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Preface

This book is designed for an introductory undergraduate course in electro-
magnetics. In view of the rapid growth of the several specialized branches
of electrical engineering, a student may not have the opportunity to take
advanced courses in field theory. On the other hand, electromagnetics is one
of the fundamental subjects having a wide variety of applications, as evi-
denced by its place in the undergraduate core curriculum. Hence, a thorough
understanding of the basic concepts of electromagnetics must be imparted
to the electrical engineering student in the introductory course itself.

To facilitate the aforementioned task, an attempt is made in this book
to present the basic field theory at an introductory level and at the same time
in sufficient depth to establish the concepts firmly in the student’s mind and
to enable the interested student to use the advanced books without having
to relearn the subject or reorient his understanding of the concepts. This
is done by combining the classical approach of introducing field theory with
statics and the modern approach of emphasizing dynamics to develop Max-
well’s equations and the associated constitutive relations in a gradual manner
and finally use them to discuss several applications. A number of worked-out
examples are distributed throughout the book to illustrate and, in some
cases, extend the various concepts and to aid the student’s grasp of the sub-
ject matter.

The book does not presuppose knowledge of vector analysis. Chapter 1
contains the discussion of coordinate systems and vector analysis necessary
and sufficient for the remaining chapters. Other mathematical tools such as
the Dirac delta function and the phasor technique are introduced wherever
necessary.

ix



x Preface

Chapters 2 and 3 are devoted to static electric and magnetic fields,
respectively, in free space. Starting with Coulomb’s and Ampere’s laws in
chapters 2 and 3, respectively, Maxwell’s equations for static fields are
introduced in a logical manner. The coverage of static magnetic field in
chapter 3 is as much detailed as the coverage of static electric field in chapter 2
unlike the traditional mode of presentation in which the electric field topics
are emphasized.

Chapter 4 is devoted to the electromagnetic field in free space. Maxwell’s
equations for time-varying fields are introduced. Energy storage in electric
and magnetic fields and power flow in electromagnetic field are discussed.
The use of phasor technique in dealing with sinusoidally time-varying vector
fields is illustrated. Maxwell’s equations and the power and energy relations
are then specialized for sinusoidally time-varying fields.

The discussion in chapters 2, 3, and 4 is in terms of the field vectors
E and B. Chapter 5 is devoted to the study of fields in the presence of mate-
rials. The interaction between fields and charges in materials is discussed in
terms of equivalent charge and current distributions which are related to
the fields and act as though they were situated in free space, thereby entering
into Maxwell’s equations. By defining field vectors D and H and relating
them to E and B, respectively, Maxwell’s equations for free space developed
in chapters 2, 3, and 4 are generalized so that they can be used for material
media as well as for free space. The power and energy relations developed
in chapter 4 are also generalized for material media. Boundary conditions
are derived for the fields.

Chapter 6 serves as an introduction to the applications of Maxwell’s
equations. A variety of topics providing a continuous coverage from statics
to electromagnetic waves via quasistatics and distributed circuits are dis-
cussed. The presentation is oriented towards introducing the fundamental
concepts leading to and associated with the applications. For example, the
circuit parameters conductance, capacitance, and inductance are introduced
simultaneously so that the student can better appreciate the development of
the frequency behavior of a physical structure made up of two parallel
conductors leading to the concept of a distributed circuit. Yet another
example is the introduction of waveguides by starting with uniform plane
waves incident obliquely on a perfect conductor, which provides a physical
understanding of the waveguiding phenomenon.

There is enough material in this book for a two-semester course. How-
ever, by deemphasizing certain topics and omitting certain other topics, it
is possible to use this text for a one-semester course. In the latter case,
the student can read the remaining material by himself with the aid of the
answers.to the odd-numbered problems included at the end of the book. The
many example problems throughout and the numerous homework problems
at the end of each chapter make this book especially suitable for a course
oriented towards problem solving.



xi Preface

This text is based on lecture notes prepared for courses taught since
1965 at the University of Illinois at Urbana-Champaign and earlier at the
University of Washington. I am indebted to Professor E. C. Jordan at the
University of Illinois and Professor A. V. Eastman at the University of
Washington for their help in several instances without which this book
would not have materialized.

Urbana, Illinois N. Narayana Rao



VECTOR ANALYSIS

1.1

" Vector analysis is a shorthand notation by means of which we perform

mathematical manipulations with quantities which have associated with them
not only magnitude but also direction in space. Such quantities are known
as vectors, in contrast to scalars which have only magnitude associated with
them. Force and velocity are examples of vectors. Mass and length are
examples of scalars. The electric and magnetic fields are examples of vectors.
Voltage and current are examples of scalars. Since this book is concerned
with electric and magnetic fields, it is necessary that we first learn the nota-
tion and certain rules of vector analysis. To distinguish vector quantities
from scalar quantities, we use boldface type: A. Graphically, the vector A
is represented by a line whose length is equal to the magnitude of A, denoted
|A| or simply 4, and with an arrowhead at the end of the line pointing
toward the direction of A. If the top of the page is taken to be pointing toward
the north, then Figs. 1.1(a), (b), and (c) represent vectors A, B, and C directed
north, northeast, and west-northwest, respectively.

Some Simple Rules

a. Equality of Vectors.

Two vectors A and B are equal if and only if their magnitudes as well
as directions are the same.
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C
A \
(2) (b | ©

Fig. 1.1, Graphical representation of vectors.

b. Addition and Subtraction of Vectors.

Two vectors A and B are added by placing the beginning of one vector
at the tip of the other as shown in Figs. 1.2(a) and (b). The sum vector is
then obtained by joining the beginning of the first vector to the tip of the
second vector. This rule is also known as the parallelogram law since, if we
consider the two vectors as the adjacent sides of a parallelogram with their
beginnings at a common point O as shown in Fig. 1.2(c), the sum vector is
then given by the diagonal of the parallelogram drawn from the corner O
to the opposite corner. From Figs. 1.2(a) and (b), it is clear that vector addi-
tion is commutative, that is,

A+B=B+A (1-1)

Subtraction is a special case of addition. If we want to subtract a vector
B from a vector A, we first construct the vector (—B), which has the same
magnitude as that of B but opposite direction, and then add it to A, that is,

A—B=A+(—-B) (1-2)
The graphical construction pertinent to (1-2) is shown in Fig. 1.3(a). If we
decide to obtain A — B from the construction of a parallelogram with A

and B as the adjacent sides emanating from the common point O similar
to that in Fig. 1.2(c), then the construction of Fig. 1.3(b) indicates that

B
A B+ A A
A+ B
B
(a) (b) ()

Fig. 1.2. Addition of two vectors.
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(a) (b)
Fig. 1.3. Vector subtraction.

A — B is given by the diagonal of the parallelogram drawn from the tip of
B to the tip of A. Finally, the constructions of F1g 1.4 illustrate that vector
addition is associative, that is,

A+B+O=@A+B)+C 1-3)

¢. Multiplication and Division by a Scalar.

When a vector A is multiplied by a scalar m, it is equivalent to adding
A or (—A) a total of m times, depending upon whether m is positive or nega-
tive. Hence the direction of m(A) is the same as or opposite to that of A,
depending upon whether m is positive or negative, whereas the magnitude
of m(A) is |m| times the magnitude of A. Thus

|m(A)| = |m[|A| = |m| A4 (1-4)

direction of A ifm>0 (1-5)

Direction of m(4) = {direction of (—A) ifm<0

(@) (b)

Fig. 1.4. Illustrating the associative property of vector addi- .
tion.
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Division by a scalar is, of course, a special case of multiplication, that is,
to divide a vector by m we multiply it by 1/m.

d. Unit Vector.

If we divide a vector A by its magnitude 4, we obtain a vector whose
magnitude is unity and whose direction is the same as the direction of A.
The resulting vector is called the “unit vector” in the direction of A and is
denoted i,. Thus
. A

=2 _ 4 1-6
lA A I A ( )
Unit vectors play a very important role in vector analysis, as we will find
throughout this book.

e. Scalar or Dot Product of Two Vectors.

The scalar or dot product of two vectors A and B is a scalar quantity
of value equal to the product of the magnitudes of A and B and the cosine
of the angle between A and B. It is represented by a dot between A and B.
Thus

A+B=|A||B|cosa = ABcosa (-7
where « is the angle between A and B. Noting that
A +B= ABcosa = A(Bcosa) = B(4 cos a) (1-8)

we see from the constructions of Fig. 1.5 that the dot-product operation
consists of multiplying the magnitude of one vector by the scalar obtained
by projecting the second vector onto the first vector. This suggests that the
dot product is useful for problems such as finding the work done in displac-
ing a mass. The dot-product operation is commutative since

— — ———

a —
e dcosas P
A cos «

() ‘ (b)

Fig. 1.5. Showing that the dot product of A and Bis the product
of the magnitude of one vector and the projection of the second
vector onto the first vector.
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B.A=|B||A[coso=|A||B]cosa =A.B (1-9)

Furthermore, the distributive property also holds, that is,
A:B+C=A+B+A.C (1-10)

To prove the distributive property, we note from the construction shown
in Fig. 1.6 that the projection of (B + C) onto A is equal to the sum of the
projections of B and C onto A. It follows from this that (1-10) is correct.

[
L

A

Fig. 1.6. For proving the distributive property of
the dot-product operation.

Jf. Vector or Cross Product of Two Vectors.

In contrast to the dot product, the vector or cross product of two
vectors A and B is another vector whose magnitude is the product of the
magnitudes of A and B and the sine of the angle & between A and B and
whose direction is the direction of advance of a right-hand screw as it is
turned from A towards B through the angle &, as shown in Fig. 1.7(a). Thus

A X B=|A||B|sinaiy= ABsinaiy, (1-11)

where iy is the unit vector in the direction of advance of a right-hand screw
as it is turned from A towards B through a. For example, if vector A is a
unit vector directed eastward and vector B is a unit vector directed north-
ward, then a right-hand screw advances upward as it is turned from east
towards north through the 90° angle so that A x B has a magnitude
(D(1)(sin 90°) or unity and is directed upward. Alternatively, if we decide to
turn the right-hand screw from east toward north through the 270° angle,
we note that the screw advances downward. There is no inconsistency, how-
ever, since the product |A||B]sin & is then equal to (1)(1)(sin 270°) or —1.
When the minus sign is associated with the direction of advance of the
screw, the direction of A x B becomes upward.
From the constructions of Figs. 1.7(a) and (b) it follows that

BxA=—AxB (1-12)

so that the commutative law does not hold for the cross product. Similarly,
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A X B B

— A (b)

(a) ‘BXA

Fig. 1.7. Cross-product operations for two vectors A and B.

the associative law does not hold for the cross product, that is,

AxB)xC#Ax(BxCQC (1-13)
This can be demonstrated very easily by considering a particular case in
which the three vectors A, B, and C are unit vectors directed eastward,
northward, and southward, respectively, as shown in Fig. 1.8. Then (A x B)
is the unit vector directed upward. (A x B) x C is the unit vector directed
eastward, that is, A. On the other hand, (B x C) is equal to zero and hence
A x (B x C) is equal to zero. Thus the associative lJaw does not hold. That
the distributive law,

AxB+O=AxB+AxC (1-14)

holds will be proved in an example after we discuss the scalar triple product.

North
A
B
A BLAXBXC e
A

C
Fig. 1.8. For demonstrating that
Y the associative law does not hold

South for the cross-product operation.
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The cross-product operation is very convenient to define unit vectors.
Thus a unit vector perpendicular to both A and B is, according to (1-11),
given by

AxB

b TATTBIsima -

g. Scalar Triple Product.

Another useful operation but of less importance is the scalar triple
product A « (B x C). Using the definitions of dot and cross products we
have :

A+(BxC)=|A||B x C|cos (angle between A and B x C)

= |A]|B}|C]| sin (angle between B and C) (1-16)
% cos (angle between A and B x C)
From the construction of Fig. 1.9, we note that
A . (B x C)="ABC sin f cos & = (4 cos &)(BC sin ) (1-17)
= volume of the parallelepiped formed by A, B, and C

Thus the scalar triple product has the geometric meaning that it represents
the volume of the parallelepiped formed by the three vectors. From con-

AB x C

Fig. 1.9. Parallelepiped formed by A, B, and C.

structions similar to Fig. 1.9, it can be shown that (A x B)s Cor (C x A) « B
represent the same volume so that

A BxC)=B:.(CxA)=C.(AxB (1-18)
Also, the parentheses in the scalar triple product are unnecessary since, for
example, A « B x C can mean only A « (B x C) and not (A « B) x C. This
is so because A « B is a scalar and for a vector product, we need two vectors.
Hence (A « B) x C is meaningless. It is therefore customary to omit the
parentheses when writing a scalar triple product.
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ExAMPLE 1-1. Vector A has a magnitude of 4 units and is directed towards the
east. Vector B has a magnitude of 4 units and is oriented in a direction
making an angle of 120° toward north from east. Vector C has a magnitude
of 3 units and is directed 30° south of east. Find

(@ A+ B

(b) 3A — 4C
© A+-B—-C
@ A-B

(e) BxC

) A-BxC
(8 Ax (B xC)

—~4C
(a)
3A — 4C 2
75¢° 30°
_C 30° 12 3A
3
12
A+B-c| / A+B
g0° 4C
30°
3 (b)
© c

Fig. 1.10. For Example 1-1.

(a) From the construction of Fig. 1.10(a), (A + B) has a magnitude of
4 units and is directed 60° north of east.

(b) 3A = 12 units towards the east; 4C == 12 units directed 30° south
of east. From the construction of Fig. 1.10(b), 3A — 4C has a magnitude
of 24 cos 75° or 6-21 units and is directed 75° north of east.
~ (c) From the construction of Fig. 1.10(c), A + B — C has a magnitude
of 5 units and is directed (60° + tan™! 3) or 96°52" north of east.

(d) A-B=|A]||B|cos (angle between A and B) = (4)(4)(cos 120°) =
—8.
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(e) |B x C|=|B||C]||sin (angle between B and C)| = (4)(3)(sin 150°) =
6. The direction of B x C is the direction in which a right-hand screw
advances when it is turned from B toward C through the angle 150°. This
direction is downward. Thus, B x C has a magnitude of 6 units and is
directed downward.

) A«BxC=|A||Bx C| cos(angle between A and B x C) =
4)(6)(cos 90°) = 0. This is consistent with the reasoning that, since all three
vectors are in a plane, the area of the parallelogram formed by them is zero.

(g) [Ax (Bx C)|=]|A}|lB x C||sin (angle between A and B x C)| =
(4)(6)(sin 90°) = 24. The direction of A x (B x C) is the direction in which
a right-hand screw advances if it is turned from A toward B x C through
the angle 90°, that is, from east to downward through the angle 90°. The
screw advances towards the north. Thus A x (B x C) has a magnitude of
24 units and is directed northward. [J

ExamprE 1-2. Showthat AXx (B+ C)=AxB4+ AxC.
We will prove this equality by showing that
D=AxB+C)—AxB—-—AxXxC=0
Taking the dot product of an arbitrary vector E and the vector D and
using (1-10) and (1-18), we have ‘
E:D=E:-[Ax(B+C) —AxB—AxC(]
=E:-AXxB+C)—E-AxB—E-AxC
=B+C+ExA—B:ExA—C.ExA
=B+ExA4+C:-EXA—-B+ExA—-C-ExA=0
This result implies that D is either zero or perpendicular to E. However,
since E is an arbitrary vector, it can be chosen such that it is not perpendi-
cular to D, in which case D has to be zero for E « D to be zero. Thus D

is equal to zero and hence the equality Ax B+ C)=AxB+AxC
is correct. |}

ExampLE 1-3. Two unit vectors i, and i, drawn at a point are perpendicular to each
other. A vector C is also drawn from the same point. Express C in terms
of its component vectors along i, and ij.

From Fig. 1.11, the projection of C onto the line along i, is equal to
C cos ¢ = C i, Hence the component vector of C along i, is (C » ii,.
Similarly, the component vector of C along i, is (C « ipi,. Since the compo-
nent vectors form two adjacent sides of a rectangle whose diagonal is C,
as in Fig. 1.11, we have

C=(C- iA)iA + (C - ipip
It also follows from Fig. 1.11 that '
(C+i)* +(Crig =C2
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|
|
Aiz
C‘iB r

Fig. 1.11. Components of a vector
along mutually perpendicular unit
7 ' Vvectors.

Likewise, if we have three mutually perpendicular unit vectors i, i,z and i
drawn from a point, then the component vectors of a vector D along the
unit vectors are (D « )i, (D «ip)i, and (D . iy)i., respectively, so that
D=D:ii,+ D-«ipi + D i
Furthermore,
Dei2+Dsiy)?2+D-i)>= D> |

1.2 Coordinate Systems

In the previous section we discussed some simple rules of vector analysis
without involving any coordinate system. In physical problems, we cannot
simply go on describing vectors by symbols A, B, C, and so on, if we wish
to simplify the geometry associated with the mathematical operations using
these vectors. We need to describe a vector in terms of component vectors
along a set of reference directions such as east, north, and upward. Although
several different coordinate systems are in existence, we will be interested
only in three: (a) the cartesian, (b) the circular cylindrical or simply cylin-
drical, and (c) the spherical coordinate systems. Each coordinate system
involves three surfaces which are mutually orthogonal. At any particular
point, unit vectors can be drawn tangential to the curves of intersection of
pairs of the three orthogonal surfaces. The three unit vectors drawn in this
manner will be mutually perpendicular and will define the reference direc-
tions at that point. Once such reference directions are defined everywhere
in space, we can represent vectors in terms of their component vectors along
the reference directions and use them for performing vector operations. We
will discuss each coordinate system separately and then summarize the
details in the form of a table.

a. Cartesian Coordinate System.

For the cartesian coordinate system, the three mutually orthogonal
surfaces are three planes. Let us consider three orthogonal planes which
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intersect at a particular point O which we will call the origin, as shown in
Fig. 1.12(a). The three planes also define three straight lines which are the
intersections of pairs of planes. These three straight lines are mutually per-
pendicular and form a set of coordinate axes which are denoted x, y, and z
axes. Values of x, y, and z are measured from the origin so that the origin
is taken as the reference point. We say that the coordinates of the origin
are (0,0,0), that is, x =0, y =0, and z= 0. Thus, if we consider the
x axis, values of x on one side of the origin are positive and on the other
side, they are negative. The direction of increasing values of x is indicated
by an arrowhead. We will direct a unit vector i, drawn from the origin in
the direction of increasing values of x. By doing the same with the y and z
axes, we define unit vectors i, and i, at 0. Now, we note that we can choose
the directions of increasing values of x, y, and z in two ways: (a) such
that i, x i, =i, as in Fig. 1.12(a); or (b) such that i, x i, = i,. The first is
known as a right-hand coordinate system since, if a right-hand screw is turned
from the direction of increasing values of x towards the direction of increas-
ing values of y through the smaller angle 90°, it advances in the direction of
increasing values of z. The second choice is known as a left-hand coordinate
system since it requires a left-hand screw to advance in the direction of
increasing values of z when turned from the direction of increasing values
of x towards the direction of increasing values of y through the smaller angle
90°. By convention, the right-hand coordinate system is used.

Movement on the yz plane requires no displacement along the x direction;
hence the value of x is constant on this plane. In particular, since the value
of x at the origin is zero, this constant is zero. Also, the unit vector i, is in
the increasing x direction and hence is normal to this plane. Similarly, for
the xz plane, y = constant = 0 and i, is normal to this plane; for the xy
plane, z = constant = 0 and i, is normal to this plane. Any other point in
space is now defined by the intersection of three planes parallel to the three
planes defining the origin. Alternatively, we can displace the three planes
x =0, y=0, and z = 0 along the coordinate axes (or unit vectors) per-
pendicular to them and obtain a new point of intersection. For example,
by moving the x = 0 plane by one unit along the x axis, the y = 0 plane
by three units along the y axis, and the z = 0 plane by four units along the
z axis, we obtain a point of intersection whose coordinates are (1, 3, 4), as
shown in Fig. 1.12(b). On any plane parallel to the x = 0 plane, the value
of x is constant and equal to its displacement from the x = O plane; on
any plane parallel to the y = 0 plane, the value of y is constant and equal
to its displacement from the y = 0 plane; and on any plane parallel to the
z = ( plane, the value of z is constant and equal to its displacement from the
z = 0 plane. Thus the point (1, 3, 4) is the intersection of the three planes
x =1, y =3, and z = 4. These three planes also define three straight lines
which are intersections of pairs of planes. Unit vectors i, i,, and i, can be
drawn along these lines of intersections. These unit vectors are parallel to the
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Fig. 1. 12. Cartesian coordinate system. (a) The three orthogonal
planes defining the coordinate system. (b) Unit vectors at an
arbitrary point. (c) Differential volume formed by incrementing

the coordinates.
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corresponding unit vectors at the origin since the lines of intersection are
parallel to the x, ¥, and z axes. In general, an arbitrary point (a, b, ¢) is
defined by the intersection of the three planes x =a, y = b, and z = c.
Unit vectors i, i,, and i, are directed normal to these planes along increas-
ing values of x, y, and z, respectively, and are parallel to the corresponding
unit vectors at the origin. Thus, in the cartesian coordinate system, the direc-
tions of the unit vectorsi,, i, and i, are everywhere the same as their directions
at the origin.

Let us now consider two points P(x,y,z) and Q(x + dx,y -+ dy,
z 4 dz), where Q is obtained by incrementing infinitesimally each coordi-
nate from its value at P. The three orthogonal planes intersecting at P and
the three orthogonal planes intersecting at Q define a rectangular box of
edges dx, dy, and dz in the i,, i,, and i, directions, respectively, as shown in
Fig. 1.12(c). The differential displacements (or length elements) along the unit
vectors i, i,, and i, in going from P to Q are therefore the same as the dif-
ferential increments dx, dy, and dz of the coordinates x, y, and z, respec-

tively. The vector displacement dl from P to @ is given by

dl =dxi, + dyi, 4 dzi, (1-19a)
The magnitude of this displacement is
dl = /(dx)* + (dy)* + (dz)? (1-190b)

The three displacements dx i, dy i,, and dz i, also define three surfaces of
infinitesimal areas in the three planes intersecting at P. To take into account
the orientation of the surface area, it is convenient to represent the area
by a vector quantity whose magnitude is equal to the area and whose direc-
tion is that of the normal to the area. The three infinitesimal surfaces are
then t-dydzi,, +dzdxi, and +dxdyi, where the 4 sign takes into
account two possible directions of normal to the surface. The infinitesimal
volume of the box is dx dy dz. We will use the differential length elements,
surface areas, and volume introduced here in later sections.
Any arbitrary surface is defined by an equation of the type

Sx,3,2)=0 (1-20)
where f denotes a function. Since an arbitrary curve is an intersection of
two appropriate surfaces, it is defined by a pair of equations

f(xy s Z) =0 and g(xa Vs Z) =0 (1'21)
where f and g are two different functions. Alternatively, a curve may be
defined by three parametric equations

x=x() y=y z=:z0 (1-22)
where ¢ is an independent parameter.

A vector drawn from the origin to an arbitrary point P(x, y, z) is called
the position vector defining the point P. It is denoted by the symbol r.
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Thus, in the cartesian coordinate system,
r=xi, 4+ i, 4 zi, (1-23)

b. Cylindrical Coordinate System. |

- For the cylindrical coordinate system, the three mutually orthogonal
surfaces are a cylinder and two planes, as shown in Fig. 1.13(a). One of the
planes is the same as the z = constant plane in the cartesian coordinate

= Constant = ¢

r = Constant = a

(2) (b)

©

X

Fig. 1.13. Cylindrical coordinate system. (a) The three orthogonal
surfaces defining the coordinate system (b) Unit vectors at an
arbitrary point. (¢) Differential volume formed by incrementing
the coordinates.
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system. The second plane is orthogonal to the z = constant plane and hence
contains the z axis. It makes an angle ¢ with a reference plane, conveniently
chosen as the xz plane of the cartesian coordinate system. This plane is
therefore defined by ¢ = constant. The third orthogonal surface, which is
cylindrical, has the z axis as its axis. On such a cylindrical surface, the radial
distance r from the z axis is a constant. Thus the three orthogonal surfaces
defining the cylindrical coordinates of a point are given by r = constant,
¢ = constant, and z = constant. In particular, the origin is defined by » = 0,
¢ = 0, and z= 0. Note that only two of the coordinates (+ and z) are dis-
tances, whereas the third coordinate (¢) is an angle. Since the radius of a
cylinder cannot be negative, the coordinate r varies only from 0 to oo.
Since one revolution of the ¢ = constant plane about the z axis sweeps
the entire space, the coordinate ¢ varies from O to 2z. The coordinate z
varies from —oo to +-co as in the cartesian coordinate system.

Through any arbitrary point (g, &, ¢) we can pass a cylinder r = g,
a plane ¢ = &, and another plane z = c. These three orthogonal surfaces
define three curves, mutually perpendicular at (a, &, ¢), two of which are
straight lines and the third is a circle. We draw unit vectors i,, i;, and i,
tangential to these curves at (g, &, ¢) and directed toward increasing values
of r, ¢, and z, respectively, as shown in Fig. 1.13(a). It follows that i,, i,, and
i, are mutually perpendicular and normal to the surfaces r =a, ¢ = a,
and z = ¢, respectively, at the point (g, &, ¢). If we now consider a point
(a, B, ), this point is defined by the intersection of the surfaces r = a, ¢ = S,
and z = c¢. Three mutually perpendicular unit vectors i,,i,, and i, can be
drawn at the point (a, §, ¢) tangential to the curves of intersection of pairs
of these surfaces and in the directions of increasing r, ¢, and z, respectively,
as shown in Fig. 1.13(b). However, we note that the unit vectors i, and i,
at this point are not parallel to the corresponding unit vectors at the point
(a, a, ¢). Thus, unlike the unit vectors in the cartesian coordinate system,
the unit vectors i, and i; do not have the same directions at all points; that
is, the directions of i, and i, are functions of the coordinates r and ¢, whereas
i, remains uniform. We also note that a right-hand coordinate system defined
by i, x iy =i, and a left-hand coordinate system defined by i, x i, =1,
are possible. However, we will work with the right-hand coordinate system.

Let us now consider two points P(r, ¢, z) and Q(r -+ dr, ¢ + dd, z + dz),
where Q is obtained by incrementing infinitesimally each coordinate from
its value at P. The three orthogonal surfaces intersecting at P and the three
orthogonal surfaces intersecting at Q define a box which can be considered
as a rectangular box since dr, dd, and dz are infinitesimally small. The sides
of this box are made up of the differential length elements dr, r d¢, and dz
along the i,, i,, and i, directions, respectively, as shown in Fig. 1.13(c). Thus
the differential displacements along the unit vectors i,, i, and i, in going
from P to Q are dr, r dg, and dz, respectively. We note that the differential
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displacement in the ¢ direction is not d¢ but » d@. The vector displacement
dl from P to Q is given by

dl=dri, +rdpi, 4 dzi, (1-24a)

The magnitude of this displacement is
dl = /(dr)* + (r d)* + (dz)* (1-24b)

The infinitesimal areas in the three surfaces intersecting at P are 4 ( d¢)(d2)i,,
+(dr)(dz) i, and - (r d$)(dr)i,. Finally, the infinitesimal volume of the box
is (dr)(r dp)(dz) = r dr d$ dz. Equations similar to (1-20), (1-21), and (1-22)
define arbitrary surfaces and curves. The position vector defining an arbi-
trary point P(r, ¢, z) is given by

r=ri, +z, (1-25)

¢. Spherical Coordinate System.

For the spherical coordinate system, the three mutually orthogonal
surfaces are a sphere, a cone, and a plane, as shown in Fig. 1.14(a). The
plane is the same as the ¢ = constant plane in the cylindrical coordinate
system. The sphere is centered at the origin. On the surface of such a sphere,
the radial distance r from the origin is constant and hence the sphere is
defined by r = constant. The spherical coordinate r should not be confused
with the cylindrical coordinate ». When these two coordinates appear in the
same expression, we will use subscripts ¢ and s to distinguish between

# = Constant = «

ir rsin 6 do

Constant

=a

Y

¢ = Constant = 8

() ()

Fig. 1.14. Spherical coordinate system. (a) The three orthogonal
surfaces defining the coordinate system. (b) Differential volume
formed by incrementing the coordinates.



17 Coordinate Systems Sec. 1.2

cylindrical and spherical. The cone has its vertex at the origin and its surface
is symmetrical about the z axis, so that the angle 8 which the conical surface
makes with the z axis is constant. Thus the three orthogonal surfaces defin-
ing the spherical coordinates are given by r = constant, # = constant, and
¢ = constant. In particular, the origin is defined by » = 0,0 = 0, and ¢ = 0.
Note that only one coordinate (r) is distance whereas the other two (@ and ¢)
are angles. Since the radius of a sphere cannot be negative, the coordinate
r varies only from 0 to co. Likewise, it is sufficient if the coordinate § is
allowed to vary from 0 to m to cover the entire space. The coordinate ¢
varies from 0 to 27 as in the cylindrical coordinate system.

Through any arbitrary point (a, &, §) we can pass a sphere » =g, a
cone @ = a, and a plane ¢ = B. These three orthogonal surfaces define three
curves, mutually perpendicular at (a, &, §). We draw unit vectors i,, i, and i,
tangential to these curves at (a, &, f) and directed towards increasing values
of r, 8, and ¢, respectively, as shown in Fig. 1.14(a). It follows that i, i,
and i, are mutually perpendicular and normal to the surfaces r = a, = a,
and ¢ = f, respectively, at the point (a, &, ). By doing the same at another
point, it may be seen that the directions of all three unit vectors i,, iy, and i,
are functions r, 8, and ¢. We also note that a right-hand coordinate system
defined by i, x i, = i, and a left-hand coordinate system defined by i, x i,
= i, are possible. We will, however, work with the right-hand coordinate
system.

