguide, show that a point on the obliquely
bouncing wavefront, traveling with the phase velocity along the oblique direction,
progresses parallel to the guide axis with the group velocity.

A rectangular waveguide of dimensions @ = 5 cm and » = 2.5 cm is filled
with a dielectric of permittivity 2.25g,. For waves of frequency f = 5000 MHz,
find the values of 8;, \,, U, and , for each propagating mode.

Consider propagation of TM waves of frequency f = 6000 MHz in an air-
dielectric waveguide of square cross section (b = @). Find the range of a for
which the TM,, mode propagates with a 20% safety factor (f > 1.20 fo) but
also such that f is at least 20% below the f; of the next higher-order mode.
A rectangular waveguide of dimensions ¢ = 3 cm and » = 1.5 cm has a
dielectric discontinuity, as shown in Fig. 9.31. A TE,, wave of frequency 6000
MHz is incident on the discontinuity from the free-space side. (a) Find the
SWR in the free-space section. (b) Find the length and the permittivity of a
quarter-wave section required to achieve a match between the two media.

3 cm

Section 1 Section 2

I

|

1.5 cm |
1 Ho» € { ks 4€q

|

A

— 7

Figure 9.31. For Prob. P9.15.

A rectangular waveguide of dimensions a = 4 cm and b = 2 cm has dielectric
discontinuities, as shown in Fig. 9.32. Note that section 3 extends to infinity.
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Figure 9.32. For Prob. P9.16.

A TE,, wave of frequency f = 5000 MHz is incident on section 2 from section
1. (a) Obtain the transmission-line equivalent of the system. (b) Using the
Smith chart, find the SWR in section 1.

P9.17. A rectangular waveguide of dimensions a = 4 cm and b = 2 cm has a dielectric
discontinuity, as shown in Fig. 9.33. A TM,, wave of frequency 10,000 MHz
is incident on the discontinuity from the free-space side. (a) Find the SWR in
the free-space section. (b) Find the length and the permittivity of the quarter-
wave section required to achieve a match between the two media.

4 cm i
Section 1 |  Section 2
2 cm |
AV o€ | Koo 9¢€o
-« l
X — >z

Figure 9.33. For Prob. P9.17.

P9.18. A dielectric slab of thickness 4 cm and permittivity 2.25¢, exists in an air-
dielectric rectangular waveguide of dimensions a = 3 cm and b = 1.5 cm, as
shown in Fig. 9.34. Find the lowest frequency for which the dielectric slab is
transparent (that is, allows complete transmission) for TE,, mode propagation
in the waveguide.

3cm

1.5 cm Mo, € ‘ 2.25€y, 1o Ho» €9

A

4 cm >z

Yy
v

Figure 9.34. For Prob. P9.18.

P9.19. A dielectric slab of thickness 1 cm and permittivity 4e, exists in an air-dielectric
waveguide of square cross section @ = b = 3 c¢m, as shown in Fig. 9.35. Find

3cm

3cm Hg; € Mg, 4eg Hos €

AY

=A

]

Figure 9.35. For Prob. P9.19.
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P9.20.

P9.21.

P9.22.

P9.23.

P9.24.

P9.25.

P9.26.

P9.27.

P9.28.
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the two lowest frequencies for which the dielectric slab is transparent for TM,
mode propagation in the waveguide.

For an air-dielectric rectangular cavity resonator having the dimensions a =
3c¢m, b = 2cm, and d = 4 cm, find the four lowest frequencies of oscillation,
and identify the mode(s) for each frequency.

For a cubical cavity resonator having the dimensions @ = b = d = 2.5 cm,
and filled with a dielectric of ¢ = 4g; and u = p,, find the three lowest
frequencies of oscillation, and identify the mode(s) for each frequency.

In Ex. 9.7, assume that

E; = Eyi, cos [6m X 10% — 10\/27(x + 2)]
and the angle of incidence is 45°. Obtain the expressions for the reflected and
transmitted wave electric fields.

In Ex. 9.7, assume that the permittivity of medium 2 is 7g,. Obtain the expressions
for the reflected and transmitted wave electric fields.

In Ex. 9.7, assume that the permittivity s, of medium 2 is unknown and that

2 2
+ Egi, sin [6r x 10% — 10m(x + 1/32)]
(a) Find the value of &, for which the reflected wave is linearly polarized.

(b) For the value of &, found in (a), find the expressions for the reflected and
transmitted wave electric fields.

In Ex. 9.7, assume that
3
E;, = E, <L i — liz) cos [6m X 10% — 10m(x + \/iz)]

3
E = E0<Lix - liz) cos [6m x 10 — 10m(x + V/32)]

2 2
"+ aF,i, sin [6m X 10°% — 107 (x + \/32)]
(2) Find the value(s) of a for which the reflected wave is circularly polarized.
(b) Find the value(s) of a for which the transmitted wave is circularly polarized.
(c) Find the value(s) of a for which the axial ratio (ratio of the major axis to
the minor axis) of the polarization ellipse of the reflected wave electric field is
equal to the axial ratio of the polarization ellipse of the transmitted wave electric
field.
A thin film waveguide employed in integrated optics consists of a substrate
upon which a thin film of refractive index (c/v,) greater than that of the substrate
is deposited. The medium above the film is air. For permittivities of the
substrate and the film equal to 2.25¢, and 2.4g,, respectively, find the minimum
bouncing angle of total internally reflected waves in the film. Assume p = po
for both substrate and film.
For a symmetric dielectric slab waveguide (see Fig. 9.28), & = 2.25g, and
& = &;. Find the maximum value of d/\, for which the waveguide supports
only one TE mode.
Consider the derivation of the characteristic equation for guiding of waves in
the symmetrical dielectric slab waveguide for the case of parallel polarization,
which corresponds to TM modes. Noting that in Fig. 9.24, H,/H; = E,/E; =
—T), where T} is given by (9.100a), show that the characteristic equation is
given by
g(8), m=0,1,2, ...
tan [f(6)] = 1

-——, m=13,5,...
g(0)
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P9.29.

P9.30.

where

fl6) = s 6;

md \/8_'1 co
A

©) = \/Sin2 0; — (s/€1)
890 T T (efen) cos 6,

For an asymmetric dielectric slab waveguide, made up of a dielectric slab of
thickness d and permittivity &,, sandwiched between two dielectric media of
permittivities , (< &;) and &; (< &, &,), show that the characteristic equation
for guiding of TE waves is given by

tan [ f(0)] = g6), m=0,1,2,...

where .
f6) = mdVen 9,
Ao
©) = cos 6; [V/sin? 0; — (eo/e1) + V/sin® 6; — (&3/€1)]
B T 050, — VIsin® 6, — (ea/)] s’ 0; — (&5/60)]
and

sin~! Vey/e, < 0, < 7/2

Assume that a wave is incident from air onto the core of an optical fiber at an
angle @,, as shown by the cross-sectional view in Fig. 9.36. Find the maximum
allowable value of 6, for guiding of the wave in the core by total internal
reflection.

€, <€y Cladding

€, <¢ Cladding

Figure 9.36. For Prob. P9.30.

PC EXERCISES

PC9I.1.

PC9.2.

Chap.

Consider a dielectric discontinuity in a rectangular waveguide, one side of
which is free space and the other side a dielectric of relative permittivity e,,
and TE,, waves of frequency f; incident on the discontinuity from the free-
space side. Write a program which computes the minimum length and the
relative permittivity of a quarter-wave section required to achieve a match
between the two sections and then compute the SWR in the free-space section
versus frequency on either side of f;. Assume the input parameters to be the
dimensions @ and b of the waveguide in centimeters, the frequency f; in gigahertz,
and the value of ¢,.

Repeat Exer. PC9.1 for TM, ; waves incident on the dielectric discontinuity,
noting that a relative permittivity of less than unity for the quarter-wave section
is to be ruled out.
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PC9.3.

PC9.4.
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Consider the determination of the lowest n resonant frequencies of a rectangular
cavity resonator. Assuming the input quantities to be the dimensions a, b,
and d of the cavity resonator in centimeters, the relative permittivity ¢, of the
dielectric, and the number n, write a program which computes the resonant
frequencies and identifies the mode(s) for each frequency.

Consider the computation of allowed values of angle of incidence for TE guided
modes in an asymmetric dielectric slab waveguide. Using the result of Prob.
9.29, write a program to compute these angles for specified values of ¢,, €.,
€3, thickness d of the slab in millimeters, and the free-space wavelength A,
of the waves in millimeters.
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Antennas

In the preceding four chapters we studied the principles of propagation and
transmission of electromagnetic waves. The remaining important topic pertinent
to electromagnetic wave phenomena is radiation of electromagnetic waves.
We have, in fact, touched on the principle of radiation of electromagnetic
waves in Chap. 6 when we derived the electromagnetic field due to the infinite
plane sheet of time-varying, spatially uniform current density. We learned
that the current sheet gives rise to uniform plane waves ‘‘radiating’’ away
from the sheet to either side of it. We pointed out at that time that the infinite
plane current sheet is, however, an idealized, hypothetical source. With the
experience gained thus far in our study of the elements of engineering elec-
tromagnetics, we are now in a position to learn the principles of radiation
from physical antennas, which is our goal in this chapter.

We shall begin the chapter with the derivation of the electromagnetic
field due to an elemental wire antenna, known as the ‘‘Hertzian dipole.’” After
studying the radiation characteristics of the Hertzian dipole, we shall consider
the example of a half-wave dipole to illustrate the use of superposition to
represent an arbitrary wire antenna as a series of Hertzian dipoles to determine
its radiation fields. We shall also discuss the principles of arrays of physical
antennas and the concept of image antennas to take into account ground
effects. Finally, we shall briefly consider the receiving properties of antennas
and learn of their reciprocity with the radiating properties.

10.1 HERTZIAN DIPOLE

The Hertzian dipole is an elemental antenna consisting of an infinitesimally
long piece of wire carrying an alternating current I(¢), as shown in Fig. 10.1.
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2,

dl 10

2,0=-0,0 Figure 10.1. Hertzian dipole.

To maintain the current flow in the wire, we postulate two point charges Q,(¢)
and Q,(?) terminating the wire at its two ends, so that the law of conservation
of charge is satisfied. Thus if

I() = I, cos wt (10.1)

then
4 = I() = Iy cos wt (10.2a)

dt

% = —I(t) = —I,cos wt (10.2b)

and

I, .
0,(t) = ~ sin ot (10.3a)
I, .

0,1) = —, St = -0 (10.3b)

The time-variations of I, Q,, and @,, given by (10.1), (10.3a) and (10.3b),
respectively, are illustrated by the curves and the series of sketches for the
dipoles in Fig. 10.2, corresponding to one complete period. The different sizes
of the arrows associated with the dipoles denote the different strengths of the
current whereas the number of the plus or minus signs is indicative of the
strength of the charges.

To determine the electromagnetic field due to the Hertzian dipole, we
consider the dipole to be situated at the origin and oriented along the z-axis,
in a perfect dielectric medium. We shall use an approach based upon the
magnetic vector potential and obtain electric and magnetic fields consistent
with Maxwell’s equations, while fulfilling certain other pertinent requirements.
We shall begin with the magnetic vector potential for the static case and then
extend it to the time-varying current element. To do this, we recall from Sec.
4.6 that for a current element of length dl = dI i, situated at the origin,
as shown in Fig. 10.3 and carrying current I, the magnetic field at a point
P(r, 6, ¢) is given by

_uldl uldl

A

i 10.4
47 i (10.4)

522 Antennas Chap. 10




Retarded
magnetic
vector

potential

381134048

I\
1y
0 \ N 1 I /L— -
T 2n wt
0,4
Iyl
w
<

179
)
w
0 1 L 1 1 1 1 —
n 211\ wt

Figure 10.2. Time-variations of charges and current associated with the
Hertzian dipole.

If the current in the element is now assumed to be time varying in the
manner I = I, cos wt, we might expect the corresponding magnetic vector
potential to be that in (10.4) with I replaced by I, cos wt. Proceeding in this
manner would however lead to fields inconsistent with Maxwell’s equations.
The reason is that time-varying electric and magnetic fields give rise to wave
propagation, according to which the effect of the source current at a given
value of time is felt at a distance r from the origin after a time delay of
r/v,, where v, is the velocity of propagation of the wave. Conversely, the
effect felt at a distance r from the origin at time ¢ is due to the current which
existed at the origin at an earlier time (+ — r/v,). Thus for the time-varying
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Fields due to
Hertzian
dipole

ZA

dl=dii,

Figure 10.3. For finding the magnetic
vector potential due to an infinitesimal
current element.

current element I, dl cos wt i, situated at the origin, the magnetic vector

potential is given by
I, dl
A =&cosw<t — L) i,
47y Up

_ pl,y dl _ .
= dmr cos (wt — Br) i,

(10.5)

where we have replaced w/v, by B, the phase constant. The result given by
(10.5) is known as the ‘“‘retarded’’ magnetic vector potential in view of the
phase-lag factor Br contained in it.

To augment the reasoning behind the retarded magnetic vector potential,
recall that in Sec. 4.5 we derived differential equations for the electromagnetic
potentials. For the magnetic vector potential, we obtained

A
VA — p,a‘? = —ulJ (10.6)
which reduces to
A,
VA, — pe Py -, (10.7)

for A = Aji,and J = J,ji,. Equation (10.7) has the form of the wave equation,
except in three dimensions and with the source term on the right side. Thus
the solution for A, must be of the form of a traveling wave while reducing to
the static field case for no time-variations.

Expressing A in (10.5) in terms of its components in spherical coordinates,
as shown in Fig. 10.3, we obtain

_ mlydlcos (wf — Br)

A (cos i, — sin 0 iy) (10.8)
4arr
The magnetic field due to the Hertzian dipole is then given by
H = B_ 1 VXA
moom
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i, iy
r’sin@ rsing r
1 d d d
Tl o 0 e
A, rAy 0
1]9 0A,
o [a_r (Ao = ao]

or

(10.9)

477 r? r

Iydlsin 6 [cos (wt — Br) B sin (ot — ,Br)] .
H= - L,

Using Maxwell’s curl equation for H with J set equal to zero in view of perfect
dielectric medium, we then have

oE

ot

or

1

-VXxH
&
i, ig iy
Fsind rsin® r
S R |
e| or a0 9
0 0 rsin6 H,
1 d . ) 0 . )
o sin 0 50 (rsin@ Hy) i, + o Sin 0 or (rsin 6 Hy) iy

E

_ 2l dlcos 6 [

drew

I, dl sin 0
+

sin (wf — Br) + B cos (wt — Br)] i

r r?

47w

r3 r2

[sin (wt — Bp) 4 B cos (wt — Br)

B sin (ot

r

- Br)] "

(10.10)

Equations (10.10) and (10.9) represent the electric and magnetic fields,
respectively, due to the Hertzian dipole. The following observations are pertinent
to these field expressions:

1. They satisfy the two Maxwell’s curl equations. In fact, we have obtained
(10.10) from (10.9) by using the curl equation for H. The reader is urged
to verify that (10.9) follows from (10.10) through the curl equation for

E.

2. They contain terms involving 1/7°, 1/r?, and 1/r. Far from the dipole
such that Br >> 1, the 1/r* and 1//* terms are negligible compared to
the 1/r terms so that the fields vary inversely with ». Furthermore, for

Sec. 10.1
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any value of r, the time-average value of the f-component of the Poynting
vector due to the fields is zero, and the contribution to the time-average
value of the r-component is completely from the 1/r terms. (See Prob.
P10.2.) Thus the time-average Poynting vector varies proportionately to
1/¢* and is directed entirely in the radial direction. This is consistent
with the physical requirement that for the time-average power crossing
all possible spherical surfaces centered at the dipole to be the same, the
power density must be inversely proportional to r?, since the surface
areas of the spherical surfaces are proportional to the squares of their
radii.

. For Br << 1, the 1/r’ terms dominate the 1/r* terms which in turn domi-

nate the 1/r terms. Also, sin (ot — Br) = (sin ot — Br cos wf) and
cos (wt — Br) = (cos wt + Br sin wt), so that

E ~ M(Z cos 0 i, + sin  iy) (10.11)
4rrewr’

~hdleos et gogi, (10.12)
(i

Equation (10.11) is the same as (4.102) with Q replaced by (I/w)
sin wt, that is, Q(f) in Fig. 10.1, and d replaced by dl. Equation (10.12)
gives the same B as the magnetic field given by Biot-Savart law applied
to a current element I dl i, at the origin and then I replaced by I, cos wt,
that is, I(¢) in Fig. 10.1. Thus electrically close to the dipole, where
retardation effects are negligible, the field expressions approach toward
the corresponding static field expressions with the static source terms
simply replaced by the time-varying source terms.

Example 10.1.
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Let us consider in free space a Hertzian dipole of length 0.1 m situated at the
origin and along the z-axis, carrying the current 10 cos 27 X 10t A. We wish
to obtain the electric and magnetic fields at the point (5, 7/6, 0).

For the sake of convenience in computation of the amplitudes and phase
angles of the field components, we shall express the field components in phasor
form. Thus replacing cos (ot — B7) by e and sin (ot — Br) by —je ", we
have

E=210dlcos0< J B)g_,ﬁ,

drrew s * r
(10.13)
_ 281, dl cos 0[ .1 1 ]e’jﬁ’
4ar @y (Br)2
— ILydlsin® J B J,B e
Eg=———\-5+t:+ !
drew r r
(10.14)
BnIo dl sin 0[ 1 ] —jar
Jote
T Br )3 (,3 )2 ’r
= _ Ldlsing(1  jB\ _.
Hy = 47 (r2 + r ¢
10.1
_BLdising| 1 PR et (1019
i (B Bl
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where n = \/m is the intrinsic impedance of the medium. Using I, = 10 A,
dl=01m,f=10Hz, u = g, &€ = &, r = Sm, and § = 7/6, and carrying
out the computations with the aid of the PC program included as PL 10.1, we
obtain

E, = 2.8739/—103.679° V/m
E, = 0.6025/—54.728° V/m
H, = 0.0023/—13.679° A/m

PL 10.1. Program listing and sample output for computing the fields
due to a Hertzian dipole.

100 ¥ ksdoskkskskordokoksokokok ok ok fokokaiookokodok kol ook ol kol ok ok R ok ook ok ok
110 '* COMPUTATION OF FIELDS DUE TO A HERTZIAN DIPOLE *
120 '* ORIENTED ALONG THE Z-AXIS AND LOCATED AT THE *
130 '* ORIGIN IN FREE SPACE (PHASE ANGLE OF CURRENT *
140 '#* IS ASSUMED TO BE ZERO) *
150 ' Escksokorsokoksoko ko seokof sk ool sk stk sk sfokeok ek otk sokok Aokl sdokokok sokok
160 PI=3.1416:RD=180/PI

170 SCREEN 0:CLS:PRINT "ENTER VALUES OF INPUT PARAMETER

S:":PRINT
180 INPUT "CURRENT IN AMPERES = ",I
190 INPUT "LENGTH OF DIPOLE IN METERS = ",L
200 INPUT "FREQUENCY IN MHZ = ",F
210 INPUT "R IN METERS = ",R

220 INPUT "THETA IN DEGREES = ",THETA

230 BETA=PI*F/150:ETA=120%PI:BR=BETA*R

240 C1=BETA*BETA*I*L/(4*PI):CP=C1*SIN(THETA/RD)
250 CT=CP*ETA:CR=2*ETA*C1*COS(THETA/RD)

260 PRINT:PRINT "COMPUTED VALUES ARE:"

270 PRINT:PRINT "R-COMPONENT OF E:"

280 REAL=1/(BR*BR)

290 IMAG=-REAL/BR:C=CR:U$="V/M":GOSUB 370
300 PRINT:PRINT "THETA-COMPONENT OF E:"

310 IMAG=IMAG+1/BR:C=CT:GOSUB 370

320 PRINT:PRINT "PHI-COMPONENT OF H:"

330 IMAG=1/BR:C=CP:U$="A/M":GOSUB 370

340 PRINT:PRINT "PRESS ANY KEY TO CONTINUE"
350 C$=INPUT$(1):GOTO 170

360 END

370 MAG=SQR(REAL*REAL+IMAG*IMAG)

380 PANG=ATN(IMAG/REAL)-BR

390 IF ABS(PANG)<PI THEN 410

400 PANG=PANG+2*PI:GOTO 390

410 MAG=C*MAG:PANG=PANG*RD

420 PRINT " MAGNITUDE = ";MAG;U$

430 PRINT " PHASE ANGLE = ";PANG;"DEG"
440 RETURN

RUN

ENTER VALUES OF INPUT PARAMETERS:

CURRENT IN AMPERES = 10

LENGTH OF DIPOLE IN METERS = .1
FREQUENCY IN MHZ = 10

R IN METERS = 5

THETA IN DEGREES = 30
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PL 10.1. (continued)
COMPUTED VALUES ARE:

R-COMPONENT OF E:
MAGNITUDE = 2,873907 V/M
PHASE ANGLE = -103.6791 DEG

THETA-COMPONENT OF E:
MAGNITUDE = ,6025501 V/M
PHASE ANGLE -54,72812 DEG

PHI-COMPONENT OF H:
MAGNITUDE = 2,304522E-03 A/M
PHASE ANGLE -13.67934 DEG

PRESS ANY XEY TO CONTINUE

Thus the required fields are
E = 2.8739 cos 27 X 107t — 0.576m ) i,

+ 0.6025 cos 27 X 107t — 0.3047) i, V/m
H = 0.0023 cos 27 x 107t — 0.076m) i, A/m

D10.1. Consider a Hertzian dipole of length 0.1A carrying sinusoidally time-varying
current of amplitude 27 A. Find the magnitude of the electric dipole moment
for each of the following cases: (a) f = 1 MHz, medium is free space; (b)
f = 100 kHz, medium is free space; and (¢) f = 25 kHz, medium is sea water
(o0 = 4 mhos/m, ¢ = 80gy, and . = wy).
Ans: 3 X 107°C-m; 3 X 107°C-m; 4 x 107° C-m

D10.2. A Hertzian dipole of length 1 m situated at the origin and oriented along the
positive z-direction carries the current 1 cos 27 X 10 A. A second Hertzian
dipole of length 2 m situated at the origin and oriented along the positive x-
direction carries the current 2 sin 2 x 10 A. The medium is free space.
Find the following: (a) E, at (100, 7/2, 0); (b) E, at (100, /2, 7w/2); and (c)
H, at (100, 7/4, 0).
Ans: 0.0133 sin 27 X 105% — 0.8087) V/m; 0.0057 cos 27 X 10 — 0.343%)
V/m; 2.92 x 107% cos @m x 10 + 0.0447) A/m

10.2 RADIATION RESISTANCE AND DIRECTIVITY

Radiation
fields

In the previous section we derived the expressions for the complete electro-
magnetic field due to the Hertzian dipole. These expressions look very com-
plicated. Fortunately, it is seldom necessary to work with the complete field
expressions because one is often interested in the field far from the dipole
which is governed predominantly by the terms involving 1/r. Thus from
(10.10) and (10.9), we find that for a Hertzian dipole of length dl oriented
along the z-axis and carrying current

I = I,cos wt (10.16)

the electric and magnetic fields at values of r far from the dipole are given
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_ _PLdlsin . P
E = dmeor sin (wt — Br) i,
_ _'T]BIO dl sin 0 sin (wt _ B}’) i9 (10.173.)
4ar
_ _Bldising . _ .
H= R — sin (ot — Br) iy (10.17b)

These fields are known as the ‘‘radiation fields,’’ since they are the components
of the total fields that contribute to the time-average radiated power away
from the dipole. Before we discuss the nature of these fields, let us find out
quantitatively what we mean by ‘‘far from the dipole.”” To do this, we look
at the expression for the complete magnetic field given by (10.9) and note
that the ratio of the amplitudes of the 1/7* and 1/r terms is equal to 1/8r.
Hence for Br >> 1, the 1/r* term is negligible compared to the 1/r term as
already pointed out in the previous section. This means that for »r >> 1/8,
or r >> A/2m, that is, even at a distance of a few wavelengths from the dipole,
the fields are predominantly radiation fields.

Returning now to the expressions for the radiation fields given by (10.17a)
and (10.17b), we note that at any given point, (1) the electric field (E,), the
magnetic field (H,), and the direction of propagation (r) are mutually perpen-
dicular and (2) the ratio of E, to H, is equal to n, which are characteristic of
uniform plane waves. The phase of the field, however, is uniform over the
surfaces r = constant, that is, spherical surfaces centered at the dipole,
whereas the amplitude of the field is uniform over surfaces (sin 6)/r = constant.
Hence the fields are only locally uniform plane waves, that is, over any small
area normal to the r-direction at a given point.

The Poynting vector due to the radiation fields is given by

P=EXH
212 (dl)? sin® 9 . .
= %‘— sin? (ot — BI‘) 1,

By evaluating the surface integral of the Poynting vector over any surface
enclosing the dipole, we can find the power flow out of that surface, that is,
the power ‘‘radiated’’ by the dipole. For convenience in evaluating the surface
integral, we choose the spherical surface of radius r and centered at the dipole,
as shown in Fig. 10.4. Thus noting that the differential surface area on the
spherical surface is (r dO)(r sin 6 de)i, or r* sin 6 d6 d¢ i,, we obtain the
instantaneous power radiated to be

T 2

Prad—f P°r sin 6 d6 d¢ i,
f r” @I (dl)’ sin® 9
6=0 167 16

2 2
_ 8 180 @y oo
v

sin® (wt — Br) df do

t — Br) J;=0 sin® 6 do
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Radiation
resistance

6w
2 2
_ 277;,10 (Xm) sin? (wf — Br) (10.19)

The time-average power radiated by the dipole, that is, the average of Pq
over one period of the current variation, is

sin® (wt — Br)

2 12 2

<Prad> = 77;7 0 <%l) <sin2 (wt - Br)>
_ i} (dl 2
=3 <)\ (10.20)
= 112 277_7’ il :
20 3\

z

\

rsin 6 d¢

Figure 10.4. For computing the power
radiated by the Hertzian dipole.

We now define a quantity known as the ‘‘radiation resistance’ of the
antenna, denoted by the symbol R,,4, as the value of a fictitious resistor that
dissipates the same amount of time-average power as that radiated by the
antenna when a current of the same peak amplitude as that in the antenna is
passed through it. Recalling that the average power dissipated in a resistor
R when a current I, cos wt is passed through it is 3/3R, we note from (10.20)
that the radiation resistance of the Hertzian dipole is

2y (dl\?
=—|— 10.21
Ruaa = =3 <)\> Q (10.21)
For free space, n = ny = 1207 ), and
2
R, = 8077 (%) Q (10.22)

As a numerical example, for (dI/\) equal to 0.01, R, = 807%(0.01)> = 0.08
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Radiation
pattern

Directivity

€). Thus for a current of peak amplitude 1 A, the time-average radiated power
is equal to 0.04 W. This indicates that a Hertzian dipole of length 0.01X is
not a very effective radiator.

We note from (10.21) that the radiation resistance and hence the radiated
power are proportional to the square of the electrical length, that is, the
physical length expressed in terms of wavelength, of the dipole. The result
given by (10.21) is, however, valid only for small values of di/\ since if di/\
is not small, the amplitude of the current along the antenna can no longer be
uniform and its variation must be taken into account in deriving the radiation
fields and hence the radiation resistance. We shall do this in the following
section for a half-wave dipole, that is, for a dipole of length equal to A/2.

Let us now examine the directional characteristics of the radiation from
the Hertzian dipole. We note from (10.17a) and (10.17b) that, for a constant
r, the amplitude of the fields is proportional to sin §. Similarly, we note from
(10.18) that, for a constant r, the power density is proportional to sin> §. Thus
an observer wandering on the surface of an imaginary sphere centered at the
dipole views different amplitudes of the fields and of the power density at
different points on the surface. The situation is illustrated in Fig. 10.5(a) for
the power density by attaching to different points on the spherical surface
vectors having lengths proportional to the Poynting vectors at those points.
It can be seen that the power density is largest for § = 7/2, that is, in the
plane normal to the axis of the dipole, and decreases continuously toward the
axis of the dipole, becoming zero along the axis.

It is customary to depict the radiation characteristic by means of a
“‘radiation pattern,’”’ as shown in Fig. 10.5(b), which can be imagined to be
obtained by shrinking the radius of the spherical surface in Fig. 10.5(a) to
zero with the Poynting vectors attached to it and then joining the tips of the
Poynting vectors. Thus the distance from the dipole point to a point on the
radiation pattern is proportional to the power density in the direction of that
point. Similarly, the radiation pattern for the fields can be drawn as shown
in Fig. 10.5(c), based upon the sin 6 dependence of the fields. In view of the
independence of the fields from ¢, the patterns of Fig. 10.5(b)-(c) are valid
for any plane containing the axis of the dipole. In fact, the three-dimensional
radiation patterns can be imagined to be the figures obtained by revolving
these patterns about the dipole axis. For a general case, the radiation may
also depend on ¢, and hence it will be necessary to draw a radiation pattern
for the # = =#/2 plane. Here, this pattern is merely a circle centered at the
dipole.

We now define a parameter known as the *‘directivity’’ of the antenna,
denoted by the symbol D, as the ratio of the maximum power density radiated
by the antenna to the average power density. To elaborate on the definition
of D, imagine that we take the power radiated by the antenna and distribute
it equally in all directions by shortening some of the vectors in Fig. 10.5(a)
and lengthening the others so that they all have equal lengths. The pattern
then becomes nondirectional, and the power density, which is the same in all
directions, will be less than the maximum power density of the original pattern.
Obviously, the more directional the radiation pattern of an antenna is, the
greater is the directivity.

From (10.18), we obtain the maximum power density radiated by the

Sec. 10.2 Radiation Resistance and Directivity 531



Y

A

(a)
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Figure 10.5. The directional characteristics of radiation from the Hertzian
dipole.
Hertzian dipole to be
272 2 [ain2
Iy (dl)” [sin” O] pax .
= LS i o — g (10.23)
272 2
I; )y .
= —”f)ﬁl 67072r2 sin® (0t — Br)

By dividing the radiated power given by (10.19) by the surface area 4mr* of
the sphere of radius r, we obtain the average power density to be
P, 1% (dl)?
(P, = 2 = MT0E)

> = > sin® (wt — Br) (10.24)
4arr 247y
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Thus the directivity of the Hertzian dipole is given by

_ [P _
[P r] av

To generalize the computation of directivity for an arbitrary radiation
pattern, let us consider

1.5 (10.25)

P, _Po sin’ (rwt ,Gr)f(e, ) (10.26)

where P, is a constant and f(6, ¢) is the power density pattern. Then
P, sin® (wt — Br)

[Plmax = 2 LF (0, &)lmax
"1k
'Br)f(f’ $)+r*sin 0.do do i
417r =0 2 , ,
_P sin’ (wt ,3,) 2
" L oJ' f(8, ¢) sin 6 d d¢
Lf(0, ®)lmex
o F ZW in 6 do d (10.27)
9=0 ¢=0f(0, ¢) sin 8 do@ ¢

Example 10.2.
Let us compute the directivity corresponding to the power density pattern function
f6, ¢) = sin® 8 cos? 6.
From (10.27),
[sin’ 6 cos? O] pax

T 27
f f sin® § cos® @ dO d¢
0=0 Jo=0

[i sin 20] -

T J;_O (sin® @ — sin’ 6) dé

D =47

= 4

1
4/3) — (16/15)

1
2

1

oo~ /-\

D10.3. Three Hertzian dipoles of equal lengths, situated at the origin and oriented
along the x-, y-, and z-axes carry currents I, sin wt, I, cos wt, and 21, sin wt,
respectively. Determine whether the polarization of the radiation field is
linear, circular, or elliptical at the following points: (a) a point on the x-axis;
(b) a point on the y-axis; and (¢) a point on the z-axis.

Ans: Elliptical; linear; circular
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D10.4. Compute the directivity corresponding to each of the following functions

£(6, ¢) in (10.26):

@ 16, ) = {(1) for 0 < 6 < m/2

otherwise
_Jsin’9 for0<6<m/2

(b) 0, ¢) = {() otherwise
1 for0 <6< x/2

(©) f6, ¢) = {

Ans: 2; 3; 1.2

sin@ form/2<6<mw

10.3 LINEAR ANTENNAS

Half-wave
dipole

In the previous section we found the radiation fields due to a Hertzian dipole,
which is an elemental antenna of infinitesimal length. If we now have an
antenna of any length having a specified current distribution, we can divide
it into a series of Hertzian dipoles, and by applying superposition we can find
the radiation fields for that antenna. We shall illustrate this procedure in this
section by first considering the half-wave dipole, which is a commeonly used
form of antenna.

The half-wave dipole is a center fed, straight wire antenna of length L
equal to A/2 and having the current distribution

L L
I(z) = Iocos%zcos wt for ——2-<z<—

> (10.28)

where the dipole is assumed to be oriented along the z-axis with its center at
the origin, as shown in Fig. 10.6(a). As can be seen from Fig. 10.6(a), the
amplitude of the current distribution varies cosinusoidally along the antenna
with zeroes at the ends and maximum at the center. To see how this distribution
comes about, the half-wave dipole may be imagined to be the evolution of an
open-circuited transmission line with the conductors folded perpendicularly
to the line at points A/4 from the end of the line. The current standing wave
pattern for an open-circuited line is shown in Fig. 10.6(b). It consists of zero

Amplitude ;=L
of Current  / 2
Distribution //
/
/A
/ ! -~ T ~
- ~~
’/ ] /// g \\
| z=0 S< -
\\ = Ny P
\ S /Q/)\
-0 T - - 2
A W4 4
\
\
\\ . é
2

@ (b)
Figure 10.6. (a) Half-wave dipole. (b) Open-circuited transmission line for

illustrating the evolution of the half-wave dipole.
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current at the open circuit and maximum current at A/4 from the open circuit,
that is, at points a and a’. Hence it can be seen that when the conductors
are folded perpendicularly to the line at a and ', the half-wave dipole shown
in Fig. 10.6(a) results,

Now to find the radiation field due to the half-wave dipole, we divide it
into a number of Hertzian dipoles, each of length dz’ as shown in Fig. 10.7.
If we consider one of these dipoles situated at distance z' from the origin,
then from (10.28) the current in this dipole is I, cos (wz'/L) cos wt. From
(10.17a) and (10.17b), the radiation fields due to this dipole at point P situated
at distance ' from it are given by

_ mBly cos (w7’ /L) dz’ sin §'

dE = , sin (wf — Br)iy  (10.29a)
47y
dH = — Blocos (”Z 7/7 f,) QI oot - Br)i,  (10.29b)

where ¢’ is the angle between the z-axis and the line from the current element
to the point P and i, is the unit vector perpendicular to that line, as shown
in Fig. 10.7. The fields due to the entire current distribution of the half-wave
dipole are then given by

L/2
E = dE
. —Ll;f (10.30a)
I , . ' '
= - f Bl cos (mz'/ P S0 42 i (wt — Br') iy
Z=-LJ2 4arr
L/2
H= | s dH
e (10.30b)
[ eoswdmsingdr g,
= 2=—LJ2 47Tr, ¢ ’

where #’', 6’, and i, are functions of z’.

zZA .
i
é ¢
2
P
\ o ¥ E
4 .
i,
dz' / } ¢
T— \ " i
, A Lz cosd I
z \\ |
g5 |
A I
{ y
. ;
BN |
~~ |
~a }
~
) T !
\\\\ :
4 ~J
Figure 10.7. For the determination of
L :‘ the radiation field due to the half-wave
2 dipole.

Sec. 10.3 Linear Antennas 535



For radiation fields, 7' is at least equal to several wavelengths and hence
>> L. We can therefore set iy = i; and 8’ = 6 since they do not vary
significantly for —L/2 < z' < L/2. We can also set ¥’ = r in the amplitude
factors for the same reason, but for #' in the phase factors, we substitute
r — z' cos @ since the phase angle in sin (wt — Br') = sin (wt — @r'/L)
can vary appreciably over the range —L/2 < z' < L/2. For example, if L =

2m (A =4m), 6 =0, and r = 10, then ¢’ varies from 11 for z’ = —L/2
to 9 for z’ = L/2, and wr'/L varies from 5.5 for z7 = —L/2 to 4.5« for
= L/2. Thus we have
E = Egig
where
L/2 , .
7 L .
E, = —f nly cos (az'/L) sin 0 sin (wt — Br + Bz’ cos 0) dz’
Z=-L/2 47rr
n(m/L)I, sin 6 [* 7wz, T T, ,
= ——————— D — —_— + —_

- iy cos 7 sin | wt 7t 12 cos 0] dz

Evaluating the integral, we obtain
nl, cos [(w/2) cos 0] . ™
E,= ——————— — - = 10.31
i 27r sin 0 sin { !t Lr ( 3)
Similarly,
where
I, cos[(m/2) cos 6] |, ™
H=-—"——"—"/——— - = 10.31b
¢ 2mrr sin 6 Sin | f Lr ( )

The Poynting vector due to the radiation fields of the half-wave dipole
is given by

P = E x H = EH,i, (10.32)
_ I} cos’ [(77/2) cos O] of T, i,
T 4yt sin” 6 L

The power radiated by the half-wave dipole is given by

T 27
P 4= f P-r sin 0 d6 d¢ i,

2 cos? [(m/2) cos 6] K
.L of 0 47? sin 0 sin (wt - Lr) 49 d¢ (10.33)

= ?7__ sin (wt L) f cos® [(m/2) cos 6] &0
T L 6=0 sin 6
2
= M Sin2 <wt _ Er>
™ L

where we have used the result

= 0.609

J cos’ [(7/2) cos 6]
=0

sin @
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obtainable by numerical integration. The time-average radiated power is

2
<P>= 0.60941, <sin2 (wt - Zr)>

™ L (10.34)
_1 2 0.6097
20 T
Thus the radiation resistance of the half-wave dipole is
Ry = 2% (10.35)
For free space, n = 7, = 1207 Q, and
R4 = 0.609 x 120 = 73 Q) (10.36)

Turning our attention now to the directional characteristics of the half-
wave dipole, we note from (10.31a) and (10.31b) that the radiation pattern for
the fields is {cos [(7/2) cos 0]}/sin 6§ whereas for the power density, it is
{cos® [(7/2) cos 6]}/sin §. These patterns, which are sketched in Fig. 10.8(a)
—(b), are slightly more directional than the corresponding patterns for the
Hertzian dipole. The directivity of the half-wave dipole may now be found
by using (10.27). Thus

{cos? [(/2) cos 6]/sin*0}max
T 2
L=0 J;:O {cos® [(w/2) cos 0]/sin’6} sin 8 d6 d¢

T or x 2 % 0.609

D = 47

or

D = 1.642 (10.37)

(a)

(b)
Figure 10.8. Radiation patterns for

(a) the fields and (b) the power density
due to the half-wave dipole.
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Linear

antenna of

arbitrary
length

N

For a center-fed linear antenna of length L equal to an arbitrary number
of wavelengths, the current distribution can be written as

I(z) =
() L I
Iy sin B 572 coswt for0<z<—

L
Iosinﬁ(%-kz) cos wt for—5<z<0

2

(10.38)

where once again the antenna is assumed to be oriented along the z-axis with
its center at the origin. Note that the current distribution is such that the
amplitude of the current goes to zero at the two ends of the antenna and
varies sinusoidally along the antenna with phase reversals every half wavelength
from the ends, as shown, for example, for L = 5A/2 in Fig. 10.9. Note also
that for L = M\/2, (10.38) reduces to (10.28). Using (10.38) and proceeding
in the same manner as for the half-wave dipole, the components of the radiation
fields, the radiation resistance, and the directivity for the linear antenna of
arbitrary electrical Iength can be obtained. The results are

where

Amplitude of
Current
Distribution

;I
l

N2

|
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(10.39a)

(10.39b)

(10.39¢)

(10.39d)

(10.40)

1 .
E, = — 222 £(6) sin (ot — Br)
2mr
H, = - 2 f(6) sin (ot — f7)
= - — in (0t — Br
¢ 27r
n 7/2
Ry = — f £4(6) sin 8 do
T Jo=0
2
0
D = L Olnas
f f40) sin 6 do
6=0
BL BL
cos{—cos @] — cos —
( 2 2
0) = ;
YO sin 6
_ L
zZ= 7 Phase of
0 Current
Distribution
Kia
z=0__
T
Figure 10.9. Variations of amplitude
0 and phase of the current distribution
s == L along a linear antenna of length
2 L = 5)\/2.
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is the radiation pattern for the fields. For L = k\, (10.40) reduces to
_ €0s (kmr cos 6) — cos (k)

10 = sin

The listing of a PC program which for a specified value of & computes and

plots the radiation pattern given by (10.41), and computes the radiation resistance

and directivity by evaluating the integrals in (10.39¢) and (10.39d) numerically,
is included as PL 10.2.

(10.41)

PL 10.2. Program listing for plotting of radiation pattern and
computation of radiation resistance and directivity of a linear
antenna of length equal to k wavelengths.