Let us now consider two points P(r,8,¢) and Q@ + dr,0 + 40,
¢ + do), where Q is obtained by incrementing infinitesimally each coordinate
from its value at P. The three orthogonal surfaces intersecting at P and
the three orthogonal surfaces intersecting at Q define a box which can be
considered as a rectangular box since dr, df, and d¢ are infinitesimally small.
The sides of this box are made up of the differential length elements dr, r d6,
and r sin 0 d¢ along the i,, is, and i, directions, respectively. Thus the differ-
ential displacements along the unit vectors i,, i;, and i, in going from P to
Q are dr, r df, and r sin 0 d¢, respectively, as shown in Fig. 1.14(b). We note
that the differential displacements in the § and ¢ directions are r d@ and
r sin @ d¢ and not 4@ and d¢. The vector displacement dl from P to Q is
given by :

dl=dri, +rdfi,+rsin@ddi, (1-26a)
The magnitude of this displacement is
dl = \/(dr)® + (r dB)* + (r sin 0 d¢)? (1-26b)

The infinitesimal areas in the three surfaces intersecting at P are
4 (r dO)(r sin @ d)i,, +-(dr)(r sin 6 dd)ie, and - (dr)(r dO)i,. Finally, the infini-
tesimal volume of the box is (dr)(r d0)(r sin 0 dp) = r? sin @ dr df d¢.
Equations similar to (1-20), (1-21), and (1-22) define arbitrary surfaces and
curves, The position vector defining an arbitrary point P(r, 8, ¢) is given by
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(1-27)

The various details discussed thus far in this section are summarized in
Table 1.1.

r =ri

r

TABLE 1.1. Summary of Details Pertinent to the Cartesian, Cylindrical, and
Spherical Coordinate Systems

Cartesian Cylindrical Spherical
Orthogonal three planes a cylinder and a sphere,
Surfaces two planes a cone,
and a plane
Geometry Fig. 1.12 Fig. 1.13 Fig. 1.14
Coordinates X, ¥, Z e,z no,é
Unit Vectors ix, iy, iz iy, g, iz ir, Ig, iy
Limits of —o0 < x < o0 0<r<oo 0<r<oo
Coordinates —oo <y < oo 0<¢<2zm O<fb<n=m
—o0 <z < oo —oo <z < 0o 0<¢<2n
Differential dx iy, dyiy, dz i, drip, rd¢ iy, dzi; ariy, ¥ dd i,
Length Elements rsin 0 dé iy
Differential “dxdyi, rdrddi, rdrdfig
Areas dydziy rd¢ dzi, r2sin 6 d0 dé i,
dz dx iy drdzig rsin@drddig
Differential dxdy dz rdrd dz r2sin 6 dr d0 dé

Volume

Since any particular point in space can be defined by its coordinates
in any one of the three coordinate systems, it is possible to derive relation-
ships between the different sets of coordinates from simple considerations
of geometry.

ExaMpLE 1-4. Express the cylindrical coordinates of a point in terms of its spherical
coordinates.
From the construction of Fig. 1.15, the distance of point P (r,, 0, ¢)
from the z axis is , sin 6. This is the radius of the cylinder passing through
P and having the z axis as its axis. The height of point P above the xy plane
is r, cos 8. This is the value of z on the constant z plane passing through
P. Thus the cylindrical coordinates (r,, ¢, z) of point P are

r.=r. sin @

p=2¢
z=r,cos

The various relationships between the different sets of coordinates obtained
in this manner are summarized in Table 1.2. |
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Fig. 1. 15. Conversion from spherical coordinates
to cylindrical coordinates.

TABLE 1.2. Relationships Between Different Sets of Coordinates

Cartesian Cylindrical Spherical
x,y’z r7¢’z r’e’¢
Cartesian x =rcos ¢ x =rsinfcos ¢
X, ¥,z y=rsing y =rsinfsin ¢
7=1z z=rcosf
Cylindrical r=a/x%2 + y2 Fo=rssinf
v
92 $ = tant L b=9
z=7z z=rs;cosb
Spherical r=a/x2 4 y2 4 22 rs=ar2+z2
7,0,¢ g = tan—! —_M 0=tan‘12
z z

¢ = tan-1 £ $=¢

1.3 Components of Vectors

Once we set up a coordinate system and define unit vectors pertinent to that
coordinate system, we can express vectors at any point in terms of their
components along the unit vectors at that point and perform vector opera-
tions using the components. Let i, i,, i, be a set of mutually perpendicular
vectors at a point P such that i, x i, = i,, so that they can represent any
one of the sets of unit vectors (i, i, i,), (i,, is i,), and (i, Iy, i,) in the three

x5 ly’

different coordinate systems. Let A, B, and C be three vectors at the point
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P. Then we have, from Example 1-3,
A=(A-i)i, + (Aii, + (A« i,)i,
= Ai, + A,i, + A,i,
where A4,, A,, and A4, are equal to (A « i,), (A » i,), and (A . i,), respectively;

that is, 4,, 4,, and A4, are the components of A along i, i,, and i;, respect-
ively. Similarly,

(1-28)

B = Bi, + B,i, + Bii, (1-29a)
C = Ciji, + Gj, + Cii, (1-29b)

Now, we can perform the vector operations discussed in Section 1.1 as
follows:

(2) Equality of vectors: Two vectors A and B are equal if and only if
their respective components are equal; that is,

B, =4, i=1,23 (1-30)
(b) Magnitude of a vector:
|A|= 4 = /4 + 4} + 43 (1-31)
(c) Addition and subtraction of vectors:
A+ B = (4, + B)i, + (4, + B, + (4, + By)i, (1-32a)
B—C= (B, —CDi, + (B, — Ci, + (B, — C))i, (1-32b)
(d) Multiplication and division by a scalar:

m(A) = mA i, + mA,i, + mA,i, (1-33a)
1 __ B, B,. | B,. i
o B =1 + S, + A, (1-33b)
(e) Unit vector: The unit vector along the direction of a vector A is
given by
. A+ A, + 4., (1-34)

WE T AT 4
(f) Scalar or dot product of two vectors:
A.B= (A1i1 + 4,5, + A3i3) * (B, -+ Bii, + Bii;) (1-35)
= A,B, 4+ A4,B, + A,B,

(g) Vector or cross product of two vectors:
A x B =(4i, + 4,i, + 4,i;) x (B,i; + B,i, + Biiy)
= A,B,i, — A,B,i, — A,B,i, + A,B,i, + A,B|i, — A,B,i,

= (AoB; — AsB)iy + (A;B, — A, B)iy + (4,8, — B 0
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(h) Scalar triple product:

L L
A+BxC=(4,i, + A4,i, + 4,i,)« |B, B,
Cc, G,

A, A, 4,

=|B; B, B;

¢ G G

Sec. 1.3

ExampLE 1-5. Find the dot and cross products of the unit vector i,, at the point

P(r,, ¢., z) and the unit vector i, at the point O(r,, 9, ¢,).

Since the unit vectors i, i,, and i, are uniform everywhere, we express
i,. at P and i, at Q in terms of their components along i,, i,, and i, and then

perform the dot- and cross-product operations.
From the construction of Fig,. 1.16 we have

i, =cos¢, i, + sing, i,

ip=cosf@cos @, i, + cos@sing,i, —sinf1i,

Using (1-35) and (1-36) and simplifying, we then obtain
irc . io = COS 0 Cos (¢s - ¢c)

i, x i, =sinfi, + cos@sin(p, — ¢.)1i,

X

Fig. 1. 16. To find the dot product of i, at P(., @., z) and iy

at Q(r.u 0, ¢s)
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If P and Q are the same points (r, 8, ), then these results reduce to
i, oig=cosf
i,, x i, =sinf@1i,
Dot products and cross products between different unit vectors at the
same point (7, 8, ¢) are listed in Tables 1.3 and 1.4, respectively. J

TABLE 1.3. Dot Products of Unit Vectors at a Point (v, 8, ¢)

ix iy l‘z irr.‘ i¢ ir: i9
ix e 1 0 0 cos ¢ —sin¢ sinfcos¢  cosfcoso
iy 1 0 sin ¢ cos ¢ sin 8 sin ¢ cos @ sin ¢
iz 1 0 0 cos @ —sin @
irce 1 0 sin @ cos @
ig e 1 0 0
"1 0
ige 1

Table 1.4. Cross Products of Unit Vectors at a Point (7, 8, ¢)

ix iy i; irc i¢ irs i9
ixx 0 i, —i, sin¢i, cos¢i, sinfsingi, —cosfi, cos §sin ¢ i, + sin 81,
iy X 0 i, —cos¢gi, singi, —sin@cosdi, +cosfix —cosfcosdi, —sinliy
i: % 0 ig —ire sin @ ig cos B iy
ire X 0 iz — cos f iy sin 0 iy
i; % 0 ~sinfi; + cos @i, —cos fi, — sin @i,
irs X 0 i
is X 0

Since any vector drawn at a point can be expressed in terms of its
components along any one of the three sets of unit vectors, it is possible to
derive relationships between the components of a vector in one coordinate
system and the components of the same vector in another coordinate sys-
tem.

ExAaMPLE 1-6. Express the component 4, of a vector A in terms of its components
A, A,and 4,
Ag - A L ig
= (A, + Aji, + A,i) - (cos@cos i, +cos@singi, —sinfi)
= A, cosfcos¢p + A,cosfsing — A4,sinf
The various relationships derived in this manner between different com-
ponents of a vector are summarized in Table 1.5. ||

ExAmMpLE 1-7. Show that (A xB)x C=(A « C)B — (B« C)A.
First, we note that the vector A x B is perpendicular to both vectors A
and B and hence is normal to the plane containing A and B. But the vector
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(A x B) x C is perpendicular to the vector (A x B) as well as to the vector C.
Hence (A x B) x C lies in the plane containing A and B. In view of this,
(A x B) x C can be written as a superposition of two vectors proportional
to A and B; that is, A
(A x B) x C=mA -+ nB
To find m and n, we expand (A x B) x C. Thus
i, i, i
(AxB)yx C=|(4,B, — A,B,) (4,8, — A,B;) (4,B, — 4,B))
C, C, C,
= (4,C,B, + 4,C;B, — B,C,4, — B;C,4))i,
+ (A1C1Bz + 4,C,B, — B,C\ 4, — B3C3A2)i2
+ (A1C1B3 + 4,C,B; — B,Ci4; — B,C,A4,)i,
= (4,C,B, + 4,C,B, + 4,C;B, — B,C 4,
— B,C,4, — B3C3A1)'i1
+ (A1C1B2 + 4,C,B;, + 4,C,B, — B,C, 4,
— B,C,4, — B;C A)i,
+(4,C,B, + A4,C,B, + A,C,B, — B,C A4,
— B,C, 4, — B,C,4,)i;
=A.COB—(B.0A
Similarly, it can be shown that
AxBxC=A-CB—(A:BC |

ExampLE 1-8. Given
A=2i —Ii,
B=2i, —i, + 2i,
C=2i, —3i,+1i,
We wish to perform several operations with these vectors as follows:
(@ A+B=Qi, —i)+ Qi, —i,+2i,)=4i, —i, +1i,
() B—C=(Qi, —i,+2i,)— @i, —3i, +1) =2 +1,
) A+B-—C=A+B—-0C=Qi, —i)+ @i,+i)=2i +2i
@ |B= /T F (I ¥ 22 =3

. _ B 2, —i, 2, 2. 1. 2.
© by =g ="—73"— =3k~ 3L+ 3k
£) AeB=(2, —i)+Qi, —i, +2)=4+0—-2=2
z. X y
A-B 2

Cosine of the angle between A and B = =
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i, i, i

h)yBxC=|2 —1 2|=>5i, +2i, — 4,
2 =3 1 '
(i) Sine of the angle between B and C = II% ﬁ g II = 3{/4_% = «/114
2 —1 2
G) BeCxA=[2 —3 1 |=14
2 0 -1
i, i, i
KAxBxC=|2 0 —1|=2i + 3i, 4 4i,
5 2 —4

(I) Components of B in spherical coordinates at (1, z/2, x)
B, =B,sinfcosd + B,sinfsin¢ + B,cosf

= 2sin X —1sinZ g T _ _

——2S11’1200$7t 1s1n251n7z~l—20052 = —2
B, = B,cosB@cos¢d + B,cos@singd — B,sinf

= n — r —2sin® - —

——-ZCOSTCOSE lcoszcosn 2s1n2 2

B,= —B, sin¢ + B,cosd = —2sinzm — lcosm =1

(m) By using a vector product, find any vector perpendicular to B. We
can consider the unit vector i, for simplicity. Then

i, i, i

x Y z
D=Bxi —=|2 —1 2|=2 +i
1 0 0

We can verify that D is indeed perpendicular to B by showing that
B.D = (2, —i,+2) @+i)=0-2+2=0 ]

1.4 Scalar and Vector Fields

A’'mathematical function or a graphical sketch constructed so as to describe
the variation of a quantity in a given region is said to represent the “field”
of that quantity associated with that region. We distinguish between scalar
and vector fields, depending upon whether the quantity of interest is a scalar
or a vector. We will first discuss scalar fields or functions. A simple example
of scalar function is one by means of which we attempt to describe how the
depth d of water in a lake varies from point to point on the lake surface.
Assuming the lake surface to be plane, we first set up a two-dimensional
coordinate system to define each and every point on the surface by a set of
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coordinates (x, ¥) with respect to a chosen origin. To each set of coordinates
(x, y) we assign a number for d, which represents the depth of water beneath
the point defined by that set of coordinates. The coordinates (x, y) are the
independent variables and the depth 4 is the dependent variable. The func-
tion d(x, y) represents the depth field associated with points on the surface
of the lake.

If we join points in the xy plane for which the depth is equal to a par-
ticular constant, we obtain a curve known as a constant-depth contour.
Similarly, by joining the points which have associated with them the same
depth value but different from the previous constant, we obtain a different
constant-depth contour. In this manner we can draw several constant-depth
contours with convenient increments ranging from zero depth to the greatest
depth, as shown in Fig. 1.17. The constant-depth contours provide a graphical
representation of the depth field d(x, y).

J
J

T,

20
10

0] > X

Fig. 1.17. Sketch of a two-dimensional scalar field d(x, y)
showing contours of constant values of d.

To add one more dimension to the scalar field, let us consider the tem-
perature field associated with points inside a room. We can set up a coordinate
system to define the location of each and every point inside the room with
respect to a chosen origin. However, we will need all three coordinates
(x, y, z) in this case instead of just two coordinates as in the previous exam-
ple. To each set of coordinates (x, y, z) we assign a number which represents
the temperature 7 at the point defined by that set of (x, y, z). The coordi-
nates (x, y, z) are the independent variables and the temperature 7 is the
dependent variable. The function T(x, y, z) represents the temperature field.
If we join points in the coordinate system for which the temperature is equal
to a particular constant, we obtain a surface which is known as a constant-
temperature or isothermal surface. Similarly, by joining the points which have
associated with them the same temperature value but different from the
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previous constant, we obtain a different isothermal surface. In this manner
we describe the temperature field in the room by a set of isothermal surfaces.

The addition of time ¢ as an independent variable introduces one more
dimension to the problem. The temperature at each and every point in the
room varies with time in general so that the discussion in the preceding
paragraph is valid only for fixed times or for the special case in which the
temperature does not vary with time. In the latter case the temperature field
in the room is said to be “static.” In the general case, however, the temperature
distributions measured throughout the room at two times #, and ¢, can be
different so that the shapes of the isothermal surfaces representing the same
constant temperatures at the two times can be different. Mathematically,
we need two different functions of (x, y, z) to describe the temperature
fields at these two times. To generalize this statement, since ¢ is a continuous
independent variable, T is a function of four indeépendent variables x, y, z,
and ¢. Thus we describe the time-varying temperature field in the room by
a function T(x, y, z, 1).

The same concepts can be used to describe vector fields. However, in the
case of vector quantities, we need to describe not only how the magnitude
of the vector varies as a function of the independent variables but also how
the direction of the vector varies. Hence, if we wish to describe the variation
of a vector as a function of position in three-dimensional space and also of
time, we associate a set of two numbers to each possible combination
(x,y,z,0) or (r, 9, 2, £) or (r, 8, ¢, r), depending upon the coordinate system
used, where one of the two numbers represents the magnitude and the other,
the direction of the vector. More conveniently, since the variation of the
unit vectors in each coordinate system is completely known (the unit vectors
are independent of time), it is sufficient if we describe how each component
of the vector of interest varies with (x, y, z,#) or (r, @, z, 1) or (r, 0, ¢, 1).
Thus we have reduced the problem of describing a vector field to one of
describing the component scalar fields. Mathematically, we write

F(x,y,2,t) = F.(x, y, 2, Oi, + F,(x, ¥, 2, O}, + F,(x,y,z, i,  (1-38)
F@r,d,z,0) = F(r, d, z, )i, + Fyr, ¢, z, )i, + F (r, ¢, z, 0i, (1-39)
E(r,0,0,1) = F,(r, 0, ¢, i, 4 Fy(r, 0, @, Diy + Fy(r, 0, @, 1)i, (1-40)

where F is the vector of interest and remembering that the unit vectors i,
and i, in cylindrical coordinates and i,, ip, and i, in spherical coordinates
are themselves known functions of the coordinates.

ExampLE 1-9. Consider a circular disk of radius a rotating with a constant angular
velocity @ about an axis passing normally through its center. It is desired
to describe the linear velocity vector field associated with the points on the
disk.

We can choose the center of the disk as the origin and set up a two-
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dimensional coordinate system. We have a choice of the coordinates (x, y)
or the coordinates (r, ¢). Since the linear velocity of a point is equal to the
product of the angular velocity and the distance from the axis about which
the disk rotates, we note that points equidistant from the center have the same
magnitude of velocity. Also, the velocity is directed everywhere in the angular
direction. This suggests the use of (r, ¢) coordinate system. Then, at a point
(r, §) the velocity magnitude is re and its direction is i,, as shown in Fig.
1.18(a). Thus the expression for the linear velocity vector field is given as

(2)

o R

Fig. 1.18. (a) Rotating disk. (b) Field of the linear velocity vector
associated with the points on the rotating disk. (c) Same as (b)
with the arrows omitted and the density of direction lines used
to indicate the magnitude variation.

v(r, ¢) = v,(r, P)i, + v,(r, Py = roi, forr<a (1-41)

The constant-magnitude contours are circles centered at the origin and
having radii proportional to the magnitudes. The velocity direction is every-
where tangential to these circles. One way of pictorially representing the
vector field is by drawing at several points vectors whose lengths are equal
to the radii of the circles passing through those points and hence proportional
to the velocity magnitudes at those points and whose directions are every-
where along i,, as shown in Fig. 1.18(b). For this field, these vectors are
everywhere tangential to the constant-magnitude contours (circles) passing
through those points; that is, the constant-magnitude contours are also the
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curves along which points on the disk move as the disk rotates. Such curves
are known as direction lines since they indicate the direction of the vector
field. The constant-magnitude contours and direction lines are not the same
curves for a general vector field. The pictorial representation of Fig. 1.18(b)
can be simplified by omitting the vectors and simply placing arrowheads
along the circles, that is, the direction lines, as shown in Fig. 1.18(c). Also,
by decreasing the spacing between the direction lines as r increases, the
density of direction lines is used to indicate the magnitude variation. This
is the common procedure adapted for graphically depicting a vector field.
In Chapter 2 we will discuss a procedure for obtaining the equations for
the direction lines from the field expressions. ||

Differentiation of Vectors
In calculus, we have learned the rules for differentiation of scalar functions.
If fis a function of x, then the derivative of f with respect to x is

% — lim f& + AAX)Z — fx) (1-42)

Ax—0

If fis a function of (x, y, z), then the partial derivative of f with respect to
xis

0f_ 3 f(x+Ax,y,Z)_f(x,y,Z) -
T im Ax (1-43)
and the differential increase in f from a point (x, y, z) to a neighboring point
x+dx,y +dy,z+ dz)is
_9f of 4y 1 I .
df = dxdx+0ydy+0zdz (1-44)
where df/dy and df/dz are given by expressions similar to (1-43).
Differentiation of vector functions is defined in the same manner as dif-
ferentiation of scalar functions. Let us consider a vector function A(x, y, z).
The differential increment in A from a point (x, y, z) to a neighboring point
(¢ +dx,y + dy, z + dz) is

dAzg%dx—i—g—‘;dy—}—%édz (1-45)

where
% _ AI;I_E, Alx, y + Ay,AZ; — A(x, », 2) (1-47)
% — im Alx, p, z + AAZZ) — A, », 2) (1-48)

Since [A(x 4+ Ax, y, z) — A(x, , z)] is a vector, the derivative dA/dx is a
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vector which, in general, is oriented in a direction different from that of A.
Similarly, dA/dy and dA/dz are vectors which, in general, are oriented in
directions different from that of A. If we express a vector function in terms
of its component vector functions in cartesian coordinates, that is, if

A(x, y,2) = A (x,y, i, + A,(x, y, Di, + A,(x, y, 2)i, (1-49)
then
dA =dA,i, + dA,i, + dA, i, (1-50)

since i,, i, and i, are independent of x, y and z.

ExaMPLE 1-10. The unit vector i, in cylindrical coordinates is independent of » and
z but not ¢. Hence di,/dr = di 0z = O but di,/dp = 0. We wish to find
0i,/0¢ in two ways: (a) from first principles, and (b) by using (1-50).
(a) By definition,
di, i(r, ¢ + A, z) i(r, ¢, 2)
- = lim =~ 1-51

Ag—0

To deduce the right side of (1-51), consider the unit vectors i,, and i,, at
the points P(r, ¢, z) and Q(r, ¢ + A¢, z), as shown in Fig. 1.19. Then we
can write

i, = (o 10 + (g e i¢)i¢ = cos Ad i,, + sin A iy (1-52)

-
iy
[}

~
=

P\(
|
9 |

PNAS> |

>y

~

/\
/

//
/
L"““‘f
.

\r
\
\

\

|
|
|
|
x \

Fig. 1.19. For the evaluation of di,/d¢.
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where i, is the unit vector in the ¢ direction at point P. Using (1-52), we have

i(r, ¢+ Ap,2) —i(r,¢,2) =i, —i,
= (cos A¢p — Di,, + sin Ad i, (1-53)

Substituting (1-53) into (1-51), we get
di, lim (Co8 Ad — l)i;; + sin Ad i, _ i, (1-54)

Ad—0

(b) To use (1-50), we first note that since i, is only a function of ¢,
0i,/0¢ is the same as di,/d¢. Expressing i, in terms of i, i,, and i,, we have
i, =cos¢i, -+ singi, (1-55)

Then, from (1-50), we obtain

di, = d(cos §) i, + d(sin ¢) i,

= (—sin¢i, + cos ¢ i)dp = do i, (1-56)
or
di, di, .
o ~dp ™

which agrees with (1-54). Partial derivatives of unit vectors obtained in this
manner are listed in Table 1.6. ||

TABLE 1.6. Partial Derivatives of Unit Vectors; All Derivatives Not Listed in
the Table are Zero

dx dy oz dr; a9 d6
i S0 85, s d;, 0 0 is 0
iy 2 95, ﬂi 0 0 e 0
dir:/ _( sin ¢ 1 ——-(COS ¢ 1 %1’19 ia COrS i ig sin 8 i¢ ig
* - cos § cos @ ig) + cos @ sin ¢ ig) *
di/ C—(;t—o(—sm pis  ©9cosgi, sinf; —cos Oy cos@is —ips

§ S
—sinfcos i) —sinfsingdi,s)

Expressions similar to (1-50) are not true in cylindrical and spherical
coordinates; that is,

dA % dA, i, + dA, i, + dA. i, (1-57)
dA = dA, i, + dAyi, + dA, i, . (1-58)

To derive the correct expressions for these two coordinate systems, we make
use of the differentiation rule,

d(fA) =fdA + df A (1-59)
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where f'is a scalar function. Thus if
A=A, + A, + A,
we have
dA = d(4,i,) + d(4;) + d(4.i)
= A, di, + dA, i, + A, di, - dA,i, + dA, i, (1-60)
Similarly, if
A=A, + Ajy + Aji,
we have
dA = A, di, + dA. 1, + A, diy + dA, i, + A, diy + dA, i, (1-61)
Finally, if A is also a function of ¢ in addition to x, y, z, we have

dA =dA, i, + dA,i, + dA, i, (1-50)
where
_ 04, a4, dA4, d4, - )
dA’_de+Wdy+7z—dz+ ?Tdt i=xz (1-62)
Rules for the differentiation of dot and cross products of vectors are

as follows:
dA+B)y=dA-B+ A-dB (1-63)

d(A x B) = dA x B+ A x dB (1-64)

The Gradient

Gradient is an operation performed on a scalar function which results in
a vector function. The magnitude of this vector function at any point in the
region of the scalar field is the maximum rate of increase of the scalar func-
tion at that point. The direction of the vector function at that point is the
direction in which this maximum rate of increase occurs. To illustrate this
concept mathematically, let us consider a scalar function V{(x, y, z) which
is single-valued everywhere so that it is differentiable. From calculus, we
can express the change in ¥ from a point (x, y, z) to another point (x + dx,
¥y + dy, z + dz) an infinitesimal distance away from it as

_av 14 oV

(g—;/ix + (;—I;iy + ‘;—I:i,) «(xi, + dyi, + dzi) (165
— VW .dl

where the symbol V stands for “del” and is a vector operator defined as

_ 4. J . J . i
V—a—)—clx—l—@-l},—{*al, (1-66)

When “del” operates on a scalar function, the operation is known as evaluat-
ing the gradient of the scalar function; that is, V¥ is the gradient of V. Thus
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VV=g¥ix+%%iy+‘;—IZ/i, (1-67)
The vector dl is the infinitesimal displacement vector drawn from the point
(x, y, z) to the point (x + dx, y + dy, z + dz).

To discuss the physical significance of V¥, let us consider a surface
containing a point P(x,, ¥,, z,) on which the scalar function is constant and
equal to V(x,, Yo, Zo) = V. If we now consider another point Q(x, + dx,
Yo + dy, z, 4 dz) on the same surface and an infinitesimal distance away
from P, dV between these two points is zero since ¥ remains constant through-
out this surface. It follows from (1-65) that for the vector dl drawn from P
to Q on this surface,

VW.dl=0 (1-68)
and hence VV is perpendicular to dl. But since (1-68) is true for all points
QO on the constant V surface surrounding P, VV must be normal to all pos-
sible infinitesimal displacement vectors drawn away from P on the constant
V surface, and hence it is normal to that surface. Actually, it is sufficient for
V¥V to be normal to any two different infinitesimal displacement vectors
drawn away from P on the constant ¥ surface to conclude that V¥ is normal '
to that surface. Thus we can reach the general conclusion that the gradient
of a scalar function at any point is directed normal to the surface passing
through that point and on which the value of the scalar function is a constant.
Designating i, as the unit vector normal to the constant ¥ surface, we then
have

VYV =|VV|i, (1-69)
Let us now consider two adjacent surfaces of constant V equal to ¥
and ¥, + dV, respectively, as shown in Fig. 1.20. Let P and Q be points
on the V, and ¥V, + dV surfaces, respectively, and let 41 be the displacement
vector drawn from P to Q. Then, since dV is infinitesimally small and hence
the two surfaces are infinitesimally close to each other, we have, according
to (1-65),
: dV = (VV), p+dl=|VV|i, « dl] (1-70)
where we have substituted the right side of (1-69) for (VV),, » and expressed
dl as di i, From (1-70), we have

dv
(7
where ¢ is the angle between i, and i,. But since the maximum value of cos &
is unity, the maximum value of (dV/dl),, » is equal to | V¥| and it occurs for
o equal to zero, that is, for the case in which i; = i,. Thus | V¥| is indeed the
maximum rate of increase of ¥ and it occurs in the direction normal to the
constant ¥ surface, consistent with the conclusion of the previous paragraph.

) —|VV|i, + i, = | VV] cos & (1-71)
at P

ExampLE 1-11. Consider the scalar function V(x, y, z) = xy. Obtain a unit vector
normal to the constant ¥ surface of value 2 at the point (2, 1, 0) in two ways:
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Fig. 1.20. Surfaces of constant V equal to ¥, and V,, + dV,
respectively, for evaluating VV. .

(a) by using the cross product of two vectors which are tangential to the
surface at that point; (b) by using the concept of the gradient of a scalar
function. What is the maximum rate of increase of the scalar function at the
point (2, 1, 0)? '
(a) The constant V surface of value 2 is given by
xy =2

A cut section of this surface is shown in Fig. 1.21(a) and its cross section in
the xy plane is repeated in Fig. 1.21(b). The unit vector i, is tangential to
the surface everywhere. Hence it is sufficient if we find another vector tan-
gential to the surface at (2, 1, 0) so that we can take the cross product of
these two vectors to find a unit vector normal to the surface. For simplicity,
we can find the tangential unit vector i, lying in the xy plane. To find the
components of i, along i, and i,, we need the angle « which the tangent to
the curve xy = 2 in Fig. 1.21(b) makes with the x axis. Noting that the curve
is defined by y = 2/x, we obtain

(%)2,1 = (—é>2,1>: ——%

Hence tan ¢ = 1 or o = 26.6°. Now,
i, =-cosai sin o i —Li —I——i
r — x y — /_5 x /=

The unit vector normal to the surface xy = 2 at (2, 1, 0) is then given by
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Fig. 1.21. For Example 1-11.
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(b) The direction of the gradient of a scalar is normal to the surface of
constant value of the scalar, Hence by evaluating the gradient of the given
scalar function at the point (2, 1, 0) we can find the required unit vector.

_ 9(xp)4 0(xy) _ ;
VV = W i,=yi, + xi

(VV)Z,I,O =i, + 21.v
This vector is normal to the surface xy = 2. To find the unit vector we divide
it by its magnitude which is /5. Thus
I, = flx + == J_ 1,
which agrees with the result of part (a). The maximum rate of increase of
the scalar function at (2, 1, 0) is the magnitude of the gradient. Hence it

isequalto ./5. |

Equation (1-67) gives the gradient of a scalar in cartesian coordinates.
We can similarly consider cylindrical coordinates and write the following
steps:
av=ar % ap 1. 9
dr d¢
. | oV, aV (1-72)
(0 AR 4 ) (dri, + dpi, + dzi) |
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But, in cylindrical coordinates,

dl=dri, +rdpi, + dzi, (1-24a)
Hence we have to modify (1-72) as
)4 1 dV

av="5dr + 53 d¢—|—a

v, 19V, | av. . . .
<0r L+ r 3¢ iy + 97 ) s (dri, +rdpi; +dzi) (1-73)
=VV.dl
Thus, in cylindrical coordinates,

w=9V ¢ L0V L 3V, (1-74)
o9
. Similarly, in spherical coordinates,

w. 1av, 1 av.
VW=t et g ag (1-75)

ExaMPLE 1-12. Find the rate at which the scalar function ¥ = r? sin 2¢, in cylin-
drical coordinates, increases in the direction of the vector A =i, 4 i, at

the point (2, /4, 0).
Evidently, the required quantity is VV « A/|A| evaluated at (2, z/4, 0).

v = (%(rz sin 24) i, ¢(r sin 26) i, - _(r2 sin 2¢) i,
= 2rsin 2¢ i, 4+ 2r cos 2¢ i

VV e A= (2rsin2¢i, 4 2r cos 2¢ i,) « (i, + i,)
= 2r sin 2¢ + 2r cos 2¢

VIVA,A—A/ rsin 2¢ 4+ /2 cos 2¢

Finally, the rate of increase of ¥ along A at the point (2, z/4, 0) is equal to

2/7. 1

1.7 Volume, Surface, and Line Integrals

In the study of electromagnetic fields, we repeatedly encounter three types
of integrals: (a) the volume integral, (b) the surface integral, and (c) the line
integral. We will discuss each of these separately and provide some examples
for evaluating them,

a. The Volume Integral.

If the density of a quantity is specified throughout a certain volume,
we make use of volume integral to evaluate the amount of that quantity
in that volume. For example, let us assume that the density of mass p of
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a body is known as a function of the coordinates (x, y, 2), (r, @, z), or (+, 8, ).
To obtain the total mass contained in the volume occupied by the body, we
divide the volume into a number of infinitesimal volumes dv,, dv,, dv,, . ...
Within each infinitesimal volume, the density may be considered to be con-
stant so that the mass contained within each volume is given by the product
of the infinitesimal volume and the density in that volume. The total mass m
is then the sum of these several masses, that is,

‘m=p1dv1—l—p2dv2+p3dv3+---=Zj]p,¢z’v, (1-76)

where p, is the density associated with the volume dv, Equation (1-76)
gives only the approximate value of m since the density within each infinites-
imal volume is not quite constant. However, it becomes exact in the limit
that dv, tends to zero (i.e., shrinks to a point) in which case the summation
becomes an integral

m= J pav (1-77)

where the integration is performed throughout the volume ¥ of the body,
as indicated by the letter V associated with the integral sign. The integral
on the right side of (1-77) is known as a volume integral. The volume integral
is a triple integral since dv is the product of three differential lengths.

ExampLE 1-13. The density of mass of a spherical body of radius a centered at the
origin is given by

p(r’e’(ﬁ):%

where p, is a constant. It is desired to find the mass m of the spherical body.

The differential volume dv in spherical coordinates is r? sin  dr d@ d¢.
Substituting for p and dv in (1-77) and introducing the limits for the three
variables 7, 0, and ¢, we have

a 7~ 2z
m=f f J Poy2 gin 9 dr d di
r=0J 8=04d g=0 7

=2zp,a® 1

b. The Surface Integral.

If the density of flow of a fluid or, in general, the flux density of any phys-
ical quantity is specified over a certain surface, we make use of surface inte-
grals to evaluate the amount of the flux of that quantity crossing that surface.
For example, let us assume that the density of current at all points on a
particular surface S is known. Since current is due to the flow of charges,
the current density at a point has magnitude and direction and hence is a
vector. Let us denote the current density vector as J. To obtain the current
crossing the surface S, we first divide the surface into several infinitesimal
areas of magnitudes dS,, dS,, dS,, . ... Since each of these areas is very,
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very small in magnitude, we can treat them as plane surfaces and define
their orientations by their corresponding normal vectors i, i,,, i, -
Furthermore, we can consider the current density vector associated with each
area to be constant.

Let us then consider one infinitesimal area 4S, i,, and its associated
current density vector J, as shown in Fig. 1.22. Let the angle between i,,

inl

Fig. 1.22. Division of a surface § into several infinites-
imal areas to evaluate the flux of a vector J crossing the
surface.

and J, be a. Then the projection of the area dS, onto a plane normal to the
current density vector J, has an area dS, cos «. The current crossing this
projected area and hence the current crossing the surface dS, i, is equal to
| ¥, 1dS, cosa, or J, « dS,1i,,. Similarly, we can obtain the currents flowing
through all the other infinitesimal surfaces and add them up to give the total
current 7 as

I=J, edS;i, +J,dS,i,+J, «dS,i,+ -
=T, +dS,i, =X, - dS, (1-78)
k k

where dS, = dS'i,,. Equation (1-78) is approximate since the assumption of
constant current density vector for any infinitesimal surface is true only in
the limit that the area of that surface tends to zero (i.e., shrinks to a point).
In this limit, the summation in (1-78) becomes an integral, giving us

szsJ-dS=fsJ-i,,dS (1-79)

where the integration is performed over the entire surface S. The integral on
the right side of (1-79) is known as a surface integral. The surface integral
is a double integral since dS is the product of two differential lengths. If
the surface is closed, we call it a closed surface integral and write it with a
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small circle associated with the integral sign, as follows:
I=§ 3.ds (1-80)
s

Also, the normal vectors to the differential areas comprising the closed sur-
face are then usually chosen to be pointing away from the volume bounding
that surface so that the closed surface integral represents the flux emanat-
ing from the volume.

ExaMpLE 1-14. 1In a certain region, the current density vector is given by
J=3xi, + (y — 3i, + (2 + 2)i, amp/m?

Find the total current flowing out of the surface of the box bounded by
the five planes x =0,y =0,y =2,z=0,and 3x + z = 3.

With reference to Fig. 1.23, we will consider the normal vector to be
always pointing out of the box so that [ J « dS gives the current flowing out
of the surface.

For the surface x = 0,dS = —dy dzi,, J = (y — 3)i, 4+ 2 + 2)i..

\dx dy

Fig. 1.23. For Example 1-14.
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JedS=0
fJ-dS:O

For the surface y = 0, dS = —dzdxi, J = 3xi, — 3i, + (2 + 2)i,.
JedS=3dzdx

1 3-3x 9
J‘J-dS=f f 3dzdx = %
x=0 z=0 2

For the surface y = 2,dS = dzdxi, J = 3xi, — i, + (2 4 2)i,.
JedS= —1dzdx

1 3-3x 3
fJ'dS=f f (—1)dzdx=—7
x=0 o z=0

For the surface z = 0,dS = —dx dyi,, J = 3xi, + (y — 3)i, 4 2i,.
JedS=—2dxdy
[a.as=] jz (—2) dx dy = —4
x=0 »=0
For the surface 3x + z = 3,

_ VGx+2) | 3,4 3, Ly
" V@Bx+z)| T /3412 /107 T /10T

From dS'i, « i, = dx dy, we have

i

dsziﬁlﬂ?:f‘wdxdy

dS = (3i, +1i,)dxdy
J=3xi, + (y — 34, + (6 — 3x)i,
JedS=0Ox+5—3x)dxdy = (6x+ 5)dxdy

jJ-dS:j;o j2=0(6x+5)dxdy: 16

Finally, adding the values of j J « dS for the five surfaces, we obtain
the total current flowing out of the box to be 043 —3 — 4416 =
15amp. |

¢. Line Integral.

The line integral consists of evaluating along a specified path the integral
of the dot product of a vector and the differential displacement vector tan-
gential to the path. For example, let us consider a path from point a to point
b, as shown in Fig. 1.24 in a region of a known force vector field F. To find
the total work done by the force from a to b, we divide the path from a to
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dhy
a

a Fi

Fig. 1.24. Division of a curve into several infinitesimal
segments to evaluate the work done by the force vector F
along the curve.

b into a number of segments of infinitesimal lengths d/,, dl,, di,, . ... Since
the length of each segment is very, very small, we can treat these segments
as straight lines and define their orientations by the corresponding differential
vectors dl,, dl,, dl,, .... Within each segment, we can consider the force
vector to be constant.

Let us then consider one infinitesimal segment dl, and its associated
force vector F,. Let the angle between dl, and F, be ¢. The component of
the force F, along the direction of dl, is equal to F, cos &. Hence the work.
done by F, along dl, is equal to (F, cosa)(dl,), or F, « dl,. Similarly, we can
obtain the work done by the forces for all the other infinitesimal segments
and add them up to give the total work ¥ done from ato b as

W=F,+dl,+F,ed,+F,edl,+ ... =Fdl, (1-81)
i

Equation (1-81) is approximate since the assumption of constant force
vector for any infinitesimal segment is true only in the limit that the length
of that segment tends to zero (i.e., shrinks to a point). In this limit, the
summation in (1-81) becomes an integral, giving us

w=[F.a (1-82)

where the integration is performed along the path from a to b. The integral
on the right side of (1-82) is known as a line integral. For the case of the
force vector, it represents the work done by the force field. For other vectors
it will have different meanings. When the line integral is evaluated around
a closed path C, it is known as the “circulation” around that path and we
write it with a small circle associated with the integral sign, as follows:

W= §CF . dl (1-83)
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ExaMpLE 1-15. Find the work done by the force vector
F=yi, — xi,
around the closed path abcdefga shown in Fig. 1.25.
The work done by the force vector is ibcaem F « dl. This integral consists
of seven parts which will be evaluated independently. First, we note that
Fedl= (yi, — xi,) + (dxi, +dyi)=ydx — xdy
Along path ab, y = x%, dy = 2xdx, F + dl = —x? dx.

b -1 1
fF-dl=—f xtdx =%
a x=0 3

Yy
$
24 e
A
y = 1x
avVz
b 41 f
1 ofd ] -

Fig. 1.25. For Example 1-15.
Along path be, y=(/2 — Dx+/2,dv=(/2 — 1) dx
Fedl=./2 dx.
[Fea=[ yTax=y7
b x=-=1
Along path ed, x = 0,dx =0, F « dl = 0.
de.dhzo
Along path de,y = 2,dy = 0, F « dl = 2 dx.
e 1/2
jF.ﬂ=j 2dx =1
d

x=0
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Along path ef, y = 1/x, dy = —(1/x?) dx, F « dl = (2/x)dx.

s 1 )
jF-dl=f Zdx=2In2

x=1/2 X
Along path fg, x = 1,dx = 0, F « dl = —dy.

4 1/2 1
f y=1 2

Along path ga, x =2y, dx =2dy,F «dl = 0.
[Fea=o0
g

Finally, adding the values of [ F .« dl for the seven paths, we obtain
the total work done to be 1 +./2 +0+1+4+2In2+ 4+ 0= 4.634.
The fact that the integrals along the paths cd and ga are zero is obvious if
we note that F = yi, — xi, = —ri,. Thus the force vector is everywhere
tangential to the circle with the center at the origin and, since cd and ga are
radial to the origin, F « dl = 0 for these paths. Hence [ F « dl is zero for the
paths cdand ga. |1

Integration of vectors is performed by expressing the integrand in terms
of its components in cartesian coordinates, thereby reducing the problem to
one of evaluating three scalar integrals. Thus, for example,

j Adm = j (A, + Aj, + Ai) dm

— ([ a.dmi, + ([ 4, dm)i, + ([ 4.am)i. (-89

where dm stands for dv, dS, or dl, depending upon whether the integration
is over a volume, surface, or along a line, respectively. Similar expressions
using the components in cylindrical and spherical coordinate systems are
not correct since some or all of the unit vectors in these coordinate systems
are functions of the coordinates. For example, the magnitude of the sum
of two component vectors along the unit vector i, at two different points is
not, in general, the sum of the magnitudes of the two vectors since the two
components are directed in different directions. For that matter, the direction
of the sum of the two component vectors is not the direction of either of
the component vectors. Thus

[ Adm = ( [ 4, dm)i, + ( [ 4, dm)i¢ + ( [ 4, dm)i, (1-85a)

[ Adm = ( [4, dm)i, + ( [ 40 dm)ia + ( [ 4, dm)i¢ (1-85b)

The integrand must, in general, be expressed as the sum of its component
vectors along i and i, for correct results.

x° lya
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Divergence and the Divergence Theorem

In Section 1.7 we introduced the concept of the surface integral. Let us
consider a closed surface S enclosing a volume ¥ in a region in which the
current density vector J is specified. Then the amount of current emanating
from this volume is given by

I= §S J.ds (1-86)

where the integration is performed over the closed surface S. If we let this
volume shrink to an infinitesimal value Av, we obtain an infinitesimal amount
of current flowing out of the surface AS bounding Av. In the limit that
we let the volume shrink to a point, the current emanating from the point
may tend to zero. On the other hand, since the volume occupied by the
point is zero, the ratio of the current emanating from the point to the
volume occupied by the point can be nonzero; that is, although the quantity
J « dS may tend to zero in the limit Av — 0, the quantity

AS
J«dS
AS
Av

can approach a nonzero value in the limit Av — 0. The quantity

J+dS
AS
Av

is the amount of current, or the flux of the quantity whose density vector is
represented by J, per unit volume emanating from the infinitesimal volume
Av. The value that this quantity approaches as Av tends to zero (i.e., shrinks
to a point) is known as the divergence of the vector J. The divergence of J
is represented as the dot product of the vector operator V and the vector
J, that is, as V « J. Thus

. s J.dS
Vel = fim fet— (1-87)
Since the surface integral results in a scalar, the divergence of a vector is
a scalar. It is the flux emanating per unit volume as the volume shrinks to
a point. Hence the concept of divergence is valid at a point.

To make use of the concept of divergence of a vector, we need to derive
expressions for it in terms of the components of the vector in different coor-
dinate systems. Let us choose the cylindrical coordinate system for this
purpose. The method of deriving the required expressions consists of follow-
ing exactly the steps involved in the definition of divergence. First we choose
an infinitesimal volume at an arbitrary point P(r,, ¢,, z,), as shown in Fig.
1.26. The infinitesimal volume is formed by the surfaces ¥ = ry, ¥ = r, + dr,
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d=0¢, d=4¢, + dp,z=z, and z = z; + dz. The resulting differential
surfaces 1,2,3,4,5, and 6 are given by —r,dd dzi,, (r, + dr)d¢ dzi,,
—drdzig, drdziy, —r,d¢dri,, and r, dp dri,, respectively. Expressing J
in terms of its components in cylindrical coordinates, we have

J=Ji, + Jji, + J.i, (1-88)
The next step is to evaluate the integral of J « dS over the surface bound-

ing the differential volume. We do this by evaluating the surface inte-
grals over the six surfaces separately and then adding them up. Over

X

Fig. 1.26. For obtaining the expression for the divergence
of a vector in cylindrical coordinates.

each surface, we can assume that J is constant since the surface area is
infinitesimal. Only one of the three components of J will contribute to the
flux crossing a particular surface since the other two components are tangen-
tial. Thus the flux leaving the volume from any surface is simply the
product of the surface area and the normal component of the J vector
evaluated on that surface or its negative, depending upon whether that com-
ponent is directed out of or into the volume. In this manner we obtain

flux leaving the volume from surface 1 = —[J,],-,, r, d¢ dz (1-89)
and

flux leaving the volume from surface 2 = [J,],-,,.4,(ro + dr) dd dz
(1-90)
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From (1-89) and (1-90) we have
net flux out of the volume due to surfaces 1 and 2
= ['Ir]r=ro+dr(r0 + dr) d¢ dZ - [Jr]r=ro rO d¢ dZ

={t"])=rosar — [1),=1} dp dz (1-91a)
Similarly,

net flux out of the volume due to surfaces 3 and 4

= {[Velo=poras — ly=y,} dr dz (1-91b)
and

net flux out of the volume due to surfaces 5 and 6
= {[Jz]z=zo+dz - [Jz]z=zq] ro dar d¢ (1-9 lC)
The total flux emanating from the differential volume is the sum of the
expressions on the right sides of (1-91a), (1-91b), and (1-91c). Adding these
three expressions and dividing by the differential volume,
Av = r, dr d¢ dz (1-92)
we obtain

AS J ) ds — [rJr]r=rn+dr _ [rJr]r=ro
Av ro dr

+ [ngg=gs-;dg — [sls-4 (1-93)

[Jz] z=zo+dz [Jz]z=z
- dz B

By taking the limit of (1-93) as Av -0, we obtain V « J at P(r,, d,, 2,) as

J.dS

— h AS
Ve Twsnm = 10 85—

= lim (1), =resar — [T )r=r, + lim [Jslo=goras — [Jolp=go

dar—0 Fo dr d¢—0 rq
+ lim [Jz]z=z +dz T [Jz z=2z,
dz—0 aZ
_1ra 1[dJ, 0J,
B Fo I:ar(rjr):|’=’° + Z %—:L‘Fe“o + I:a?jlng
r1 4 1o, | 8J.
- T a;(r']r) + -r— aﬁ + 951(1‘0,«50,10)

Now, since (1-94) is valid for any (r,, ¢,, 2,), We can generalize (1-94) by
stating that at any point (r, ¢, z),

(1-94)

14 1dJ, , dJ, 95"
V'J:'r—a;(r-],)—i—’;"#—i-?; (l 95)

Similar expressions for the divergence can be derived in the cartesian and
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spherical coordinate systems by repeating the procedure followed for the
cylindrical coordinate system. The resulting expressions are as follows:
Cartesian coordinates:

Q.:
B
=3

J, 0, 9], i
V. J=a—+w—l—$ (1-96)

Spherical coordinates:

A
VeI = G500+ rp gm0 g gg (97

By rewriting (1-96) as

diy Lo i)

V . J — <a lx "l— 0_yiy ‘I“ ’5} lz + ,iny + Jziz) (1-98)

we note why the divergence of J is written as V « J
We will now derive a theorem which relates the closed surface integral

3€ J + dS to a volume integral evaluated in the volume ¥ bounded by S.
s

To do this, let us divide the volume ¥ into a large number of infinitesimal
. volumes dv,, dv,, dv,, ... having surfaces AS,, AS,, AS,, ..., respectively. -
- For each infinitesimal volume, we can assume V « J to be uniform and equal

-to the value it approaches in the limit the volume shrinks to a point. Accord-
- ing to definition, V » J is the flux of the quantity, represented by J, per unit.

volume in the limit that the volume shrinks to a vanishingly small value.
" Now, let us consider one of the infinitesimal volumes dv, with its associated

surface AS, and vector J,. The total flux emanating from this volume is

equal to (V « J), dv;, where (V + J), is the value of V + J evaluated in that

volume. But, from the concept of surface integral, this flux is also equal to
J, « dS. Thus

AS,

(V + ), dv, = §AS 3, +dS (1-99)

By writing similar expressions for all the other infinitesimal volumes and
adding them up, we obtain
Ved)dv, + (Ve D), dv, + (V) dv, +

¢ J.das+& I, .dS+4§ T, .dS+ .-

ASt ) AS, AS3

(1-100)

But the right side of (1-100) is equal to fi; J « dS, since contributions from
N

all the surfaces and portions of the surfaces inside the boundary of the volume
V cancel, leaving a net integral over the surface bounding the volume V.
Equation (1-100) then becomes

S (Ved)do,=§¢ I dS (1-101)

Equation (1-101) is approximate since the assumption of uniform V.« J
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inside any infinitesimal volume is true only in the limit that the volume

shrinks to a point. In this limit, the summation in (1-101) becomes an integral, '

giving us

where the integration is performed throughout the volume ¥ bounded by

S. The result represented by (1-102) is known as the divergence theorem.

It permits the replacement of a surface integration by a volume integration
and vice versa,

ExampLE 1-16. In Example 1-14 we evaluated a surface integral to find the current

1.9

flowing out of a box. It is now desired to compute the same quantity by
using the divergence theorem and performing a volume integration.
According to the divergence theorem (1-102), the current flowing out

of the box of Fig. 1.23 is j (V « J) dv, where V is the volume of the box
Vv

and J is the current density vector specified in Example 1-14. For this current
density vector, the divergence is equal to 5. Hence

§SJ.dS= jy(V-J)dv: fysm:: sfydv
= 5(volume of the box)

=5x (u—gx—?’>=15amp

This result agrees with the result of Example 1-14. |

Curl and Stokes’ Theorem

In Section 1.7 we introduced the concept of circulation or line integral around
a closed path. Let us consider an infinitesimal area AS in the field of a vector
F and orient it such that the circulation § F « dl around the periphery AC of
the area is a maximum, Let i, be the unit vector normal to the area for that
particular orientation. Then we define a vector quantity known as the “curl”
of F, having the symbol “del cross” as

' ACF «dl

VxF= Al;l_x}o s (1-103)
We note that in the limit AS — 0, although §,. F « dl may tend to zero,
V x F can be nonzero. The line integral in (1-103) is evaluated by travers-
ing the perimeter of the area AS on the side of the unit vector i, in
such a direction that the area is on the left, as shown in Fig. 1.27. This is
the same as the direction in which a right-hand screw turns as it advances
in the direction of the normal vector. Just as the divergence of a vector is
associated with a point in space, the curl of a vector is also associated with
a point in space, in view of the limit on the right side of (1-103). Whereas

[ @-Dav=§ 5.as (1-102) |
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the divergence of a vector is a scalar, the curl of a vector is another vector.
The magnitude of this vector is the circulation per unit area as the area
shrinks to a point, maintaining in this process an orientation of the area
such that the circulation around its periphery is a maximum. The direction
of the vector is the direction which the normal vector to the area assumes
as the area shrinks to the point.

Direction of Path
Integration

Fig. 1.27. Illustrating the sense of traversal around the
periphery of area AS to evaluate the line integral in (1-103).

Later in this section we will explore the physical significance of curl,
but first let us obtain the expressions for the curl of a vector in terms of the
components of the vector. To do this, we first wish to show that the compo-
nents of the curl of a vector at a point are simply the circulations per unit
area at that point with the areas oriented normal to the corresponding
coordinate axes.

Let us consider an infinitesimal plane area 4ABC, as shown in Fig. 1.28,
such that its normal vector i, is oriented in an arbitrary direction in the
field of the vector F. We can write

$ Fedl=§ Fedl+¢ Fedl+§ Fedl (1-104)
ABCA ABOA BCOB . cdoc

since the contribution to the integrals on the right side from the paths between
O and 4, O and B, and O and C cancel. Dividing both sides of (1-104) by
the area ABC, we get

ff F.dl 3€ F.dl jﬁ F.dl ff F.dl
ABCA — ABOA + BCOB _+_ cAocC (1_105)
area ABC area ABC area ABC area ABC

With the relationships
area AOB = (area ABC)i, » i, (1-106a)
area BOC = (area ABC)i, + i, (1-106b)
area COA4 = (area ABC)i, + i, (1-106¢)
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A

|7 .
) .y

I
Fig. 1.28. For showing that the components of the curl of a
vector at a point are the circulations per unit area at that
point with the areas oriented normal to the corresponding
coordinate axes.

(1-105) can be written as

§ F.dl 5;3 F.dl 3€ - dl 3€ F.dl
ABCA ABOA l + BCOB . i + CAOC
area ABC =~ area AOB L area BOC Lo L area COA L

<3€ Fedl § Fedl 36 . dl )
:i . ABOA + BCOB _,_ c4 OC
" area AOB 1 area BOC L area COA

(1-107)
Taking the limit of both sides of (1-107) as the area ABC — 0, we have

§ F.dl 3§ F.dl
m 4864 —j .| lim T4Bo4 ___j
A

i
o area ABC . AOB *
ABC-Q a oBp~0 area (1-108)
3‘3 F.dl § F.dl )
1 BCORB CA40C
+ Blolgl_l»o area BOC i+ c};l,ho area COA

The magnitude of V x F is the maximum possible value of
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3@ F.dl
H ABCA
Jim ~rea ABC

that is, the maximum possible value of the quantity on the left side of (1-108).
The maximum value of this quantity occurs when the orientation of i, coin-
cides with the direction of the vector inside the parentheses on the right side
of (1-108). It then follows that this maximum value is the magnitude of the
vector inside the parentheses. Hence the vector inside the parentheses on the
right side of (1-108) isindeed V x F. Thus the components of V x F are simply
the circulations per unit area at the point of interest with the areas oriented
normal to the corresponding unit vectors and as these areas are shrunk to
the point. Although the foregoing proof is carried out for the cartesian
coordinate system, it is obvious that it is valid for any orthogonal coordinate
system since the unit vectors in Fig. 1.28 can be replaced by any orthogonal
set of unit vectors.

We will now derive the expressions for the components of V x F. Let
us choose the spherical coordinate system for this purpose. To obtain the
r component, we consider an infinitesimal area abed normal to the unit
vector i, at point P(r, 0, ¢), as shown in Fig. 1.29(a). From our experience

-in deriving the expressions for the divergence in Section 1.8, there is no need
. to consider a point (r,, 8,, ¢,) and then generalize the result. Expressing ¥
" in terms of its components in spherical coordinates, we have

F = Fji, + Fji, + Fji, (1-109)
Then we evaluate the circulation of F around the path abced in Fig. 1.29(a),
divide the circulation by the area of abed, and find the limit of the resulting

z z z
\ P 1 g
dr
d
a\ Pa h
/1 \N/4
FrX '.c /},‘/Ib !
8/ /" 4
pdE | AN |
o/ifi_'__. - oY H_ -
? L‘L J g g MQ. g
N - .
x d¢ X \l
(2 (b) (©)

Fig. 1.29. For obtaining the expression for the curl of a vector
in spherical coordinates.
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quantity as the area abcd tends to zero. The circulation of F around abed
is the sum of four line integrals, evaluated along the four sides of the area
abed. For each side, we can assume that F is constant since the lengths are
infinitesimal. Only one of the three components of F contribute to the line
integral involving any particular side since the other two components are
normal to the path. Thus the line integral along any side is simply the product
of the length of the side and the tangential component of the F vector evalu-
ated along that side or its negative, depending upon whether the component
is directed along or opposite to the path of integration. In this manner, we
obtain

[(F-a1= k), ras (1-110)
be e dl = [FJlp.4rsin (6 + d6) do (1-111)
de s dl = —[Flyay 1 dd (1-112)
[[Fear——iF)rsin0dp (1-113)

From (1-110)-(1-113) we have

Fedl=(Fedl+ [Fedi+ [(Fedi+ ["F.a
abcda a b ¢ 4

= {[Foly — [Folgraglr 40
+ {[Fylo+ao sin (8 + dB) — [F,), sin §}r do (1-114)
= {[F);, — [Fs]¢+d¢}r dag
+ {[F, sin 0]y, 49 — [F, sin Ol,}r d
Dividing both sides of (1-114) by area abed = r? sin § df d¢ and taking the
limit as the area tends to zero, we have

m abcdaF - dl — lim {[Fols — [Folsraslr 46

1 .
abed—0 area abed do=t r?sin @ dO dé
-0

. {[F,sin 0y, 40 — [F, sin 0]6}" d¢ -
+§§fz“8 T 0 d0 46 (1-113)
_ 1, 1 a
T rsin@ d¢ " rsin@o0

(sin 6 F,)

Similarly, to derive the 8 component of V x F, we consider an infinitesimal
area adfg normal to the unit vector i, at point P(r, 8, ¢), as shown in Fig.
1.29(b), and evaluate the circulation around the periphery of this area.
Following in the same manner as for the r component of (Vx F), we
have
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SG.,W F o dl =[F,), rsin 0 dp + [F,]s.as dr
— [Fylsa(r + dr) sin @ dp — [F,], dr
= {[rFyl, — [rFyl,.sa,} sin 6 dp
+ {[Fr]¢+d¢ - [Fr]¢} dr
Noting that area adfg = r sin § dr d¢, we obtain

(1-116)

F.dl .
lim _&f_zﬂ_ — lim HrFel — [rFyl, .o} sin 0 d
adfg~0  area adfg ar=9 r sin @ dr d$

o (Flsras — [Fls} dr .
T %:1?% r¢sidli @ dr dq; (I-117)

1 OF,
o dr( ¢)+rsm0 6¢

Finally, to obtain the ¢ component of V x F, we choose an infinitesimal area
aghb normal to the unit vector i, at point P(r, 6, ¢), as shown in Fig. 1.29(c),
and evaluate the circulation around the periphery of this area. Following in
the same manner as for the r and 8 components of V x F, we have

§  Fedl=I[Fldr + [El ol + dr) 40 — [Foso dr — [FiLr d
aghba

= {[FJo — [FJosao} dr (1-118)
_I— {[rFO]r+dr - ["Fo]r} do
Noting that area aghb = r dr df, we obtain

F.dl
lim iﬂbi_'_ hm {[Fr]o [Fr] 0+d9} dr

agib~0 area aghb — dro rdr df
{[rpo]r+dr ["Fg],} do -
+ 31?.% rdrdf (1-119)
1 0F,

T-!— r 0r(rF‘9)

Thus, in the spherical coordinate system, we note that

oF, .
VXF= 0[00(sm 0F,) — ¢"
1 1 JF, 1
t 500 —‘E — 0—(’F¢):l'a + — [Gr(rF”) — 1‘.»
i iy (1-120)
r2sin@ rsind r
= 9 9 Fl

» W %
F, rFo rSin0F¢
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Similar expressions for the curl can be derived in the cartesian and cylindrical
coordinate systems by repeating the procedure followed for the spherical
coordinate system. The resulting expressions are as follows:

Cartesian coordinates:

i, i, i
vxF=|2 g_y 2 (1-121)
F, F, F,
Cylindrical coordinates:
| Loy i
r r
VxF=|d 0 0 (1-122)
dor 0¢ Iz
F, rF; F,

The form of the right side of (1-121) explains why the curl of F is written as
VxF.