100 " sdesksdearsteokodskofesksteseokode sk ok s sl steofe sl sl sl sk s sk seofe o ot oot oo e ok s o o skl sk e sk ol sk ok ok

110 '* PLOTTING OF RADIATION PATTERN AND COMPUTATION *

120 '* OF RADIATION RESISTANCE AND DIRECTIVITY FOR A *

130 '* LINEAR ANTENNA OF LENGTH EQUAL TO K WAVELENGTHS *

140 7 skskokestolode sk stk s sk sl so g sl s s obe o sk sde e s sk ofe sk s sk sk e sfe s o sk ok s s sk sk o o sl ke ske s ok ik ok

150 DIM E(100),CT(100),ST(100)

160 PI=3.1416:DR=PI/180

170 SC=1.2:"'#* SCALE FACTOR TO EQUALIZE VERTICAL AND

180 ' HORIZONTAL SCALES *

190 CLS:SCREEN 1:COLOR 0,1

200 LOCATE 21,1:INPUT "ENTER VALUE OF K: ",K

210 LOCATE 21,1:PRINT "LENGTH OF DIPOLE =";K;"* WAVELENG
TH"

220 '* COMPUTATION OF RADIATION PATTERN, RADIATION

230 ' RESISTANCE AND DIRECTIVITY *

240 LOCATE 22,1:PRINT "RADIATION PATTERN BEING COMPUTED"

250 C1=COS(K*PI):FR=0:EMAX=0

260 FOR I=1 TO 89

270 THETA=I*DR:CT(I)=COS(THETA):ST(I)=SIN(THETA)

280 FT=ABS(COS(K*PI*CT(I))~Cl)

290 E(I)=FT/ST(I)

300 IF E(I)>EMAX THEN EMAX=E(I)

310 FR=FR+FT*FT/ST(I)

320 NEXT

330 E(90)=1-C1:CT(90)=0:ST(90)=1

340 IF E(90)>EMAX THEN EMAX=E(90)

350 IT=(FR+.5*E(90)*E(90))*DR

360 RAD=IT*120:'* RADIATION RESISTANCE *

370 DIR=(EMAX*EMAX)/IT:'* DIRECTIVITY *

380 C2=80/EMAX:PSET (160,80),3

390 '* PLOTTING OF RADIATION PATTERN *

400 LgCATE 22,1:PRINT "RADIATION PATTERN BEING PLOTTED

410 FOR I=1 TO 90

420 EI=E(I)*C2:VD=EI*CT(I):HD=EI*ST(I)*SC

430 PSET (160+HD,80-VD),3

440 PSET (160+HD,80+VD),3

450 PSET (160-HD,80-VD),3

460 PSET (160-HD,80+VD),3

470 NEXT

480 &OCATE 22,1:PRINT "RADIATION RESISTANCE =";RAD;"OHMS

490 LOCATE 23,1:PRINT "DIRECTIVITY =";DIR

500 LOCATE 24,1:PRINT "PRESS ANY KEY TO CONTINUE";:C$=IN
PUT$(1):GOTO 190

510 END
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2.5 is
2.5 as

The radiation pattern obtained from a run of PL 10.2 for &
shown in Fig. 10.10. The radiation resistance and directivity for k
computed by the program are 120.768 ) and 3.058, respectively.

PN REELLIY
RN 3
o i x
< D ¥
o »
Figure 10.10. Computer-generated
plot of radiation pattern for a linear
A - . ; antenna of length 2.5 A, using the
R n....¥  program of PL 10.2.

D10.5. A center-fed linear antenna of length L = 2 m in free space has the current
distribution of the form given by (10.38), where I, = 1 A. Find the amplitude
of E, at r = 100 m for each of the following cases: (a) f = 75 MHz, § =
60° (b) f = 200 MHz, 6 = 60°; and (c) f = 300 MHz, 6 = 45°.

Ans: 0.49 V/m; 0 V/m; 1.0745 V/m

710.4 ANTENNA ARRAYS

Array of two
Hertzian
dipoles

In Sec. 6.2 we illustrated the principle of an antenna array by considering an
array of two parallel, infinite plane current sheets of uniform densities. We
learned that by appropriately choosing the spacing between the current sheets
and the amplitudes and phases of the current densities, a desired radiation
characteristic can be obtained. The infinite plane current sheet is, however,
a hypothetical antenna for which the fields are truly uniform plane waves
propagating in the one dimension normal to the sheet. Now that we have
gained some knowledge of physical antennas, in this section we shall consider
arrays of such antennas.

The simplest array we can consider consists of two Hertzian dipoles,
oriented parallel to the z-axis and situated at points on the x-axis on either
side of and equidistant from the origin, as shown in Fig. 10.11. We shall
consider the amplitudes of the currents in the two dipoles to be equal, but
we shall allow a phase difference a between them. Thus if I,(f) and I(¢) are
the currents in the dipoles situated at (d/2, 0, 0) and (—d/2, 0, 0), respectively,
then

1, = I, cos <wt + %) (10.42a)
o
I, = I, cos <wt _ 5) (10.42b)
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;
"
g [ 6,
2
?/ v X
| d ) g Figure 10.11. For computing the
3 5 radiation field due to an array of two

5 L Hertzian dipoles.

For simplicity, we shall consider a point P in the xz-plane and compute the
radiation field at that point due to the array of the two dipoles. To do this,
we note from (10.17a) that the electric field intensities at the point P due to
the individual dipoles are given by

B, = —Bldlsing: g (o~ g+ %), (10.43a)
47Tr1 2 .
I dlsi
B, = ~PhdsinG o (o~ gr — &), (10.43b)
47Tr2 2

where 6y, 0,, r{, r,, 15, and iy, are as shown in Fig. 10.11.

For r >> d, that is, for points far from the array, which is the region
of interest, we can set 6, = 6, =~ 0 and iy, = iy, = i,. Also, we can set r, =
r, = r in the amplitude factors, but for r, and r, in the phase factors, we
substitute

r~r - ‘51 cos (10.44a)
d
=+ cos g (10.44b)

where ¢ is the angle made by the line from the origin to P with the axis of
the array, that is, the x-axis, as shown in Fig. 10.11. Thus we obtain the
resultant field to be

E=E1+E2

_ _mBhdising | L (g B :

= yi sin | wt — Br + > COSll"*‘2

10.45
+ sin wt—ﬁr—ﬂ—dcosw—g i o
2 2
_ _ZBldlsing  (BdCOSY T a) o r — )i,
dr 2
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Unit, group,

Comparing (10.45) with the expression for the electric field at P due

and resultant to a single dipole situated at the origin, we note that the resultant field of

patterns

the array is simply equal to the single dipole field multiplied by the factor

2 cos (,Bd coszlp + a

pattern of the resultant field is given by the product of sin @, which is the
(Bd cos Y + a>
cos |————

»

), known as the ‘‘array factor.”” Thus the radiation

radiation pattern of the single dipole field, and , which

2
is the radiation pattern of the array if the antennas were isotropic. We shall
call these three patterns the ‘‘resultant pattern,’” the ‘‘unit pattern,”’ and the
““group pattern,”’ respectively. It is apparent that the group pattern is independent
of the nature of the individual antennas as long as they have the same spacing
and carry currents having the same relative amplitudes and phase differences.
It can also be seen that the group pattern is the same in any plane containing
the axis of the array. In other words, the three-dimensional group pattern is
simply the pattern obtained by revolving the group pattern in the xz-plane
about the x-axis, that is, the axis of the array.

Example 10.3.
For the array of two antennas carrying currents having equal amplitudes, let us
consider several pairs of d and « and investigate the group patterns.

Case 1: d = A\/2, a = 0. The group pattern is

cos (%A cos ll‘) = Cos <§ cos lP)

This is shown sketched in Fig. 10.12(a). It has maxima perpendicular to the
axis of the array and nulls along the axis of the array. Such a pattern is known
as a ‘‘broadside pattern.”

Case 2. d = A/2, @ = @. The group pattern is

Bx ) A PR
cos<4cos¢+2>‘ = mn(zcosw)‘

This is shown sketched in Fig. 10.12(b). It has maxima along the axis of the
array and nulls perpendicular to the axis of the array. Such a pattern is known
as an “‘endfire pattern.”’

3 00D Cp

(b)

Figure 10.12. Group patterns for an array of two antennas carrying currents
of equal amplitude for (@) d = \/2,a = 0, (b)d = M2, @ = 7w, (c) d =
M, a = —w/2,and (d)d = N, a = 0.
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of:

Example 10.4.

Pattern
multipli-
cation

Case 3: d = A4, a = ~=m/2. The group pattern is
BA ™y = m _T
cos ( 3 cos s 4> = cos <4 cos s 4>

This is shown sketched in Fig. 10.12(c). It has a maximum along ¥ = 0 and
null along ¥ = =. Again, this is an endfire pattern, but directed to one side.
This case is the same as the one considered in Sec. 6.2.

Case 4:d = A\, « = 0. The group pattern is
cos (%A cos d;)

This is shown sketched in Fig. 10.12(d). It has maxima along ¢ = 0°, 90°, and
180° and nulls along ¢ = 60° and 120°.

Proceeding further, we can obtain the resultant pattern for an array of two
Hertzian dipoles by multiplying the unit pattern by the group pattern. Thus
recalling that the unit pattern for the Hertzian dipole is sin  in the plane of the
dipole and considering values of A/2 and 0 for d and «, respectively, for which
the group pattern is given in Fig. 10.12(a), we obtain the resultant pattern in the
xz-plane, as shown in Fig. 10.13(a). In the xy-plane, that is, the plane normal
to the axis of the dipole, the unit pattern is a circle, and hence the resultant
pattern is the same as the group pattern, as illustrated in Fig. 10.13(b).

= % (a)
8 (b)

= |cos (7 cos )|

Figure 10.13. Determination of the
resultant pattern of an antenna array
by multiplication of unit and group
patterns.

The procedure of multiplication of the unit and group patterns to obtain the
resultant pattern illustrated in Example 10.3 is known as the ‘‘pattern multiplication”’
technique. Let us consider a linear array of four isotropic antennas spaced A/2
apart and fed in phase, as shown in Fig. 10.14(a) and obtain the resultant pattern,
by using the pattern multiplication technique.

To obtain the resultant pattern of the four-element array, we replace it by
a two-element array of spacing A, as shown in Fig. 10.14(b), in which each
element forms a unit representing a two-element array of spacing A/2. The unit
pattern is then the pattern shown in Fig. 10.12(a). The group pattern, which is
the pattern of two isotropic radiators having d = A and « = 0, is the pattern
given in Fig. 10.12(d). The resultant pattern of the four-element array is the
product of these two patterns, as illustrated in Fig. 10.14(c). If the individual
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Uniform
linear array

of n

antennas

04—5—>0<—§—>o<-——5—» (a)
Pe—A—>D (b)
X = (©)

Figure 10.14. Determination of the
resultant pattern for a linear array of
four isotropic antennas.

elements of the four-element array are not isotropic, then this pattern becomes
the group pattern for the determination of the new resultant pattern.

Let us now consider a uniform linear array of » antennas of spacing d,
as shown in Fig. 10.15. Then assuming currents of equal amplitude I, and
progressive phase shift @, that is, in the manner I, cos wt, I, cos (ot + o),
I, cos (wt + 2a), . .. for antennas 1, 2, 3, . . ., respectively, we can obtain
the far field (r >> nd) as follows. If the complex electric field at the point
(ro, ¥) due to element 1 is assumed to be le™**, then the complex electric
fields at that point due to elements 2, 3, ... are le/%#rodcos¥
g2 fto=2d cos¥) - 5o that the field due to the n-element array is

E@®) = le 0 + 1gixgIho=d cos )
+ lejZae—jB(ro—Zd cos ) oo

b

+ lej(n—l)ae—jﬁ[ro—(n—l)d cos ]
= [1 + glfdcosv + o 4 ,2Ed cosy + ) (10.46)
4o ej(n—l) (Bd cos ¢ + a)]e—jBro

_ in(Bd cos Y + a)
1 —e —jgro

= 1 _ ej(Bdcosw-{-a) e

1

Figure 10.15, For obtaining the group pattern for a uniform linear array of
n antennas.
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The magnitude of E is given by
_ 1 _ ejn(ﬂd cos P + a)
|E@W)|

1 _ ej(Bd cos ¥ + @)

(10.47)
sin n[(Bd cos y + a)/2]

sin [(Bd cos  + a)/2]

which has a maximum value of n for 8d cos  + a =
the group pattern is

0, 27,4, . ... Thus

sin n[(Bd cos ¢ + @)/2]
sin [(Bd cos ¢ + «)/2]

FQ) = % (10.48)

Bdcos iy + «
2

group pattern obtained for the two-element array. The nulls of the pattern
occur for n(8d cos Y + a) = 2mm, where m is any integer but not equal to

Note that for n = 2, (10.48) reduces to cos ( ), which is the

0, n,2n,.... Ford = kA, (10.48) reduces to
_ 1 |sin nl(mk cos y + @)/2]
Fw) = n | sin[(wk cos ¢ + a)/2] (10.49)

The listing of a PC program which for specified values of n and k generates
a sequence of plots of F versus ¢ (0 = ¢ = 180°) for values of « ranging from
—180° to 150° in steps of 30° is included as PL 10.3.

The output resulting from a run of the program of PL 10.3 for n = 6
and &k = 0.5 is shown in Fig. 10.16. It can be seen that as the value of « is
varied, the value of ¢ along which the principal maximum of the group pattern
occurs varies in a continuous manner, as to be expected.

=, a=-180° S I AN a=-150° S a=-1200
. . :"
." "-\' R ‘.‘H.' "- - '.‘-\'- S AT .'.‘-\- 5 o< '.-'._"'. S -".‘_H-L"\-
o=-90° S a=-60° T =300
"\._-' . "‘-\ R -_,-F"_ ___.-"H".__ . T A —'\\ 0 -\\ e
o=0° N o'= 30° .-' M o= 60°
T -'._,' \.'-\.«. v § _,-'""\,."-'. N N ] T T Rt ° -'--‘-H‘H.
or=90° o= 120° E a=150° - \\
A RS
. . |
[T A | R Y o | ALV

—

Figure 10.16. Plots of group patterns resulting from a run of the program
of PL 10.3 for n = 6 and k = 0.5. The horizontal scale for ¢ for each plot
is such that ¢ varies for 0° to 180°.
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PL 10.3. Program listing for plotting of group patterns for a uniform
linear array of n antennas for varying values of progressive phase
shift.

100 7 skakokea stk oo sk s ok ofe sk ok ofe o ofe o e e ofe o ofe o ofe sk e e sheole sheofe ok e sk ofe sk ke o o sk sk st ok sk ke stk ok e skolesk

110 "* PLOTTING OF GROUP PATTERNS FOR A UNIFORM LINEAR *
120 '* ARRAY OF N ANTENNAS FOR VALUES OF THE PROGRESSIVE *
130 '* PHASE SHIFT RANGING FROM -180 TO 150 DEG IN STEPS *
140 '* OF 30 DEG *
150 Y kskokskolksd ek kst stk kool feodeok st st stk e sokeoksleok sleodeske e st sl sk ookl skl kol sk
160 DIM CP(100),HC(12),VC(12)

170 PI=3,1416:DR=PI/180

180 CLS:SCREEN 1:COLOR 0,1

190 LOCATE 21,1:INPUT "ENTER VALUE OF N: ",N

200 LOCATE 21,1:PRINT "NUMBER OF ELEMENTS =";N

210 LOCATE 22,1:INPUT "ENTER VALUE OF K: ",K:'* ELEMENT
220 ' SPACING IN WAVELENGTHS *

230 LOCATE 22,1:PRINT "ELEMENT SPACING =";K;"* WAVELENGTH"
240 LOCATE 23,1:PRINT "PLEASE WAIT"

250 Cl=PI*K:JK=0

260 FOR J=0 TO 90:CP(J)=C1*COS(2*J*DR) :NEXT

270 FOR I=1 TO 4:FOR J=0 TO 2

280 JK=JK+1:HC(JK)=94*J:VC(JK)=36%*1I

290 NEXT:NEXT

300 '* PLOTTING OF GROUP PATTERNS *

310 FOR I=1 TO 12

320 LINE (HC(I),VC(I))-(HC(I)+90,VC(I)-30),3,B

330 AL=(I-7)*15*DR

340 LOCATE 23,1:PRINT "VALUE OF ALPHA =";30%(I-7);"DEG "
350 FOR J=0 TO 90

360 ARG=CP(J)+AL:DEN=SIN(ARG)

370 IF DEN=0 THEN E=30:GOTO 400

380 E=30%ABS(SIN(N*ARG)/(N*DEN))

390 IF E>30 THEN E=30

400 PSET (HC(I)+J,VC(I)-E),3

410 NEXT

420 NEXT

430 '# DRAWING OF HORIZONTAL SCALE MARKS *

440 FOR I=1 TO 3

450 LINE (HC(I),156)-(HC(I)+90,156),3

460 FOR J=0 TO 6

470 LINE (HC(I)+15%J,155)-(HC(I)+15%J,153)

480 NEXT

490 NEXT

500 LOCATE 23,1:PRINT "PLOTTING COMPLETED "

510 LOCATE 24,1:PRINT "PRESS ANY KEY TO CONTINUE";

520 C$=INPUT$(1):GOTO 180

530 END
|
Principle The behavior illustrated in Fig. 10.16 is the basis for the principle of i
of phased  phased arrays. In a phased array, the phase differences between the elements j
array of the array are varied electronically to scan the radiation pattern over a
desired angle, without having to move the antenna structure mechanically.
Log-periodic We shall conclude this section with a brief discussion of the ‘‘log-periodic

LX)

dipole array dipole array,”” which is an example of a broad-band array. To do this, we
first note that the directional properties of antennas and antenna arrays depend
on their electrical dimensions, that is, the dimensions expressed in terms of
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the wavelength at the operating frequency. Hence an antenna of fixed physical
dimensions exhibits frequency-dependent characteristics. This very fact suggests
that for an antenna to be frequency independent, its electrical size must remain
constant with frequency, and hence its physical size should increase propor-
tionately to the wavelength. Alternatively, for an antenna of fixed physical
dimensions, the active region, that is, the region responsible for the predominant
radiation should vary with frequency, that is, scale itself in such a manner
that its electrical size remains the same. An example in which this is the case
is the log-periodic dipole array, shown in Fig. 10.17. As the name implies,
it employs a number of dipoles. The dipole lengths and the spacings between
consecutive dipoles increase along the array by a constant scale factor such
that
di+l
_ d;
From the principle of scaling, it is evident that for this structure extending
from zero to infinity and energized at the apex, the properties repeat at frequencies
given by 7"f, where n takes integer values. When plotted on a logarithmic
scale, these frequencies are equally spaced at intervals of log 7. It is for this
reason that the structure is termed ‘‘log periodic.”

The log-periodic dipole array is fed by a transmission line, as shown in
Fig. 10.17, such that a 180°-phase shift is introduced between successive
elements in addition to that corresponding to the spacing between the elements.
The resulting radiation pattern is directed toward the apex, that is, toward
the source. Almost all the radiation takes place from these elements which
are in the vicinity of a half wavelength long. The operating band of frequencies

=7 (10.50)

lir _
l;

4
p—

e
%
/
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Figure 10.17. Log-periodic dipole array.
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is therefore bounded on the low side by frequencies at which the largest
elements are approximately a half wavelength long and on the high side by
frequencies corresponding to the size of the smallest elements. As the frequency
is varied, the radiating or active region moves back and forth along the array.
Since practically all the input power is radiated by the active region, the larger
elements to the right of it are not excited. Furthermore, because the radiation
is toward the apex, these larger elements are essentially in a field-free region
and hence do not significantly influence the operation. Although the shorter
elements to the left of the active region are in the antenna beam, they have
small influence on the pattern because of their short lengths, close spacings,
and the 180°-phase shift.

D10.6. For the array of two antennas of Ex. 10.3, let .., be the value of ¢ along
which the maximum of the group pattern is directed. Find the value of « for
each of the following pairs of values of d and Y., (@) d = A4, Prax = 60°%
) d = N2, Py = 120% and (€) d = N/3, Ymax = 180°.

Ans: —w/4; w/2; 2w/3

D10.7. Obtain the expression for the resultant pattern for each of the following cases
of linear array of isotropic antennas, spaced A apart and fed in phase: (a)
three antennas carrying currents in the ratio 1:2:1; (b) five antennas carrying
currents in the ratio 1:2:2:2:1; and (c) five antennas carrying currents in the
ratio 1:2:3:2:1.

Ans: cos® (r cos ¥); [cos® (7 cos ¥)] |cos (27 cos ¥)|;
[sin?* (37 cos W)]/[9 sin® (7 cos )]

10.5 IMAGE ANTENNAS

Vertical
Hertzian
dipole

Thus far we have considered the antennas to be situated in an unbounded
medium so that the waves radiate in all directions from the antenna without
giving rise to reflections from any obstacles. In practice, however, we have
to consider the effect of the ground even if no other obstacles are present.
To do this, it is reasonable to assume that the ground is a perfect conductor.
Hence in this section we shall consider antennas situated above an infinite
plane, perfect conductor surface and introduce the concept of image antennas,
which together with the actual antennas form arrays.

Thus let us consider a Hertzian dipole oriented vertically and located at
a height & above a plane, perfect conductor surface, as shown in Fig. 10.18(a).
Since no waves can penetrate into the perfect conductor, as we learned in
Sec. 6.4, the waves radiated from the dipole onto the conductor give rise to
reflected waves, as shown in Fig. 10.18(a) for two directions of incidence.
For a given incident wave onto the conductor surface, the angle of reflection
is equal to the angle of incidence, as can be seen intuitively from the following
reasons: (1) the reflected wave must propagate away from the conductor
surface, (2) the apparent wavelengths of the incident and reflected waves
parallel to the conductor surface must be equal, and (3) the tangential component
of the resultant electric field on the conductor surface must be zero, which
also determines the polarity of the reflected wave electric field. Also because
of (3), the reflected wave amplitude must equal the incident wave amplitude.

If we now produce the directions of propagation of the two reflected
waves backward, they meet at a point which is directly beneath the dipole
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Figure 10.18. For illustrating the concept of image antennas. (a) Vertical
Hertzian dipole and (b) horizontal Hertzian dipole, above a plane perfect
conductor surface.

and at the same distance & below the conductor surface as the dipole is above
it. Thus the reflected waves appear to be originating from an antenna, which
is the ““image’’ of the actual antenna about the conductor surface. This image
antenna must also be a vertical antenna since in order for the boundary
condition of zero tangential electric field to be satisfied at all points on the
conductor surface, the image antenna must have the same radiation pattern
as that of the actual antenna, as shown in Fig. 10.18(a). In particular, the
current in the image antenna must be directed in the same sense as that in
the actual antenna to be consistent with the polarity of the reflected wave
electric field. It can therefore be seen that the charges associated with the
image dipole have signs opposite to those of the corresponding charges associated
with the actual dipole.
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Horizontal A similar reasoning can be applied to the case of a horizontal Hertzian

Hertzian dipole above a perfect conductor surface, as shown in Fig. 10.18(b). Here it

dipole can be seen that the current in the image antenna is directed in the opposite
sense to that in the actual antenna. This again results in charges associated
with the image dipole having signs opposite to those of the corresponding
charges associated with the actual dipole. In fact, this is always the case.

From the foregoing discussion it can be seen that the field due to an
antenna in the presence of the conductor is the same as the resultant field of
the array formed by the actual antenna and the image antenna. There is, of
course, no field inside the conductor. The image antenna is only a virtual
antenna that serves to simplify the field determination outside the conductor.
The simplification results from the fact that we can use the knowledge gained
on antenna arrays to determine the radiation pattern.

Thus, for example, for a vertical Hertzian dipole at a height of /2 above
the conductor surface, the radiation pattern in the vertical plane is the product
of the unit pattern, which is the radiation pattern of the single dipole in the
plane of its axis, and the group pattern corresponding to an array of two
isotropic radiators spaced A apart and fed in phase. This multiplication and
the resultant pattern are illustrated in Fig. 10.19. The radiation patterns for
the case of the horizontal dipole can be obtained in a similar manner.

X _ /%
\\~_—‘, N N’ =
¢/ \\ \ -

(R4 <t

Figure 10.19. Determination of radiation pattern in the vertical plane for a
vertical Hertzian dipole above a plane perfect conductor surface.

Corner To discuss another example of the application of the image-antenna
reflector concept, we shall consider the corner reflector, an arrangement of two plane
perfect conductors at an angle to each other, as shown by the cross-sectional
view in Fig. 10.20, for the case of 90° angle. We shall assume that each

3 1 Actual
Image dy—»1t<—d, Hertzian
Dipole
d, d

1
d

d d Figure 10.20. Application of image-

é)* P N R 4,<£ ) o
Image 2 | 2 Image antenna concept to obtain the radiation

4 | 2 pattern for a Hertzian dipole in the

| presence of a corner reflector.

S
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conductor is semi-infinite in extent. For a Hertzian dipole situated parallel
to both conductors, the locations and polarities of the images can be obtained
to be as shown in the figure. Using the pattern multiplication technique, the
radiation pattern in the cross-sectional plane can then be obtained.

For an example, let d; = d, = A/4. Then using the notation in Fig.
10.20, we can consider antennas 1 and 2 as constituting a unit for which the

sin <g sin x!;)

is measured from the line which is perpendicular to the axis of the array.
Antennas 3 and 4 constitute a similar unit except for opposite polarity so that

pattern is , which is that of case 2 in Ex. 10.3, except that ¢s

the group pattern for the two units is

sin (% cos 1};) ‘ Thus the required

. [T . .
sin (5 sin tp) sin (—2— cos l,l;) ‘

which is shown plotted in Fig. 10.21.

radiation pattern is

Figure 10.21. Radiation pattern in the
cross-sectional plane for the case of
v d, = d, = M\/4 in the arrangement of
Fig. 10.20.

D10.8. For the Hertzian dipole in the presence of a corner reflector of Fig. 10.20,
let r be the ratio of the radiation field at a point in the cross-sectional plane
and along the line extending from the corner through the dipole to the radiation
field at the same point in the absence of the corner reflector. Find the value
of r for each of the following cases: (a) d; = d, = N2, () dy = d, =
V2\; and () d; = 0.3\, d, = 0.4\,

Ans: 4; 0; 3.275

710.6 RECEIVING PROPERTIES

Reciprocity

Thus far we have considered the radiating, or transmitting, properties of
antennas. Fortunately, it is not necessary to repeat all the derivations for the
discussion of the receiving properties of antennas since reciprocity dictates
that the receiving pattern of an antenna be the same as its transmitting pattern.
To illustrate this in simple terms without going through the general proof of
reciprocity, let us consider a Hertzian dipole situated at the origin and directed
along the z-axis, as shown in Fig. 10.22. We know that the radiation pattern
is then given by sin 6 and that the polarization of the radiated field is such
that the electric field is in the plane of the dipole axis.

To investigate the receiving properties of the Hertzian dipole, we assume
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Loop
antenna

dl

Figure 10.22. For investigating the re-
x ceiving properties of a Hertzian dipole.

that it is situated in the radiation field of a second antenna so that the incoming
waves are essentially uniform plane waves. Thus let us consider a uniform
plane wave with its electric field E in the plane of the dipole and incident on
the dipole at an angle 6 with its axis, as shown in Fig. 10.22. Then the
component of the incident electric field parallel to the dipole is E sin 6. Since
the dipole is infinitesimal in length, the voltage induced in the dipole, which
is the line integral of the electric field intensity along the length of the dipole,
is simply equal to (E sin 6) dl or to E dl sin #. This indicates that for a given
amplitude of the incident wave field, the induced voltage in the dipole is
proportional to sin §. Furthermore, for an incident uniform plane wave having
its electric field normal to the dipole axis, the voltage induced in the dipole
is zero; that is, the dipole does not respond to polarization with electric field
normal to the plane of its axis. These properties are reciprocal to the transmitting
properties of the dipole. Since an arbitrary antenna can be decomposed into
a series of Hertzian dipoles, it then follows that reciprocity holds for an
arbitrary antenna. Thus any transmitting antenna can be used as a receiving
antenna and vice versa.

Let us consider the loop antenna, a common type of receiving antenna.
A simple form of loop antenna consists of a circular loop of wire with a pair
of terminals. We shall orient the circular loop antenna with its axis aligned
with the z-axis, as shown in Fig. 10.23, and we shall assume that it is electrically

Figure 10.23. A circular loop antenna.
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Effective
area

short; that is, its dimensions are small compared to the wavelength of the
incident wave, so that the spatial variation of the field over the area of the
loop is negligible. For a uniform plane wave incident on the loop, we can
find the voltage induced in the loop, that is, the line integral of the electric
field intensity around the loop, by using Faraday’s law. Thus if H is the
magnetic field intensity associated with the wave, the magnitude of the induced
voltage is given by

Vi

d
dt area of
the loop

B

H+dSi, (10.51)

— u—
dt area of
the loop

‘ d

o,
ot

MA

where A is the area of the loop. Hence the loop does not respond to a wave
having its magnetic field entirely parallel to the plane of the loop, that is,
normal to the axis of the loop.

For a wave having its magnetic field in the plane of the axis of the loop,
and incident on the loop at an angle # with its axis, as shown in Fig. 10.23,
H, = H sin 0 and hence the induced voltage has a magnitude

H
V] = ud aa_t sin 6 (10.52)

Thus the receiving pattern of the loop antenna is given by sin 6, same as that
of a Hertzian dipole aligned with the axis of the loop antenna. The loop
antenna, however, responds best to polarization with magnetic field in the
plane of its axis, whereas the Hertzian dipole responds best to polarization
with electric field in the plane of its axis.

Example 10.4.

The directional properties of a receiving antenna can be used to locate the source
of an incident signal. To illustrate the principle, as already discussed in Sec.
3.2, let us consider two vertical loop antennas, numbered 1 and 2, situated on
the x-axis at x = 0 m and x = 200 m, respectively. By rotating the loop antennas
about the vertical (z-axis), it is found that no (or minimum) signal is induced in
antenna 1 when it is in the xz-plane and in antenna 2 when it is in a plane making
an angle of 5° with the axis, as shown by the top view in Fig. 10.24. Let us
find the location of the source of the signal.

Since the receiving properties of a loop antenna are such that no signal is
induced for a wave arriving along its axis, the source of the signal is located at
the intersection of the axes of the two loops when they are oriented so as to
receive no (or minimum) signal. From simple geometrical considerations, the
source of the signal is therefore located on the y-axis at y = 200/tan 5° or 2.286
km.

A useful parameter associated with the receiving properties of an antenna
is the effective area, denoted A,, and defined as the ratio of the time-average
power delivered to a matched load connected to the antenna to the time-
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\ antennas used to locate the source of
x an incident signal.

average power density of the appropriately polarized incident wave at the
antenna. The matched condition is achieved when the load impedance is
equal to the complex conjugate of the antenna impedance.

Let us consider the Hertzian dipole and derive the expression for its
effective area. First, with reference to the equivalent circuit shown in Fig.
10.25, where V. is the open-circuit voltage induced between the terminals of
the antenna, Z, = R, + jX, is the antenna impedance, and Z, = Z% is the
load impedance, we note that the time-average power delivered to the matched

load is
1(|[Vodl\?
Pr = 2 <2RA> Ry

_ Vo
TSR,
For -a Hertzian dipole of length /, the open-circuit voltage is
Vo = El (10.54)

where E is the electric field of an incident wave linearly polarized parallel to
the dipole axis. Substituting (10.54) into (10.53), we get

(10.53)

272

Pp = %L—i (10.55)
For a lossless dipole, R, = R4 = 807(I/\)?, so that

Py = [EF\ (10.56)

R 640m° '

The time-average power density at the antenna is

[EP _ [EP

2_770 = 240 (10.57)

~I

oc
Figure 10.25. Equivalent circuit for a
receiving antenna connected to a load.
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Friis
transmission
SJormula

Thus the effective area is

_ [EPNY/640 7
" |[EP/240x (10.58)
3\
T 8w
or
A, = 0.1194)\ (10.59)

In practice, R, is greater than R, due to losses in the antenna, and the
effective area is less than that given by (10.59). Rewriting (10.58) as

)\2
A, =1.5x —
¢ 4
and recalling that the directivity of the Hertzian dipole is 1.5, we observe that
)\2
A, =—D (10.60)
47

Although we have obtained this result for a Hertzian dipole, it can be shown
that it holds for any antenna.

We shall now derive the ‘‘Friis transmission formula,”” an important
equation in making communication link calculations. To do this, let us consider
two antennas, one transmitting and the other receiving, separated by a distance
d. Let us assume that the antennas are oriented and polarization matched so
as to maximize the received signal. Then if P is the transmitter power radiated
by the transmitting antenna, the power density at the receiving antenna is
(P;/4wd*)Dy, where Dy is the directivity of the transmitting antenna. The
power received by a matched load connected to the terminals of the receiving
antenna is then given by

s

T 4wd?

where A, is the effective area of the receiving antenna. Thus the ratio of
Py to Py is given by

P Acr (10.61)

P R D TAeR

- = 10.62

P, 4md® ( )
Denoting A, to be the effective area of the transmitting antenna if it were
receiving, and using (10.60), we obtain

Pr  AA,
,TR = # (10.63)
T

Equation (10.63) is the Friis transmission formula. It gives the maximum
value of P,/Pr for a given d and for a given pair of transmitting and receiving
antennas. If the antennas are not oriented so as to receive the maximum
signal, or if a polarization mismatch exists, or if the receiving antenna is not
matched to its load, Pr/P; would be less than that given by (10.63). Losses
in the antennas would also decrease the value of Pg/P;.
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An alternative formula to (10.63) is obtained by substituting for A, in
(10.62) in terms of the directivity Dy of the receiving antenna if it were used
for transmitting. Thus we obtain

Pr DD\’
Fj = 1g7r2Rd2 (10.64)

D10.9. A communication link in free space uses two linear antennas of equal lengths
1 m, oriented parallel to each other and normal to the line joining their centers.
The antennas are separated by distance d = 1 km. Find the maximum value
of Py/Pr for each of the following frequencies of operation: (a) f = 5 MHz;
(b) f = 10 MHz; and (c) f = 150 MHz.
Ans: 51.3 X 107% 12.8 x 107% 6.8 x 107®

10.7 SUMMARY

In this chapter we studied the principles of antennas. We first introduced the
Hertzian dipole, which is an elemental wire antenna and derived the electro-
magnetic field due to the Hertzian dipole by using the retarded magnetic vector
potential. For a Hertzian dipole of length dl, oriented along the z-axis at the
origin, and carrying current

I(t) = I, cos wt
we found the complete electromagnetic field to be given by

_ 21, dl cos G[Sin (wt — Br) 4 B cos (wt — Br)] i

2
drew r ¥

E

3 2

+ I, dl sin B[Sin (wt — Br) + B cos (wt — Br)
r r

dmew

_ pBsin (ot — Br)] :

r

477 r? r

i = Jodlsin 0[cos (ot — Br) B sin (ot — Br)] .
= — l¢

where 8 = w\/pue is the phase constant.

For Br >> 1 or for r >> \/2m, the only important terms in the complete
field expressions are the 1/r terms since the remaining terms are negligible
compared to these terms. Thus for r >> A/27, the Hertzian dipole fields are

given by
1, dl si
E=— MSin(mt — B,
47r
I, dlsin 6 .
H = —B—%sm(wt—ﬁr)id,

where n = \/ﬂ is the intrinsic impedance of the medium. These fields,
known as the radiation fields, correspond to locally uniform plane waves
radiating away from the dipole and, in fact, are the only components of the
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complete fields contributing to the time-average radiated power. We found
the time-average power radiated by the Hertzian dipole to be given by

1| 2my (dI\*
< > = — — -
Prad 2IO|: 3 (}\>

and identified the quantity inside the brackets to be its radiation resistance.
The radiation resistance, R,,4, of an antenna is the value of a fictitious resistor
that will dissipate the same amount of time-average power as that radiated
by the antenna when a current of the same peak amplitude as that in the
antenna is passed through it. Thus for the Hertzian dipole,

_ 2mm (dl 2
Rrad'— 3 ()\)

We then examined the directional characteristics of the radiation fields of the
Hertzian dipole, as indicated by the factor sin 6 in the field expressions and
hence by the factor sin’ 6 for the power density. We discussed the radiation
patterns and introduced the concept of the directivity of an antenna. The
directivity, D, of an antenna is defined as the ratio of the maximum power
density radiated by the antenna to the average power density. For the Hertzian
dipole,
D=1.5

For the general case of a power density pattern f(0, ¢), the directivity is given
by

(S0, D)lmax
™ T 21
L=0 L=Of(0, ) sin 6 dO ddo

As an illustration of obtaining the radiation fields due to a wire antenna
of arbitrary length and arbitrary current distribution by representing it as a
series of Hertzian dipoles and using superposition, we considered the example
of a half-wave dipole and derived its radiation fields. We found that for a
center-fed half-wave dipole of length L (= A/2), oriented along the z-axis with
its center at the origin, and having the current distribution given by

D=4

I(z)=Iocos%zcoswt for—%<z<§
the radiation fields are
nly cos [(7/2) cos 6] . T\,
E = m— — — —
2ar sin 6 Sin | @t L )t
Iy, cos[(m/2)cos 6] . T\,
H= - > - =
2mr sin 6 sin | ! L )t

From these, we sketched the radiation patterns and computed the radiation
resistance and the directivity of the half-wave dipole to be

R4 = 73Q for free space
D = 1.642

We then extended the computation of these quantities to the case of a center-
fed linear antenna of length equal to an arbitrary number of wavelengths.
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We discussed antenna arrays and introduced the technique of obtaining
the resultant radiation pattern of an array by multiplication of the unit and
the group patterns. For an array of two antennas having the spacing d and
fed with currents of equal amplitude but differing in phase by «, we found

(Bd cosy + w)
2

angle measured from the axis of the array, and we investigated the group
patterns for several pairs of values of d and a. For example, for d = /2
and « = 0, the pattern corresponds to maximum radiation broadside to the
axis of the array, whereas for d = A/2 and @ = , the pattern corresponds
to maximum radiation endfire to the axis of the array. We generalized the
treatment to a uniform linear array of n antennas and briefly discussed the
principle of a broad-band array.

To take into account the effect of ground on antennas, we introduced
the concept of an image antenna in a perfect conductor and discussed the
application of the array techniques in conjunction with the actual and the im-
age antennas to obtain the radiation pattern of the actual antenna in the
presence of the ground. As another example of the image antenna concept,
we considered the corner reflector.

Finally, we discussed receiving properties of antennas. In particular,
(1) we discussed the reciprocity between the receiving and radiating properties
of an antenna by considering the simple case of a Hertzian dipole, (2) we
considered the loop antenna and illustrated the application of its directional
properties for locating the source of a radio signal, and (3) we introduced the
effective area concept and derived the Friis transmission formula.

the group pattern for the fields to be |cos , where s is the

REVIEW QUESTIONS

R10.1. What is a Hertzian dipole? Discuss the time-variations of the current and
charges associated with the Hertzian dipole.

R10.2. Discuss the analogy between the magnetic vector potential due to an infinitesimal
current element and the electric scalar potential due to a point charge.

R10.3. To what does the word ‘‘retarded’’ in the terminology ‘‘retarded magnetic
vector potential’’ refer? Explain.

R10.4. Outline the derivation of the electromagnetic field due to the Hertzian dipole.
R10.5. Discuss the characteristics of the electromagnetic field due to the Hertzian
dipole.

R10.6. What are radiation fields? Why are they important? Discuss their characteristics.
R10.7. Define the radiation resistance of an antenna.

R10.8. Why is the expression for the radiation resistance of a Hertzian dipole not
valid for a linear antenna of any length?

R10.9. What is a radiation pattern?
R10.10. Discuss the radiation pattern for the power density due to the Hertzian dipole.
R10.11. Define the directivity of an antenna. What is the directivity of a Hertzian
dipole?
R10.12. How do you find the radiation fields due to an antenna of arbitrary length
and arbitrary current distribution?
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R10.13.

R10.14.

R10.15.

R10.16.
R10.17.

R10.18.
R10.19.

R10.20.
R10.21.
R10.22.

R10.23.
R10.24.
R10.25.
R10.26.
R10.27.
R10.28.
R10.29.

R10.30.
R10.31.

R10.32.

Discuss the evolution of the half-wave dipole from an open-circuited transmission
line.

Justify the approximations involved in evaluating the integrals in the determination
of the radiation fields due to the half-wave dipole.

What are the values of the radiation resistance and the directivity for a half-
wave dipole?

What is an antenna array?

Justify the approximations involved in the determination of the resultant field
of an array of two antennas.

What is an array factor? Provide a physical explanation for the array factor.

Discuss the concept of unit and group patterns and their multiplication to
obtain the resultant pattern of an array.

Distinguish between broadside and endfire radiation patterns.
Discuss the principle of a phased array.

Discuss the principle of a broad-band array using as an example the log-
periodic dipole array.