Let us now discuss briefly the physical significance of curl. To do this,
we will use the concept of the curl meter or the paddle wheel as suggested
by Skilling (see bibliography). Consider a stream of rectangular cross section
carrying water in the z direction, as shown in Fig. 1.30(a). Assume the velocity
v of the water to be independent of height but increasing uniformly from a
value of zero at the banks to a maximum value of », at the center. Thus

vo%i, for0<y<a
=1 (1-123)
voLa_—yi, fora<y<2a

The curl of the velocity vector is given by

T
RERK
Vxv= *x T
0 0
_ vy a_e;,i (1-124)

Yoj a<y<2a

Sketches of v, and (V x v), are shown in Figs. 1.30(b) and (c), respectively.
Now, let us consider a frictionless paddle wheel having negligible influence
on the velocity of the water and introduce it into the water with its shaft
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Vz
A
Wk —— —
|
|
|
|
0 clz 2a -
)]
(VX V)x
Vg/a‘-_—]
Yo I
|
*‘\X*‘\ ’*t’* > T
|
|
—Vo/aF L—
© : Y

Fig. 1.30. For explaining the physical significance of curl using the
paddle-wheel device.

vertical, that is, parallel to the x axis. It will turn in the counterclockwise
direction on the left side of the center of the stream and in the clockwise
direction on the right side of the center, as shown in Fig. 1.30(d). Moreover,
since the velocity differential is independent of y, it will turn at the same
. rate independent of y. In exactly the midstream, it will not turn since the
velocities on either side are equal and are in the same direction. Now, if we
examine the graph of (V X v), and compare it with the action of the paddle
wheel, the physical meaning of curl is apparent. It signifies the ability of the
vector field to rotate the paddle wheel. If we insert the paddle wheel hori-
zontally, that is, along the z axis or along the y axis or in any other direction
parallel to the yz plane, it will not rotate since the top and bottom plates
are hit with the same force, thus indicating that the curl for this field has no
horizontal component, as indeed the expression (1-124) shows. The curl has
nothing to do with curvature or curling flow as the name might imply. We
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have already seen in the example just discussed that a vector field whose
direction lines are straight lines has a nonzero curl. Likewise, it is possible
to have vector fields whose direction lines are curved but with zero curl.
As an example, consider the field given in cylindrical coordinates by

F— rii¢ (1-125)
For this vector field, (1-122) gives
VxF— {0 . everywhere except at r = 0 (1-126)
oo i, atr=20

This can be explained by referring to Fig. 1.31. Although the magnitude of
the force on the right side of the center of the paddle wheel is less than on
the left side, there are more blades hit by the force on the right side, thereby
keeping the paddle wheel still. At r = 0, however, there is circular motion
of the fluid which turns the paddle wheel.

Y

A

Fig. 1.31. An exaggerated picture
/ of a paddle wheel in the field
0 — x  (1/r)i,.

Two important identities involving curl are
V:VxF=0 (1-127)
VxVI=0 (1-128)

The first identity states that the divergence of any vector which can be
expressed as the curl of another vector is zero, whereas the second identity
states that the curl of any vector which can be expressed as the gradient
of a scalar is zero. These relations can be derived simply by carrying out the
vector operations indicated by the left sides of (1-127) and (1-128). Con-
versely, if the divergence of a vector is zero, it can be expressed as the curl
of a vector and if the curl of a vector is zero, it can be expressed as the
gradient of a scalar. '

We will now derive a theorem which relates the closed line integral
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§F «dl to a surface integral evaluated over any surface bounded by the
closed path. To do this, let us consider in the field of the vector F a con-
tour C which is the boundary of a surface S, not necessarily plane, as
shown in Fig. 1.32. Let us divide the surface S into a large number of infini-
tesimal areas dS|, dS,, dS,, ... bounded by contours AC,, AC,, AC,,...,
respectively. For each infinitesimal area, we can assume V x F to be uniform
and equal to the value it approaches in the limit the area shrinks to a point.
According to definition, V x F is the maximum circulation of F per unit
area at a point. If an infinitesimal area dS is oriented such that its nor-
mal vector is in the direction of V x F, the circulation around the per-
iphery of that infinitesimal area is (V x F) dS. If the infinitesimal area has
some other orientation, we have to take the component of V x F along
the normal vector to that area and multiply by the area to obtain the cir-
culation.

Contour C

— /

Fig. 1.32. Division of a surface S
bounded by a contour C into a
number of infinitesimal areas to
derive Stokes’ theorem.

Let us then consider one of the infinitesimal areas dS, with its asso-
ciated vector F,. The circulation around the contour AC; bounding this
infinitesimal area is equal to (V x F), « i,; 4S,, where i,, is the unit normal
vector to dS; oriented in accordance with the convention shown in Fig. 1.27
and (V x F), is the value of V x F evaluated over that area. But, from

the concept of line integral, this circulation is also equal to F, « dl. Thus
. AC)

(VxF), i, dS, = §AC F, - dl (1-129)

By writing similar expressions for all the other infinitesimal areas and add-
ing them up, we obtain .

(VxF) o, dS,+(VxF), i, dS,+ (VxF)ei;dS;+ -
=¢ Foedi+§ Fed+§ Foed+ -
AC3

AC, AC:

(1-130)
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But the right side of (1-130) is equal to f‘j; F « dl, since contributions from
c

all the contours and portions of the contours inside the periphery of the
surface S cancel, leaving a net integral around the periphery. Equation
(1-130) then becomes

S(VXF),.i,dS, = § F.dl (1-131)
J (o4

Equation (1-131) is approximate since the assumption of uniform V xF
over any infinitesimal area is true only in the limit that the area shrinks to
zero. In this limit, the summation in (1-131) becomes an integral, giving us

j (VxF).i,,dS:ff F.dl (1-132)
S c
or

jS(VxF)-dS=§CF.d1 (1-133)

where we have absorbed the unit vector i, into the vector dS. The result
represented by (1-132) is known as Stokes’ theorem. It permits the replace-
ment of a line integration by a surface integration and vice versa. In
(1-132) and (1-133), the sense of traversal around C must be such that the
area on the side of the normal vector i, is on the left.

ExampLE 1-17. In Example 1-15 we used line integration to evaluate the work done
by a force vector around a closed path. It is now desired to compute the
same quantity by performing a surface integration.

According to Stokes’ theorem, the work done by the force vector is

J (Vx F)«i,dS, where S is the surface bounded by the closed path and
S

F is the force vector specified in Example 1-15. For this force vector, the curl
is equal to —2i,. The normal vector i, must be chosen such that it is on the

left side while traversing the path specified in Example 1-15. Hence i, = —i,,
and
[ (VxF).ids= [ (=2)-(~iyds
abcdefg abcdefg
= 2(area abcdefg)

area abedefy = = + I, % 4 In2=2317
Thus
;}3 F.dl= j (VxF) i dS=22317) = 4.634
abcdefga abedefg

This result agrees with the result of Example 1-15. |
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The Laplacian

In Sections 1.6, 1.8, and 1.9 we introduced gradient, divergence, and curl,
respectively. Gradient is an operation performed only on scalar functions,
whereas divergence and curl are operations performed only on vector func-
tions. In this section we will introduce another operation, known as the
Laplacian, which is performed both on scalar and vector functions.

a. The Laplacian of a Scalar.

The Laplacian of a scalar function ¥ is defined as the divergence of
the gradient of V. The gradient of ¥ is a vector and the divergence of a
vector is a scalar. Hence the Laplacian of a scalar results in a scalar. The
Laplacian operation has the symbol V2. Thus

ViV =V.VV (1-134)
In cartesian coordinates,

J . ad. d. av. ov. | av, )
2 — | —_ —_ o | —0 —_— Pl
VV"QQ”WW*W&)(M”+®”+w”
Y 4
T axz T dy? T dz2
Similarly, expressions for V2V can be derived in other coordinate systems'.
These expressions are as follows:

(1-135)

Cylindrical coordinates:

19 (. avy, 13V o
VZV:TW< )+ (1-136)

") T EE T

Spherical coordinates:

1 9/ ,0V 1 d(. 0V 1 0V
Vi = FWQZW) e 90_9<Sm00_9) T s 6 96> (1-137)

b. The Laplacian of a Vector.

The Laplacian of a vector A is defined as the gradient of divergence of
A minus the curl of curl of A; that is,

VIA=V(V.-A) —VxVxA (1-138)

Expansions for V2A in different coordinate systems can be obtained by

_carrying out the operations on the right side of (1-138) and simplifying the

resulting expressions. The results are as follows:
Cartesian coordinates:

V2A = (V24 )i, + (V2A)i, + (V2A), (1-139)
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Cylindrical coordinates:

ViA = (V24 —

34\, (1-140)
=+ (V2A¢ r + 72 6¢)l¢

+ (V24,)i,

Spherical coordinates:

2 2 2 94,
VA = [VZA’ — 24— e (90(A9 sin 6) — r2sin 6 0¢:|
4 204, 2cosf d4, )
+ (Vo g+ w0 e ag)e (4D

4, 2 04, | 2cosf d4,\.
+ (V2A¢ ~ TsnZg T e sin@ d¢ ' r?sin26 P )l

1.11 Some bkseful Vector Relations

In this section we will summarize the important vector relations discussed
in this chapter and present additional useful vector identities. The following
notation is used:

i, 1,,1, = set of mutually perpendicular unit vectors forming a
right-hand coordinate system.
u,, 4y, u; = set of three orthogonal coordinates.
dl,, dl,, dl, = differential displacements along the direction of the unit
vectors i, i,, i,, respectively.
hy, by, hy = dl[du,, dl,|du,, dl,|du, known as the metric coefficients.
Table 1.7 summarizes u,, u,, u, and h,, h,, h, for the three coordinate sys-
tems.

TABLE 1.7. Coordinates and Metric Coefficients for the Three Coordinate Systems

Ui Uz Us h 1 h 2 h 3
Cartesian y z 1 1 1
Cylindrical r [ z 1 r 1
Spherical ) ] 1 ¥ rsin @

We will denote the components of a vector A as A4,, 4,, and 4, so that
A=4i + 4,1, + 4,i,
The following general relations can be written:

A<B = A,B, + A,B, + 4,8, : (1-142)
i L 0
AxB=\4, 4, 4, (1-143)

B, B, B,
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1L av. 1 V. 1 v .
A\ 4 E%ll +E0_1,42:12+E(W313 (1'144)
1 0 d d
Ve = [ ahsd) 4 o) 4 o) | (1-145)
il iZ i3
hh, Rk, Tk,
VxF=|d 9 4 (1-146)
ou, Odu, Jdu,
thl hZFZ h3F3
_ 1 0 (hyh, OV 0 (hsh, IV 0 (hh, OV
Vi = hlhzhiﬁj( I (9_ul> M(?Tl E) M(f&“@ﬂ
(1-147)

We will now list some useful vector identities. U and ¥ are scalar functions
whereas A, B, C, and D are vectors.

A:BxC=B:CxA=C.AxB
Ax(BxC) =BA-.C —CA-B)
(AxB)x C=BA+C)—AB-.C)
AxXBxC)+Bx(CxA)+Cx(AxB)=0
(AxB).(CxD)=(A-C)B-.D)— (B-C)A-D)
AxB)x (CxD)=AxB.D)C—(AxB.CD
VU4 V)=VU+VV
V-(A+B)y=V.A+V.B
Vx(A+B)=VxA+VxB
VUV)=UVV+ V VU
V.(UA)=A.-VU+UV-.A
VA+B)=AXx(VXxB)+Bx (VxA)+ (A-V)B+B-.V)A
V:(AxB)=B:VxA—-A-VxB
Vx(UA)=VUxA-+UVxA
Vx(AXxB) =AV.B—BV.:A+B-.V)A—(A.V)B
VeVXxA=0
VxVU=0
VXVXxA=V(V.A) — VA
Lway=v  dUy
dA
dt

dA

d _ dB
E(AXB)_AXQT+BXE

d _ . .dB
S@A-B=A-21B.
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PROBLEMS

1.1.

1.2.

1.3.

1.4.

1.5.

For the vectors of Example 1-1, perform the following operations:
(a) A —B.

(b) B/4 + C/3.

© A—B+C.

dB-C.

(&) CxA.

H A+B)-C

(& A-B)xC.

(b) (B/4 + C/3) - BA — 4C).

i) B/4 4+ C/3) x B3A — 40).

(G) B-CxA.

k) C-AxXB.

O Ax®BxO.

(m)B x (C x A).

(a) Show that the area of a triangle having vectors A and B as two of its sides
is equalto }|A X B|.

(b) Show that the volume of a tetrahedron formed by three vectors A, B, and C
originating from a point is equal to {|A + B X C|.

A triangle is formed by three vectors A, B, and C such that C = B — A and hence

C.C=(B —A) (B — A). Obtain the law of cosines relating C to 4, B, and

the angle between A and B.

The tips of three vectors A, B, and C drawn from a point determine a plane.

(a) Show that (A X B + B X C + C X A) is normal to the plane.

(b) Show that the minimum distance from the point to the plane is

|A-[(A—B) x (A — O]
[(A—B) X (A —C)]
(c) Obtain an equation for the plane in terms of A, B, and C.

(a) In the expression for the differential displacement vector dl in the cartesian
coordinate system given by (1-19a), substitute for x, y, z in terms of the cylin-
drical coordinates r, ¢, z and obtain the expression for dl in the cylindrical
coordinate system.

(b) Repeat (a) by substituting for x, y, z in terms of the spherical coordinates r,
8, ¢ to obtain the expression for 41 in the spherical coordinate system.

(c) The parabolic cylindrical coordinates u, v, z are related to x, y, z as
x = Hu? —v?) y = uw z=1z
Obtain the expression for dl in the parabolic cylindrical coordinate system.

(d) What is the expression for the differential volume dv in the parabolic cylindrical
coordinate system ?
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1.7.

1.8.
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Derive the relationships listed in Table 1.2 between the different sets of coordinates.

In Fig. 1.33, a point of observation 7" on the surface of the earth is defined by a
spherical coordinate system with the origin at the center of the earth. The spherical
coordinates of T are its distance r, from the center of the earth, its colatitude 85
and its east longitude ¢r. The colatitude is 90° minus the latitude, with south
latitudes being.negative. N is the north pole. A point P in space is now defined
by a coordinate system centered at the point of observation 7. The coordinates
of P in this new coordinate system are the azimuthal angle &, which is the angle
between the great circle path TN and the great circle path TR, where R is the
projection of P onto the earth’s surface, the elevation angle A in the plane 7PR
and the range S. The colatitude and east longitude of R are § and ¢p, respectively.

Fig. 1.33. For Problem 1.7.

(a) Show that
cos # == sin Oy sin B cos (Pr — Pr) + cos Oy cos Oy
(b) Show that
cos @ — cos # cos O
sin # sin O

(¢) Find &, A, and S if T is at Urbana, Illinois (40.069° N latitude, 88.225° W
longitude) and P represents a geostationary satellite parked above the equator
at 50° W longitude. The earth radius r, is equal to 6370 km and the height A
of the geostationary satellite above the earth’s surface is equal to 35800 km.

(d) Find & if T represents Bondbville, Illinois (40.1° N latitude, 88.4° W longitude)
and R is located at Houston, Texas (29.4° N latitude, 95.0° W longitude).
Repeat for the locations of T and R reversed.

cos o =

Derive the expressions listed in Tables i.3 and 1.4 for the dot products and cross
products of unit vectors in the different coordinate systems.
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1.10.

1.11.

1.12.

_ (b) i, + iy + 3i; at (2, ®/2, 3) and i, + iy - 3i, at (3.6, 3n/4, 9.4) in cylindrical
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Derive the relationships listed in Table 1.5 between the components of a vector |

in the different coordinate systems.

Which of the following pairs of vectors are equal?

(a) i, + 2i, + 3i, at (1,2,3) and i, + 2i, + 3i, at (5.6, 9.8, 3.7) in cartesian
coordinates.

coordinates.

© i, +i4 -+ 3i; at 2, /2, 3) and 4/ 21, + 3i, at (3.6, 3m/4, 9.4) in cylindrical
coordinates.

(d) 3i, + /30, — 2iy at (1, #/3, #/6) and 3i, + /3 is — 2i, at (5.4, /6, 7/3) in |
spherical coordinates.

© 3i, + /31, — 2ig at (1, 7/3, #/6) and i, 4 /3y — 2.,/ T i, at (5.4, 7/6, 7/3)
in spherical coordinates.

Show that

@A AxXB - (CxD)=A-0OB-D)— B--C)(A D)

B AXBX(CxD)=(AxXxB-D)C—(AxXxB-:COD.

©AXB) - BxCOX({CxA)=AxB. (2

AAXBXC+BXx(CxA)+Cx(AxXB)=0.

Four vectors are given by

A =i, + 2, + 3i,
B =3i, +2i, +i,
C=i, —2i,+1i,
D = —2i, +i,
Find
@A+B—-C,C—D—-AA+B+4+C+D.
(b) 2A + 3C, A — 3C + 2D.
© |C—D||C—-—D—A|
(d) The unit vector along (C — D — A).
e A-BA-(C—D),B-(C—-D—A).
(f) The cosines of the angles and the angles between A and B, Aand (C — D), B
and (C — D— A).
@ AXB,BXC,CxA AXx(BxC),BX(CxA),Cx(AxB).
(h) The sines of the angles and the angles between A and (B X C),Band (C X A), -
Cand(A X B).
(i) (A x B) - (C x D); verify by using the identity of Problem 1.11(a).
() AXB:D,AXB:-CBXC-A, CxB-.A,
(k) (A x B) X (C x D); verify by using the identity of Problem 1.11(b).
O (AXB):- B x C) X (Cx A); verify by using the identity of Problem 1.11(c).
mAXBXC)+Bx(CxA)+CX(AXB).
(n) The components of C in cylindrical and spherical coordinates.
(0) A vector perpendicular to (A + B) by using a vector product; verify by using
a dot product.
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Let A and B be vectors in the xy plane making angles & and f with the x axis.
With the aid of dot and cross products, prove the following trigonometric identi-
ties:
(@) cos(®t — B) = cos & cos B + sin o sin f3.
(b) sin(e — B) = sin & cos B — cos & sin S.
(c) cos(e + B) = cos & cos B — sin o sin S.
(d) sin(® + B) = sin & cos B + cos a sin .
Write an expression for the component of a vector A along the direction of another
vector B without the use of a coordinate system. Then find the component of
A = 2i, — 3i, + i, along the direction of B = 3i, — i, — 2i,.
Using two vectors in the plane x + 2y + 3z = 3, find the unit vector normal to
that plane.
Show that the equation of the plane passing through the point (x,, ¥, zo) and
normal to the vector ai, + bi, + ci, is

a(x — xp) + b(y —¥o) + c(z —25) =0
For the following scalar functions, describe the shapes of the constant-magnitude
surfaces:
@) T(x,y, z) = x2 + 4y? + 9z2,
(b) U@, §, z) = (cos P)/r. )
© V(. 0,$) = (sinO)r.
Using a spherical coordinate system with the origin at the center of the earth,

write a vector function for the linear velocity of points inside the earth due to its
spin motion. Describe the constant-magnitude surfaces and direction lines.

Using a spherical coordinate system with the origin at the center of the earth,
write a vector function for the force experienced by a mass m in the gravitational
field of the earth. Describe the constant-magnitude surfaces and direction lines.
Discuss the following vector fields with the aid of sketches:

(a) A(xa Vs Z) = (x - 2)ix-

(b) B, @, 2) = r(r — 1)i,.

(C) C(I‘, 0: ¢) = (l/r)i0~

d) D, 6, ¢) = ri,.

Derive the expressions listed in Table 1.6 for the partial derivatives of unit vectors

with respect to the coordinates.

Let r = xi, + yi, + zi, = r.,. + zi, = r,i,, be the position vector of a point P

moving in three dimensions. Obtain the expressions for the velocity v and accelera-

tion a of the point in all three coordinate systems.

(a) A point P moves along a curve in two dimensions such that its coordinates
are given by r = at and ¢ = bz, where a and b are constants. Find the velocity
and acceleration of the point.

(b) A point P moves along a curve in three dimensions such that its coordinates
are given by x = acos wt, y = bsin wt, and z = ct, where a, b, ¢, and @
are constants. Find the velocity and acceleration of the point.
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Verify Egs. (1-63) and (1-64) by expansion in cartesian coordinates.

Find a unit vector normal to the surface 72 cos 2¢) = 1 at the point (/2 , /6, 0)
in the cylindrical coordinate system in two ways: (a) by using two vectors which
are tangential to the surface at that point; and (b) by using the concept of the
gradient of a scalar function.

Find the scalar functions whose gradients are given by the following vector func-
tions:

@) VT(x,y, z) = yzi, + zxi, + xyi,.

(b) VU(x, y, z) = 3x2yz2%, + x322%, + 2x3yzi,.

© VV(r, d,2) = (1/r*)(cos § i, + sin @ iy).

(d) VW(r,0, ¢) = —nr/r+2, where r is the position vector.

Make up a table of gradients of the scalar functions defining the orthogonal sur-
faces in the three different coordinate systems.

Find the component of the unit vector normal to the surface x2 — y2 = 3 at the
point (2, 1, 1) in the direction of the vector joining the point (1, —2,0) to the
point (0, 0, 2).

Find the rate of change of ¥V = x2y + yz2 + zy? in the direction normal to the
surface x2y — yz + xz2 = 5 at the point (1, 2, 3).

Find the equation of the plane tangential to the surface xyz = 1 at the point (}, 4, 8).
Evaluate the following volume integrals:

(a) J xyz dv, where V is the volume enclosed by the planes x =0,y =0, z = 0,
v -
andx +y+z=1.

(b) f —i dv, where V is the volume of a cylinder of radius a with the z axis as
|4

its axis and of length /.

() J- X dv, where V is that part of the volume of a sphere of radius unity lying
14
in the first octant.

Given A = x%yzi, + y2zxi, + z2xyi,, evaluate § A - dS over the following closed

- surfaces:

(a) The surface of the cubical box bounded by the planes

x=0,x=1
y=0,y=1
z=0,z=1

(b) The surface of the box bounded by the planes
x=0,y=0,z=0
x+2y+3z=3

Given A =rcos@i, —rsin @i, in cylindrical coordinates, evaluate § A « dS
over the following surfaces:
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(a) The surface of the box bounded by the planes z = 0, z = /, and the cylinder
r =a.

(b) The surface of the box bounded by the planes x =0,y =0, z =0, z =1,
and the cylinder ¥ = a.

Given A = r2i, + rsin 0 i, in spherical coordinates, evaluate §A - dS over the
following:

(a) The surface of that part of the spherical volume of radius unity lyirg in the
first octant.

(b) The surface of a solid spherical shell lying between r = a and r = b, where
b > a (note that this surface consists of two disconnected surfaces; the normal
vectors to the surfaces must both be chosen to be away from or into the volume
bounded by the surfaces).

For the force vector F = yi, + xi,, find the work done by the force vector from
the origin to the point (r/2, 1,.0) along the following paths:
(@) y=sin2x,z=0.
) y=@n)x? z=0.
©) x= @2y z=0.
(d) Any other path of your choice not necessarily in the z = 0 plane.
A certain vector field is given by
A = a%i, — b%xi,
where a and b are constants. Evaluable [ A - dl from the origin to the point
(1, 1, 1) along the following paths:
@y=x=2z. :
(b) The path givenby y =0,z =0,thenx =1,z =0, andthenx—y—l
() The pathgivenby y =x,z=0,andthenx =y = 1.
(d) The pathgivenby x =0,z =0,theny =1,z=0,andthenx =y = 1.
€ x=y=rz

Given A = xyi, + yzi, + zxi,, evaluate the circulation § A - dI around the con-
tour abcda shown in Fig. 1.34.

.

| E—

b

/ |
Fig. 1.34. For Problem 1.37. x
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1.38  Given A = 2rcos @ i, + ri, in cylindrical coordinates, find:

(@) § A - dl, where C is the contour shown in Fig. 1.35(a).
. )

(b) A-dl+ A . dl, where C, and C, are the contours shown in Fig. 1.35(b).

C1 Ca
Y g
‘ |
1 c
‘ D * AN
0 o \Ja b
(@) (b)

Fig. 1.35. For Problem 1.38.

1.39. Given A = (e~"/r)ipin spherical coordinates, evaluate § A - dl around the contour
abca shown in Fig. 1.36.

X Fig. 1.36. For Problem 1.39.

1.40. Evaluate the following vector integrals:

@) ff dl, where C is any closed path of your choice.
(o}
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(b) ff; dS, where S is the surface of the hemispherical volume of radius a above '
S
the xy plane and with center at the origin.

© f iy dv, where V is the volume of the sphere of radius a centered at the origin.
v

Derive the expression for the divergence of a vector in cartesian coordinates given
by (1-96).

Derive the expression for the divergence of a vector in spherical coordinates given
by (1-97).

Make up a table of divergences of the unit vectors in the three coordinate systems.
Find the divergences of the following vectors:

@ A = x%yzi, + y2zxi, + z2x)i,.

(b) B = 3xi, -+ (y — i, + 2 + 2)i,.

(© C=rcos¢i, — rsin ¢ iy, cylindrical coordinates.

(d) D = (1/r?)i,, spherical coordinates.

© E=r2i, 4 rsinfi,

Using the position vector r = ri, in three dimensions, verify the divergence theorem
by considering a sphere of radius a, and centered at the origin.

Verify your answers to Problem 1.32 by evaluating the appropriate volume ihtegrals
and using the divergence theorem.

Verify your answers to Problem 1.33 by evaluating the appropriate volume integrals
and using the divergence theorem.

Verify your answers to Problem 1.34 by evaluating the appropriate volume integrals
and using the divergence theorem.

For the vector A = yzi, + zxi, + xyi,, use the divergence theorem to show that
fﬁ A - dS is zero, where § is any closed surface. Then evaluate [ A - dS over the
S

following surfaces:
(a) That part of the plane x + 2y + 3z = 3 lying in the first octant.

(b) That part of the cylindrical surface r = 1 lying in the first octant and between
the planes z = 0 and z = 1.

(c) The upper half of the spherical surface r = 1.
(d) That part of the conical surface @ = /4 lying below the plane z = 1.

Derive the expression for the curl of a vector in cartesian coordinates given by
(1-121).

Derive the expression for the curl of a vector in cylindrical coordinates given by
(1-122).

Make up a table of curls of the unit vectors in the three coordinate systems.
Find the curls of the following vectors:

(@) A = xyi, + yzi, + zxi,.
(b) B = yi, — xi,.
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(© C =2rcos @i, + riy, cylindrical coordinates.

(d) D = (1/r)i,, cylindrical coordinates.

) E = (e7/r)i,.

Discuss the curls of the following vector fields by using the “paddle-wheel” device

and also by expansion in the appropriate coordinate system:

(a) The velocity vector field associated with points inside the earth due to its spin
motion.

(b) The position vector field associated with points in three-dimensional space.

(c) The velocity vector field associated with the flow of water in the stream of
Fig. 1-30(a) such that the velocity varies uniformly from zero at the bottom
of the stream to a maximum at the top surface.

(d) the vector field F = i,.
By expansion in cartesian coordinates, verify

V:VXF=0

VxVr=0

Determine which of the following vectors can be expressed as the curl of another
vector and which of them can be expressed as the gradient of a scalar:
@) A =yzi, + zxi, + xyi,.
(b) B = xyi, + yzi'y + zxi,.
© C=(x%— y)i, — 2xyi, + 4i,.
(d) D = (e7/r)iy, cylindrical coordinates.
(© E = (1/r¥)(cos i, + sin ¢i,), cylindrical coordinates.
() F = (1/r*)(2cosBi, + sin #i,), spherical coordinates.
Verify your answer to Problem 1.37 by evaluating the appropriate surface integral
and using Stokes’ theorem.

Verify your answers to Problem 1.38 by evaluating the appropriate surface integrals
and using Stokes’ theorem.

Verify your answer to Problem 1.39 by evaluating the appropriate surface integral
and uvsing Stoke’s theorem.

For the vector A = yzi, + zxi, 4+ xyi,, use Stokes’ theorem to show that

§ A « dl is zero, where C is any closed path. Then evaluate | A - dI along the
c

following paths:

(2) From the origin to the point (1, 7/2, 0) along the curve r = ¢, ¢ = (n/2)t,
z = sin 7 ¢, in cylindrical coordinates.

(b) From the origin to the point (1, 1,1) along the curve x = ,/2 sin ¢,
y=4/2 sint, z = @4/n)t.

(¢) From the origin to the point (22.34, 5.68, —6.93) in cartesian coordinates along
any path of your choice.

Use Stokes’ theorem and the divergence theorem to prove that V-V X A =0,
without the implication of a coordinate system.
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From the definition of V¥, show that § VV .dl = 0, where C is any closed path.
[of

Then use this result and Stoke’s theorem to prove that V x VV = 0, without the
implication of a coordinate system.

Find the Laplacians of the following scalar and vector functions:

@ T(x,y,2) = x3yz2,

(®) U(r, ¢, z) = (cos ))r.

© V(. 0,0) =e)r.

d) A(x, ¥, 2) = x2pzi, + xy2zi, + xyzi,.

Derive the expansion for the Laplacian of a vector in cartesian coordinates given
by (1-139).

Derive the expansion for the Laplacian of a vector in cylindrical coordinates given
by (1-140).

Derive the expansion for the Laplacian of a vector in spherical coordinates given
by (1-141).

Verify the general expressions for VV, V- J, V X F and V2V given by (1-144),
(1-145), (1-146), and (1-147), respectively.

By expansion in cartesian coordinates, show that

@ V-UA=A-VU+UV-A

) VXxUA=VUXA+UVXA.

©V:-AxB =B:-VxA—A-.VxB.
dVxAxB)=AV-B—BV-A+B:-V)A—(A:-V)B.
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THE STATIC ELECTRIC FIELD

In Chapter 1 we learned the mathematical language of vector analysis so
that we are now ready to use it for the study of electromagnetic field theory.
Electromagnetic field theory is built upon four equations known as Max-
well’s equations and an associated set of relations known as the constitu-
tive relations. It is our goal to learn how to interpret these equations and
to use them for various applications, important among them being elec-
tromagnetic waves. Maxwell’s equations, in their general form, relate the
time-varying or dynamic electric and magnetic fields with one another and
with the electric charges and currents present in the medium. It is possible
to study electromagnetic theory by starting with Maxwell’s equations and
another equation known as the Lorentz force equation as postulates. The
Lorentz force equation is the defining equation for the electric and magnetic
fields in terms of the forces experienced by the charges. Alternatively, it is
possible to develop Maxwell’s equations gradually from the electric and
magnetic field concepts based on forces experienced by charges and currents
and from a few experimental facts. We will take this latter approach. The
electromagnetic field is one in which the electric and magnetic effects are
coupled. Before we venture to discuss the electromagnetic field, we will study
the electric and magnetic fields separately. This is best done by considering
static or time-independent fields in free space. With this approach in mind,
the present chapter is devoted to the static electric field in free space.

72
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The Electric Field Concept

In the study of mechanics, we are familiar with the gravitational field as
a force field associated with the mutual attraction of material bodies in
space. For example, a small test mass #m placed in the gravitational field of
the earth experiences a force equal to mMG/r? directed towards the center
of mass of the earth, where M is the mass of the earth, G is the constant of
universal gravitation, and  is the distance of the test mass from the center
of mass of the earth. We associate with every point in the vicinity of the earth
a vector quantity g, known as the gravitational field intensity, having a mag-
nitude MG/r* and directed towards the center of the earth as shown in Fig.
2.1. In terms of the value of the test mass and the force experienced by the
test mass, the gravitational field intensity is given by

g=1 @1)

m

Fig. 2.1. Gravitational attraction
of a test mass m towards the center
of mass of the earth.

Just as the gravitational field is associated with the physical property
known as “mass,” a force field is associated with the physical property
known as “charge” merely by virtue of its existence. This force field is known
as the electric field. We will learn in the next chapter that a second kind of
force field known as the magnetic field exists when charges are set in motion.
A few words about charge are now in order. Matter can be regarded as
composed of three types of elementary particles, known as protons, neutrons,
and electrons. These particles are charged positive, zero, and negative,
respectively. Table 2.1 gives the charge and mass for each of these particles.

TABLE 2.1. Charges and Masses of Elementary Particles

Particle Charge, C Mass, kg
Proton 1.6021 x 10-19 1.6724 x 1027
Neutron 0 1.6747 x 10-27

Electron —1.6021 x 10~19 9.1083 x 10-31!
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Charges are conserved; that is, they can neither be created nor destroyed.
They can only be transferred from one body to another. A material body
is uncharged if it has no net charge. If the body acquires excess negative
charge by some means, it is said to be negatively charged. On the other hand,
if it loses some negative charge, it is said to be positively charged. The unit
of charge is the coulomb (abbreviated C).

A small test charge g placed in the “electric field” of a larger charge Q
experiences a force F given by

F =gE : (2-2)

as shown in Fig. 2.2, where E is the intensity of the electric field, analogous
to the gravitational field intensity g. Alternatively, we can say that if, in a

F = gE

E__{

I

=

”_\ Fig. 2.2. Force experienced by a
test charge in an electric field.

region of space, a test charge g experiences a force F, then the region is charac-
terized by an electric field of intensity E given by

- ¥ 2-3)

q
Here we are assuming that the test charge g is so small that it does not alter
the electric field in which it is placed. From a practical point of view, the
test charge does influence the electric field irrespective of how small it is.
However, theoretically, we can define E as the ratio of the force experienced
by the test charge divided by the test charge in the limit that the test charge
tends to zero; that is,

E= LimE (2-4)
=0 g

The unit of electric field intensity is newton per coulomb (N/C).

ExaMPLE 2-1. An electron placed at a point in an electric field experiences an

acceleration of 10° m/sec? along the positive x axis. (a) What is the electric
field intensity E at that point? (b) What acceleration does a proton placed
at that point experience ?

The force experienced by the electron is equal to —1.6 X 107! E. This
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is equal to the mass of the electron times the acceleration experienced by the
electron. Hence

—1.6 X 107 E = 9.11 x 1073t x 10°1,

9'li;<61(:;3110>51£05 i, — —5.7 x 107§, N/C

Thus the electric field intensity has a magnitude of about 5.7 % 10~7 N/C and
it is directed along the negative x axis.

Now, if a proton is placed at the same point, the acceleration a exper-
ienced by it is given by

E =

a = charge of proton X E
" " “mass of proton
_ L6 x 107" X (=5.7 X 10"M)i, __
o 1.67 x 10727
Thus the proton experiences an acceleration of about 54.6 m/sec* along the
negative x axis. fJ

—54.6 1, m/sec?

Coulomb’s Law

In the previous section we introduced the concept of the electric field from
an analogy with the gravitational field. It was mentioned that a small test
charge placed in the electric field of a larger charge experiences a force.
Actually, the larger charge also experiences a force just as two masses attract
each other. This fact was proved experimentally by Coulomb. As a result of
his experiments we have Coulomb’s law, which relates the force between
two charged bodies which are very small in size compared to their separation.
Ideally, the charged bodies must be so small that they can be considered as
“point charges.” From Coulomb’s experiments, the following conclusions
were reached:

1. Like charges repel whereas unlike charges attract.

2. The magnitude of the force is proportional to the product of the
magnitudes of the charges.

3. The magnitude of the force is inversely proportional to the square
of thé distance between the charges.

4. The direction of the force is along the line joining the charges.

5. The force depends upon the medium in which the charges are placed.

If we consider two point charges Q, and Q, C situated at points 4 and
B separated by a distance R m, as shown in Fig. 2.3, we can express the
foregoing five statements in equation form as

F, = k9, 2-5)
Fp=k 2 5 2isp (2-6)

R
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Fig. 2.3. Forces of repulsion between two charges Q; and Q,
at points 4 and B.

where F, and F, are the forces experienced by Q, and Q,, respectively,
ip, and i,, are unit vectors along the line joining 4 and B (Fig. 2.3), and
k is the constant of proportionality. Statement 1 is included in (2-5) and
(2-6)since Q, and Q, represent the magnitudes as well as signs of the charges.
If 0, and Q, are both positive charges or both negative charges, their product
will be positive and hence positive forces act along iy, and i,;. If one of the
two charges is negative, then the product Q,Q, will be negative; hence
negative forces act along iy, and i,y or positive forces act along directions
opposite to iy, and i, respectively. The constant of proportionality % is
equal to 1/4ze, for free space and in MKS rationalized units. The quantity
€, is known as the permittivity ‘of free space and its value is 8.854 x 10-!2
or approximately equal to 107%/36z. Substituting for £ in (2-5) and (2-6),
we have

_ 9.9, . X
F, =2 @-7)
F,=.2:2: ; (2-8)

Equations (2-7) and (2-8) represent Coulomb’s law. From these equations,
we note that €, has the units (coulombs)? per [(newton)(meter)?]. These are
commonly known as farads per meter (F/m).

The Electric Field of Point Charges

Let one of the two charges considered in the preceding section, say Q,, be
a small test charge ¢q. Then, from a knowledge of the force experienced by
this test charge due to the presence of the charge Q,, we can obtain the ex-
pression for the electric field intensity due to the charge @, using (2-3).
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According to Coulomb’s law, the force experienced by the test charge is
given by

Fy = poein 29)

From (2-3) we then have the electric field intensity E, at point B due to the
charge Q, as

— Fs 9, ;

o= = T, 42
We can generalize this result by making R variable, that is, by moving the
test charge around in the medium, writing the expression for the force
experienced by it, and dividing the force by the test charge. The result is
the same as (2-10) except that R is now a variable since point Bis a variable.
Thus, omitting the subscripts in (2-10), we write the electric field intensity
E of a point charge Q as

(2-10)

E= gl
where R is the distance from the point charge to the point at which the field
intensity is to be computed and i, is the unit vector along the line joining the
two points under consideration and directed away from the point charge.
The electric field intensity of a point charge is thus directed everywhere
radially away from the point charge, and on any spherical surface centered
at the point charge its magnitude is constant. The situation is illustrated in
Fig. 2.4. If the point charge is at the origin of a coordinate system, then we
replace R by r and i, by i,. The field represented by (2-11) is also known as
the Coulomb field of & point charge. '

If we now have several point charges Q,, 0., O;, ..., O, located at
different points as shown in Fig. 2.5, we can invoke superposition and state
that the force F experienced by a test charge situated at a point P is the vector

-11)

point charge.

S— -
Fig. 2.4. The electric field of a . f I /\
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o
0;
Fig. 2.5. Assembly of point charges and unit vectors along the

direction of their electric field intensities at point P, due to the
individual point charges.

sum of the forces experienced by the test charge due to the individual charges;

that is,
—_949 ; 0,9 ; 039 ; ... 0.9 ;
F= 4ne,R? b+ 4me,R3 b, 1 4ne,R3 b, - + 4ne,R? 1z,
From (2-3) the electric field intensity E at the point P is
_E_ 9, ; 9, ; 9
= Tmer T megint 0 T gze rle
=9
j=1 47ZEOR§ R

(2-1zj

(2-13)

The electric field intensity due to the assembly of the point charges is thus
the vector sum of the electric field intensities due to the individual point

charges. Some examples are now in order.

ExampLE 2-2. For a charge Q at an arbitrary point A(x’, y', z'), obtain the x, y,
and z components of the electric field intensity at an arbitrary point B(x, y, z),

as shown in Fig. 2.6.

From Coulomb’s law, the electric field intensity at point B is given by

= _.__Q 1
E = gre Capy \us

where from Fig. 2.6,
AB=/(x —xV+(y— V)P +(E—2)
_ = xDi, + (= )i, + (z — 2)i,
NE =X+ =Y+ (- )

g

(2-14)

(2-15)
(2-16)
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isn

p P B(xyz)

r ® A(x'y'z")

x
Fig. 2.6. Geometry pertinent to the computation of
the electric field of a point charge located at an arbitrary
point.
Substituting (2-15) and (2-16) into (2-14), we have
E—_92 G—x)i4 @ —p)i+(—2)i 2-17
aneo [(x — X' + (y — ¥)* + (z — 2)*P” @1
The x, y, and z components of E are therefore given by

—E.i =29 (x— x") )
E,=E-i= 47e, [(x XY F () —YRF =2 (2-18a)
=E. Q =) ]
E E l 47!60 =X+ —yyY+c— 21)2]3/2 (2-18b)
E=Bei= g e (2-18¢)

e (= ¥7 + 0= VP T G 2)P”

In vector notation, if we denote r’ as the position vector for the source
point 4 and r as the position vector for the point B at which the field is
desired, then AB = |r —r’'|and iz = (r — r')/|r — r’| so that

_ 0 r—r 0 o )
E(r)_4n60|l‘—l"|2|l‘—l"| —4n60|r_r/|3(r l') (2 19)

If a number of charges Q,, Q,, Q,, ..., Q, are located at points defined
by position vectors ¥}, ¥y, 15, . . ., I., respectively, then
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-y 9 __a_vr 20)
Er) = j; dme,r =TT @x—r) (2-20)
where we have made use of superposition. [j

ExampLE 2-3. Two equal and opposite point charges Q and — Q are situated on the
z axis at df2 and —dJ2, respectively, as shown in Fig. 2.7. Such an arrangement
is known as an electric dipole. It is desired to obtain the expression for the!
electric field intensity due to the electric dipole at distances very large from
the origin compared to the spacing d.

With reference to the geometry shown in Fig. 2.7, we note that the elec-
tric field intensity at any point P has only  and 6 components if we use;
the spherical coordinate system, whereas it has all three components if we
use the cartesian coordinate system. For fixed values of r and @ the field
intensity is independent of ¢; that is, it has circular symmetry about the
z axis. Furthermore, we are interested only in the field at large distances
from the dipole, that is, for » > d. Hence we use the spherical coordinate
system. The electric field intensity E at P is the superposition of the electric
field intensities due to the two charges. Thus, with reference to the notation
in Fig. 2.7 we have

E--2 Q0 ; (2-21)

T Amegt Tt Amegrt

V4 ir_ /

i
iy *

™Ni

[

Fig. 2.7. Geometry pertinent to the computation of the electric
field due to a dipole.
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Now, the r component of E is given by

E =E-.i,
-_ 9 ... __0O
B W"* L= 4rer? i
4730 72 cos o, — 4737 COS 0/ _ (2-22)

From the geometries of the triangles OAP and OBP, we have
r2 + r? — (df2)?

it .
cos o, = TG (2-23)

_ritr - @py _
cos o = T (2 24)

Substituting (2-23) and (2-24) into (2-22), we obtain

B o_ O [Prt— (2 st rt— (df2)]
T 47:60 L 2r3r 2r3r J

¢ —rofrr 42 = () o +rr + )

87!601'+r3 r

(2-25)

~ —87:?0"7 (ro — r )% 4 r2r2 + r2r_ry + rir?)

~ NS ¢
~ e ro—r))= e dcos

where we have used the approximations that, for r > d,

r+kr—%cos9

roxr-+ % cos
The 6 component of E is given by
Eg = E . ig

Qzlr_

0
ke 47z6

47!601‘

_Q smoc++4Q sin o _

2
€2

(2-26)

Thus

4dme  r

Equation (2-27) can be considered as a solution for the electric field
intensity at very large distances compared to a fixed spacing d between the

E=_29 (2cos0i, + sin 0i;) (2-27)
0



24

82 The Static Electric Field ‘ Chap. 2

two point charges, or it can be considered as the solution for the electric
field intensity at any point (r, 6, ¢) in the limit that d — 0, keeping Qd
constant. It should be noted that to keep Qd constant as d — 0 requires that
Q — oo. The product Qd is known as the electric dipole moment p. The
dipole moment also has an orientation associated with it which is from the
negative charge to the positive charge. Substituting p for Qd in (2-27), we
note that the electric field intensity due to an electric dipole moment p oriented
along the positive z axis is given by

E = e (2cosBi, + sin 8 iy) (2-28)

We note that, as compared to the inverse square distance dependence of the
electric field intensity of a point charge, the dipole field drops off inversely
proportional to the cube of the distance. Likewise, by an arrangement of
two dipoles, a “quadrupole” can be created for which the field varies as:
inversely proportional to »*. The process can be extended to “multipoles”|
step by step, with the power of r increasing by one for each step. J }

|

The Electric Field of Continuous Charge Distributions

In the previous section we considered collections of point charges at discrete
points for which the field computation consists of finding the vector sums.
of the field intensities due to the individual point charges. In this section
we will extend the computation to continuous charge distributions. Con-
tinuous charge distributions can be of three types:

(a) Line charge for which charge is distributed along a line (straight
or curved).

(b) Surface charge for which charge is distributed on a surface (planar
or nonplanar).

(c) Volume charge for which charge is distributed in a volume.

When a charge is distributed along a line or on a surface or in a volume,

we have to deal with charge densities. The line charge density is the charge
per unit length, the surface charge density is the charge per unit surface area,
and the volume charge density is the charge per unit volume. We will use the
symbols p,, p,, and p, respectively, for these charge densities. Obviously,
the units of p,, p,, and p are coulombs per meter, coulombs per meter?,
coulombs per meter?, respectively. In each case we can divide the total charge
into several infinitesimal parts, each of which can be considered as a point
charge. We thus represent the total charge as a continuous collection of
point charges and obtain the field intensity at any point due to the total
charge as the vector superposition of the field intensities due to the individual
point charges. However, we now have to evaluate integrals instead of
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summations of a few terms since the distribution of charges is continuous
instead of being discrete. We will illustrate this process by considering three
examples: (a) infinitely long line charge, (b) infinite sheet charge, and (c)
spherical volume charge.

[EXAMPLE 2-4. An infinitely long line charge of uniform density p., C/m is situated
along the z axis as shown in Fig. 2.8. We wish to obtain the electric field
intensity due to this line charge.

f Line
1 Charge

Fig. 2.8. Geometry for computing the electric field of an
infinitely long line charge of uniform density p,;, C/m.

| First, we divide the line into a number of infinitesimal segments each of
; length dz, as shown in Fig. 2.8, such that the charge p,, dz in each segment
can be considered as a point charge. The electric field intensity due to each
point charge is directed radially away from that point charge and varies
inversely as the square of the distance from that charge. Now let us consider
a point P at a distance r from the z axis, with the projection of the point
P onto the z axis being the point O. The electric field intensity vectors at
point P due to the infinitesimal segment immediately above O and the infini-
tesimal segment immediately below O have equal magnitudes and make
‘ equal angles with the line OP as shown in Fig. 2.8. The components of these
| two vectors perpendicular to OP (parallel to the z axis) therefore cancel,
‘ whereas the components along OP add to each other. Thus the resultant
‘ electric field intensity at P due to the two segments, one directly above O and
‘ another directly below O, is entirely directed along OP, that is, normal to
the axis of the line charge. A similar argument can be made for the resultant
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electric field intensity vector at point P due to any other two segments which
are equidistant from O with one above it and the other below it. Now, since
there are as many (semiinfinite) segments above O as there are below it, the
resultant field intensity at point P due to the entire line charge is directed
radially away from it. The situation remains unchanged if we move P up orﬁ
down, keeping # constant, since there are always a semiinfinite number of,
segments above the projection of P onto the line charge as well as below it.
Thus the electric field intensity of an infinite line charge of uniform density
at any arbitrary point is directed radially away from the line charge and is[‘
independent of the position of P parallel to the z axis. It is dependent only
on the distance of P from the z axis. We have thus simplified the problem
to one of finding the magnitude of the field intensity.

To determine the magnitude of E, let us once again refer to Fig. 2.8,
and consider the segment at the point A at a distance z above O. The electric
field intensity at point P due to this segment is equal to r

Pro dz i
4ne,(r* + %) har
The component of this electric field intensity along OP is
_ P d. Prod CoS & — Pror dz |
4TIETT|— zz) 47:677_—1— %) dme (r* + 22)77%

We need not consider the component normal to OP since it gets cancelled
from the contribution due to another segment at the point B at a distance
z below O. The component along OP is, on the other hand, doubled from
the contribution due to this second segment. Thus the magnitude of the‘
resultant electric field intensity at P due to the two segments at 4 and B is
given by

_ _2pLor dz )
9E = Tne3 T 2277 2-29)
The magnitude of the electric field intensity at P due to the entire line charge
is now given by the integral of dE where the integration is to be performed
between the limits z = 0 and z = oo. Thus

_ " 2pror
E - o dE - 47560 (?2—_‘_—22_)37— (2'30}
Introducing z = r tan « in (2-30), we obtaln
7/2
_ _Pro _ Pro .
E= _27TEOI' J\‘z:o cosa do = F{)r . (2 31)
Recalling that E is directed radially away from the line charge, we have
— Pro 3
E e i, (2-32

Equation (2-32) indicates that the electric field intensity of an infinite line
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chafge of uniform density falls off only as the inverse of the distance from the
line charge compared to the inverse square distance dependence in the case
of the point charge. ||

ExAMPLE 2-5. A sheet charge of uniform density p,, C/m? extends over the entire

xy plane as shown in Fig. 2.9. We wish to obtain the electric field intensity
due to this infinite sheet charge.

Let us consider a point P at a distance z from the xy plane, with the
projection of the point P on the xy plane being O, as shown in Fig. 2.9.
The electric field intensities at point P due to two point charges situated at
the diametrically opposite points 4 and B as shown in Fig. 2.9 have equal
magnitudes but their directions are such that the resultant electric field
intensity is directed along the line OP and away from the sheet charge. In
fact, for any point charge on the ring of radius r, there is a diametrically
opposite point charge which results in a resultant -electric field intensity
entirely along OP. Thus the field intensity at point P due to the charge on
the entire ring of radius r and width dr is directed normally away from the
sheet charge. This suggests that we divide the area of the xy plane into several

dr Pso T dr d¢

Sheet of Charge

X

Fig. 2.9. Geometry for computing the electric field of an infinite
sheet charge of uniform density p,o C/m?2. '
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rings, each of width dr, and divide each ring into angular increments of
dd, thus creating infinitesimal areas r dr d¢ having charges p,.r drdp as
shown in Fig. 2.9.

Now, since each ring results in an electric field intensity at point P, only
along OP, the field intensity due to the entire sheet charge will also be along
the same direction. If we move P sideways while keeping z constant, the |
situation remains unchanged so that the field intensity is independent of
the position of P in planes parallel to the sheet charge. Once again, we have
reduced the problem to one of finding the magnitude of E.

To find the magnitude of E, we note that the component along OP of
the field intensity at P, due to the infinitesimal charge p, ,r dr d¢ at point A, |
is given by

r dr d o'z dr d

I = e st = g
The resultant electric field intensity due to the ring of charge passing through
A and B is obtained by adding up all the contributions due to the infinitesimal
areas on the ring, that is, by integrating (2-33) with respect to ¢ between
the limits 0 and 27. We then add up all the contributions due to the several
rings by integrating this result with respect to r between the limits 0 and oo.
We thus obtain a double integral for F as

(2-33) |

I = iEe  poorzdrdd
r=0J ¢=0 r=0J g=0 EEO("Z + 22 372
PsoZ rdr

=% ), Ee 239
Introducing » = z tan & in (2-34), we obtain
/2
— Psa i = Pso -
E= %e. J‘wo sin ot do % (2-35)
Recalling that E is directed normally away from the line charge, we have
= M i -
E % i, (2-36)
where i, = i, above the xy plane and i, = —i, below the xy plane in Fig.

2.9. Equation (2-36) indicates that the electric field intensity due to an
infinite sheet charge of uniform density is independent not only of the posi-
tion of P in planes parallel to the sheet charge, but also of the distance away
from the sheet charge. The field is thus uniform in magnitude and directed
normally away from the sheet. If the sheet charge occupies the z = z, plane, '
it follows from (2-36) that

Psoj, for z> z,
2€,

E= |
—g;;’ i, for z< z,
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EXAMPLE 2-6. A volume charge is distributed throughout a sphere of radius a, and

centered at the origin, with uniform density p, C/m3. We wish to obtain the
electric field intensity due to this volume charge.

With the experience gained in Examples 2-4 and 2-5, we will shorten the
discussion concerning the direction of E by stating that, for every infinitesimal
charge pr? sin @ dr df d¢ in the infinitesimal volume r2 sin 6 dr df d¢ at point
A inside the sphere as shown in Fig. 2.10, there is another infinitesimal charge
such that the resultant electric field intensity at point P due to these two
charges is directed entirely along OP, that is, radially away from the center
of the sphere. Also, moving P on the surface of a sphere of radius z does not
change the situation so that the field intensity is a function only of the distance
from the center of the sphere. Thus it is sufficient if we evaluate the component
of the electric field intensity at P along OP due to the infinitesimal charge
por? sin 8 dr df dp and perform a volume integration to obtdin the electric

Fig. 2.10. Geometry for computing the electric field of a spherical
volume charge of uniform density p, C/m?.
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field intensity due to the entire spherical volume charge of radius a. The
component, along OP, of the electric field intensity at P due to the infinite-
simal charge at 4 is given by

por® sin 6 dr dO d¢
4me(r® + z2 — 2 rzcos 0)

po(z — rcosB)r? sin 0 dr d dp
4me o (r? + z2 — 2 rzcos-0)3%
(2-37)

The electric field intensity due to the entire spherical charge is then given by

N I 2 dE:f“ i J% po(z — rcos @)r? sin 0 dr df do
420 r=0J 6=0J g=0 4ME(r* 4 22 — 2 rzcos 0)%'*
_Pp (z — rcos O)r? sin 0 dr do )
% J jo o (r* + z* — 2 rzcos 6)3/2 (2-38)

dE = cos o =

Introducing s2 = 2 + z2 — 2 z cos 0, for integration with respect to 8, we
have

sin 6 df = srzzis (2-39a)
s2 —_ r2 + 22
z—rcosf = —— (2-39b)
zZ—r for 6=0,z>r
s=<r—z for 0=0,0<z<r (2-39¢)
z4r for ==
Substituting these into (2-38), we obtain, for z > q,
L r_dr z+r Sz _ r2 + zz ds
T 2, ), 22 s2
sEET (2-40)
— Do [* 4rrdr _ (4ma/3)p,
2, ), , 227 4ze z?
For 0 < z < a, we have
=2 ’ﬂf” S—’+zds+”°f ’d’J —’2+zzds'
260 ,—-0222 z—r S r=z
? 4r2 dr 4rz3/3

Equatlons (2-40) and (2-41) give the magnitude of E at any radial dis-
tance z greater than a and less than a, respectively, from the center of the .
charge. Recalling that the direction of E is radially away from the center of
the charge distribution and substituting » for z, we have

(4na’[3)pq; /3)2/701 for r>a
4re ,r

E= (2-42)

(47”3/3)2 2, for r<a
TLE o1
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Noting that 47r3/3 is the volume of a sphere of radius r and that there is no
charge in the region » > a, we can combine the two results on the right
side of (2-42) as

E(r) — charge enclosed by the4jz}2hf§ical surface of radius "y (2-43)
0

Viewed from any distance » from the center of the volume charge, the volume
charge is equivalent to a point charge of value equal to the charge enclosed
by the spherical surface of radius r. |

In the examples we have considered in this section, it was possible to
determine the electric field intensity by evaluating a single scalar integral
in each case because of the symmetries involved. In the general case, it would
be necessary to evaluate three scalar integrals. Furthermore, in order not
to get confused between the field points (i.e., points at which the field is
desired) and the source points (i.e., points in the volume, surface, or contour
occupied by the charge distribution), we must use a notation which distin-
guishes the two sets of points. Usually, the coordinates of the source points
are denoted by primes, whereas the coordinates of the field points are un-
primed. The integration is then to be performed with respect to the primed
coordinates. This notation is known as the source point-field point notation.
Thus, in general, if a line charge of density p,(r") occupies a contour C’,
where r’ is the position vector in the source point coordinate system, then
the electric field intensity E(r) at a field point defined by the position vector
r is given by

_ 1 [ @) da—r) _
E(r) = ane, J‘Cl r—r] (2-44a)
The right side of Eq. (2-44a) is a vector integral and, in general, it requires
the evaluation of three separate scalar integrals. Expressions similar to
(2-44a) can be written for surface and volume charge distributions. Thus,
for a surface charge of density p,(r') occupying a surface S’, we have

_ 1 [p.(x") dS"](x — 1) .
E(r) = Ime, fy T—=r] (2-44b)
For a volume charge of density p(r’) occupying a volume V', we have
1 [p(x") dv'](r — 1) )
Em = Ime, fw T=rT (2-44c)

We will use the source point-field point notation only wherever the same
coordinate or coordinates for the source and field points appear in the
integral. For example, if we wish to evaluate the electric field intensity due
to a finitely long line charge along the z axis at a point (r, @, z), then we will
have to define the points occupied by the line charge using a z’ coordinate
so that no confusion arises with the z coordinate of the field point.
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Direction Lines

In the previous two sections we obtained the expressions for the electric field
intensities due to certain charge distributions both discrete and continuous.

In simple cases, such as for the point charge and for the three examples of |

the previous section, it is easy to visualize, from a glance at the field
expression, the direction of the electric field intensity vector everywhere in
space. However, in a case such as the electric dipole (Example 2-3), it is
not easy to visualize the direction of the electric field intensity vector by
a glance at the field expression [Eq. (2-28)]. If we want to attack the prob-
lem directly in such a case, we can assign numerical values for the coordi-
nates in the field expression and compute the direction of the field
intensity vector at several points in the medium and then draw arrows
along the computed directions. Alternatively and more elegantly, we ask
the question: Suppose we place a test charge at a point in the electric field,
what is the direction along which it experiences acceleration? Obviously,
the test charge experiences acceleration along the direction of the electric

field intensity vector at that point. If we stop the test charge after each |

infinitesimal distance and trace its path in the limit that the infinitesimal
distance tends to zero, we get a line along which the electric field is everywhere
tangential to it. Such lines, called “direction lines,” are of great help in under-
standing the behavior of a given field, as suggested in Chapter 1. They are
also known as “stream lines” and “flux lines.”

To develop the technique of sketching the direction lines for a given
field, let us consider a small test charge placed at a point P(x, y, z) in the
field as shown in Fig. 2.11. At the point P the force on the test charge is

1\
/ )
y| O(x +Ax,y+Ay,z+A4z)

IP(x,y,z) \

0 | '
7 ‘ // >y
—_ W /
/
/

X

Fig. 2.11. Illustrating the proportionality of the electric
field intensity vector E and the infinitesimal vector dis-
placement Al of a charge placed in the field.
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directed along E. The test charge will travel for an infinitesimal distance Al
in the direction of E to point Q(x + Ax,y + Ay, z + Az). The vector
displacement of the test charge is then equal to Axi, + Ayi, + Azi,. But
this infinitesimal vector displacement is proportional to the force experienced
by the charge which in turn is proportional to E = E,i_ 4 Ej, + E.i,. Thus

Axi, + Ayi, + Azi, « E,i, + E,i, + E,i, (2-45)

Two vectors are proportional if and only if their respective components are
proportional by the same amount. Hence we have, from (2-45),

Ax _ Ay Az )
E-FL " E (2-46)

But Eq. (2-46) is approximate since, in general, E varies continuously from
point to point in magnitude and direction. However, it will be exact in the limit
Ax, Ay, and Az all tend to zero. It then reduces to

dx _dy _ dz )

E~E " (2-47a)
Knowing E,, E,, and E, for a particular field, we can substitute in (2-47a)
and solve the resulting differential equations to obtain the algebraic equations
for the direction lines. We can obtain equations similar to (2-47a) for the
cylindrical and spherical coordinate systems following similar arguments.

These equations are

dr _rdp d:z .o

S i S cylindrical 2-47b
E-E " E yhnen (2-470)
ar _ %ﬁ - % spherical (2-47c)

We will now illustrate the use of these equations by considering an example.

ExampLE 2-7. In Example 2-3 we obtained the expression for E for an electric
dipole of moment p oriented along the positive z axis as

— p . . .
E Tne (2cos @i, + sin G ig)

It is desired to obtain the equation for the direction lines for this field.
Noting that

__2pcos @ __ psin€ N
E = 47e o1’ Eo = 4re,r3 E,=0

we have, from (2-47c),

d_______rdd _rsinfdp (2:48)
(2pcosO)Jane,r’ — (p sin Q)dme,r® 0

or
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dr

T=200t0d0 dpg =0
Inr = —2Incosec @ + constant ¢ = constant
r cosec? f = constant ¢ = constant (2-49)

The direction lines are thus intersections of the surfaces » cosec? § = constant
and the planes ¢ = constant. A few direction lines in constant ¢ plane are
sketched in Fig. 2.12. The small arrow at the center indicates the dipole
moment p with the direction of the arrow as the direction of orientation of
the dipole. |] .

Fig. 2.12. Direction lines of E for electric dipole of moment piz.

2.6 Gauss’ Law in Integral Form

Let us consider the surface of a sphere of radius r and centered at a point
charge Q at the origin. The electric field intensity due to the point charge is
directed everywhere radially away from the point charge and hence is normal
to the surface of the sphere as shown in Fig. 2.13. Its magnitude on the
surface of the sphere is a constant equal to Qf4me,r2. If we now consider
an infinitesimal area dS on the surface of the sphere, we have

E.dS= 2 i .dsi,= 2 i .dsi,= 2% (250

4me or? 4me, r 47e,r
The integral of E « dS over the surface S of the sphere is given by
VIS 0 __0 i
§SE dsS = §S e das = pr st (2-51)

since r is constant on the surface of the sphere. Proceeding further, we have
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Fig. 2.13. For evaluating §E - dS on the surface of
sphere centered at a point charge Q.

vas— @
§ SE ds = Tne (surface area of the sphere)

_ 47;2, () = 6% (2-52)
The physical significance of (2-52) is obvious if we compare the electric field
lines emanating from the point charge with the flow of a fluid away from
the location of the point charge. The surface integral of the fluid flow density
vector is the net amount of fluid flowing out of the surface. Similarly, the
surface integral of the electric field intensity vector can be interpreted as the
net flux of electric field emanating from the surface, although the electric
field is not a fluid in the sense that it does not flow like a fluid.