Discuss the concept of an image antenna to find the field of an antenna in
the vicinity of a perfect conductor.

What determines the sense of the current flow in an image antenna relative
to that in the actual antenna?

How does the concept of an image antenna simplify the determination of the
radiation pattern of an antenna above a perfect conductor surface?

Discuss the application of the image antenna concept to the 90° corner reflector.

Discuss the reciprocity associated with the transmitting and receiving properties
of an antenna. Can you think of a situation in which reciprocity does not
hold?

What is the receiving pattern of a loop antenna? How should you orient a
loop antenna to receive (a) a maximum signal and (b) a minimum signal?

Discuss the application of the directional receiving properties of a loop antenna
in the location of the source of a radio signal. '

How is the effective area of a receiving antenna defined?

Outline the derivation of the expression for the effective area of a Hertzian
dipole.

Discuss the derivation of the Friis transmission formula.

PROBLEMS

P10.1.
P10.2.

P10.3.

P10.4.

Show that Egs. (10.9) and (10.10) satisfy the Maxwell’s curl equation for E.
For the electromagnetic field due to the Hertzian dipole, show that (a) the
time-average value of the #-component of the Poynting vector is zero and
(b) the contribution to the time-average value of the r-component of the Poynting
vector is completely from the terms involving 1/7.

Show that the field expressions obtained by replacing w? in Egs. (10.11) and
(10.12) by (wt — Br) do not satisfy Maxwell’s curl equations.

A Hertzian dipole of length 0.1 m situated at the origin and oriented along
the positive z-direction carries the current 10 cos® 27w X 10’t A. Find the root
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P10.5.

P10.6.

P10.7.

P10.8.

P10.9.

P10.10.

P10.11.

P10.12.

P10.13.
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mean square values of E,, E,;, and H, at the point (5, #/6, 0). Assume free
space for the medium.

Show that the radiation fields given by Eqgs. (10.17a) and (10.17b) do not by
themselves satisfy simultaneously the Maxwell’s curl equations.

Find the value of r at which the amplitude of the radiation field term in the
0-component of E in (10.10) is equal to the resultant amplitude of the remaining
two terms.

Find the amplitude I, of the current with which a Hertzian dipole of length
0.1 m has to be excited at a frequency of 30 MHz to produce an electric field
intensity of amplitude 1 mV/m at a distance of 1 km broadside to the dipole,
in free space. What is the time-average power radiated for the computed value
of Io‘)

The power density pattern for an antenna located at the origin is given by

_ Jcosec’d form/6=0=<w/2
16, 9) = {0 otherwise

Find the directivity of the antenna.

For the half-wave dipole of Sec. 10.3, find the magnetic vector potential for
the radiation fields and show that the radiation fields obtained from it are the
same as those given by Egs. (10.31a) and (10.31b).

Find the maximum amplitude I, of the current with which a linear dipole of
Iength 5 m has to be excited at a frequency of 30 MHz in order to produce
an electric field intensity of amplitude 1 mV/m at a distance of 1 km broadside
to the dipole, in free space. What is the time-average power radiated for the
computed value of 1,?

Repeat Prob. P10.10 for a linear dipole of length 5 m excited at a frequency
of 150 MHz.

A short dipole is a center-fed straight wire antenna having a length small
compared to a wavelength. The amplitude of the current distribution can then
be approximated as decreasing linearly from a maximum at the center to zero
at the ends. Thus for a short dipole of length L lying along the z-axis between

z = —L/2 and z = L/2, the current distribution is given by
Io<1 + %) cos wt for — %<z<0
Iz) =

2 L
Iy l—fz>coswt f0r0<z<5

(a) Obtain the radiation fields of the short dipole. (b) Find the radiation
resistance and the directivity of the short dipole.

Consider a circular loop antenna of radius a such that the circumference is
small compared to the wavelength. Assume the loop antenna to be in the xy-
plane, with its center at the origin, and the loop current to be I = I, cos wt
in the sense of increasing ¢. Show that for obtaining the radiation fields, the
magnetic vector potential due to the loop antenna is given by

_ /.LgI(ﬂTaZB sin 6
4arr
where 8 = o/v,. Then show that the radiation fields are

A= sin (w? — Br) iy

_ nlyra’f’ sin 6

E
4arr

cos (wt — Br) i,
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P10.14,.

P10.15.

P10.16.

P10.17.

P10.18.

P10.19.

P10.20.

P10.21.

P10.22.

P10.23.

Iyma’8? sin @
47y

Find the radiation resistance and the directivity of the circular loop antenna
of Prob. P10.13. Compare the dependence of the radiation resistance on the
electrical size (circumference/wavelength) to the dependence of the radiation
resistance of the Hertzian dipole on its electrical size (Ilength/wavelength).
For the array of two Hertzian dipoles in Fig. 10.11, find and sketch the resultant
pattern in the xz-plane for each of the following cases: (@) d = A4, a =
—m/2,and (b) d = A\, a = 0.
For the array of two Hertzian dipoles in Fig. 10.11, assume d << A and o =
7. Obtain an approximate expression for the three-dimensional power density
pattern f(8, ¢) and find the directivity.
For a linear binomial array of » antennas, the amplitudes of the currents in
the elements are proportional to the coefficients in the polynomial (1 + x)* .

n-1
cos <Bd cos + a)

) , where d is the spacing

between the elements and « is the progressive phase shift.

For the uniform linear array of n isotropic antennas of Fig. 10.15, assume
a = 0 so that the group pattern is a broadside pattern. Show that for large
n and for nd >> A, the beamwidth between the first nulls (BWFN), that is,
the angular spacing between the nulls on either side of the main lobe of the
group pattern, is approximately equal to 2A/L, where L is the length of the
array.

Repeat Prob. P10.18 for « = —Bd, which corresponds to the case of an endfire
array and show that the BWFN is approximately equal to /8\/L.

The pattern multiplication technique can be used in reverse to synthesize an
array for a specified radiation pattern. Find an arrangement of isotropic elements
having the group pattern

sin (2w cos ¢) 2 <g cos lll)

sin [(7/2) cos ] *O°

For a horizontal half-wave dipole at a height A/4 above a plane perfect conductor
surface, find and sketch the radiation pattern in (a) the vertical plane perpendicular
to the axis of the antenna and (b) the vertical plane containing the axis of the
antenna.

A 7/4 monopole is situated parallel to one side and perpendicular to the other
side of a 90° corner reflector, as shown in Fig. 10.26. Find the radiation
pattern in the plane of the paper as a function of the angle 6.

H = cos (wt — B iy

Show that the group pattern is

Fe— N/4 —
9/ A4
/

/

Figure 10.26. For Prob. P10.22.

A corner reflector is made up of two semi-infinite plane perfect conductors
at an angle of 60°, as shown by the cross-sectional view in Fig. 10.27. A
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P10.24.

P10.25.

P10.26.

-~
-~

&
30° ~ @
PN
-\ 30° Figure 10.27. For Prob. P10.23.

Hertzian dipole is situated parallel to the conductors, at a distance A\/3 from
the corner along the bisector of the two conductors. Find the ratio of the ra-
diation field at a point broadside to the dipole and along the bisector of the
two conductors to the radiation field at the same point in the absence of the
corner reflector.

An arrangement of two identical Hertzian dipoles situated at the origin and
oriented along the x- and y-axes, known as the turnstile antenna, is used for
receiving circularly polarized signals arriving along the z-axis. Determine how
you would combine the voltages induced in the two dipoles so that the turnstile
antenna is responsive to circular polarization rotating in the clockwise sense
as viewed by the antenna but not to that of the counterclockwise sense of
rotation.

An interferometer consists of an array of two identical antennas with spacing
d = 3. For a uniform plane wave incident on the array at an angle ¢ to the
axis of the array, as shown in Fig. 10.28, the phase difference A¢ between
the voltage induced in antenna 1 and the voltage induced in antenna 2 is
measured to be 60°. Find all possible values of i, taking into account the
fact that the phase measurement is ambiguous by the amount +2nsw, where
n is an integer. What should be the upper limit for the spacing between the
antennas for ¢ to be determined unambiguously for the measured value of 60°
for the phase difference?

2 Figure 10.28. For Prob. P10.25.

A communication link at a frequency of 30 MHz uses a half-wave dipole for
the transmitting antenna and a small loop for the receiving antenna. The
antennas are oriented so as to receive maximum signal and the receiving
antenna is matched to its load. The transmitting antenna is excited by a current
of maximum amplitude I, = 10 A. If the received time-average power is to
be 1 mW, find the maximum allowable distance between the two antennas.
Assume the antennas to be lossless.

PC EXERCISES

PC10.1.
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Modify the program of PL 10.3 to plot the group patterns for a linear binomial
array of n antennas (see Prob. P10.17). The input parameters are to be the
same as in PL 10.3.
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PC10.2. Write a program to plot the radiation pattern in the cross-sectional plane for
the arrangement in Fig. 10.20. (See Fig. 10.21 for an example.) The input
parameters are to be the value of d,/A and d,/\.

PC10.3. Consider the two-element interferometer in Prob. P10.25. Assuming the input
parameters to be the spacing d as a ratio of wavelength and the measured
phase difference A¢ in degrees between the voltage induced in antenna 1 and
the voltage induced in antenna 2, write a program to compute all possible
values of i in degrees.
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A

Curl, Divergence, Gradient,

and Laplacian
in Cylindrical and Spherical
Coordinate Systems

In Chap. 4 we introduced the curl, divergence, gradient, and Laplacian and
derived the expressions for them in the Cartesian coordinate system. In this
appendix we shall derive the corresponding expressions in the cylindrical and
spherical coordinate systems. Considering first the cylindrical coordinate system,
we recall from Sec. 1.3 that the infinitesimal box defined by the three orthogonal
surfaces intersecting at point P(r, ¢, z) and the three orthogonal surfaces
intersecting at point Q(r + dr, ¢ + do, z + dz) is as shown in Fig. A.1.

From the basic definition of the curl of a vector introduced in Sec. 4.3
and given by

VxA=1 i
A;I—I}O AS max b (A 1)
we find the components of V x A as follows with the aid of Fig. A.l:

§ aea
abcda

V x A),= lim ————
( ) ddl,To area abcd

dz—0
[Agle.or db + [Adeg+ap dz
. - [A¢](r,z+dz)r dd) - [Az](r,tb) dz
= lim
dp—0 r dd) dZ

dz—0

(A.2a)

~ lim [A )¢ 6440 — A + lim [Asle,) — [Aplrzran
db—0 rd¢ dz—0 dz

194, 04

r d¢ B E
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O(r +dr, ¢ +do, z +dz)

d
z b)\\
A
//r do \\\
a g
P(r, ¢,2)
dr (r+dr)dé Figure A.1. Infinitesimal box formed
by incrementing the coordinates in the
f cylindrical coordinate system.
e Adl
. adefa
(V X A)y= lim

dr—0 area adef

dr—0
[Ade.g) dz + [Adg.z1an dF
- [Az](r+dr,¢>) dZ - [Ar](¢,z) dr

T dr dz (A.2b)
dr—0
= lim [Ar](d),z+dz) [A ](¢ 2 + Lim [Az](r,qb) - [Az](r+dr,d>)
40 dz dr—0 dr
84, 94,
¥ or
§ e
(V x A),= lim SwEee

dr—0 area afgb

dp—0
[Ar](d),l) dr + [A¢](r+dr,z)(r + dr) dd)
= [Adg+ap,0 dr — [Agl,or dob

= lim

dr—0 rdr d(;b (AZC)
dp—0

- lim [VA¢](r+dr 2 [rAdz](r 2 4 lim [Ar](d),z) - [Ar](d>+dd>,z)
dr—0 rdr dp—0 r d¢

_ 104,

T ar r d¢p

Combining (A.2a), (A.2b) and (A.2¢c), we obtain the expression for the curl
of a vector in cylindrical coordinates as

V X A= 1aA % ir + (LA, _ % i¢
r a¢ 0z 0z ar
1 94,
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b,k
r ¢ r
a o6 0

Clor 9 oz (A-3)
A,- ’Ad’ AZ

To find the expression for the divergence, we make use of the basic
definition of the divergence of a vector, introduced in Sec. 4.3 and given by

A+dS

A =1
veA AzI)TO Av

Evaluating the right side of (A.4) for the box of Fig. A.1, we obtain
[Ar]r+dr(r + dr) dd) dZ - [Ar]rr dd) dZ + [A¢]¢+d¢ dr dZ
- [A¢]¢ drdz + [A) s ar drdd — [A]r dr do

Ve+A= lim

dr—0 rdrde dz

dp—0
dz—0

(A4

= lim [rA, 0 — [rA,l, + lim [A¢]¢>+d¢ - [A¢]¢
dr—0 rdr d¢—0 rd¢ (AS)

- [A
+ llm [Az]z+dz [ z]z
dz—0 dZ
14 10A dA
=-—(rA) + ——2 + —=
ror r,) r d¢ 9z
To obtain the expression for the gradient of a scalar, we recall from Sec.
1.3 that in cylindrical coordinates,

= dri, + rdé i, + dzi, (A.6)
Therefore
aq> BCIJ
db = — Y -
dr + P d¢> + d
od 10d 6(I> . . . .
_<ar r+;£1¢+ P 12) dri, + rdoi, + dz i) (A.7)
= V « dl
Thus
160, 6@
vo -2 41 i (A8)

+
or 6¢> Iy
To derive the expression for the Laplaman of a scalar, we recall from

Sec. 4.5 that
Vh = VeVD (A.9)

Then using (A.5) and (A.8), we obtain
P
a9z

19 od 19 (1P d
2, = - — el il + —
ve rar(r ar) * rac,t)(razb) az

1o a® 19% o'
ror or r° oo

(A.10)
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Turning now to the spherical coordinate system, we recall from Sec. 1.3
that the infinitesimal box defined by the three orthogonal surfaces intersecting
at P(r, 0, ¢) and the three orthogonal surfaces intersecting at Q(» + dr, 6 +
db, ¢ + d¢) is as shown in Fig. A.2. From the basic definition of the curl
of a vector given by (A.1), we then find the components of V X A as follows
with the aid of Fig. A.2:

b aea
V X A).= lim —=
( ) ,};Elo area abed
dp—0
[Aa](,,d,)r de + [A¢](r,9+d9)r sin (0 + d0) dd)
. — [Agl,+agyr A0 — [Ag)i,qr sin 0 dop
s , #* sin 0 d6 d¢
dp—0 (A.11a)
_ ]im [Ad’ Sin 0](,.,0_“19) - [Ad, Sin 0](,.’0)
d§—0 rsin 6 df
. [Ade,e) — [Adly,6+a0)
+ 1 . :
df_r,lo rsin 6 d¢
1 9 . 1 04,
=—=(A -
rsmeao( s Sin 6) rsin 6 ¢
o A dl
% A= Ii adefa
(V x A };To area adef
dr—0
[Agli-qr sin 6 do + [A;.-](O,d>+d¢) dr
_ - [A¢](r+dr,0)(r + dr)sin 0 d¢ — [Ar](9,¢) dr i
B d;‘l‘(, rsin 0 dr d¢
dr—0

(r +dr)sin 8 d¢

Mo +ar6+a0,0+dg)

eV
/ (r+dr)do

rdé

rsin (6 +d0) d¢
/

Figure A.2. Infinitesimal box formed by incrementing the coordinates in the
spherical coordinate system.
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[Ade,e+d0) — [Ad0.0)

- ,}‘il,r_r}o rsin 6 d¢
+ lim ["A¢](r,o) - [rA¢](r+dr,0)
dr—0 r dr
1 04, 19
T rsinfap  r ar(rA"’) (A-116)
§ aea
afgba
V x = —
( Ag dfglo area afgb
de—0
[Ar](o,¢) dr + [Ao](r+dr,¢)(r + dr) d
_ — [AJo+d0,6) dr — [Agle, oy dO
B d:l_n,o rdrdo
d6—0 (A.llC)
- lim [er](r+dr,¢) - [rAe](r,¢)
dr—0 rdr
+ lim (A4 dr — [A)o+as,p dr
d9—0 : rdo
19 10A,
= o A T

Combining (A.11a), (A.11b), and (A.11c), we obtain the expression for the
curl of a vector in spherical coordinates as

d . 04, |,
X A = 2 - Lo
v  sin o[ao(A"’ sin0) — %4 ]"
I[| 1 04 ]
) r _— A .
- r[sin 6dp or (r 4,)]10
1l ¢ 04, |.
+ ;[5 (rAq) — 20 ]1¢ (A.12)
i, iy iy
r’sin@ rsin@ r
-l s o
ar a0 3
A, rA, rsin 0 A,

To find the expression for the divergence, we make use of the basic
definition of the divergence of a vector given by (A.4) and by evaluating its
right side for the box of Fig. A.2, we obtain

[A),+4(r + dr)’sin 0 d8 dp — [A,]+* sin 0 d6 d¢

+ [Agloraer sin (8 + dB) dr d — [Agler sin 8 dr do
+ [Aglysagr dr d6 — [Aglyr dr df

VeA= i

a0 7 sin 0 dr do do

do—0
d¢p—0
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- li [VZA,],.,.d, [rzA ] ]im [Ao Sil’l 0]9+d9 - [Ag Sin 0]0
dr—0 r dr d8—0 rsin 0 do

[ ¢]¢>+d¢ - [A¢]¢

b
i sin 0 db
1o, 1 o4,
=90 A +— A.13
r*or (rA) + ¥ sin 060( o Sin 6) rsin @ a¢ (A.13)

To obtain the expression for the gradient of a scalar, we recall from Sec.
1.3 that in spherical coordinates,

dl=a’ri,+rd0i9+rsin0d¢>i¢ (A.14)
Therefore
od od
d<I>=—d +— —
de + P de
P, 21 16<I) 1 a_@i
T e rsin 0 a¢p ? (A.15)
*(dri, + rdbiy, + rsin 6 de iy)
= Vb dl
Thus
oP 160 1 oD,
V(D_E +_6010+—rsin0£l¢ (A.16)

To derive the expression for the Laplacian of a scalar, we make use of
(A.9), in conjunction with (A.13) and (A.16). Thus we obtain

19/, 1 o (1ad
\& — |+ —\l-—=
®= r*.or <r 6r> r sin 6 860 (r a6 sin 0)

4 1 9 1 9P
rsin 6 d¢ \ rsin 0 ¢ (A.17)

_li rza_(p + 1 _a_. 02
T o or % sin 6 96 96

1o’
r* sin’f a2
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Units and Dimensions

In 1960 the International System of Units was given official status at the
Eleventh General Conference on weights and measures held in Paris, France.
This system of units is an expanded version of the rationalized meter-kilogram-
second-ampere (MKSA) system of units and is based on six fundamental or
basic units. The six basic units are the units of length, mass, time, current,
temperature, and luminous intensity.

The international unit of length is the meter. It is exactly 1,650,763.73
times the wavelength in vacuum of the radiation corresponding to the unperturbed
transition between the levels 2p,, and 5ds of the atom of krypton-86, the
orange-red line. The international unit of mass is the kilogram. It is the mass
of the International Prototype Kilogram which is a particular cylinder of platinum-
iridium alloy preserved in a vault at Sevres, France, by the International
Bureau of Weights and Measures. The international unit of time is the second.
It is equal to 9,192,631,770 times the period corresponding to the frequency
of the transition between the hyperfine levels F = 4, M = 0 and F = 3,
M = 0 of the fundamental state °S,/, of the cesium-133 atom unperturbed by
external fields.

To present the definition for the international unit of current, we first
define the newton, which is the unit of force, derived from the fundamental
units meter, kilogram, and second in the following manner. Since velocity is
rate of change of distance with time, its unit is meter per second. Since
acceleration is rate of change of velocity with time, its unit is meter per second
per second or meter per second squared. Since force is mass times acceleration,
its unit is kilogram-meter per second squared, also known as the newton.
Thus, the newton is that force which imparts an acceleration of 1 meter per
second squared to a mass of 1 kilogram. The international unit of current,
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which is the ampere, can now be defined. It is the constant current which
when maintained in two straight, infinitely long, parallel conductors of negli-
gible cross section and placed 1 meter apart in vacuum produces a force of
2 x 1077 newtons per meter length of the conductors.

The international unit of temperature is the Kelvin degree. It is based
on the definition of the thermodynamic scale of temperature by means of the
triple-point of water as a fixed fundamental point to which a temperature of
exactly 273.16 degrees Kelvin is attributed. The international unit of luminous
intensity is the candela. It is defined such that the luminance of a blackbody
radiator at the freezing temperature of platinum is 60 candelas per square
centimeter.