Thus Eq. (2-52) states that the net electric field flux emanating from the
surface of a sphere of radius r centered at a point charge Q is equal to Q/e,.
It is independent of the radius r of the spherical surface. Whether r = 1
micron or 1000 km, the electric field flux is the same (provided, of course,
that there is no other electric field in the medium). This is not surprising if
we once again compare the flux of the electric field with the flow of the
fluid. If the fluid is flowing radially away from a point source of the fluid,
then the amount of fluid crossing a spherical surface of one radius must
be the same as the amount crossing a spherical surface of another radius
or, for that matter, any arbitrary closed surface enclosing the point source
(provided, of course, there is no other source or sink of the fluid). Likewise,
if we choose an arbitrary surface enclosing the point charge, the net electric
field flux emanating from this surface must be equal to Q/e,. To prove this
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Fig. 2.14. For evaluating ffE - dS over an arbitrary surface

S enclosing a point charge Q.

mathematically, we refer to Fig. 2.14. Considering an infinitesimal area dS
on the arbitrary surface, we find that the infinitesimal amount of electric
field flux emanating from this area is given by

QO ;o.4si = 245 :

| e R ige dSi, = dne K2 cos o (2-53)
where o is the angle between the radial vector away from the point charge
and the normal vector to the area dS. The total flux emanating from the
entire closed surface S is then given by

- Qds 0 dS cos

ffSE. dsS = f{;sw cos o = ine,§,” R (2-54)
In (2-54), dS cos o is the projection of the area dS on the arbitrary surface
S onto a spherical surface of radius R and centered at the point charge.
Hence (dS cos &)/R? is the projection of dS onto a spherical surface of radius
unity and centered at the point charge. It is known as the solid angle sub-
tended at the point charge by the area dS. The unit of solid angle is steradian.
The quantity § (dS cos a)/R? is the total solid angle subtended at the point
charge by the closed surface S. It is the sum of the projections of all infini-
tesimal areas comprising the arbitrary surface S onto the spherical surface
of radius unity and centered at the point charge. Thus it is equal to the surface
area of the sphere of unit radius, that is, 47z, Substituting this result in (2-54),

"E.dS=
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fr-

surface
enclosing Q

If an arbitrary surface does not enclose a point source of fluid, then the

we have

(2-55)

- net amount of fluid emanating from the surface must be zero since there -

are equal amounts of fluid flowing in and out of the surface. Likewise, if
the arbitrary surface does not enclose the point charge, the net electric field
flux emanating from the surface must be zero. Thus

45 E.dS=0 (2-56)

surface not
enclosing Q

It will be left as an exercise for the student to provide a mathematical proof
of (2-56).

If, instead of one point charge, we have five point charges Q,, Q,, Q.,
0., O, as shown in Fig. 2.15, then for an arbitrary surface S enclosing point

Fig. 2.15. An arbitrary surface enclosing three point
charges.

charges Q,, Q,, and Q, but not Q, and Q,, we can obtain the net electric

field flux emanating from the surface using superposition. Thus, if E,, E,,
E,, E,, and E; are the electric field intensity vectors due to Q,, Q,, Q,, Q,,
and Q,, respectlvely, we have

§E s = 3€E ds+§j§E-ds+§E.ds+§E.ds
+§E.ds

2-57)
(000 0) =L (2 + 0+ 0.)

D=

(charge enclosed by the surface S)

0
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The discussion can be extended to a continuous charge distribution if we
note that a continuous charge distribution can be represented as a con-
tinuous collection of charges occupying infinitesimal volumes, each of which
can be considered as a point charge. Those charges enclosed by the arbitrary
surface result in a net electric field flux in accordance with (2-55), whereas
those which are not enclosed by the surface result in zero flux in accordance
with (2-56). We can summarize these conclusions in-a single statement that
“the net electric field flux emanating from a closed surface is equal to the
net charge enclosed by the surface divided by €,.” This statement is Gauss’
law—one of the important laws in electromagnetic field theory. In equation
form, Gauss’ law is written as

§ E.dS= ei(charge enclosed by the surface S) - (2-58)
S 0

ExAMPLE 2-8. An infinitely long line charge of uniform density p,, C/m is situated
along the z axis. It is desired to find the electric field flux cutting the portion
of the plane x = 1 m lying between the planes z=0m and z=1m as
shown in Fig. 2.16.

First we will solve this problem by actually evaluating [ E « dS over the
given surface. To do this, we note that E due to the line charge is given by
(prof2me r)i,, where r is the radial distance from the line charge and i, is the
unit vector directed radially away from the line charge. Considering an
infinitesimal area dy dz at the location (1, y, z) on the given plane, the infini-

X

Fig. 2.16. For evaluation of electric field flux emanating from an
infinite line charge and cutting a portion of the x = 1 plane.
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tesimal amount of flux cutting this area is given by

T Pro - . _ prodydz i
E.dS=5 —Crsi . dydsi, Ez;Lo(lTyT) (2-59)

The total flux cutting the portion of the plane x = 1 m lying between the
planes z = Om and z = 1 m is then given by

= ! dy dz
E.dS—= _Proayaz
fy=—oo fz f J; 0 2”60(1 + y_j

— Pro f d Pro
T 27E, b=l b= 2€,

This result can, however, be obtained without performing the integration
if we note that the electric field intensity due to the line charge is independent
of ¢ and hence the electric field flux from the line charge emanates from it
uniformly in @. Thus half of the electric field flux emanating from that por-
tion of the line charge lying between z = 0m and z=1m cuts the given
surface. Since the total flux emanating from this portion of the line charge
is pro(1)/€e, = prof€,y, according to Gauss’ law, the flux cutting the specified
surface is p;o/2€,. |}

(2-60)

Given E and a closed surface S, it is always possible to compute the
charge enclosed by the surface by evaluating § E . 'S analytically or

numerically and then multiplying the result by €, in accordance with Gauss’
law as given by (2-58). The inverse problem of finding E for a given cherge
distribution by using (2-58) is possible only for certain simple cases involving
a high degree of symmetry, since the unknown quantity E appears in the
integrand. As a first step, the symmetry of the electric field must be deter-
mined by making use of the fact that the electric field due to a point charge
is directed radially away from it. We have illustrated this in Examples 2-4,
2-5, and 2-6. Next, we should be able to choose a closed surface S such

that § E « dS can be reduced to an algebraic quantity involving the mag-

nitudesof E. Such a surface is known as a Gaussian surface. Obviously, the
Gaussian surface must be such that the magnitude of E is uniform and the
direction of E is normal to the surface over the whole or part of the surface,
while the magnitude of E is zero or the direction of E is tangential to the
surface over the rest of the surface in the latter case. We will illustrate this
method of obtaining E by reconsidering Examples 2-4, 2-5, and 2-6.

ExamPLE 2-9. An inﬁnitély long line charge of uniform density p,, C/m is situated

along the z axis as shown in Fig 2.17. We wish to obtain the electric field
intensity due to this line charge using Gauss’ law.

In Example 2-4, we established from purely qualitative arguments that
E due to the infinite line charge of uniform density is directed radially away
from the line charge and its magnitude is dependent only on its distance



98 The Static Electric Field Chap. 2

™~ das,
N E—

/ |

I

Fig. 2.17. Gaussian surface for computing the electric
field of an infinitely long line charge of uniform
density.

from the line charge. Thus ;
E = E,(r)i, : (2-61)

Choosing the Gaussian surface S as the surface of a cylinder of radius r
with the line charge as its axis and of length /, as shown in Fig. 2.17, we have

§ E.dS= j E.dS+ j E.dS (2-62)
surface of curved plane sur-
cylinder, § surface S1 faces S2,83

The second integral on the right side of (2-62) is zero since E is tangential
to the surfaces; that is, E « dS is zero throughout the surfaces. Noting that
E, is constant on the curved surface S;, we find that the first integral can be
written as

| E-dS:j E,i +dS,i, =E, | ds,
S1 S1
sustace s, (2-63)
= E, (surface area of S,) = E,(2znrl)
Thus |

$ E.as=2mwiE, (2-64)
S
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:But, from Gauss’ law,

‘ ff E.dS : chargé enclosed by S Pl (2-65)
60 o 60
Comparing (2-64) and (2-65), we have
— Pro. ;
Ef 27E ¥ (2-66)
— Pro_; -
E= 2m:_rl (2-67)

which agrees with the result obtained in Example 2-4. |

ExampLE 2-10. A sheet charge of uniform density p,, C/m? extends over the entire
xy plane as shown in Fig. 2.18. We wish to obtain the electric field intensity
due to this infinite sheet charge using Gauss’ law.

Fig. 2.18. Gaussian surface for computing the electrlc field of an
infinite sheet charge of uniform density.

In Example 2-5 we established from purely qualitative arguments that
E due to the infinite sheet charge of uniform density is directed normally
away from the sheet charge and that it is uniform in planes parallel to the
sheet charge. Thus

E=Ej, (2-68)
Choosing the Gaussian surface S as the surface of a rectangular pill box

of sides I, w, and ¢ as shown in Fig. 2.18, such that half of the box is
above the sheet charge and the other half below it, we have

SESE.dS=jE-ds+jE-ds+fE-ds (2-69)

top bottom side
surface surface surfaces

But the last integral on the right side of (2-69) is equal to zero since E is
parallel to the side surfaces and hence E « dS is zero throughout these sur-
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faces. Because E, is constant on both the top and bottom surfaces and E, is
the same on both these surfaces, since they are equidistant from the sheet
charge, Eq. (2-69) then reduces to

§SE.dS=2jE.dS=2jEnin.dSin |

top top
surface surface

= 2E, J dS = 2F, (surface area of top surface) (2-70)
surface
= 2E lw
But, from Gauss’ law,
§ E.dS _ charge enclosed by S _ p,Iw @2-71)
;S' ‘ EO 60
Comparing (2-70) and (2-71), we have
— Fs0 -
E, = (2-712)
s0 3 -
E= ek i, (2-73)

which agrees with the result obtained in Example 2-5. |

ExXAMPLE 2-11. A volume charge is distributed throughout a sphere of radius a
with uniform density p, C/m®. We wish to obtain the electric field intensity
due to this volume charge using Gauss’ law.

In Example 2-6 we established from purely qualitative arguments that
E due to the spherical volume charge of uniform density is directed radially
away from the center of the charge and is a function only of the distance
from the center of the sphere. Thus

E = E()i, (2-74)

Choosing the Gaussian surface S as the surface of a sphere of radius r = a,
concentric with the spherical charge, as shown in Fig. 2.19, we have

§ E-dS=§§ E,i, « dSi, =E,f§ ds
S S N
= E, (surface area of the sphere of radius r)
= E,(4nr?) (2-75).

But, from Gauss’ law,

ff E . ds — charge enclosed by S

_ charge enclosed by spherical surface of radius (2-76)
€o
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Fig. 2.19. Gaussian surfaces for
computing the electric field of a
spherical volume charge of uni-
form density.

Comparing (2-75) and (2-76), we have

h losed by spherical surface of radi :
E — charge enclosed by SIA)I-n:‘I:rC;a -sur ace of radius r 2-77)
E— charge enclosed by s;:ll;eeri:a;ll surface of radius ri, (2-78)

0

which agrees with the result of Example 2-6.

Gauss’ Law in Differential Form (Maxwell’s Divergence Equation
for the Electric Field)

Let us consider a volume charge distribution with the charge density p as
a given function of the coordinate system. The charge enclosed by an arbi-
trary closed surface S is given by the volume integral of the charge density

throughout the volume ¥ enclosed by the surface S; that is, f p dv. Accord-
14
ing to Gauss’ law (2-58), we have

§ E.ds=_1 f»pdv (2-79)
s €olJy

If we now shrink the volume to a very small value AV, so that the surface
area becomes very small AS, we can write (2-79) for this infinitesimal surface
as

f}( E-dS:if pdv (2-80)
AS 6-() Ay

Since the volume is very small, we can consider the charge density p to be
uniform inside that volume so that j p dv =~ p Av. This is exact in the
Ay

limit that Av — 0. Dividing both sides of (2-80) by Av and letting Av — O,
we have
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_ E.dS (1/eo)j p dv
lim £28 = lim Ay

Av-0 Av Av=0 Av (2-81)
1 fimpAr _ 1 |
T 6 B;I—T-lo Av — eop
The left side of (2-81) is the divergence of E so that we have
v.E=1, (2-82) |
60

Equation (2-82) is Gauss’ law in differential form, which states that the
divergence of the electric field intensity at any point is equal to 1/e, times
the volume charge density at that point. This is Maxwell’s divergence equation
for the electric field.

The right side of (2-82) represents a volume charge -density. Suppose
we are considering problems involving point charges, line charges, and sur-
face charges. The question then arises as to how we should represent the right
side of (2-82) since, for such charges, the volume charge density is infinity. |
We can resolve this problem by resorting to the Dirac delta function or
the impulse function. We will illustrate this for the case of a surface charge
in the following example. :

ExAMPLE 2-12. A sheet charge of uniform density p,, C/m? extends over the entire -
xy plane. It is desired to write Gauss’ law in differential form for this sheet
charge.

Let us consider a slab of charge lying between the planes z = —a and :
z= + q and of uniform density p, C/m?3 as shown in Fig. 2.20(a). The volume
charge density as a function of z for such a charge distribution is sketched in

Volume ﬂ\ ps0 8(2)
Charge
it
Density ~ Volume
1 Area = 2apq Charge
Density

% Area = p5o
.

() (b) ©

Fig. 2.20. For deriving the volume charge density corresponding
to a surface charge.
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Fig. 2.20(b). The charge per unit surface area of the slab charge is given by
fﬂ Po dz = py2a = area under the curve of Fig. 2.20(b). Let this quantity

be p,,. Suppose we now shrink a to zero, increasing p, such that p,, remains
constant. We then obtain a sheet charge of density p,, C/m2. What happens
to the sketch of Fig. 2.20(b) ? The width of the pulse-shaped sketch decreases
to zero and the height increases to infinity but maintaining the area under
it equal to p,,. The resulting function is sketched in Fig, 2.20(c). This function
is known as the Dirac delta function of strength p,, and is represented as
Pso 0(2), where (z) satisfies the properties

52) — {0 forz#0 0-83)

forz=0

oo 0+ a
f 8(z) dz = f 6(z) dz = lim zl dz =1 (2-84)
had z=0— a

—
z=— a—0

z=—a

| 106 dz = f0) (2:85)

Thus the volume charge density corresponding to the sheet charge of density
P lying in the z = 0 plane is p,, d(z). Gauss’ law in differential form for
the sheet charge is then given by

V.E=L,,60 (2-86)
€

If the sheet éharge lies in the z = z, plane, then the Dirac delta function is
shifted to z = z, and is written as 6(z — z,), having the properties

N
j “w 8z — z)dz = 1 (2-88)
| 1@68e—z)dz=f(z) (2-89)
Gauss’ law in differential form is modified to read
V.E= ?10_ .08(z — 20) (2-90)

It is left to the student to derive equations similar to (2-90) for line and point
charges, involving two-dimensional and three-dimensional Dirac delta func-
tions, respectively (See Problems 2.33 and 2.34). |

Potential Difference

In the study of mechanics, we are familiar with potential energy associated
with the movement of a mass in the gravitational field of the earth. If the
movement of the mass is along the direction of the gravitational field, that
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is, from a higher elevation to a lower elevation, the gravitational field does
the work. If the movement is opposite to the direction of the gravitational
field, that is, from a lower elevation to a higher elevation, certain work has .
to be performed by an external source to overcome the gravitational force. :
Likewise, since the electric field is a force field in so far as charges are con- |
cerned, there is work associated with the movement of charges in an electric
field. If a test charge is moved along the direction of the field, work is done !
by the field since the force exerted by the field on the charge is in the direction
of its movement and hence it accelerates the test charge. If the charge is"
moved against the direction of the field, an external agent has to supply the
energy to overcome the force exerted on the charge by the field, since this
force is opposite to the direction of movement of the charge.

Let us consider the displacement of a test charge g by an infinitesimal
distance dl from A to B at an angle o with the electric field E at the point
A as shown in Fig. 2.21(a). The force exerted on the test charge by the field

()

(b)

Fig. 2.21. Movement of a test charge in an electric field.

has magnitude gF and is directed along E. Its component along the line from
A to B is gE cos . If the charge is moved from A4 to B, the amount of work
dW done by the field is the product of the force and the displacement; that
is,

dW = gEcos 0. dl = gE « dl (2-91)

where dl is the vector from 4 to B. Note that dW is positive if 0 < & < 90°
so that work is done by the field; dW is negative if 90° < & << 180° so that
negative work is done by the field, which amounts to stating that work is
done against the field by an external agent. For & = 90°, dW is zero, which:
is analogous to the movement of a mass on a frictionless surface at right
angles to the gravitational field. Now let us consider two points 4 and B
which are widely separated as shown in Fig. 2.21(b). The work W,, done
by the field in moving a test charge g from A4 to B along a given path can be
obtained by dividing the path into several segments of infinitesimal length
dl, then applying (2-91) to each segment, and adding up all the contributions.
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The result is a line integral expression given by
B
We=q f E.dl (2-92)
4 .

where the integration is performed along the given path from A to B. The
evaluation of line integrals was discussed in Section 1.7.

In the gravitational field, when a mass moves from a higher elevation
to a lower elevation, it loses some potential energy and vice versa. Likewise,
in the electric field, we can state that the test charge has certain potential
energy associated with it by virtue of its location in the electric field. W,
as given by (2-92) is then the loss of potential energy associated with the
movement of the charge from 4 to B. If we divide W ; by g, we obtain the
loss of potential energy per unit charge. This quantity denoted by V; is
known as the potential difference between the points A and B. Thus

B
V= Waz — f E.dl (2-93)
q 4
If V5 is positive, there is a loss in potential energy associated with the move-
ment of the charge from A4 to B, that is, the field does the work. If V,; is
negative, there is a gain in potential energy associated with the movement of
the charge from A4 to B; that is, an external agent has to do the work. The
units of potential difference are newton-meters per coulomb or joules per
coulomb, commonly known as volts. This gives the units of volts per meter

to the electric field intensity.

ExAMPLE 2-13. In cartesian coordinates, the electric field intensity is given by

E = yzi, + zxi, + xyi,

‘ Find the potential difference between the points A(0, 22.7, 99) and B(l, 1, 1).
Is it necessary to specify a path for line integration between the two points?
In cartesian coordinates, dl = dxi, + dyi, + dzi, so that

V= JjE o dl = Jj(yzi,, + zxi, + xyi,) » (dxi, + dyi, + dzi,)
i =Ij(yzdx+zxdy+xydz) ”

| — [" deyz) = Lol

Since E « dl is the total derivative of a function of x, y, z, it is not necessary
i to specify a path for the line integration between the two points. ¥, is depend-
| ent only on the coordinates of the end points 4 and B. We will find in
! Section 2.11 that this is a general characteristic of the static electric field.
Here, we have

Vs = [xyz]f = [x.Vz]tlﬁi’zfm” =1 1
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The Potential Field of Point Charges

Let us now consider two points 4 and B in the electric field of a point charge
O situated at distances 7, and r,, respectively, from the point charge as
shown in Fig. 2.22. Using (2-93), the potential difference between 4 and B
can be computed for any specified path from 4 to B. Noting that E =
(Q/4me )i, for a point charge and that the differential length vector dl is'
given in spherical coordinates as

dl=dri, + rdfi, + rsin0 di, (2-94)

Q

—=1
dregr?

& B Fig. 2.22. Computation of the

potential difference between two,
points in the electric field of a
1 point charge.

we have, from (2-93),
|

B B Q
VAB:I E-dl=j (4 2i,)-(dri,-l—rdﬁig—l—r'sin0c17¢i¢) [
4 4 \dze r 2.95)

=Jm 0 4-_2 _ 9
rer, dmeqr? dregr, 4dmegry

Equation (2-95) indicates that, for a given charge Q, the potential difference
between the two points is dependent only upon their distances from the
point charge and not on the path from A4 to B chosen for its evaluation.’
Furthermore, the potential difference is the difference between two terms,
one of which is dependent on r, only and the other dependent on r, only.
We can call these terms the potentials at », and rp, respectively. If we denote
these potentials as ¥, and V5, respectively, we have, from (2-95),

47 e r, (2-96)
__9 .
Va= 47e i p (2-97)

The right sides of Egs. (2-96) and (2-97) are, however, not unique expres-
sions for ¥, and Vjsince, on the right side of (2-95), we can add and subtract
any arbitrary constant C without altering its value; that is,
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(9 _(_9 -
Ve = <47z60r,‘, + C) (47zf°rB + C) (2-98)
which then leads to
__9 N

Ve = Tner, +C (2-100)

If we let C = Q/4me,ry, where r, is a constant, we have

-0 9 .

V,= dner,  Ime (2-101a)
V,=-2_ __9Q 2.101b
P4 ngy. 4 ng, ( )

Comparing (2-101a) with (2-95), we note that V, is the potential differ-
ence between point 4 and another point situated at a distance r, from the
point charge, which we will call the reference point. Similarly, V; is the
potential difference between the point B and the same reference point.- Thus
the potential at any point is simply the potential difference between that
point and an arbitrary reference point. But then, what is the potential at
the reference point ? The answer to this question is obtained by substituting
r4=r, in (2-101a) or ry = r, in (2-101b), both of which result in zero. The
potential at the reference point is therefore zero. To complete the definition,
we state that the potential at any point is the potential difference between
that point and an arbitrary reference point at which the potential is zero.
In the case of a point charge, a convenient reference point is 7, = co. We
then have

- 9
i) = Tnes N (2-102)
The potential at a distance » from the point charge is thus the work done per
unit charge by the field in the movement of a test charge from that point to
infinity or, it is the work done per unit charge by an external agent in bring-
ing a test charge from infinity to that point; that is,

V(r)=j:°E.d1=—f;E-d1 (2-103)

The right side of (2-102) represents the potential field of a point charge. It
is also known as the Coulomb potential of a point charge. In contrast to the
vector nature of the electric field intensity, the potential field is a scalar field.

Surfaces on which potential is a constant are known as equipotential
surfaces. If a test charge is moved on such a surface from one point to another,
no work is involved since the potential difference between any two points is
zero. For the point charge, the equipotential surfaces are, according to
(2-102), r =constant, that is, surfaces of spheres centered at the point
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charge. The equipotential surfaces are thus orthogonal to the direction lines
of E which are radial, as shown in Fig. 2.23. This result is to be expected not
only for a point charge but for any charge distribution, since if we move a
test charge along a path everywhere normal to the direction lines, there is no
component of force acting on the charge along the direction of the path and
hence the work involved is zero.

Direction
Lines

Equipotentials

Fig. 2.23. Cross sections of equi-
potential surfaces and direction
] lines of E for a point charge.

For several point charges located at different points as shown in Fig.
2.5, the potential at any point P is the work done per unit charge by an exter-,
nal agent in bringing a test charge from infinity to that point in the com-
bined electric field E of all the charges; that is,

vp)=—["E.dl
=—[ @ +E+E+ - +E). (2-104)
=_j:E1.d1_j:E2.d1— —j:En-dl

whereE,E,, E,, ..., E, are the electric field intensities due to the individual
point charges Q,, Q,, O, ..., Q,, respectively. But each term on the.right
side of (2-104) is equal to the potential at the point P due to the corresponding
charge. Thus

__9 Q4 ... 4 O
Vp) 4neqR, + 4rne R, + + 4me,R,
= 3 Q_

,; 47:601R,.

(2-105)

The potential at P due to the collection of point charges is the sum of the:
potentials at P due to the individual charges. In the vector notation defined.

in connection with Eq. (2-20), we write
(2-106)

v o
YO = 2 dmer =1
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ExAMPLE 2-14, For the electric dipole arrangement of Fig. 2.7, it is desired to

find the potential at distances very far from the dipole compared to the spac-
ing d.

With reference to the notation of Fig. 2.7, the electric potential at point
P is given by

Vi) = 2 Y : (2-107)

dney,  Amegr

For r > d, (2-107) can be approximated as

~ 9 )
")~ Zre = @2y cos 0] — Tl + (d]2) cos 0]

- Qd cos 0 . Qdcosf

= dner* — (d*[8) cos2 0] dmer?
Equation (2-108) becomes exact in the limit 4 — 0, keeping the dipole mo-
ment p = Qd constant. We then have the potential field of dipole moment
p = pi, given by

(2-108)

_pcos@ _ pei, p-r }
i) = dne,r? ~ dmeg?  Ameyr? (2-109)

The potential field of a dipole drops off inversely as the square of the distance,
as compared to the inverse distance dependence of the potential field of a
point charge. Likewise, the potential field of a quadrupole can be shown
to vary inversely as r3. The potential fields of successive higher-order mul-

tipoles vary inversely as r*, r*,.... From (2-109), we note that the equipo-
tential surfaces for the dipole field are (cos 8)/r? = constant, or
r? sec @ = constant (2-110)

Cross sections of these surfaces are sketched in Fig. 2.24, in which the direc-
tion lines of E taken from Fig. 2.12 are also shown. It is left as an exercise
for the student to show that the equipotential surfaces given by (2-110) and
the direction lines given by (2-49) are orthogonal. |

) EF(AMPLE 2-15. A point charge Q is situated at a vector distance r’ from the origin

" .

of a coordinate system as shown in Fig. 2.25. It is desired to find the potential
due to this point charge at distances r from the origin large in magnitude
compared to r’ in the form of a power series in 7.

Let P be the point at which the potential is desired. Then, from (2-106),
the potential at P due to Q is given by

V) = 4me,|r — 1’|

(2-111)

= dne (r* T 1’ — 2rr cos )72

) ! e p\-1/2
2

" dze,r rz
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Direction
Lines

Equipotentials

Fig. 2.24. Cross sections of equipotential surfaces and
direction lines of E for an electric dipole.

X

Fig. 2.25. For the computation of potential due to a point
charge at distances large compared to its distance from the origin.

Chap.
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Using the binomial theorem,

Uty =1+n+ 20Dy

we have

051 () =) ()

+ - .- higher-order terms]

= 471%0’ {1 + —— r- r + 2 4[3(r +1)? — #2r'?] 4+ - - - higher-order terms}
(2-112)

For r'/r < 1, the magnitudes of the successive terms on the right side of
(2-112) decrease rapidly as can be seen by writing (2-112) as

(1')—47[60 [1—1—( ‘)cosoc—l—(r) (:”.0052*_1)

-+ -« -higher-order terms]

(2-113)

Hence, for r’' < r, only the first few terms are significant. Furthermore,
writing

V(r)=4Q +Qr’-r+8 0 S[30 e X)?2 — P2 4 -

4ne r 474:f0r3 TE oF , (2-114)
0 +Qr cosoc+ Qr2(3coszoc—1)_}_._-.
T dme,r 4re r? 4re 3 2

we observe that, on the right side of (2-114), the first term is the potential
at P due to a point charge Q at the origin; the second term is the potential
at P due a dipole moment p = Qr’ at the origin; the third term seems like
the potential at P due to a quadrupole at the origin since it varies as 1/r3,
and so on. .

If we have several point charges Q,, Q,, Q,, . . ., Q, situated at r, rj,
r;, ..., I, the potential at r due to this collection of point charges can be
written by applying superposition to (2-114) as

w09 ox,-r 9, ' g2y
0= 5 (s + Pt 2o — 1+ )
(2-115)

EQ ZQﬂw
_I_J

47:60r 47e ,r3

The potential due to the collection of point charges at large distances from
the collection is thus a superposition of the potentials due to a point charge



112 The Static Electric Field Chap. 2

of value E Q,, a dipole moment Z Q,r;, and so on, all situated at the

origin. We note that if the sum of the charges is zero, the first significant term
is that of the dipole moment. Likewise, if the sum of the charges as well
as the dipole moment are zero, the first significant term is the quadrupole
term, and so on. Usually, two significant terms will suffice. J§ |
ExampLE 2-16. Point charges are located at the corners of a cube of sides lm’l,
with one corner placed at the origin and three edges coinciding with the
coordinate axes as shown in Fig. 2.26. Values of the point chargesin coulombs
are indicated at the respective corners. Find the first two significant terms
in the potential of this collection of charges at large distances from it. '

-1 4
A
/ /7T
/ s
/ / |
2 —— o
A -
| | 7/ . .
| | //Cub e of Fl:g. 2.26. Point charges l\c,)clated a[;
— __1/ Edges | m the corners of a cube. Values ©

the point charges indicated at the
respective corners are in cou-
lombs.

|
ol

the collection of point charges and substituting the results in (2-115). Thes
quantities are evaluated with the aid of Table 2.2.
The potential for large r correct to the first two significant terms is thein

The solution to this problem consists of evaluating >, Q and Y, Or’ foF'

given by
_ X0  ZOr.r
47I€0i‘ dner®
3 (—=3i, + 6i,) + i, 116
" dueyr + 47Z€ 2 (2-116)
_ 3 +—3sm()cos¢+6sin08in¢
4re & 4me

If, in Table 2.2, 3 Q is zero, then we have to evaluate the third term if th.
result is to be correct to the first two significant terms, and so on. |
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TABLE 2.2. Computation of }; O and Y, Or’ for the Arrangement of Point
Charges in Fig. 2.26

Location

(x,y,2) Charge, O r or’
0,0,0 1 0 0
1,0,0 —1 ix —iy
0,1,0 2 iy 2i,
0,0,1 —1 iz —i
1,1,0 1 ix + iy i +1i,
0,1,1 4 iy + iz 4y + 4i;
1,0,1 —2 ix + i —2i, — 2i,
1,1,1 —1 ix +1iy, +i; —ix — iy — iz

S0=3 S or = —3i, + 6,

2.10 The Potential Field of Continuous Charge Distributions

In the previous section we considered the potential field of collections of
point charges at discrete points. In this section we will extend the discussion
to continuous charge distributions. As in Section 2.4, we divide the contin-
uous charge distribution into several infinitesimal parts, each of which can be
considered as a point charge, and obtain the potential at any point due to the
total charge as the superposition of the potentials due to the individual point
charges. To do this, we again have to evaluate integrals as in Section 2.4.
However, the integrals involve the scalar quantity potential instead of the
vector quantity electric field intensity. Hence, for a particular charge dis-
tribution, the potential at any point is given by a single integral, whereas for
the determination of the electric field intensity as in Section 2.4, it is neces-
sary to evaluate three integrals for the three components in the general case.
We will illustrate the determination of the potential for continuous charge
distributions through some examples.

iXAMPLE 2-17. An infinitely long line charge of uniform density p,, C/m is situated
along the z axis. It is desired to obtain the potential field due to this charge.

First we divide the line into a number of infinitesimal segments each of
length dz as shown in Fig. 2.27, such that the charge p,, dz in each segment
can be considered as a point charge. Let us consider a point P at a distance
r from the z axis, with the projection of P onto the z axis being O. For the
sake of generality, we consider the point P, at a distance r, from O along
OP as the reference point for zero potential and write the potential dV at
P due to the infinitesimal charge p,, dz at 4 as
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pLo dz \J—A

I

LO“ a0 Po - 4 P

ro

Fig. 2.27. Geometry for the computation of the po-
tential field of an infinitely long line charge of uni-
form density p.o C/m.

dv = _Pu dz __Prodz
4dne(AP)  4me,(AP,)
(2-117)
Prodz. . Pro 4z

T dme 1t A 22 dmega/rE + 22
We will, however, find later that we have to choose the reference point for
zero potential at a finite value of r, in contrast to the case of the point charge
for which the reference point can be chosen to be infinity. The potential
V at P due to the entire line charge is now given by the integral of (2-117),
where the integration is to be performed between the limits z = —co and
z = oo, Thus

_[" _ [ Pro dz N Pro dz )
V= L=_w-dV - L:_m <4n60Jr2 + 22 Adme/ri + 22

— Pro < dz . dz )

2ne, ) o\t 22 i+ 22
Introducing z = rtan g and z = ry tan o, in the first and second terms,
respectively, in the integrand on the right side of (2-118), we have

n/2 /2
V= 23@— (f sec o dov — f Sec oty doco)
T€o \J a=0 %0=0

(2-118)

= 2/;% {[In (sec & + tan &)]7% — [In (sec &, + tan a,)].~20}
o (2-119)
- A@{m WP+ 22+ z)ro]“’
2ne L (A 22+ 2)r

= P
2ne,

z=0
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In view of the cylindrical symmetry about the line charge, (2-119) is the
general expression in cylindrical coordinates for the potential field of the
infinitely long line charge of uniform density. It can be seen from (2-119)
that a choice of ry = oo is not a good choice, since then the potential would
be infinity at all points. The difficulty lies in the fact that infinity plus a finite
number is still infinity. We also note from (2-119) that the equipotential
surfaces are In r/r, = constant or r = constant, that is, surfaces of cylinders
with the line charge as their axis. In Ex. 2-4, we found that the electric field
intensity due to the line charge is directed radially away from the line charge.
Thus the direction lines of E and the equipotential surfaces are indeed
orthogonal to each other. J

Generalizing the expression for the computation of potential for a line
charge distribution of density p,(r") occupying a contour C’, we have

— P’ ’
V(r) = J;/ Tze,r — 1] dl (2-120a)

This is the Coulomb potential of line charge distribution p,(r’). Similarly,
for a surface charge distribution of density p(r) occupying a surface .5,
we have

_ pa") ,
V() = f Tt =TT as (2-120b)

and for a volume charge distribution of density p(r") occupying a volume ¥,
we have

— ) ,
V() = f o AT (2-120¢)

ExAMPLE 2-18. A cube charge of sides 1 m? is situated with one corner at the origin

and three edges coinciding with the coordinate axes. The charge density p
within the cube is given by

p=kx+y+2C

Find the potential field of the cube charge at large distances from it correct
to the first two significant terms.

This problem is an extension of Example 2-16 to a continuous charge
distribution. For.a continuous charge distribution, the summations of (2-115)
have to be replaced by integrals so that we have

V=JvoldQ+<fvoler’.r)+... (2_121)

dre o r 47e 3

For the specified charge distribution
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Jpde=] o | i

|

1 1 1 _197
= [ [ +y+nadya (2-122)

x=0v y=0 z=0 i
=3 C

[ o= pine

_ j‘ J‘ OJ‘ (x +y + 2)dredy dz (xi, + yi, 4 zi)
x= y= z=0
= 3(i, + i, + i)Cm (2-123)
Subst1tut1ng (2-122) and (2-123) into (2- 121) we obtain

3 S, + i, +1i,) .
V= 87r60r + 24n€ ri

+ 247ze sr——(sinfcos ¢ 4 sinfsind + cos )  (2-124)

87t6 r

correct to the first two significant terms. |

Maxwell’s Curl Equation for the Static Electric Field

In Section 2.9 we showed that the potential difference between two points
B

A and B, that is, the quantity J E . dl, in the field of a point charge is
A

independent of the path followed from A4 to B to evaluate it. Suppose we now
consider two different paths ACB and ADB in the field of a point charge as
shown in Fig. 2.28. We then have

E.dl= E.dl (2-125)

ACB ADB

Fig. 2.28. Two different paths
, between points 4 and B in the
\J electric field of a point charge.
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where
Q ;

T dmer? T

Equation (2-125) can be rearranged to read

E-dl— [ E.dl=0
ACB ADB
or
E.dl+ | E.dl=0 (2-126)
ACB BDA
or
3§ E.dl=0 (2-127)
ACBDA

where we have introduced a circle in the integral sign to indicate that the
integral is evaluated around a closed path.

If we now have a collection of point charges discrete or continuous,
we can apply superposition in the usual manner and arrive at the result that,
for any static electric field E,

3§E edl=0 (2-128)

Equation (2-128) states that the line integral of the electric field intensity

- vector of any static charge distribution evaluated around a closed path, or

the circulation of the static electric field, is equal to zero. Multiplying both
sides of (2-128) by a test charge ¢, we obtain

§ gE«dl=0 (2-129)

which states that the work involved in moving a test charge around a closed
path in a static electric field is equal to zero. If a certain amount of work
is done by an external agent during a portion of the closed path, the same
amount of work must be done by the field during the remainder of the closed
path. It is now evident that (2-129) is simply a statement of conservation of
energy, which is so familiar in the case of the gravitational field as the work
done in moving a mass around a closed path is zero. Fields which satisfy this
property are known as conservative fields. The static electric field is thus a
conservative field. In Chapter 4 we will learn that a time-varying electric
field does not satisfy this property.
From the definition of the curl of a vector, we have

E.dl
— lim J.AC i 2-130
VXE = lim T @1
where AS is the area bounded by the closed path AC and i, is the normal
vector to the area which should be oriented such that §,. E « dl is a maxi-
mum. However, for the static electric field, § E « dl = 0 for any closed path
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and hence the right side of (2-130) is identically zero, thus giving

VXxE=0 (2-131)
Equation (2-131) is Maxwell’s curl equation for the static electric field. It states
that the curl of the static electric field intensity vector is everywhere equal to
zero. Fields which satisfy the property of zero curl are known as irrotational
fields; that is, such fields cannot rotate the paddle wheel discussed in Section
1.9. Together with Maxwell’s divergence equation for the electric field glven
by (2-82), (2-131) completely defines the properties of the static electric ﬁeld
Equation (2-131) determines whether or not a given vector field is realizable
as a static electric field whereas Eq. (2-82) relates the field to the charge
distribution responsible for producing the field. As an alternative approach
to that which we followed in this chapter, it is possible to accept these two
equations as,a starting point and obtain the electric field mten51ty of a point
charge and other charge distributions.

ExXAMPLE 2-19. Determine if the following fields are realizable as static electric fields.
(@ F,= —yi, 4 xi, cartesian coordinates

(b) F, = (p./2meor*)(cos i, + sin ¢ i) cylindrical coordinates
(©) F,=sinfi, + cosfi, spherical coordinates

@ i, i
_|d d 4
VxF,= ax d 9 #0
—y x 0
Hence F, cannot be realized as a static electric field.
(b) i i,
r ¢ r
| 9 9 | _
VxF,= ar 36 &= 0
pLcos¢ p,sing 0

27 4r? 27eyr

Hence F, is realizable as a static electric field. It is left as an exercise (Problem

2.15) for the student to show that F, is the field of a two-dimensional electrac
dipole of moment p,.

(©) i is iy
r?sinf@ rsin@ r
VxF, = J A d =0
ar 00 op

sin@ rcos@ O

Hence F, can be realized as a static electric field. In fact, if we note thalt,
in cylindrical coordinates, F, = i,, the irrotational nature of F, becomes
obvious. ||
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The Relationship Between Electric Field Intensity and Potential

In Section 1.9, we learned that the curl of any vector which can be expressed
as the gradient of a scalar is zero. Conversely, if the curl of a vector is equal
to zero, the vector can be expressed as the gradient of a scalar. From (2-131),
we can say therefore, that the static electric field vector E can be expressed
as the gradient of a scalar, say, ®. The question that arises now is: What is
this scalar function @ ? For a hint, let us compare the direction of the gradient
of the potential ¥ with the direction of E. The direction of the gradient of
a scalar function at any point is the normal to the surface passing through
that point and on which the scalar function has a constant value. Hence the
direction of VV is normal to the equipotential surfaces. But we found in
Section 2.9 that E is normal to the equipotential surfaces. Thus the directions
of VV and E at a point have to be either the same or opposite.

To determine which of these is correct and to probe the relationship
between E and ¥ further, let us consider two equipotential surfaces in a
static electric field as shown in Fig. 2.29. Let the potentials on these surfaces

Fig. 2.29. For the determination E,4
of the relationship between E
and V.

be V and V + AV, where AV is infinitesimal. Since AV is infinitesimal, the
two surfaces are infinitesimally close so that we can assume that the electric
field intensity between the two surfaces in the neighborhood of point A is
uniform and equal to the electric field intensity E, at point 4. We know
from previous discussion that E, is normal to the equipotential surface V'
at A. To decide whether E, is directed towards the equipotential surface
V 4 AV or away from it, we note that, if a test charge is moved along the
direction of E, the field does the work; that is, the charge accelerates and
hence loses potential energy. This is the same as stating that the charge
moves from a higher potential to a lower potential. Thus E, is directed
away from the equipotential surface ¥+ AV as shown in Fig. 2.29. Now,
the potential difference between point 4 and another point B on the equi-
potential surface ¥ 4 AV can be written, using (2-93), as
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V= [ E+dl=E . Al 2-132)
A
But
=V—WV+AV)=—AV (2-133)‘

Also, if An is the normal vector from the surface V up to the surface V' + AV,‘
we have j

E,- Al= —E,Alcosa = —E, An (2-134)
Substituting (2-133) and (2-134) into (2-132), we obtain :
—AV = —E,An (2-135)

or
AV '
E,=%- (2-136)!i
and
Av, 1’
E, = — A b (2-137)

where i, is the unit vector along An. If we now let An tend to zero, (AV/An)i,
becomes VV. Dropping the subscript 4 in (2-137), since the same arguments
can be applied to any other point in the field, we obtain a relationship between
the static electric field intensity vector and the potential at a point as

E=—-VV (2-138)

Equation (2-138) permits us to compute E from a knowledge of V' using
differentiation.

Substituting (2-138) into Maxwell’s divergence equation for the electric
field, V « E = p/e,, we have

Ve(=VV)=£2 (2-139)
€o

Recalling that V « VV is the Laplacian of V, denoted as V2V, we see that -
Eq. (2-139) becomes

Vi =L (2-140)

€ ‘

This is known as Poisson’s equation. It is a differential equation which
relates the potential at a point to the volume charge density at that point.
If the volume charge density in a region is zero, then the right side of (2- 140)
is zero for that region so that (2-140) reduces to |

V2 =0 (2-141)

This is known as Laplace’s equation. It states that the Laplacian of the
electrostatic potential in a region devoid of charge is equal to zero. We will
discuss the solutions of Poisson’s and Laplace’s equations in Chapter 6.



121 Problems Chap. 2

PROBLEMS

2.1

2.2

24.

Find the electric field intensity required to counteract the earth’s gravitational

force on a charge of ¢ C having a mass m kg. Compute the value of this electric
field intensity if the charge is an electron.

A radial electric field given by

where E, is a constant exists between two cylindrical surfaces r = a and r = b.
A test charge g having a mass m enters the electric field region at a radius r, with
a velocity v = v, is. Find the value of E, for which the test charge follows a cir-
cular orbit of radius rg. '

An electric field given by
E = E()iy

where E is a constant exists in the space between two parallel metallic plates of
length L as shown in Fig. 2.30. A small test charge ¢ having a mass m enters the
region between the plates at ¢ = 0 with a velocity v = 41, as shown in the figure.

Fig. 2.30. For Problem 2.3.

(a) Show that the path of the test charge between the plates is parabolic.

(b) Find the position y; along the y direction and velocity v, of the test charge
just after it emerges from the field region.

(c) Find the deflection y; undergone by the test charge along the y direction at
a distance d from the plates along the x direction.

Three point charges Q, kQ, and kQ are arranged as shown in Fig. 2.31. Find &
in terms of x if a test charge placed at a point on y = x in the plane of the charges
is to experience no force. Compute k for x = 1 and x = 1.
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T

-f—ikQ y=x

1 m

kQ
oL
L—+l m Fig. 2.31. For Problem 2.4.

Three point charges, each of mass m and charge Q, are suspended by strings of
length L from a common point. It is found that the common point and the points
occupied by the three charges form the corners of a tetrahedron. Find the rela-
tionship between Q, m, L, and the acceleration due to gravity, g.

Eight point charges, each of value 1 C, are situated at the corners of a cube of
edges 2 m with one corner placed at the origin and three edges lying along the
coordinate axes. (a) Find the force experienced by each charge. (b) Find the electric
field intensity at the point (2, 2, 2). (c) Find the electric field intensity at the point
©,0,2).

Point charges Q, —20Q, and Q are located at (0, 0, d), (0, 0,0), and (0,0, —d),
respectively. Such an arrangement is known as a linear quadrupole. (a) Find the
electric field intensity at distances large compared to d along the line joining the
charges. (b) Find the electric field intensity at distances large compared to d
normal to the line joining the charges.

A line charge is situated along the z axis. Consider the charge density p, to be
arbitrary function of z and show that the components of the electric field intensity
at any point in the xy plane are given in cylindrical coordinates by

E__T “ pLdz

E;=0

E, = _ [T puzdz

aneo | _ (24 z2)2

Evaluate the field components for the following charge distributions:
@) pL= Ppro —o<z< ®©
() pr= Ppro —2zy <z <2z
©) p=|z| —2zp <z <z
@ p=1z —2z0 <z < 2o

where p;, is a constant. Discuss your results from considerations of symmetry.
Verify your results by considering limiting cases wherever appropriate.
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A ring charge of radius a is situated in the xy plane with its center at the origin.
Consider the charge density p, to be an arbitrary function of ¢ and show that
the components of the electric field intensity at a point (0, 0, z) are given in car-
tesian coordinates by

—a? 2n

E, =573 P COos ¢ d¢
4n€0(a2 + 22)3/2 sm0

2 In
E =— "9 ;
Y 4meg(at + 22)%2 f¢=o pusin § dg

2
az *

~me@ v |, Pt

E,

Evaluate the field components for the following charge distributions:

@ pL= pro 0<¢ <2z
— [Pro O<p<m
®©) pr {—pm n<$<2m

© pr=procosd O<P<2m
(D pr= prosing 0<¢d<2n

where p., is a constant. Discuss your results from considerations of symmetry.
Verify your results by considering limiting cases wherever appropriate.

A sheet charge is situated in the xy plane. Consider the charge density p, to be an
arbitrary function of r and ¢ and show that the components of the electric field
intensity at a point (0, 0, z) are given by

E — psricosddrdd
x 47560 (rz + 22)3/2
E = psrzsmqﬁdrdqﬁ
v 47:60 T(r2 F 2y

E = _Z_ Ps" dr d¢
*  dnme, 4e o(rz (r? F z2)7%

Evaluate the field components for the following charge distributions:

@ ps = Pso O<r<oo,0<¢<2n
®) p. = {pm 0<r<rn,0<¢<2r
Fo<r<oo,0<¢<2n

(c)p={0 0<r<r,0<¢<2n
g Pso Fo<r<oo,0<¢<2n
(d)pszw 0<r<oo,0<¢<2n
© ps=pLi1Q 0<r<o,0<¢<2n

where p;, is a constant. Discuss your results from considerations of symmetry.
Verify your results by considering limiting cases wherever appropriate.
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A surface charge is distributed over a spherical surface of radius a and centered
at the origin. Consider the charge density p, to be uniform in ¢ but not necessarily
in 0 and show that the electric field intensity at a point (0, 0, z) has only a z-com-
ponent given by

a? (™ pz—acosf)sinfdb

E. = 2€, g0 (@ + 22 — 2azcos 0)*/2

Evaluate E, both for | z| < e and for |z| > a for the following charge distributions:
@) ps = pso 0<f<m
) ps = pocosfd 0<0<=m

where ;o is a constant,

A volume charge is distributed throughout an infinite slab of thickness 2a sym-
metrically placed about the xy plane. Consider the charge density p to be uniform
in x and y but not necessarily in z and show that the electric field intensity at any
point (x, y, z) has only a z component given by

1 a
Ejz=_apdz z>a
1 a a
E,=<2—€°(Jz=_apdz— z=zpdz) —a<z<a
1 a
—TO z=_apdz z<a

Evaluate F, as a function of z for —co < z < oo for the following charge dis-
tributions:

@ p=po —a<z<a

_ [Po 0<z<a
® s {—po —a<z<0
© p=|z| —a<z<a
@ p=:z —a<z<a

where p, is a constant. Discuss your results from considerations of symmetry.

A volume charge is distributed with uniform density p, C/m3 throughout ar
infinitely long cylinder of radius a m. Obtain the electric field intensity at points
both inside and outside the cylinder by dividing the cylindrical charge into sev-
eral infinitesimal parts each of which can be considered as a point charge.

A small hole is drilled through the center of the spherical volume charge o.
Example 2-6., as shown in Fig. 2.32. The size of the hole is negligible comparec
to the size of the sphere. A point charge g(<< 0) is placed at one end of the hols
and released from rest at # = 0. Assume that the magnitude of g is very smal
compared to the total charge Q (> 0) contained in the sphere. (a) Derive th
equation of motion of the point charge. (b) Solve the equation for the positior
and velocity of the point charge as functions of time. (¢) What is the frequenc
of oscillation of the point charge?
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Fig. 2.32. For Problem 2.14.

Two infinitely long line charges of uniform but opposite densities p;o and —py,
are situated parallel to the z axis and passing through (d/2, 0, 0) and (—dJ2, 0, 0),
respectively. The arrangement is known as a two-dimensional electric dipole, in
contrast to the three-dimensional electric dipole made up of two equal but opposite
point charges. (a) Obtain the electric field intensity due to the two-dimensional
electric dipole in the limit that d — 0, keeping the dipole moment p,,d constant.
(b) Find and sketch the direction lines.

Two infinitely long line charges of uniform densities p.; and p;,, respectively,
are situated parallel to each other at a distance d apart. Show that the equation
for the direction lines of E is '

®1pr1 + 02P1, = constant _

in the plane normal to the line charges, where &; and o, are the angles made by
the lines drawn from any point P to the line charges with the line joining the
charges as shown in Fig. 2.33. Obtain and sketch the direction lines for the fol-

lowing cases:

@) pr1 = Pr2 = Pro
(®) pri = Pros» Pr2 = —pro  (two-dimensional dipole)

Fig. 2.33. For Problem 2.16.

Obtain the electric field intensity of a finitely long line charge of uniform density
Pro and length 24 at an arbitrary point. Show that the direction lines are hyper-

bolas with the ends of the line charge as their focii.
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' A point charge Q C is located at the origin. Find the electric field flux cutting th
portion of the plane x + y = 1 m lying in the first octant by evaluating [ E - dS}.

- at the origin.
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Carry out the mathematical proof to show that the net electric field flux emanatin
from an arbitrary surface not enclosing a point charge is zero.

Find the solid angle subtended by

(a) One face of a regular tetrahedron at the center of the tetrahedron
(b) One face of a cube at the center of the cube
(c) One face of a cube at one of the corners of the opposite face

(d) A hemispherical surface at a point on the base of the hemisphere othér than

its center
(e) The first quadrant of the xy plane at a point on the z axis
(f) The portion of any plane in the first octant at the origin.

An infinitely long line charge of uniform density pr, C/m is situated along th
z axis. Find the electric field flux cutting the portion of the plane x +y = 1n
lying in the first octant and bounded by the planes z = 0 and z = 1 m by evaluatin
[ E .+ dS. Check your answer from considerations of symmetry of electric fiel
flux emanating from the line charge.

Check your answer from considerations of symmetry of electric field flux emanatin
from the line charge.

Charges are located, in cartesian coordinates, as follows: (a) point charge, 1 C
at (0.23, 0.73, 0); (b) infinitely long line charge of uniform density 1 C/m parallg
to the z axis and passing through (0.6, 0, 0); and (c) an infinite sheet charge o
uniform density 1 C/m? in the z == 0.5 plane. Determine the total electric fiel
flux cutting the upper half of the spherical surface of radius unity and centere

Using Gauss’ law in integral form, obtain the electric fields due to the followin
volume charge distributions, in cartesian coordinates:

_ [po [zl <a
(a)p—{o" lz| > a

_Ip O<z<a

(b)p——{_"po —a<z<0
_ izl |z| <a
(C)”_{o |z| > a
=z lz| <a
(d)"’_{o |z| > a
© ={a——lzl |zl <a
p 0 lz| > a

where p, is a constant.

Using Gauss’ law in integral form, obtain the electric fields due to the followin
volume charge distributions, in cylindrical coordinates:

_ |po 0<r<a
@ p {0 a<r<o

oJ

2= <)

(4]

B e =~

]

<]
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0 O<r<a
®) p=1po a<r<b
0 b<r<ow

L 0<r<a
(C) p = pO a
a<r<oo
where p, is a constant.

Using Gauss’ law in integral form, obtain the electric fields due to the following
volume charge distributions, in spherical coordinates:

0 O<r<a
@ p=1po a<r<b
0 b<r<ow
(b) pz{p(,% O<r<a
' 0 a<r<oo
2
(c)p’={l’°(1_:?> O<r<a
0 a<r < oo

where p, is a constant.

Using Gauss’ law in integral form, obtain the electric fields due to the following
surface charge distributions: '

@ ps = {p 50 z=a } cartesian coordinates
“P:o z = —a

) ps = pso r=a cylindrical coordinates
p 50 r=a .

© ps = . _Z_ y— b cylindrical coordinates

(d) ps = pso r=a spherical coordinates

pso ¥ =
e) p, = a? spherical coordinates
@© p {“P:o 5= r=b } P
where p,, in a constant.

Volume charge of uniform density p, C/m3 is distributed in the region between
two infinitely long, parallel cylindrical surfaces of radii a and 6 (< a) and with
their axes separated by distance ¢ (<< a — b) as shown in Fig. 2.34. Find the
electric field intensity in the charge-free region inside the cylindrical surface of

radius b.

Verify your answers to Problem 2.23 by using Gauss’ law in differential form.
Verify your answers to Problem 2.24 by using Gauss’ law in differential form.

Verify your answers to Problem 2.25 by using Gauss® law in differential form.
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|

Charge Free
Region

Fig. 2.34. For Problem 2.27.

For each of the following electric fields, find the charge distribution which pro-
duces the field, using Gauss’ law in differential form: i

—%ﬂ i —co<z<0
0
@) E = _3p 6‘0 i, 0<z<a cartesian coordinates
0
? i, a<z<oo
0
(b) E = 1 E—Ve’ i, 0 <r< oo  cylindrical coordinates
0
0 < r<a
() E= %ﬁi, a<r<b spherical coordinates
0 .
0 b<r<oo

where p,, and Q are constants. ‘
A surface charge of density p, C/m? occupies the spherical surface of radius? ¥o
and centered at the origin. Show that '

V'E=6Lpsa(r—ro)
€Eq

An infinitely long line charge of density p;, C/m is situated parallel to the z axis
and passes through the point (¢, ¢¢) in the z = O plane. Show that

V.E=6LOPL05(r_rO)5(¢'—¢O)

Fo . i

where

o o |
[ |7 s pe=td@ =99 rag = 1 o)

r=0 é=0 ‘
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A point charge Q C is located at the point (rq, 8, o). Show that
V.-E= 1 Q5(” —rp) 6(0 — 00)5@ - ¢o)
€o

rsin 6,
where
w 27 0 —ro) 66 — 600)6(p — o) .., ;
fﬂo L=o ¢=0f(r, 8, $) 0 0, o) r2sin @ dr df d¢

= f(ro, 00, ¢o)

The electric field intensity is given in cylindrical coordinates by

cos @ . sin @ .
E=—r2¢l,—|— r2¢l¢

Find the work associated with the movement of a test charge from the point
(1,0, —22.7) to the point (0.5, /2, 43.8). Is this work done by the field or by
an external agent?

The electric field intensity is given, in cartesian coordinates, by

0 —oo <x <0

2xi,, O<x<l1

2.,
2 l<x <o

E =

Obtain and draw a graph of the potential difference between x = 1 and an arbitrary
value of x.

For the three-dimensional electric dipole, show that the equipotential surfaces,
r2 sec @ = constant, are orthogonal to the direction lines of E given by the inter-
sections of r cosec? # = constant and ¢ = constant.

For the linear quadrupole consisting of an arrangement of point charges Q, —20,
and Q at (0,0, d), (0,0, 0), and (0, 0, —d), respectively, obtain the expression for
the potential at distances large compared to d.

For the rectangular quadrupole consisting of an arrangement of four point charges
as shown in Fig. 2.35, obtain the potential at distances large compared to the
dimensions of the quadrupole.

Fig. 2.35. For Problem 2.39. x
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For the arrangement of point ¢harges shown in Fig. 2.36, obtain the expression
for the potential at distances large compared to 4.

Fig. 2.36. For Problem 2.40.

For each of the arrangements of point charges shown in Fig. 2.37, find the first
two significant terms in the potential at large distances from the origin.

Charge in
z z Coulombs

\ Cube of X

(@) (b ©
Fig. 2.37. For Problem 2.41.

For the arrangement of point charges shown in Fig. 2.37(c), >, Q@ = 0. When
>, 0=0and 3 Or =0, > Or is independent of the point about which it is
computed. Show that this is indeed true by computing the dipole moment for
the arrangement of Fig. 2.37(c) about an arbitrary point (x, y, z).

For a line charge of finite length situated along the z axis between z = —z, and
z-== +z,, consider the charge density p;, to be an arbitrary function of z and show
that the potential at any point in the xy plane at a distance r from the origin is
given by
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1 o Pr dz
Tmes N

z==2z0

V=

Evaluate the integral for the following charge distributions:

(@) pL = pro, a constant —zy <z <z
) pr=]z| —2zp <z < 2y
(C) pPL=1z - —zZy <z < 2z

Discuss your results from considerations of symmetry. Verify your results by
considering limiting cases wherever appropriate.

For the ring charge of Problem 2.9, show that the potential at a point (0, 0, z)
is given by

2z
a
=2 prdd
47[60(‘12 + Zz)l/z f¢=o

Evaluate V for the charge distributions specified in Problem 2.9, and discuss the
results from considerations of symmetry. Verify your results by considering limiting
cases wherever appropriate.

For the sheet charge of Problem 2.10, show that the potential at a pomt ,0, z)

is given by
_ L_ oo 2n [ Pt d}"d¢ _ psrdrd(ﬁ ]
~ 4rme, r=0d gm0 ¥ zDH72 " (2 + z3)172

where (0, 0, z,) is the reference point for zero potential. Evaluate ¥ for the charge
distributions specified in Problem 2.10, and discuss the results from considerations
of symmetry. Verify your results by considering limiting cases wherever appropriate.

For the surface charge of Problem 2.11, show that the potential at a point (0, 0, z)
is given by

V=

a? J"‘ p,sin 0 do

2¢, poo (@ + 2% — 2az cos B)1/2

Evaluate V both for | z| < @ and for | z| > a for the charge distributions specified
in Problem 2.11 and discuss your results from considerations of symmetry.

Obtain the potential field of a finitely long line charge of uniform density p,, and
length 2a at an arbitrary point. Show that the equipotential surfaces are ellipsoids
with the ends of the line as their foci. Establish their orthogonality with the
direction lines deduced in Problem 2.17.

For the two-dimensional electric dipole of Problem 2.15, (a) obtain the potential
field and (b) show that the equipotential surfaces are orthogonal to the direction
lines deduced in Problem 2.15.

A volume charge is distributed throughout a sphere of radius g, and centered at
the origin, with uniform density p, C/m3. Find the potential field of the volume
charge distribution:

For the volume charge distributions specxﬁed in Problem 2.23, obtain the potential
fields by evaluating [ E « d1.
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For the volume charge distributions specified in Problem 2.24, obtain the potential
fields by evaluating [ E - dl.

For the volume charge distributions specified in Problem 2.25, obtain the potential
fields by evaluating [ E « dl.

For the following surface charge distributions, obtain the potential fields:

@ p;= {p 50 z=a } cartesian coordinates
_p 50 zZ = —a
pSO r=a
®) p, = o Fa v b cylindrical coordinates
p;o rFr=a
- " . .
© ps —Deo Z_f v —b spherical coordinates

where p,, is a constant.

A volume charge is distributed with uniform density p, C/m? in the portion of
a sphere of radius a centered at the origin and lying in the first octant. Find the
potential field at large distances from the charge distribution correct to the first
two significant terms.

A ring charge of radius g is situated in the xy plane with its center at the origin.
Find the djpolc moments about the origin for the following charge densities,
where p,, is constant: )

@) pr=procosd 0<¢d<2m

(b) PL =.pL0 sin 2¢ 0 < ¢ < 2n

© pr=prodsing O<d<2zm

What are the dipole moments for cases (2), and (b) about any point other than
the origin ? Explain.