~ We have just defined the six basic units of the International System of
Units. Two supplementary units are the radian and the steradian for plane
angle and solid angle, respectively. All other units are derived units. For
example, the unit of charge which is the coulomb is the amount of charge
transported in 1 second by a current of 1 ampere; the unit of energy which
is the joule is the work done when the point of application of a force of 1
newton is displaced a distance of 1 meter in the direction of the force; the
unit of power which is the watt is the power which gives rise to the production
of energy at the rate of 1 joule per second; the unit of electric potential
difference which is the volt is the difference of electric potential between two
points of a conducting wire carrying constant current of 1 ampere when the
power dissipated between these points is equal to 1 watt; and so on. The
units for the various quantities used in this book are listed in Table B.1,
together with the symbols of the quantities and their dimensions.

Dimensions are a convenient means of checking the possible validity of
a derived equation. The dimension of a given quantity can be expressed as
some combination of a set of fundamental dimensions. These fundamental
dimensions are mass (M), length (L), and time (7). In electromagnetics, it
is the usual practice to consider the charge (Q), instead of the current, as the
additional fundamental dimension. For the quantities listed in Table B.1, these
four dimensions are sufficient. Thus, for example, the dimension of velocity
is length (L) divided by time (T), that is, LT~ !; the dimension of acceleration
is length (L) divided by time squared (7%, that is, LT %; the dimension of
force is mass (M) times acceleration (LT~ ?), that is, MLT%; the dimension
of ampere is charge (Q) divided by time (T), that is, QT~"; and so on.

To illustrate the application of dimensions for checking the possible
validity of a derived equation, let us consider the equation for the phase
velocity of an electromagnetic wave in free space, given by

1
v, =
8 V Ko€o

We know that the dimension of v, is LT~'. Hence we have to show that the
dimension of 1/V/ g, is also LT~'. To do this, we note from Coulomb’s law
that

I 1
® " 4xFR?

Hence, the dimension of ¢, is Q°/[(MLT *)(L*)] or M~'L~*T*Q% We note
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from Ampere’s law of force applied to two infinitesimal current elements
parallel to each other and normal to the line joining them that

47FR?
Mo = 7 7 97
(I, di)), dl,)
Hence the dimension of g is [(MLT 2)(LH]/(QT 'L)* or MLQ %, Now we
obtain the dimension of 1/Vuee, as 1/\/ (M~ 'L™>T*Q*)MLQ™*) or LT™',
which is the same as the dimension of v,. It should, however, be noted that
the test for the equality of the dimensions of the two sides of a derived equation
is not a sufficient test to establish the equality of the two sides since any
dimensionless constants associated with the equation may be in error.

It is not always necessary to refer to the table of dimensions for checking
the possible validity of a derived equation. For example, let us assume that
we have derived the expression for the characteristic impedance of a transmission
line, i.e., V/¥/% and we wish to verify that \/%#/% does indeed have the
dimension of impedance. To do this, we write

A wZl wL 1
Jé=Vear Jzz\/(“’L)<ZTc>

w8l
We now recognize from our knowledge of circuit theory that both wL and

1/wC, being the reactances of L and C, respectively, have the dimension of
impedance. Hence we conclude that \/%/€ has the dimension of

4/(impedance)’ or impedance.

TABLE B.1. SYMBOLS, UNITS, AND DIMENSIONS OF VARIOUS QUANTITIES

Quantity Symbol Unit Dimensions
Admittance Y mho ML TQ?
Area A square meter L?
Attenunation constant @ neper/meter L
Capacitance C farad ML T*Q?
Capacitance per unit length € farad/meter M™'L7T?Q?

X meter L
Cartesian coordinates y meter L

z meter L
Characteristic admittance Yo mho M™'L7’TQ?
Characteristic impedance Z, ohm ML*T™'Q™?
Charge 0, q coulomb o
Conductance G mho ML TQ?
Conductance per unit length 4 mho/meter ML TQ?
Conduction current density J. ampere/square meter L*T'Q
Conductivity o mho/meter M™'L™*TQ?
Current 1 ampere T°'Q
Cutoff frequency £ hertz T!
Cutoff wavelength A meter L

r, 1, meter L
Cylindrical coordinates ) radian —

Z meter L
Differential length element dl meter L
Differential surface element ds square meter L
Differential volume element dv cubic meter r

574

Units and Dimensions

Appendix B



TABLE B.1. (continued)

Quantity Symbol Unit Dimensions
Directivity D — —
Displacement flux density D coulomb/square meter L?Q
Electric dipole moment p coulomb-meter LQ
Electric field intensity E volt/meter MLT*Q™!
Electric potential \% volt ML T Q™!
Electric susceptibility Xe — —
Electron density N, (meter) > L
Electronic charge e coulomb [0}

Energy w joule ML*T™?
Energy density w joule/cubic meter ML™'T™?
Force F newton MLT?
Frequency f hertz T!
Group velocity v, meter/second LT!
Guide characteristic M, ohm MLT'Q™?
impedance
Guide wavelength A, meter L
Impedance Z ohm ML*T™'Q™?
Inductance L benry ML*Q™?
Inductance per unit length £ henry/meter MLQ™?
Intrinsic impedance ) ohm ML*T-'Q™?
Length l meter L
Line charge density L coulomb/meter L 'g
Magnetic dipole moment m ampere-square meter r'g
Magnetic field intensity H ampere/meter L-'T 'Q
Magnetic flux v weber MLT'Q™!
Magnetic flux density B tesla or weber/square MT'Q™!
meter
Magnetic susceptibility Xom — —
Magnetic vector potential A weber/meter MLT™'Q™!
Magnetization surface current Jos ampere/meter L'T'Q
density
Magnetization vector M ampere/meter L7'T'Q
Mass m kilogram M
Mobility “w square meter/volt-second M™'TQ
Permeability “ henry/meter MLQ™?
Permeability of free space Mo henry/meter MLQ™?
Permittivity e farad/meter M™'LT?Q?
Permittivity of free space € farad/meter M™'L™T*Q?
Phase constant B radian/meter L-!
Phase velocity v, meter/second LT
Polarization surface charge Pps coulomb/square meter LQ
density
Polarization vector P coulomb/square meter L™Q
Power P watt ML*T?
Power density D watt/square meter MT?
Poynting vector P watt/square meter MT™?
Propagation constant ¥ complex neper/meter L!
Propagation vector B radian/meter L!
Radian frequency ) radian/second T !
Radiation resistance R, ohm ML*T™'Q™?
Reactance X ohm MLT'Q™?
Reflection coefficient r — —
Refractive index n — —
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TABLE B.1. (continued)

Quantity Symbol Unit Dimensions

Relative permeability W, — —
Relative permittivity &, —_ —
Reluctance R ampere (turn)/weber M'L™Q?
Resistance R ohm ML T 'Q™?
Skin depth 8 meter L

v, r meter L
Spherical coordinates [ radian —

) radian —
Standing wave ratio SWR — —
Surface charge density Ps coulomb/square meter L™Q
Surface current density Js ampere/meter L™'T'Q
Susceptance B mho M™'LTTQ?
Time t second T
Transmission coefficient T — —
Unit normal vector i, — —
Velocity v meter/second LT™!
Velocity of light in free space c meter/second LT!
Voltage Vv volt MLT?Q"!
Volume 1% cubic meter L
Volume charge density p coulomb/cubic meter LQ
Volume current density J ampere/square meter LT7'Q
Wavelength A meter L
Work w joule MLT™?
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Answers to Selected
Problems

CHAPTER 1

1 1
PLL (2) 3 (0)0.75 (c)%

PL3. (@ -2 (b) -1 (¢ ~1, =5 (@)1
P1.7. 2/3

PL10. (a) C (b) B
2, + X%,
Vxt+ 4
P1.15. (a) —0.8 (b) \/21

V3

P1.17. (a) 1/2 (b) Tiz (c) —0.2588

(a)iw (b)ii“_+_ix (c)iiLZiy

V5 V2

P1.13. =

P1.19. 2i,
2i, — i
P1.22. d\/g
P1.25. (@) w(—yi, + xi,) (b) wr.is (c) or, sin 0 iy where o = 7.2722 X 107° rad/s
P1.28. rcosec’ 9 = Cy, ¢ = C,
P1.31. (b) =(0.8i, — 0.6i,) (c) along (0.6i, + 0.8i)
P1.33. (a) elliptical (b) —2
P1.35. +(0.213 = j3.155)

P1.37. 0.8585/66.188°
P1.40. 1 sin ¢ + 1 sin (2t — 36.87°)
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CHAPTER 2

P2.2.
P24,

P2.6.

P2.8.

P2.10.
P2.13.
P2.16.

P2.19.

P2.21.

P2.24.
P2.27.

P2.29,

P2.31.

CHAPTER 3
P3.1.
P3.4.
P3.6.
P3.9.

P3.11.
P3.13.

P3.15.

P3.18.
P3.21.

P3.24.

P3.26.

P3.28.

P3.30.

0.2650?
g L?
0.5224
2a ;
PR+ a
27a ;
AV
0.046u((I dz)* directed toward the origin
1, 0, 0.9428
@) 0.45ugi, (b) —0.057u4i,

EO(lx - ly); = (lx + ly)
Uy

aEy . . gk,
@ -Tri. 05, ©0

(b) 0.43 x 10" Hz
107%(—2i, + i) N-m
5 - (8yy - sxx) * \/(sxx - sy)')z + 48X)’8}’X
E, 2e,,
1
Eeft = 5 [(sxx + 8)’}’) * \/(sxx - Syy)z + 48Xy8y-"]

10~ "7(, + 2i,) N-m

@1/2 O

Tt

2

3/4

287

3

Byl(yy + a cos Ha sin ¢

(@) —2Byv, cos w(x — vet) (b) 0

(a) wAB, sin wt (b) 2wAB, sin 2wt (c) 0
107% cos 27 x 10% A

1
(a) 2Po (b) mp,

7
g[

8 1
(a)3C (b)6C
por’ pod’ .
El,forr<a,4—r21,forr>a
J 2 2
30—;i¢forr<a,'2—zi¢forr>a

Answers to Selected Problems

directed away from the center of the octahedron
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P3.33.

P3.36.

CHAPTER 4

P4.2.

P4.5.
P4.7.
P4.10.
P4.12.
P4.14.
P4.16.

P4.18.

P4.20.

P4.22,

P4.24.

P4.28.

CHAPTER 5

P5.1,
P5.3.
P5.5.

P5.8.

P5.10.

P5.13.

P5.15.
P5.18.
PS5.21.
P5.25.
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Pso

V3

HyG, + i, + 2i)

G, + i, + i)

-7

1 . .
(a) —; sin 27z sin 67 X 10% i,

E(\/3i, + i)

o7 o8 b7 x 108 — m(x — V32)]

(b)

No

o + B = w’pes

@ 6xyz O ()cos¢d (d)y4r + 2cos @

(a) No (b) yes (c) yes

(a) 2xe™ () —2for0<r<1,0forr>1 (c) (r — e’
V X v = 20i,

¢CA'dl:§s(V X A)‘dS= '—§
@) §s A= dS = $,(V+ &) dv =
M) s AedS = (Ve A dv =24

(@) xe™ (b) x’vyz* (¢) - % cos ¢ (d) sin @

1

\/g G, — 2i, + i)
2 dZ

% (3 cos? — 1); 4377Qa 5 [(3 cos’@ — 1)i, + 2 sin @ cos 6 i)
0 0

(a) 40.49g, J (b) interchange 12me, C and 167y C  (c) 36.81g, J
19.34p}a’/ &,
0.0751 013

T 1 . T
——forx < —m,—(sinx + x)for —# <x<mwm —forx>m
& € €

82xV0 &t + 81(.x - t)
———— fi <x <t —V <x <
@ @ S @ s
€&
(b) 192

et + g(d -9
Vor — b) 2meeh

(a—b)’b—-a
V, =30V, V,=2975V,V; =605V, V, =5V, Vs =825V
12.536¢4a

(@) — 0.0395 sin 10*wz V  (b) —65.285 sin 10°7t V
(@ 1.5 x 10 H/m (b) 319.4 A-t
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P5.27. 400 A-t

2N Ay,
P5.30. — ox + D
CHAPTER 6
oE, 4B, oH, aD,
d. =— —F=J +
P6.1 ay at = dy I oat
P6.3. (a) 10e™“*™ (b) 5 sin (10 — 2x) () 4(z + 20)}e @
P6.5.
-3 PO (8- 100m
1 1
] » Z, M ! o
-400 -200 O 200 -15 -05 10 1.5
(a) (c)
P6.8. (a) 300 MHz (b) 1 m (¢) —y-direction
(@) —0.1 cos (6w X 10% + 2my) i, A/m
P6.10. E = 37.7[cos(3m x 10t — 0.172) i, — sin Gm X 1077 + 0.17z) i)
H = 0.1[cos(37 X 10t ~ 0.172) i, — sin B x 1077 + 0.17x) i,]
P6.13. (a) 3Ejcos(wt — B2) i, + sin (wf — B2) i)]
— 2Ej[cos(wt — B2) iy — sin (ot ~ B2) i,]
V3E, . . .
(b) > [cos(wt — B2) i, + sin (wf — B2) i)]
Ey . . .
— 7[sm(wt — B2) i, — cos (ot — B2) i)
P6.15. Ratio = -5 @ L 1)1 @0
o 1 — 34’ 2
3 —
pe.17. — [ e +z -1 ,(1,1,1)
C VB + DR+ 2 —2z+1) \4'4°2
P6.20. (a) 21.224 m, 3.10
(b) 91.82¢™%%% ¢os (27r x 10% — 0.074z + 0.1988) i, V/m
P6.22. (c) [2.015¢7""% cos 27 x 10°t — 0.0246z + 0.18347)
+ 0.9425¢%% cos (6m x 10°t — 0.0596z + 0.10240)li, V/m
P6.25. 8, 2
P6.27. (a) 47 cos® 2w x 10% — 2a7) i,
(¢) [0.67e7™™ cos @m X 10°% — 20mz + w/4)
+ 0.38 7% cos (67 x 10% — 34.64 mz + w/4)]i, V/m
P6.30. (a) 1 Hz (b) 2 Hz
2 s .2 2
P6.32. (b) —ob_S00,  4Ewm
2V mo/ey ¥ 3V o/ €0
P6.34. (a) 0.1266 Eje * W/m® (b) 0.1095 E2 W
P6.37. 1.492 V/m
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P6.39.

N

4\ [Ex]t=1us’ Vim

> »

-300 0 150
(a)
CHAPTER 7
3 80
P7.2. 55H0s 3 80, 97
P7.4. 48.34 ()
1

g -
P7 911
P7.10. 125V, 25 Q, 60 Q, 2 us
P7.13.

[V]t=1.2us’V

96
?’—l
—» z/]
0 08 10
(a)

P7.16. 0.6 V*, —0.012 V*; 0.4 V*, 0.004 V*
P7.18. 16gy, 75 m, 8/15
P7.20. (a) 20 Q (b) iP
P7.22. (a) 5 ms (b) 7 ms
P7.24. % [1 — ¢ @VL-D for = T
P7.27.
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AlV]:2100m

I~

ﬁ A [Hy]t=1us’ V/m
319
» z,Mm
-300 0 150
(b)
[[]t= 1.2 us> A
0.4
' r-l > 2/l
0.8 LI 1.0
-0.6
(b)
> £, 1S
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P7.29. (a)

1\ [V]lson: Vv
75
37.5
I S A
! L ! > I, us
0 1 3 5
(b) 62.5 x 107°7J
P7.32. (a) V(, 1) = Vye @/ H = % [1 — e~@Dy)
0
(b)
AV I
ZyT
. -5 z,T
Ve Voe 2L ﬁ(l 2L )
Zy
______ - - 7’1
| | > 7 L » Z
0 12 1 0 112 I
P7.34.
A[V]z=[av A['V]z=o,v
10 = 51
ol v,
1.5 0s v, 5.4 e 46
0 % » ! 0 >
2 a4 = T N 7
U —08 Y ~0.4 Up Up a4 P
-7
P7.36. (a) 38.4 Q) (b) 48.4 O
CHAPTER 8
P8.3. 0 V, 0.559 A; 22.96 V, 0.319 A; 2795V, 0 A; 0 V, 0.559 A

nu,,
P8.6. -on= 1,2,3,...

P8.8. 0.2739 GHz, 1.0904 GHz

P8.10. (a) 15.92 MHz (b) 13.35 MHz, 18.98 MHz
P8.13. (40 — j30) 0, 22.22 W

P8.15. 60 Q, 0.3976

P8.18. 50 £, 0.051

P8.21. 526.8 MHz

P8.24. (a) 3 (b) 44 (c)2.25
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P8.26.
P8.28.
P8.31.
P8.34.
P8.36.

CHAPTER 9
P9.3.

P9.6.

P9.8.
P9.11.
P9.14.
P9.16.

P9.18.
P9.20.

P9.22.

P9.25.
P9.27.

P9.30.

CHAPTER 10

P10.4.
P10.6.
P10.8.
P10.11.

P10.14.

P10.16.
P10.20.

P10.23.
P10.26.
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0.032), 0.083A

0.019A to 0.075\

0.206\, 0.359\; or 0.294\, 0.141\

(a) 100.18 & (b) 0.0079 Np/m (c) 1.9835 x 10°* m/s
(a) 12.21' W (b) 15.44 W

(a) Yes (b) 9gg, 4p,
E, .
7" sin 107x [cos (4m X 10°%t — 27.7062z) + cos (67 x 10°t — 54.4142)]i,

—0.3063
(a) 2.16 x 10° m/s (b) 1.6583 x 10 m/s
424 cm < g = 4.47 cm

@
| |
| i
(@] O
| :
|

569.96Q ! 20333Q | 95.95Q

| |
, I
O [@]
[<—0.193—|

(b) 2.1

6.0093 GHz

6250 MHz (TE, ,); 8385.25 MHz (TE,,,,)); 9013.88 MHz (TE, ,, TM,,,);
9762.81 MHz (TE, ,,, TM,,,)

E, = —0.1716E, cos [6r x 10% + 10V2m(x — 2)]i,

E, = 0.8284E, cos [6m x 10% — 20m(x + 0.70712)] i,

(a) =0.269 (b) =1.036 (c) £0.527

0.4472

| g1 — &
sin Ia—
€o

1.5721 V/m, 0.4506 V/m, 1.5343 x 107* A/m ‘

0.2024)

6.075 [

0.0167 A, 0.0168 W ‘
4

Rmd=-7’6—"”-(2”T“>,D=1.5 |

sin* @ cos® ¢, 3.75

Six elements, spaced A/2 apart, fed in phase, and carrying currents in the

ratio 1:3:4:4:3:1

V3

2.3845 km
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A (see Magnetic vector potential)
Addition: .
of complex numbers, 37
- of sine functions, 39
of vectors, 3, 4
Air gap, 245, 246
Alternated transformer, 453
Ampere, definition of, 573
Ampere’s circuital law:
analogy with Faraday’s law, 169
illustration of, 132
in differential form, 170, 171, 201
in integral form, 131, 154, 169
statement of, 132, 154, 201
Ampere’s law of force, 62-63
experimental demonstration of,
128-29
Ampere turn, 245
Amplitude modulated signal, 483
group velocity for, 483
AM radio, 277
Anisotropic dielectric:
effective permittivity of, 91
permittivity tensor for, 90
wave propagation in, 308-9
Anisotropic dielectric materials, 90
Anisotropic magnetic materials, 96
Annealed sheet steel, B-H curve for,
245
Antenna:
directivity of, 531
effective area of, 553
half-wave dipole (see Half-wave
dipole)
Hertzian dipole (see Hertzian
dipole)
image, 549
linear (see Linear antenna)
loop (see Loop antenna)

Index

radiation pattern, 531
radiation resistance of, 530
short dipole, 560
Antenna array:
broad-band, 546
group pattern for, 542
linear binomial, 561
log-periodic dipole, 546
of two current sheets, 279-80
of two Hertzian dipoles, 540-42
principle of, 279
resultant pattern for, 542
uniform linear, 544
Antiferromagnetic materials, 93
Apparent phase velocities, 464, 510
Apparent wavelengths, 463, 510
Array (see Antenna array)
Array factor, 542
Atom, classical model of, 76
Attenuation constant, 288
for good conductor, 298
for imperfect dielectric, 297
units of, 288
Automobile, Doppler shift due to,
284-85

B (see Magnetic flux density)
Bandwidth, for transmission-line
matched system, 419
BASIC program (see PC program)
B-H curve, 98
for annealed sheet steel, 245
Bilinear transformation, 434
Biot-Savart law, 64, 101
Bounce diagram, 341
Bounce diagram technique:
for arbitrary voltage source, 347-
48

for constant voltage source, 341—
44
for initially charged line, 366—67
for system of three lines, 352-53
Boundary condition:
at transmission-line short circuit,
391
explained, 14748
for normal component of B, 151
for normal component of D, 150—
51
for tangential component of E,
148-49
for tangential component of H,
149-50
Boundary conditions:
at dielectric interface, 296
at transmission-line junction, 351
on perfect conductor surface, 300
summary of, 151, 155
Bound electrons, 76
Brewster angle, 502
Broad-band array, example of, 546
Broadside radiation pattern, 542

Cable, coaxial (see Coaxial cable)
Candela, definition of, 573
Capacitance, for concentric spheres,

Capacitance per unit area for
parallel-plate capacitor, 222,
224
Capacitance per unit length:
for arbitrary line, 335, 376
for coaxial cylinders, 224
for parallel-plate line, 326
related to inductance per unit
length, 326, 329
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Capacitor, current-to-voltage rela-
tionship for, 172
Capacitor circuit, 133
Cartesian coordinate system:
arbitrary curve in, 16
arbitrary surface in, 16
coordinates for, 10
curl in, 168
differential length vector in, 12, 42
differential surface vectors in, 15,
42
differential volume in, 15-16, 42
divergence in, 175
gradient in, 188, 203
Laplacian of scalar in, 191, 203
Laplacian of vector in, 192, 203
limits of coordinates, 17
orthogonal surfaces, 9
unit vectors, 10
Cathode ray tube, 52-54
Cavity resonator, 494
frequencies of oscillation, 495
Characteristic impedance, 329
experimental determination of,
44043
for arbitrary line, 335, 376
for coaxial cable, 332
for lossy line, 439
for low-loss line, 440
for microstrip line, 330
for parallel-plate line, 329
for parallel-strip line, 330
for parallel-wire line, 332
Characteristic polarizations, 90, 308
Charge, 1, 2, 51
conservation of, 140
line, 58
of an electron, 51
point (see Point charge)
surface, 58
unit of, 51
Charge density:
line, 58
surface, 58
volume, 58
Charge distributions, types of, 58
Charged particle motion:
" in electric and magnetic fields, 73—
76
in uniform magnetic field, 70
Circuit:
distributed (see Distributed equiva-
lent circuit)
magnetic (see Magnetic circuit)
Circuit theory:
distributed, 172
lumped, 171
Circular polarization, 30, 31-32, 278
clockwise, 278
counterclockwise, 278
left-handed, 278
right-handed, 278
Circulation, 113
per unit area, 179
Closed path, line integral around,
113
Closed surface, 118
Closed surface integral, 118
Coaxial cable, 331
characteristic impedance of, 332
Coercivity, 98
Communication, underwater, 299

586

Commutative property of vector dot
product, 5
Complete standing waves, 394
Complex number:
conjugate of, 37
conversion to exponential or polar
form, 36-37
exponential form, 35
polar form, 36
rectangular form, 35
Complex numbers, review of, 34-38
Computer solution of Laplace’s
equation, basis for, 225
Condenser microphone, 135-36
Conductance per unit area, for
parallel-plate arrangement, 222
Conduction, 77, 101
Conduction current, 79
Conduction current density, 79
relationship with E, 80, 101
Conductivities, table of, 80
Conductivity:
definition of, 80
units of, 80
Conductor:
good (see Good conductor)
in a static electric field, §1-83
perfect (see Perfect conductor)
Conductors, 77, 101
good, 297, 313
perfect, 300, 313
Conservation of charge, 140
law of, 140
Conservative fields:
examples of, 115
versus nonconservative fields, 114—
15
Constant SWR circle, 427
Constitutive relations, 102
Continuity equation, 177, 202
Coordinates:
Cartesian, 10
cylindrical, 17
relationships between, 20-21, 43
spherical, 18
Coordinate system:
Cartesian, 9-16
cylindrical, 16-18
spherical, 18-20
Corner reflector, 550
Coulomb, as unit of charge, 51
Coulomb’s law, S1
Critical angle, for total internal re-
flection, 501, 504
Cross product of vectors, 5
distributive property of, 7, 8
normal vector to a surface from,
12-14
Curl:
definition of, 178-79, 202
divergence of, 186, 208
in Cartesian coordinates, 168, 202
in cylindrical coordinates, 168,
56768
in spherical coordinates, 168, 570
of E, 167, 201
of gradient of scalar, 208
of H, 170, 201
physical interpretation of, 179-81
Curl meter, 179
Current:
conduction, 79

displacement, 131
magnetization, 93, 96
polarization, 90
surface, 67
unit of, 572-73
volume, 67
Current density:
conduction, 79, 80
displacement, 170
surface, 67
volume, 67
Current distributions, 67
Current element:
magnetic field of, 64-65
magnetic force on, 63
Current enclosed by closed path,
uniqueness of, 143
Current loop (see also Loop
antenna):
dipole moment of, 92
vector potential due to, 560
Current reflection coefficient, 339
Current sheet, infinite plane (see Infi-
nite plane current sheet)
Current transmission coefficient, 352
Curve, equation for, 16
Curvilinear square, 335
Cutoff condition, 471, 485, 486
Cutoff frequencies, determination of,
490-92
Cutoff frequency, 471
of dominant mode, 491
Cutoff wavelength, 471
Cylindrical capacitor, 223
Cylindrical coordinate system:
coordinates for, 17
curl in, 168, 567-68
differential length vector in, 18, 43
differential surface vectors in, 18,
43
differential volume in, 18, 43
divergence in, 175, 568
gradient in, 188, 568
Laplacian of scalar in, 191, 568
Laplacian of vector in, 208
limits of coordinates, 17
orthogonal surfaces, 16-17
unit vectors, 17-18
Cylindrical wire of current, H due
to, 146-47

D (see Displacement flux density)
Del operator, 167
Density:
charge (see Charge density)
current (see Current density)
Depletion layer, 218, 220
Derived equation, checking the valid-
ity of, 573-74
Diamagnetic materials, values of x,,
for, 97
Diamagnetism, 92
Dielectric:
imperfect (see Imperfect dielectric)
perfect (see Perfect dielectric)
Dielectric constant, 89
Dielectric interface:
boundary conditions at, 296
oblique incidence of uniform plane
waves on, 496
Dielectric permittivity, measurement
of, 134-35
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Dielectrics, 77, 101
anisotropic, 90
imperfect, 296, 313
perfect, 295, 312
polarization in, 85
table of relative permittivities for,

Dielectric slab waveguide, 504
self-consistency condition for
waveguiding in, 505
TE modes in, 506-7
Differential:
net longitudinal, 174
net right-lateral, 166-67
right-lateral, 166
Differential equation, solution by
phasor technique, 40-41
Differential length vector:
along a curve, 12
in Cartesian coordinates, 12, 42
in cylindrical coordinates, 18, 43
in spherical coordinates, 20, 43
Differential surface, as a vector, 14
Differential surface vectors:
in Cartesian coordinates, 15, 42
in cylindrical coordinates, 18, 43
in spherical coordinates, 20, 43
Differential volume:
in Cartesian coordinates, 15-16, 42
in cylindrical coordinates, 18, 43
in spherical coordinates, 20, 43
Dimensions, 573
table of, 574-76
Diode, tunnel, 220
Dipole:
electric (see Electric dipole)
half-wave (see Half-wave dipole)
Hertzian (see Hertzian dipole)
magnetic (see Magnetic dipole)
short, 560
Dipole moment:
electric, 85
magnetic, 92
of current loop, 92
per unit volume, 86, 93
Dipole moment per unit volume:
electric (see Polarization vector)
magnetic (see Magnetization
vector)
Direction line, computer generation
of, 55-58
Direction lines, 26
finding equations for, 26
for electric dipole field, 197
for point charge field, 54
Directivity:
definition of, 531
for arbitrary radiation pattern, 533
of half-wave dipole, 537
of Hertzian dipole, 533
Discharge tube, in gas lasers, 502
Diskette, 99
Dispersion, 478
Dispersion diagram, 481-82
Displacement current, 131
emanating from a closed surface,
133
Displacement current density, 170
Displacement flux, 131
Displacement flux density, 89, 102
divergence of, 175, 201
due to line charge, 143-44
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due to spherical volume charge,
145-46
relationship with E, 89
units of, 89
Displacement vector (see Displace-
ment flux density)
Distributed circuit theory, 172
Distributed equivalent circuit, 326-27
for lossy line, 437
physical interpretation of, 327-28
Distributive property:
of vector cross product, 7, 8
of vector dot product, 5
Divergence:
definition of, 182, 202
in Cartesian coordinates, 175, 202
in cylindrical coordinates, 175, 568
in spherical coordinates, 175, 571
of B, 176, 201
of curl of a vector, 186, 208
of D, 175, 201
of J, 177, 202
physical interpretation of, 183
Divergence meter, 183
Divergence theorem, 185-86, 203
Division of vector by a scalar, 4
Dominant mode, 490, 512
cutoff frequency of, 491
Doppler effect, 280, 282
applications of, 284
experimental demonstration of, 285
Doppler shift, 282, 284
due to automobile, 284-85
Doppler-shifted frequency, 282
Dot product of vectors, 4
commutative property of, 5
distributive property of, 5
finding angle between vectors
from, 5 )
Double-stub matching, 415-17
by Smith chart, 431-33
Drift velocity, 78

E (see Electric field intensity)
Earth-ionosphere waveguide, 477
Effective area, 553
for Hertzian dipole, 555
Effective permittivity, of anisotropic
dielectric, 91
Electrets, 86
Electrical generator, 248
Electrical motor, 248
Electric dipole, 85
dipole moment of, 85
direction lines for the field of, 197
electric field of, 197
equipotential surfaces for, 197
potential field of, 196-97
schematic representation of, 85
torque on, 85
Electric dipole moment, definition of,
85
Electric dipole moment per unit vol-
ume (see Polarization vector)
Electric energy:
stored in a line, 367
stored in material medium, 303
Electric energy density, 214, 253,
303, 304, 313
Electric field, 51
dielectric in an, 86-88
energy density in, 214, 303, 304

energy storage in, 211
induced, 126
source of, 52
static (see Static electric field)
Electric field intensity:
curl of, 167, 201
definition of, 52
due to charge distribution, 58
due to dipole, 197
due to point change, 54-55, 100
due to point charges, 55-58
due to ring charge, 58-60
due to sheet charge, 60-61
relationship with D, 89
unit of, 52
Electric flux, 131
Electric force:
between two point charges, 51
on a test charge, 52, 100
Electric polarization (see Polarization
in dielectrics)
Electric potential:
due to an electric dipole, 196-97
due to a point charge, 195, 204
Electric potential difference (see Po-
tential difference)
Electric scalar potential, 190; see
also Electrical Potential
Electric susceptibility, 86
Electrocardiography, 197
Electromagnet, 251
Electromagnetic field:
due to current sheet, 271, 274, 290
due to Hertzian dipole, 525, 556
power flow density in, 302, 313
Electromagnetic flow meters, 84
Electromagnetic potentials, 190
Electromagnetic waves:
guiding of, 322, 459; see also
Transmission Line; and
Waveguide
propagation of, 136, 263; see also
Wave propagation
radiation of, 136, 263, 521; see
also Radiation
Electromechanical energy conver-
sion, 126, 127
example of computation of, 250-51
Electromechanical energy converter,
example of, 127
Electromechanical system:
electric field, 251
magnetic field, 251
Electromechanics, 126
Electromotive force, 113, 121
motional, 126
Electron, charge of, 51
Electronic polarization, 85
Electrons:
bound, 76
conduction, 77
free, 77
mobility of, 79
Electrostatic separation of minerals,
52
ELF project, 299
Elliptical polarization, 30, 32, 278
Emf (see Electromotive force)
Endfire radiation pattern, 280, 542
Energy:
electric (see Electric energy)
magnetic (see Magnetic energy)
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Energy (cont.)
potential (see Potential energy)
Energy band diagrams, 77-78
Energy density:
in electric field, 214, 253, 303, 304,
313
in magnetic field, 215, 303, 304,
313
Equipotential lines, computer plot-
ting of, 197-98
Equipotential surfaces, 193
between parallel plates, 222
for electric dipole, 187
for point charge, 195
Experimental demonstration:
of Ampere’s law of force, 128-29
of Doppler effect, 285
of Faraday’s law, 129
of magnetic levitation, 128-30
of measurement of dielectric per-
mittivity, 134-35

Fabry-Perot resonator, 502
Faraday rotation, 309
example of, 310
Faraday’s law, 121
determination of emf using, 123-26
experimental demonstration of, 129
for N-turn coil, 123
illustration of, 121
in differential form, 164, 168, 201
in integral form, 126, 154, 163
statement of, 121, 154, 201
Ferrimagnetic materials, 93, 97
Ferrites, 99, 309
Ferroelectric materials, 86
Ferromagnetic materials, 93, 97
relative permeability for, 97
Ferromagnetism, theory of, 97-98
Field:
definition of, 24
electric (see Electric field)
gravitational, 24, 50, 52
magnetic (see Magnetic field)
Field intensity:
electric (see Electric field
intensity)
magnetic (see Magnetic field
intensity)
Field map, 333
for arbitrary line, 331-33
for shielded strip line, 335
Field mapping, determination of line
parameters from, 331-35
Fields:
conservative, 115
quasistatic, 210
radiation, 529; see also Radiation
fields
scalar, 24-25; see also Scalar
fields
sinusoidally time-varying, 28-34
static, 25; see also Static fields
time-varying, 25
vector, 25-28; see also Vector
fields
Floppy disk, 99
Flux:
displacement, 131
magnetic, 115
Flux density:
displacement (see Displacement
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flux density)
magnetic (see Magnetic flux
density)
Flux lines, 26
FM radio, 277
Force:
Ampere’s law of, 62-63
electric (see Electric force)
gravitational, 24, 50
magnetic (see Magnetic force)
unit of, 572
Free electrons, 77
Free space:
intrinsic impedance of, 270, 278
permeability of, 62
permittivity of, 51
velocity of light in, 268
Frequencies of oscillation, for cavity
resonator, 495
Frequency, 274
cutoff, 471
times wavelength, 277
Frequency ranges, designations for,
277
Frequency response, from unit im-
pulse response, 354
Friis transmission formula, 555

Gas lasers, 502
Gauss’ law for the electric field:
illustration of, 138
in differential form, 175, 201
in integral form, 137, 154, 172
statement of, 137, 154, 201
Gauss’ law for the magnetic field:
analogy with Gauss’ law for the
electric field, 176
illustration of, 139
in differential form, 176, 201
in integral form, 138, 154, 175
physical significance of, 139
statement of, 139, 154, 201
Good conductor:
attenuation constant for, 298
definition of, 297
intrinsic impedance for, 298
phase constant for, 298
skin effect in, 298
wavelength in, 298
wave propagation in, 297-300
Good conductors, 297, 313
Gradient, 187
curl of, 187-88
in Cartesian coordinates, 188, 203
in cylindrical coordinates, 188, 568
in spherical coordinates, 188, 571
physical interpretation of, 188-89
Gravitational field, 24, 50, 52
Gravitational force, 24, 50
Ground, effect on antenna, 548
Group pattern, 542
for uniform linear array, 545
Group patterns, determination of,
542-43
Group velocity:
concept of, 479
for a pair of frequencies, 481
for amplitude modulated signal,
483
for narrowband signal, 483
in parallel-plate waveguide, 482
Guide characteristic impedance, 474

compared to line characteristic
impedance, 475
for TE waves, 475, 511
for TM waves, 476, 511
Guide wavelength, 472, 511

H (see Magnetic field intensity)
Half-wave dipole, 534
directivity of, 537, 557
evolution of, 534-35
radiation fields for, 536, 557
radiation patterns for, 537
radiation resistance for, 537, 557
time-average radiated power, 537
Hall effect, 84-85
Heart, electrical activity of, 197
Helmbhotz’s theorem, 192
Hertzian dipole, 521
above perfect conductor surface,
548-50
charges and currents associated
with, 522
directivity of, 533, 557
effective area of, 554-55
electromagnetic field for, 525, 556
radiation fields for, 529, 556
radiation patterns for, 531
radiation resistance for, 530, 557
receiving properties of, 551-52
retarded potential for, 524
time-average radiated power, 530
Hertzian dipoles, array of, 540
Holes, 77
mobility of, 79
Hysteresis, 97
Hysteresis curve, 98
Hysteresis effect, development of,
98-99
Hysteresis phenomenon, use of, 99

Image antennas, concept of, 548
Image charge, 107
Imperfect dielectric:
attenuation constant for, 297
definition of, 296
intrinsic impedance for, 297
phase constant for, 297
wavelength in, 297
wave propagation in, 296-97
Imperfect dielectrics, 296, 313
Induced electric field, 126
Induced emf, determination of, 123,
125
Inductance per unit length:
for arbitrary line, 334, 335, 376
for parallel-plate line, 325
related to capacitance per unit
length, 326, 329
Inductor: ‘
quasistatic field analysis for, 235—
37

voltage-to-current relationship for, ‘
172
Infinitely long wire of current, mag- ‘
netic field due to, 66-67 I
Infinite plane current sheet:
as an idealized source, 264
electromagnetic field due to, 271,
274, 290, 311, 312
magnetic field due to, 67-69
Infinite plane sheet of charge, elec-
tric field due to, 60-61
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Input impedance:
for line with arbitrary load, 409
for lossy line, 441
of short-circuited line, 397, 445
Input reactance, of short-circuited
line, 397
Insulators, 77
Integral:
closed line (see Circulation)
closed surface, 118
line, 109
surface, 115
volume, 137
Integrated optics, 504
Interferometer, 562
International system of units, 51, 572
Intrinsic impedance:
for copper, 299
for good conductor, 298
for imperfect dielectric, 297
for material medium, 289, 312
for perfect dielectric, 296
of free space, 270, 278
Ionic polarization, 85
Ionosphere, 310
description of, 477
Isotropic materials, 90, 102
Iteration technique, 226

J (see Volume current density)
J. (see Conduction current density)
Joule, definition of, 573
Junction:
between transmission lines, 350
p-n, 217

Kelvin degree, definition of, 573
Kilogram, definition of, 572
Kirchhoff’s current law, 326
Kirchhoff’s voltage law, 327

Laplace’s equation, 220, 254
computer solution of, 223, 225
in one dimension, 221-23
in two dimensions, 223, 254
numerical solution of, 223-25
solution for steady current condi-
tion, 221
Laplacian of a scalar, 191
in Cartesian coordinates, 191, 203
in cylindrical coordinates, 191, 568
in spherical coordinates, 192, 571
Laplacian of a vector, 192
in Cartesian coordinates, 192, 203
in cylindrical coordinates, 208
Lasers, gas, 502
Law of conservation of charge, 140,
154, 177
illustration of, 140
in differential form, 177, 202
statement of, 140, 154, 202
Law of reflection, 497
Law of refraction, 497
Lenz’s law, 123, 125, 126
Light, velocity of (see Velocity of
light)
Light-wave communication, 509
Line admittance, 411
from the Smith chart, 428
normalized, 411
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Linear antenna:
half-wave dipole (see Half-wave
dipole)
of arbitrary length, 538-40
Linear binomial array, 561
Linear polarization, 30, 31
Linear quadrupole, 209
Line charge, 58
D due to, 148-49
potential field of, 209
Line charge density, 58
units of, 58
Line current, magnetic field due to,
6667
Line impedance, 408
from the Smith chart, 428
normalized, 411
properties of, 408-9
Line integral, 109
around closed path, 113
evaluation of, 112, 113-14
Line integral of E, physical meaning
of, 112-13
Load-line technique, 370
example of, 370-72
for interconnection between two
TTL inverters, 372-75
Log-periodic dipole array, 546
Longitudinal differential, net, 174
Loop antenna, 126, 552
application of, 126-27, 553
magnetic vector potential for, 560
principle of, 126
radiation fields of, 560-61
receiving properties of, 552-53
Lorentz condition, 192
Lorentz force equation, 71, 101
applications based on, 73
Loss tangent, 292
Lossy line:
characteristic impedance for, 439
distributed equivalent circuit for,
437
input impedance of, 441
power flow along, 443
propagation constant for, 438
transmission-line equations for,
437-38
Loudspeaker, principle of, 64
Low-frequency approximation,
lumped-circuit theory as, 171-
72
Low-frequency behavior, of a resis-
tor, 239-42
Low-loss line, 439, 440
Lumped-circuit theory, 171, 234
distinction with distributed circuit
theory, 338

Magnetic circuit, 244, 254
analysis of, 245-47
reluctance of, 245
Magnetic circuits, applications of,
244
Magnetic dipole, 91
dipole moment of, 92
schematic representation of, 92
torque on, 92
Magnetic dipole moment, definition
of, 92
Magnetic dipole moment per unit

volume (see Magnetization
vector)
Magnetic domains, 97
Magnetic energy:
stored in a line, 368
stored in a material medium, 303
Magnetic energy density, 215, 253,
303, 304, 313
Magnetic field:
energy density in, 215, 303, 304
energy storage in, 215
inside a good conductor, 300
magnetic material in a, 93-95
realizability of, 176
source of, 70
Magnetic field intensity, 95, 102
curl of, 170, 171, 201
due to cylindrical wire of current,
146-47
relationship with B, 95, 96
units of, 95
Magnetic flux, crossing a surface,
115-18
Magnetic flux density:
definition of, 70
divergence of, 176, 201
due to current element, 64—65, 101
due to current sheet, 67-69
due to straight wire, 66-67
in terms of A, 187, 203
relationship with H, 95, 96
units of, 63
Magnetic force:
between two current elements, 62
on a current element, 63, 101
on a moving charge, 69, 101
Magnetic levitation, 128
experimental demonstration of,
128-30
Magnetic materials, 91, 102
anisotropic, 96
Magnetic memories, 99
Magnetic susceptibility, 93
values of, 97
Magnetic vector potential, 187
due to current element, 198, 204
for circular loop antenna, 560
for Hertzian dipole, 524
relationship with B, 187, 203
retarded, 523--24
Magnetization, 91, 92, 102
Magnetization surface current, 93
Magnetization vector:
definition of, 93
relationship with B, 93
units of, 93
Magnetization volume current, 96
Magnetomotive force, 131
Magneto-optical switch, 310
Magnitude of vector, 4
Malignant tissues, heating of, 299
Mass, 1, 2, 50
unit of, 572
Matching, transmission-line (see
Transmission-line matching)
Material parameters, from propaga-
tion parameters, 293
Materials:
anisotropic, 90
antiferromagnetic, 93
classification of, 50
conductive (see Conductors)
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Materials (cont.)
constitutive relations for, 102
diamagnetic (see Diamagnetic
materials)
dielectric (see Dielectrics)
ferrimagnetic, 93
ferroelectric, 86
ferromagnetic (see Ferromagnetic
materials)
isotropic, 90
magnetic (see Magnetic materials)
paramagnetic (see Paramagnetic
materials)
Maxwell’s equations:
as a set of laws, 1, 109
for static fields, 142
independence of, 154
in differential form, 178
in integral form, 148
Mechanical force of electric origin,
248
computation of, 248-30, 251-53
Meter, definition of, 572
Method of moments technique:
for parallel-plate capacitor, 231-
34
for thin straight wire, 229-31
procedure explained, 229
Microelectronic silicon chips, inter-
connection of, 348
Microstrip line, 330, 376
Microwave ovens, 277
MKSA system of units, 572
Mmf (see Magnetomotive force)
Mobility, 79
Mode, dominant (see Dominant
mode)
Modes:
TE (see TE modes)
TM (see TM modes)
Motional emf concept, 126
Moving charge, magnetic force on,
69, 101
Moving observer:
frequency viewed by, 282
phase of the wave viewed by, 280
Multiplication of vector, by a scalar,
4

Natural frequencies of oscillation,
396

Natural oscillations, 395

Newton, definition of, 572

Newton’s law of gravitation, 50

Newton’s third law, 63

Nonconservative field, example of,

Nonconservative fields, conservative
fields versus, 114-15

Normal component of B, boundary
condition for, 151

Normal component of D, boundary
condition for, 150-51

Normalized line admittance, 411

Normalized line impedance, 411

Nucleus, 76

Ohm’s law, 83

o — B, diagram, 482

Operator, del, 167

Optical fiber, 508-9

Optical waveguides, principle of, 501
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Orientational polarization, 85
Origin, 9

Paddle wheel, 180
Parallel-plate capacitor, 221
capacitance by method of mo-
ments, 231-34
with a movable plate, 247
Parallel-plate resonator, 449
Parallel-plate transmission line, 323
capacitance per unit length for,
325
characteristic impedance of, 329
inductance per unit length for, 325,
326
power flow along, 324-25
voltage and current along, 324
Parallel-plate waveguide, 470
cutoff frequencies for, 471
cutoff wavelengths for, 471
discontinuity in, 474-76
group velocity in, 482
guide wavelength in, 472
phase velocity along, 472
TE mode fields in, 472
TM mode fields in, 473
Parallel polarization, 499
Parallel-strip line, 330
characteristic impedance of, 330
Parallel-wire line, 332
characteristic impedance of, 332
Parallelepiped, volume of, 7
Paramagnetic materials, 93
X for, 97
Paramagnetism, 92-93
Partial standing waves, 404
Pattern multiplication, 543
PC program:
antenna array group patterns, 546
antenna radiation pattern, 539
charged particle motion, 75
conversion of vectors, 22-23
dielectric slab waveguide, 507-8
direction line of E, 57-58
equipotentials, 199
Hertzian dipole fields, 527-28-
Laplace’s equation, 227
method of moments, 232-33
polarization, 33
propagation parameters, 294-95
resonant system, 400
SWR versus frequency, 421-22
transmission-line matching, 417-19
transmission-line time-domain anal-
ysis, 345-46
Perfect conductor, 152
boundary conditions, 300
definition of, 300
Perfect conductors, 300, 313
Perfect dielectric, 152
boundary conditions, 296
definition of, 295
intrinsic impedance for, 296
phase constant for, 295, 296
phase velocity in, 295, 296
wavelength in, 295, 296
wave propagation in, 295-96
Perfect dielectrics, 295, 312
Permanent magnetization, 93
Permeability:
of free space, 62
of magnetic material, 96

relative, 96
units of, 62
Permittivity:
effective, 91
measurement of, 134-35
of dielectric material, 89
of free space, 51
relative, 89
units of, 51-52
Permittivity tensor, 90
Perpendicular polarization, 497
Personal computer program (see PC
program)
Personal computers, secondary mem-
ory in, 99
Phase, 29, 274
Phase constant, 276
for good conductor, 298
for imperfect dielectric, 297
for material medium, 291
for perfect dielectric, 295, 296
Phased array, 546
Phase velocity, 276
along guide axis, 472, 511
in free space, 277
in good conductor, 298
in imperfect dielectric, 297
in material medium, 292
in perfect dielectric, 295, 296
Phasor, 38-39
Phasor technique, review of, 3841
Plane surface, equation for, 16
Plane wave, uniform (see Uniform
plane wave)
p-n junction semiconductor, 217
analysis of, 217-20
Point charge:
electric field of, 54-55
equipotential surfaces for, 195
potential field of, 195, 204
Point charges, 51
electric field of, 55-58
Poisson’s equation, 217, 253
application of, 217-20
Polarization current, 90
Polarization in dielectrics, 85, 101
electronic, 85
ionic, 85
orientational, 85
Polarization of sinusoidally time-
varying fields, 30
circular, 30, 31-32; see also Circu-
lar polarization
computer demonstration of, 32-34
elliptical, 30, 32
in reception of radio waves, 33
linear, 30, 31
Polarization surface charges, 87
Polarization vector:
definition of, 86
relationship with E, 86
units of, 86
Polarization volume charge, 90
Polarizing angle, 502
Police traffic radar, 284
Police traffic radars, 277
Position vector, 10, 22
Potential:
electric (see Electric potential)
magnetic vector (see Magnetic
vector potential)
Potential difference, 193
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compared to voltage, 194
Potential energy:
of continuous charge distribution,
213
of system of »n point charges, 212
Potential field (see Electric potential)
Power:
carried by an electromagnetic
wave, 302
radiated by half-wave dipole, 536
radiated by Hertzian dipole, 529-
30
time-average, 304-5
Power density, associated with an
electromagnetic field, 302
Power dissipation density, 303, 304,
313
Power flow:
along lossy line, 443
along short-circuited line, 392
along transmission line, 337, 409,
443
in parallel-plate waveguide, 468
"Poynting theorem, 303-4, 313
Poynting vector, 302, 313
surface integral of, 303, 304
units of, 302
Propagation constant:
experimental determination of,
440-43
for lossy line, 438
for low-loss line, 439
for material medium, 288, 312
Propagation vector, 462

Quadrupole, linear, 209
Quarter-wave dielectric coating, 452
Quarter-wave transformer matching,
412-13
in waveguide, 492-93
Quasistatic approximation:
condition for validity, 237
explained, 234
Quasistatic extension:
explained, 234-35
of static field, 235, 237
Quasistatic field analysis:
for an inductor, 235-37
for a resistor, 239-42

Radiation:

principle of, 264

simplified explanation of, 136-37
Radiation fields:

definition of, 529

for half-wave dipole, 536

for Hertzian dipole, 529

for loop antenna, 560-61
Radiation pattern, 531

broadside, 542

endfire, 280, 542
Radiation patterns:

for antenna above perfect conduc-

tor, 550

for half-wave dipole, 537

for Hertzian dipole, 531
Radiation resistance:

definition of, 530

for half-wave dipole, 537

for Hertzian dipole, 538
Radio transmitter, location of, 126—

27
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Radome, 354-55
Rationalized MKSA units, 572
Receiving properties:
of Hertzian dipole, 551-52
of loop antenna, 552-53
Reciprocity, 551
Rectangular coordinate system (see
Cartesian coordinate system)
Rectangular waveguide, 484
determination of propagating
modes in, 490-92
dominant mode in, 490
field expressions and parameters
for, 491
TE modes in, 484-90
TM modes in, 490
Reflection coefficient, 307, 308
at waveguide discontinuity, 475
current, 339
for oblique incidence, 499, 500
from the Smith chart, 427
voltage, 339
Reflection diagram, 341
Reflection of plane waves:
normal incidence, 306
oblique incidence, 496
Refraction of plane waves, 496
Refractive index, 497
Relative permeability, 96
for ferromagnetic materials, 97
Relative permittivity, 89
measurement of, 134-35
table of values of, 90
Reluctance, definition of, 245
Remanence, 98
Resistance, 84
Resistor:
low-frequency behavior of, 239-42
voltage-to-current relationship for,
172
Resonant system:
at microwave frequencies, 398-99
condition for resonance, 399
Resonator, cavity (see Cavity
resonator)
Resultant pattern, 542
Retarded magnetic vector potential,
523-24
Retentivity, 98
R.H.S. rule (see Right-hand screw
rule)
Right-handed coordinate system, 2,
10
Right-hand screw rule, 121, 132
illustration of, 121
Right-lateral differential, net, 166-67
Ring charge, 58
electric field due to, 58-60
Rotating generator, principle of, 127-
28

Scalar:
definition of, 1-2
gradient of (see Gradient)
Laplacian of (see Laplacian of a
scalar)
Scalar fields, 24
graphical representation of, 24-25
sinusoidally time-varying, 29
Scalar product (see Dot product of
vectors)

Scalars:
examples of, 2
vectors versus, 1
Scalar triple product, 7
Second, definition of, 572
Semiconducting material, Hall effect
in, 84
Semiconductor:
extrinsic, 78
intrinsic, 78
p-n junction, 217
Semiconductors, 77, 101
conductivity of, 80
Separation of variables technique,
487
Shielded strip line, 331, 335
Shielding, 298
Short circuit, location of, 398
Short-circuited line:
input impedance of, 397
instantaneous power flow down,
392-93
standing wave patterns for, 394—
95
voltage and current on, 392-93
Short dipole, 560
Sine functions, addition of, 39
Single-stub matching, 413-15
by Smith chart, 429-31
Sinusoidal function, 29
amplitude of, 29
phase of, 29
Sinusoidally time-varying fields, 28
polarization of (see Polarization of
sinusoidally time-varying
fields)
Sinusoidal waves:
classification of, 277
frequency, 274
polarization of, 278
properties and parameters, 274-78,
290-93
Skin depth, 298
for copper, 298
in sea water, 299
Skin effect, 298
Slotted line, 406
Smith chart:
applications of, 429--36
basic procedures, 426-29
construction of, 423-25
double-stub matching solution,
431-33
single-stub matching solution, 429-
31
use as admittance chart, 428
Snell’s law, 497
Space charge layer, 217
Space-time diagram, 341
Spherical capacitor, 223
Spherical coordinate system:
coordinates for, 18
curl in, 168, 570
differential length vector in, 20, 43
differential surface vectors, 20, 43
differential volume, 20, 43
divergence in, 175, 571
gradient in, 188, 571
Laplacian of scalar in, 571
limits of coordinates, 19
orthogonal surfaces, 18
unit vectors, 19
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Spherical volume charge, D due to,
145-46
Standing wave measurements, 406-7
Standing wave parameters, 404—5
application of, 405
Standing wave patterns, 394
for partial standing wave, 404
for short-circuited line, 394-95
Standing wave ratio:
definition of, 404
from the Smith chart, 427-28
Standing waves, 394
complete, 394
partial, 404
Static electric field:
conductor in a, 81-83
conservative property of, 115
in terms of potential, 195, 204, 217
of electric dipole, 197
realizability of, 168
Static fields, Maxwell’s equations
for, 142
Steady current condition, 221
Stokes’ theorem, 184, 203
Stream lines, 26
Strip line:
parallel, 330
shielded, 331
Stub, 413
Stub matching:
double (see Double-stub matching)
single (see Single-stub matching)
Subtraction of vectors, 4
Surface:
differential (see Differential
surface)
equation for, 16
Surface charge density, 58
units of, 58
Surface charges, 58
Surface current density, 67
units of, 67
Surface currents, 67
Surface integral, 115
closed, 118
evaluation of, 118-19
of E x H, 302
Susceptibility:
electric, 86
magnetic, 93
SWR (see Standing wave ratio)

Table:
of conductivities, 81
of dimensions, 574-76
of relative permittivities, 90
of units, 574-76
Tangential component of E, bound-
ary condition for, 148-49
Tangential component of H, bound-
ary condition for, 149-50
TE modes:
cutoff frequencies for, 471, 491
cutoff wavelengths for, 471, 491
field expressions for, 472, 491
guide characteristic impedance for,
475, 491
in cavity resonator, 495
in parallel-plate waveguide, 470
in rectangular waveguide, 484-90
TEM waves, 328
TE waves, 467
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Thin film waveguides, 504
Time-average power;
radiated by half-wave dipole, 537
radiated by Hertzian dipole, 530
Time-average power flow:
along short-circuited line, 394
down a lossless line, 409
down a lossy line, 443
for TE wave, 468
in a material medium, 304-5
Time-domain reflectometry, 355
application of, 355-58
TM modes:
cutoff frequencies for, 491
cutoff wavelengths for, 491
field expressions for, 473, 491
guide characteristic impedance for,
476, 491
in cavity resonator, 495
in parallel-plate waveguide, 473
in rectangular waveguide, 490
TM waves, 473
Toroidal conductor, 243
Toroidal magnetic core, 243
Torque:
on electric dipole, 85, 107
on magnetic dipole, 92, 108
Total internal reflection, 501, 504
Transient bounding of waves, rele-
vance of, 348
Transmission coefficient, 307, 308
current, 352
for oblique incidence, 499, 500
voltage, 352
Transmission line:
characteristic impedance of, 329,
439
coaxial (see Coaxial cable)
compared to waveguide, 322, 459
field mapping, 331-35
location of short circuit in, 398
lossy (see Lossy line)
microstrip, 330, 376
parallel-plate (see Parallel-plate
transmission line)
parallel-strip, 330
parallel-wire (see Parallel-wire line)
propagation constant for, 438
shielded strip, 331, 335
short-circuited (see Short-circuited
line)
Transmission-line admittance (see
Line admittance)
Transmission-line analogy, 492
Transmission-line discontinuity:
boundary conditions at, 351
reflection coefficient, 351
transmission coefficients, 352
Transmission-line equations, 325,
326, 376
analogy with field equations, 328
circuit representation of, 326-27
for lossy line, 437-38
general solution, 328, 336, 391, 439
Transmission-line equivalent, for
waveguide discontinuity, 475,
493
Transmission-line impedance (see
Line impedance)
Transmission-line matching:
bandwidth, 419
by double-stub, 415-17, 431-33

by quarter-wave transformer, 412—
13
by single-stub, 413-15, 429-31
principle behind, 412
Transmission-line parameters:
for arbitrary line, 335
for parallel-plate line, 325, 326
Transmission-line system:
unit impulse response of, 352-54
with a capacitive discontinuity, 361
Transmission-line systems, location
of faults in, 348
Transmission-line theory, 172
Transverse electric waves (see TE
waves)
Transverse electromagnetic waves
(see TEM waves)
Transverse magnetic waves (see TM
waves)
Traveling wave, 268-70
velocity of, 268
Triple cross product, 7
TTL inverters, interconnection be-
tween, 372
Tunnel diode, 220
Two-port network, 452

UHF TV channels, 277
Underwater communication, 299
Uniform linear array, 544
group pattern for, 545
Uniform plane wave:
defined, 263-64
guided between perfect conduc-
tors, 323
oblique incidence on a dielectric,
496
parameters associated with, 27478
Uniform plane wave in three
dimensions:
apparent phase velocities, 464, 510
apparent wavelengths, 463, 510
electric field vector of, 462, 510
magnetic field vector of, 463, 510
propagation vector for, 463
Uniform plane wave propagation (see
Wave propagation)
Uniform plane waves:
bouncing obliquely of, 470
normal incidence of, 306
superposition of, 467
Unit conductance circle, 429
Unit impulse response:
frequency response from, 354
of transmission-line system, 352~
54
Unit pattern, 542
Unit vector, 2, 4
along line between two points, 11
Unit vector normal to a surface:
from cross product, 12-14
from gradient, 189-90
Unit vectors:
cross products of, 6
dot products of, 4, 21
in Cartesian coordinates, 10
in cylindrical coordinates, 17-18
in spherical coordinates, 19
left-handed system of, 2
right-handed system of, 2
Units:
international system of, 51, 572

Index



MKSA rationalized, 572
table of, 574-76

V (see Electrical potential; and
Voltage)
Vector:
circulation of, 113
curl of (see Curl)
definition of, 1
divergence of (see Divergence)
division by a scalar, 4
graphical representation of, 2
joining two points, 10-11
Laplacian of (see Laplacian of a
vector)
magnitude of, 4
multiplication by a scalar, 4
position, 10
unit, 2, 4
Vector algebra, summary of rules of,
42
Vector fields:
graphical description of, 25-28
sinusoidally time-varying, 29-33
Vector potential (see Magnetic vec-
tor potential)
Vector product (see Cross product of
vectors)
Vectors:
addition of, 3, 4
conversions between coordinate
systems, 21-23
cross product of, 5
dot product of, 4
examples of, 2
scalar triple product. of, 7
subtraction of, 4
triple cross product of, 7
unit (see Unit vectors)
versus scalars, 1

Index

Velocity:
drift, 78
group (see Group velocity)
phase (see Phase velocity)
Velocity of light, in free space, 268
Velocity of propagation, 268 (see
also Phase velocity)
VHF TV channels, 277
Volt, definition of, 52, 573
Voltage, 112
around closed path, 113
compared to potential difference,
194
Voltage reflection coefficient, 339
for some special cases, 34041
generalized, 402
Voltage transmission coefficient, 352
Volume, differential (see Differential
volume)
Volume charge density, 58
units of, 58
Volume current density, 67
units of, 67
Volume integral, evaluation of, 137-
38

Watt, definition of, 573
Wave:
traveling (see Traveling wave)
uniform plane (see Uniform plane
wave)
Wave equation:
for material medium, 288
one-dimensional, 267
solution of, 267-68, 288
Waveguide:
compared to transmission line,
322, 459
dielectric slab (see Dielectric slab
waveguide)

parallel-plate (see Parallel-plate
waveguide)
rectangular (see Rectangular
waveguide)
Waveguides, optical (see Optical
waveguides)
Wavelength, 276
guide, 472
in good conductor, 298
in imperfect dielectric, 297
in material medium, 292
in perfect dielectric, 295, 296
times frequency, 277
Wave motion:
as viewed by moving observer,
282
as viewed by stationary observer,
282
Wave propagation:
in anisotropic dielectric, 308-9
in free space, 263-85
in good conductor, 297-300
in imperfect dielectric, 296-97
in material medium, 286-95
in perfect dielectric, 295-96
in terms of voltage and current,
325
Waves:
electromagnetic (see Electromag-
netic waves)
sinusoidal (see Sinusoidal waves)
standing (see Standing waves)
TE, 467
TEM, 328
TM, 473
Work:
for assembling a system of point
charges, 211-12, 253
in moving a test charge, 109-12,
210-11
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