Determine if the following fields are realizable as static electric fields:

(@ A= }—}15 (i, — xi) cartesian coordinates

(b) B = —i— iy cylindrical coordinates ‘

() C= (1 + %) cos i, — (1 — rlZ) sin @ iy cylindrical coordinates

@ D= (1 + ;25) cos @i, — (1 — ;15> sin 0 i, spherical coordinates

Check that E = —VV by substituting independently obtained expressions for E
and V for the following charge distributions:

(a) An infinitely long line charge of uniform density.

(b) A finitely long line charge of uniform density.

(c) A three-dimensional dipole.

(d) A two-dimensional dipole.

(e) A spherical surface charge of radius @ and uniform density p,,.
(f) A spherical volume charge of radius a and uniform density p,.
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In shorthand notation, the three-dimensional Dirac delta function s1tuated at the
origin is written as d(r), and is defined as

506 = lim 3¢ = 1) 00 — 0¢) 6(b — 6o)

ro—0 r% sin? 00

J 5(c) dy = 1 if the volume V contains the origin
0 if the volume ¥ does not contain the origin

By performing volume integration of V2 (1/r) =V « V(1/r) throughout a sphere
of radius a and centered at the origin and then letting a — 0, show that

V2 (Lr) = —47 6(r)

Hence, show that the potential field of a point charge Q located at the origin is
Ol4ze,r.
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THE STATIC MAGNETIC FIELD

In Chapter 2 we introduced the electric field as a force field associated with
a region of space in which charges at rest experience forces. In this chapte:r
we introduce a second kind of force field, known as the magnetic field and
associated with a region in which charges in motion experience forces. These
forces experienced by moving charges are in addition to any electric forces
experienced by them by virtue of an electric field in the region. Just as we
were concerned only with the static electric field in free space in Chapter
2, we are in this chapter concerned only with the static magnetic field in free
space. We know that the motion of charges constitutes a current. Currenits
are, however, classified into different categories according to how they
are produced. Currents arising from movement of charges such as space
charges in vacuum tubes and electron beams in cathode-ray tubes are called
convection currents. Two other types of current known as conduction and
polarization currents result from different effects on charges in material
media under the influence of electric fields, as we will learn in Chapter .
Yet another type of current is the magnetization current which results from
magnetic effects in materials, as we will learn also in Chapter 5. For the
purposes of this chapter, it is not necessary to distinguish between them
because they are all basically equivalent to rate of flow of charges with time
in free space. Thus the laws which we will learn in this chapter can be apphed
equally well to all of these currents.

134
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The Magnetic Field Concept

In Section 2.1 we learned that if, in a region of space, a fixed test charge g
experiences a force F, then the region is characterized by an electric field of
intensity E given by
F
= —_— 2'3
7 (2-3)

Here we introduce the concept of magnetic field by considering a test charge
moving in a region of space. If the test charge ¢ moving with a velocity v
experiences a force F, then the region is said to be characterized by a magnetic
field, which we will represent by the symbol B. This force F is related to
q, v, and B as given by

F=¢gvxB @3-

According to (3-1), the force experienced by the moving charge due to the
magnetic field is directed normal to both v and B, as shown in Fig. 3.1, in

i

Fig. 3.1. Force experienced by a test charge moving
with a velocity v in a magnetic field B.

contrast to the same directions of electric force and electric field intensity.
The magnitude of the force is equal to gvB sin o, where a is the angle between
v and B. Since the force is always normal to v, there is no acceleration along
the direction of motion. Thus, the magnetic field changes only the direction
of motion of the charge and does not alter the kinetic energy associated with
it.
From Eq. (3-1), we note that if the test charge moves in, or opposite
to, the direction of B, it does not experience a force. Also, rewriting Eq. (3-1)
as
F = gqvBi, x i; = qvBsina i, (3-2)

where i,, iz, and i, are unit vectors along v, B, and F, respectively, we observe
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that it is only possible to deduce B sin & by knowing the force for only one
direction of motion of the test charge. On the other hand, if we know two
nonzero forces F; and F, for two velocities v, and v, in different directions,
then we have

F1XF2=(qV1XB)x(qV2XB)

= g*[(v; X B« B)v, — (v; X B+ v,)B] (373)‘

= —q(F, - v,)B ‘

or ;
_ ExF, - ‘

B= qF, +v,) S

Alternatively, we note from (3-1) or (3-2) that the force is maximum for
vnormal to B so that if we find a maximum force F,, by trying several direc-
tions of v, keeping its magnitude constant, then

F,xi,
=Zux (3-5)
where i, is the direction of v for which the force is F,,.

As in the case of defining the electric field, we assume that the movement
of the test charge does not alter the magnetic field in which it is placed.
From a practical point of view, the movement of the charge does influence
the magnetic field irrespective of how small it is and how slowly it is moved‘
However, theoretically, we can define B as the right side of (3-5) in the hmltw
that gv tends to zero; that is,

\‘

B — lim ¥z X ix (3-6)

w0 GV ‘
From (3-5), we observe that the units of B are

newtons per coulomb  newton-seconds _ newton-meter _ seconds

meters per second  coulomb-meter _ coulomb (meter)?

Recalling that newton-meter per coulomb is a volt, we can write these unitsj
as volt-seconds per square meter, commonly known as webers per square
meter, and abbreviated Wb/m?, giving the character of a flux density for B
Accordingly, B is known as the magnetic flux density vector.

ExaMpLE 3-1. An electron moving with a velocity v, = i, m/sec at a point in a mag-

netic field experiences a force F, = e(—i, + i,) N, where e is the charge 01‘
the electron. If the electron is moving with a velocity v, = i, m/sec at the
same point, it experiences a force F, = e(i, — i,) N. Find B at that point.

Using (3-4), we have '
_ B xF _ el — i) x e(—i, + i) |
qF, - v)) ele(—i, +1,) - i)
_e(—i, —i,—1i)
_e2

=@, +1,+i)Wb/m* |
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Force on a Current Element

In Section 3.1 we defined the magnetic field in terms of force experienced
by a moving test charge, involving explicitly the charge and its velocity.
This form of the definition, given by Eq. (3-1) is, however, not convenient
for use with currents. Hence it is necessary to formulate Eq. (3-1) in terms
of current. The current crossing a surface is defined as the rate at which
charge flows across the surface; that is,

_do _
=2 (3-7)

Let us now consider a region in which charges distributed with a density
p are moving with a velocity v, where p and v can, in general, be nonuniform.
At a point P in this region, let us consider an infinitesimal area dS normal
to the direction of flow of charges as shown in Fig. 3.2. In a time d, the

————”————-/’d—S/'

/
ds ~5
._._..P —_—
dl

Fig. 3.2. Volume occupied by \‘

charge crossing a surface dS nor-
mal to it with a velocity v, in time
dt = dlfv. , ‘

distance traveled by the charge crossing this surface is equal to v dt. Let v dt
be equal to dl, as shown in Fig. 3.2, so that the charge dQ crossing the
surface dS in time dt is that contained in the infinitestimal volume (d1 « dS).
The current crossing the surface dS is then given by

-2-% (39)

But the current crossing the surface is also equal to J « dS, where J is the
current density at P. Since J and dS are in the same direction, J « dS = J dS.
Thus

4 __d0 . _
J—ﬁ—mv—pv 3-9)
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and
J=pv (3-10)
Now, the force experienced by the charge dQ moving with the velocity
v is given by
dF=d0vxB
= p(dl)(dS)y x B
= (dl - dS)pv x B
= J x Bd(vol)
where d(vol) is the differential volume (dl « dS). Thus the magnetic force

experienced by the charges in a differential volume in a region of current is
given by (3-11). To obtain the total force experienced in a large volume, we

(3-11)

need to integrate the right side of (3-11) throughout the volume under con-

sideration; that is,

F=| JxBdoD . (312)

For a filamentary wire carrying current I, the current density J is

infinity since dS is zero but the product J « dS is equal to I so that (3-11) .

becomes
=(dl)(dS)Ix B
=(J+dS)l xB (3-13)
=I1dlxB

as illustrated in Fig. 3.3. The total force experienced by the filamentary

wire is obtained by integrating the right side of (3-13) along the length of
the wire. Thus

F=f. (Idle):If‘ (dl x B) (3-14)

Fig. 3.3. Illustrating the force experienced by an
infinitesimal segment of a filamentary wire carrying current
Iin a magnetic field B.
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EXAMPLE 3-2. Show that the total magnetic force experienced by a closed loop of

wire carrying a current [ in a uniform magnetic field B is equal to zero.
Applying (3-14) for the contour C of the wire, we have

F= 1§c (d1 x B) = z(fﬁc dl) x B (3-15)

where, since B is uniform, we have taken it outside the integral on the right
side of (3-15). Now,

§c dl = §C (dxi, + dyi, + dzi)

- (o5 ()i (f o

(3-16)

Hence F=0. |

Ampere’s Law of Force

In Chapter 2 the concept of electric field was introduced in terms of force
experienced by a small test charge placed in the presence of a larger charge
in analogy with the gravitational force associated with two masses. We then
presented an experimental law known as Coulomb’s law and obtained from
it the expression for the electric field intensity of a point charge. Just as
static charges which are influenced by electric fields are themselves sources
of electric fields, moving charges or currents which are influenced by mag-
netic fields are themselves sources of magnetic fields. To demonstrate this, we
will in this section present an experimental law known as Ampere’s law of
force, analogous to Coulomb’s law, and use it in the next section to obtain
the expression for the magnetic field due to a current element.

Ampere’s law of force is concerned with the forces experienced by two
loops of wire carrying currents /, and 7,, as shown in Fig. 3.4. As a result of

I,

I

dl,

Fig. 3.4. Two loops of wire carrying currents 7, and 7,.
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experimental findings by Ampere, the force experienced by current loop 2
is given by

F, — kf{; § I,dl, x (ﬁsdl1 x R,,) (3-17
c1 v c2 21
where C, and C, are the contours of loops 1 and 2, respectively, & is a constant
of proportionality, and R,, is the vector drawn from a differential length
element dl, in loop 1 to a differential Iength element d1, in loop 2. The constany
of proportionality k is equal to u,/4x for free space and in the MKS system
of units. The quanity g, is known as the permeability of free space and i[s
equal to 4z x_1077. Since (3-17) is valid for any orientation of the current
loops, it follows that the differential force dF,, experienced by the differential
current element I, dl, due to the differential current element I, 41, is
_uLdl, x (I, dl; x R

aF,, = 4o ndh X QAL X Rp) (3-18)
where we have substituted u,/4z for k. From (3-18), we note that u, has the
units newtons per ampere squared. These are commonly known as henr}Js
per meter. Recalling that the permittivity of free space, €,, is equal tp
10-%/36z C*/N-m?, we note that

1 1

JHo€s /A7 X 107 X (10-°/36xm)
= 3 x 10% m/sec

—

amp-m/C (3-19)

which is the velocity of light in free space.
Some of the features evident from Eq. (3-18) are as follows:

(a) The magnitude of the force is proportional to the product of the
magnitudes of the currents.

(b) The magnitude of the force is inversely proportional to the square
of the distance between the current elements.

() To determine the direction of the force, we first find the cross
product d1; X R,, and then cross dl, into the resulting vector. The
parenthesis on the right side of (3-18) is very important since, for

i

a triple cross product, A x (B x C) = (A x B) x C. ‘

By interchanging I, dl; and I, dl, and replacing R,, by R,, in (3-182),
we obtain the expression for the force experienced by I, dl, due to I, dl, as

_ ML dl x (I,dl, X Ry,) i

dF,, o x5, (3-20)
It may be noted that dF,, is not necessarily equal to —dF,,. This can be
illustrated by considering a simple case in which dl, and dl, are normal, as
shown in Fig. 3.5. The construction of Fig. 3.5(a) shows that dF,, is nonzero

and directed parallel to dl, whereas the construction of Fig. 3.5(b) shows that
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dly x (dl} X Ryy)

Itl dly T

(2) ——p I, dl;
I Rz
dl; X Ry,
into the paper-
Iy d,y
(b) - —_—p I, dl,
I Rz

Fig. 3.5. For showing that the force experienced by I, dl,
due to I, dl, is not necessarily equal and opposite to the
force experienced by I, dl, due to I, dl,.

- (dl, X R,,) is zero and hence dF,, is zero. The fact that dF,, and dF,, are

not equal and opposite is not a violation of Newton’s third law since isolated
current elements do not exist without sources and sinks of charges at their
ends. On the other hand, Newton’s third law must and does hold for current
loops. It is left as an exercise for the student to prove this (Problem 3.8).

The Magnetic Field of Filamentary Currents

In Section 3.2 we derived Eq. (3-13) for the differential force experienced by
a filamentary current element located in a magnetic field. In Section 3.3 we
introduced Ampere’s law of force, which expresses the forces experienced
by two current-carrying loops of wires, and from it obtained the expression
(3-18). for the differential force experienced by a current element in the
presence of another current element. Now, comparing the forms of the right
sides of (3-13) and (3-18), we observe that the force experienced by I, dl, is
due to the magnetic field of I, dl,. If we denote this magnetic field by dB,,
we can then write

I, d1, x dB, — #o Ldl, x (2%‘1“1 X R,0) (3-21)
where we have introduced the appropriate subscripts on the left side of
(3-21). Similarly, by comparing the right sides of (3-13) and (3-20), we note
that the force experienced by I, dl, is due to the magnetic field of I, dl,. If
we denote this magnetic field by dB,, we can then write

I, dl, x dB, = b 1 dl, x (;2?‘5‘2 xR, (3-22)

where we have introduced the appropriate subscripts on the left side of
(3-22).
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Equations (3-21) and (3-22) yield a general expression for the magnetic
flux density due to a current element 7 dl at any point located at a vector
distance R from it as

Idl xR 1dl
B = 629

\
where i, is the unit vector in the direction of R. Equation (3-23) is known

as the Biot-Savart law and is analogous to the expression for the elect#ic
field intensity of a point charge. The Biot-Savart law tells us that the mag-
netic flux density at a point P due to a current element is directed normal
to the plane containing the current element and the line joining the current
element to the point, as shown in Fig. 3.6. It is therefore directed circular

Fig. 3.6. The magneticfield dB dpe
to a current element Idl, at|a
distance R from the current ele-

ment. ‘

to the straight-line axis along the current element. In particular, the sense
of the normal is that towards which the fingers are curled when the fila-
mentary wire is grabbed with the right hand and with the thumb pointing in
the direction of the current; it is the same as the sense of turning of a right-
hand screw as it advances in the direction of Idl. The magnitude of tpe
magnetic flux density is proportional to the current 7, the element length
dl, and the sine of the angle between the current element and the line from
it to the point P, and inversely proportional to the square of the distanlce
from the current element to the point P. Hence the magnetic field is zero along
the straight line in the direction of the current element. The magnetic flux
density B due to a filamentary wire of any length can now be obtained by
integrating the right side of (3-23) along the contour C of the wire.
Thus

B=to| L%l (3-24)

In evaluating the integral in (3-24), we note that i, and R are functions of the
location of dl. In terms of source point-field point notation, (3-24) is written
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as
M ( 1dl x (@ —T) 25
B(l‘)—— 47Z < |l' — l_I 13 (3 2 )

where C’ is the contour occupied by the wire.

\MPLE 3-3. A straight wire carrying current I amp lies along the z axis as shown

in Fig. 3.7. Find the magnetic flux density vector due to the portion of the
wire lying between z = —a and z = +a and then extend the result to that of

an infinitely long wire.

X

Fig. 3.7. For evaluating the magnetic flux density due to a
straight wire carrying current I amp and lying along the z
axis between z = —a and z = +a.

First we divide the wire into a number of infinitesimal segments, each
of which can be considered as a current element. The magnetic flux density
due to a current element is given by (3-23). For a current element oriented
along the z axis, i, X i is in the i, direction and hence the magnetic field is
in the i, direction. Also, its magnitude is independent of ¢. Since all current
elements making up the wire are along the z axis, the contributions due to
them are all in the i, direction and independent of ¢. Thus the magnetic field
has circular symmetry about the axis of the wire.

Let us now consider a point P(r, ¢, z). The magnetic flux density at P
due to a current element Idz’ i, at distance z’ from the origin is given by

_poldZ i, xiy_ u, IdZsina
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The magnetic flux density at P due to the segment of the wire lying betv‘ veen
z = —a and z = a is then given by

Ho Idz' sine . |
LS T O

Introducing (z — z’) = r cot & in (3-26), we obtain n

B= ,11_;; JM_ sin o dot i, = /‘_0 ~ (cos at; — cos &yl 3 3_27)

where o, and a, are the angles which the lines joining the ends of the ]w1re
segment to the point P make with the z axis. Now, for an infinitely l‘ong
wire, o, = 0 and o, = 7. Hence
— Kol — — &od; -

B i (cos 0 — cos m)i, T iy (3-28)
Thus the magnetic flux density due to an infinitely long straight wire is dejpen-
dent only on the distance away from the wire, analogous to the elegtric
field intensity due to an infinitely long line charge of uniform density. [The
field is sketched in Fig. 3.8. ||

Direction Lines
of B

Fig. 3.8. The direction lines of
magnetic field due to an infinjitely
long straight wire carrying cutirent .
out of the plane of the papeicr.

|

m
lies in the xy plane with its center at the origin. Such an arrangement 1Is)
known as a magnetic dipole. Obtain the expression for the magnetic |flux
density due to the magnetic dipole at distances very large from the origin
compared to the radius a.

With reference to the geometry shown in Fig. 3.9, we note that, at |any
point P, the ¢ component of the magnetic field due to a current element
in the ring is cancelled by the ¢ component of the magnetic field dug¢ to
another current element situated symmetrically about P so that the ¢ com-
ponent due to the entire ring is zero. Thus the magnetic field has only 7 jand
@ components. Furthermore, since the ring is circular about the origin and is
in the xy plane, the magnetic field has circular symmetry about the z axis.
Hence we consider, for simplicity, a point P having the spherical coordinlates
(r, 8, n/2). The magnetic field at P due to the current element 1 situated at
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Fig. 3.9. For evaluating the magnetic field due to a magnetic
dipole at distances very large from it compared to its radius.

¢ = ¢’ is then given by
{Ia d¢’ (—sin¢’i, + cos ¢’ i,)
dB. — & L X [—acosd'i, + (rsin@ — asin ¢")i, + rcos 6 1i,]
' 4m (a® + r? — 2ar sin @ sin ¢")372
_ poladd’ [rcos@cos @' i, + rcos @sing’i, + (a— rsin §sin ¢')i]
- 4n(a® + r?> — 2ar sin 0 sin ¢')3/2

The magnetic field at P due to the symmetrically situated current element

2at¢d =z — ¢’ is given by
{Ia d¢’ (—sin¢’i, — cos ¢’i,)
JB. = Ko X [acos @i, + (rsin @ — asin ¢')i, + rcos 01i,]
2 4n (a® + r* — 2ar sin 0 sin ¢)*/2
_ poladp'[—rcosBcosd’i, + rcos@sing’i, + (a — rsin 6 sin ¢')i,]
B 4n(a? + r* — 2ar sin @ sin ¢")3/>

The contribution to the magnetic field at P due to the pair of current elements
1 and 2 is then given by

dB = dB, + dB,

_ uladd’ [rcos@sin @' i, + (a — rsin 0 sin ¢)i,]
- 2n(a* + r* — 2ar sin @ sin ¢")3/2
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Denoting dB = dB, i, + dB, iy, we have

dB,=dB «i, = dB «(sinfi, + cos 01i,) :
wola? cos 0 dp’ (3-29)
= 2n(a® + r? — 2arsin O sin ¢')°72 j

Proceeding further, we obtain ‘
Uola? cos 6 d¢
’ 27tr3[(a/r)2 + 1 — 2(a/r) sin @ sin ¢']*/2

~ Hola® cos 6 do’
2nr?

(3-30)
for r>a

Integrating the right side of Eq. (3-30) between the limits ¢’ = —n/2 and
¢’ = m/2, we obtain the r component of the magnetic flux density due to the
entire ring as

,uOIa2 cos 0 dp’ _ u,lma*cos 0 |
B, = f¢ P 7R 2mr3 (3-31)

Now, to find the @ component of B, we note that
dBy=dB « iy = dB « (cos § i, — sin01,)

_ Moladd’ (—asinf 1+ rsin ¢) 3-32)
" 27(a® + r? — 2arsin @ sin §')32

Proceeding further, we obtain
dB, = ﬂozl:;r‘f‘l’ ( ) sin @ -+ sin ¢':l[1 — 2(%) sin 0 sin ¢" + (-f—)z]_m
ﬂ°§;:f¢ [ ( ) sin @ 4 sin ¢’:H:1 + 3<-f:--> sin@sing’ + - ]

] (aar s o)y
|

-+ ... terms involving higher powers of (7):]

Ia[ ( ) nf -+ sin ¢+ 3(%) sin 6 sin® ¢I:] d¢’  for r>a

I |
(3-%3)
where we have retained the (a/r) term since the sin ¢’ term yields zero whgn
integrated between ¢’ = —n/2 and ¢’ = =/2. Integrating the right side ‘of

Eq.(3-33) between these limits, we obtain the § component of the magnetlc
flux density due to the entire ring as

B, = Jmlz ”“Ia[— (%) sin @ + sin ¢’ + 3<%) sin 8 sin? ¢'] de’

¢'=—n/2 27012

_ Wolra? 3sm 0 (3-34)
r



147 The Magnetic Field of Filamentary Currents Sec. 3.4

Thus

B— ﬂzggz(z cos 0, - sin 6 i) (3-35)

We can consider Eq. (3-25) as the solution for the magnetic flux density
at very large distances compared to the radius a or as the solution for the
magnetic flux density at any point (r, 8, ¢) in the limit that a — 0, keeping
Izma? constant. It should be noted that to keep Iza? constant as a — 0 requires
that I — oo. The product Iza? is known as the magnetic dipole moment
m. The magnetic dipole moment has also an orientation associated with it
which is normal to the surface of the loop. In particular, the sense of the
normal is that towards which the fingers pierce through the area of the ring
when the loop is grabbed with the right hand and with the thumb pointing
in the direction of the current. It is the same as the direction of advance of
a right-hand screw as it is turned in the sense of the loop current. Substitut-
ing m for Ira? in (3-35), the magnetic flux density due to a magnetic dipole
of moment m oriented along the positive z axis is given by

B= é‘?_ong(z cos 0i, + sin @ i) (3-36)

The magnetic field given by (3-36) is analogous to the electric field due to
an electric dipole of moment p oriented along the z-axis and given by
(2-28). 1

EXAMPLE 3-5. A solenoid consists of continuously wound, circular current loops.

Let us consider an infinitely long, uniformly wound solenoid of radius @ and
n turns per unit length, each carrying the same current 7 and with the z axis
as its axis. It is desired to find the magnetic flux density due to the infinitely
long solenoid.

Since the solenoid is uniformly wound and infinitely long, and since it
possesses cylindrical symmetry about the z axis, the magnetic flux density
must be independent of z and must possess cylindrical symmetry about the
z axis. Hence it is sufficient if we compute the magnetic flux density at a
point P on the y axis. To do this, let us consider two sections of the solenoid
symmetrically placed about the xy plane at distances z’ from it and having
infinitesimal lengths dz’ as shown in Fig. 3.10. Since the lengths are infini-
tesimal, these sections can be considered as current loops carrying currents
nl dz'. .

In each of these current loops, let us consider two differential elements
of lengths a d¢’ symmetrically situated about the yz plane, as shown in
Fig. 3.10. Applying the notation of Fig. 3.10 to (3-29) and (3-32), we obtain
the magnetic field at P due to the pair of current elements 1 and 2 as

. ratcosa dd’ i, + a dd’' [—asin o + (y/sin &) sin ¢]i,
B, = ponl dz 2n(a® + y* + 2’2 — 2ay sin ¢")¥/2
(3-37)
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N

Fig. 3.10. For evaluating the magnetic field due to an infinitely
long, uniformly wound solenoid of radius a and » turns per unit
length.

and the magnetic field at P due to the pair of current elements 3 and 4 as

_ s a*cos 0 dd’ i, + ad’' [—asin o + (p/sin o) sin §'li,
de = 'uon[dz 276(02 + yz + 72 2ay sin ¢r)3/z

(3-38)

where a, i, i,, i;, and i, are defined in Fig. 3.10. Adding (3-37) and (3-38)‘and“
simplifying, we obtain the magnetic field at P due to the four current elements
1,2,3, and 4 as

_ _ ’ (a* — aysin ¢") dop’ . ) ‘.
B = dB, + dB, = penl dz Wa>F >+ 27 — 2aysn )R- G 39)

Performing double integration of the right side of (3-39) between the appro-
priate limits, we obtain the magnetic flux density at P due to the entirq:
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solenoid as

B= i - ponl(a® — aysin¢) dp’ dz’ .
g2 d a0 W%+ Y2+ 22 — 2ay sin §')72

_ ponla =2 (a—ysindHd¢ . :
T om f¢,=_”,2 (a*> + y* — 2aysin ¢) 1 (3-40)
_ {0 for y>a

uonli, for y<a

Thus the magnetic field due to the infinitely long solenoid is zero outside
the solenoid and uniform inside the solenoid, having a value gz ,nI and directed
along the axis of the solenoid. ||

The Magnetic Field of Current Distributions

In the previous section we considered the magnetic field computation for
filamentary wires carrying current. In this section we will extend the com-
putation to current distributions. Current distributions can be of two types:

(a) Surface current for which current is distributed on a surface (planar
or nonplanar).

(b) Volume current for which current is distributed in a volume.

As in the case of continuous charge distributions, introduced in Section 2.4,
we have to work with current densities when a current is distributed on a
surface or in a volume. We have already introduced the current density for
volume currents in Sections 1.7 and 3.2. The magnitude of the volume cur-
rent density J at a point is the current per unit area crossing an infinitesimal
area at that point with the orientation of the area adjusted so as to maximize
the current, in the limit that the area tends to zero. The direction of J at
that point is the direction to which the normal to the area approaches in
the limit. Similarly, the magnitude of the surface current density at a point
is the current per unit width crossing an infinitesimal line segment at that
point with the orientation of the segment adjusted so as to maximize the
current, in the limit that the width of the line segment tends to zero. The
direction of the surface current density at that point is the direction to which
the normal to the line and tangent to the surface approaches in the limit.
We will use the symbol J, for the surface current density, in contrast to J
for the volume current density. In each case, we represent the total current
as a continuous collection of appropriate filamentary currents and evaluate
the magnetic field as the vector superposition of the contributions due to
the individual filamentary currents.

ExAMPLE 3-6. A sheet of current with the surface current density given by

J, = J, i, amp/m
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where J,, is a constant, occupies the entire xz plane. Find the magnetic fluX
density vector due to the portion of the current sheet lying between x == —@&
and x = +a as shown in Fig. 3.11(a) and then extend the result to that of
the infinite sheet.

P
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Plane of Paper. !
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(b)

Fig. 3.11. For evaluating the magnetic field due to a sheet of
current flowing in the z direction and lying in the xz plane
between x = —a and x = a.

We divide the current sheet into a number of filaments of infinitesimal
width in the x direction, each of which can be considered as an infinitely
long wire parallel to the z axis. Let us consider a filament of width dx’ located
at x = x’ in the plane of the sheet, as shown in Fig. 3.11(a). From Examptle
3-3, we know that the magnetic flux density due to an infinitely long wire is
dependent only on the distance away from the wire and is oriented circu]zir
to the wire. Hence the magnetic field due to the current sheet will not he
dependent on the z coordinate and also will have only x and y components,
so that it is sufficient if we consider the two-dimensional geometry shown in
Fig. 3.11(b). Since the current density is J,,i,, the current flowing in the
filament of width dx’ is J,, dx’. Applying (3-28) to the geometry associated
with this filament, we obtain the magnetic flux density due to it at any point

P(x? .}’3 z) as

J,o dx’ .

dB = Holso 3-41
S x— XV TP @G-41)
where i, is the unit vector normal to the line drawn from the filament to the
point P as shown in Fig. 3.11(b). Expressing dB in terms of its componenfis
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along the coordinate axes, we have

J,, dx’
dB = HoVs0
2n/(x — x')* + y*

The magnetic flux density at P due to the portion of the infinite current sheet

(—sinai, 4+ cos & i,) (3-42)

between x = —a and x = +a is then given by
B=[ aB
e __ MJgsinadx’ . UoJ, cos o dx’ ] i
P R i n oy i A B

where we have used the transformation (x — x’) = y cot & for evaluating the
integrals in (3-43), and the angles &, and «, are as shown in Fig. 3.11(b).
Now, for the infinite sheet of current, ¢; = 0 and a, = = for y > 0, and
o, =2z and a, =z for y < 0. However, to evaluate In (sin a,/sin «,), we
note that

. osing, . [(x 4+ @) 4 p2 V2
%,l_r.r‘,l‘,sinoc1 _P_.IE (x—a)¥+yy2] 1
and hence
lim In 8292 _ o (3-44)

asoe  SIN 04

Substituting for &, and &, in (3-43), we then obtain the magnetic flux density
due to the infinite sheet of current as

—/‘_Ur"*"ix for y>0

B=
Joos
'““2—“1, for y <O (3-45)
i 0
=&oJ xi, wherei, = { f’ for y >
2 —i, for y <0

The field given by (3-45) is sketched in Fig. 3.12. If the sheet current occupies
the y = y, plane, it follows from (3-45) that

—ﬁgzlﬂ’ix for y > y,
B—=

boloi  for y <y, I

ExampLE 3-7. Current flows in the axial direction in- an infinitely long cylinder of

radius @ with uniform density J, amp/m?. Find the magnetic flux density
both inside and outside the cylinder.
Choosing the z axis as the axis of the infinitely long cylinder as shown
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/Js = Jso iz
Js0
2 . . \ 8

®

|
l

Jso0 ix

s
I XXXXXX XXX K XXKXHXXXXXXXXX X
3

1
—Mo

y 0

Fig. 3.12. The direction lines of magnetic field due to an infinite
sheet of current flowing into the plane of the paper with uniform
density.

x PR RN (a) (b)

Fig. 3.13. For evaluating the magnetic field due to a volume
current flowing along an infinitely long cylinder of radius a
with uniform density.
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in Fig. 3.13(a), we have the volume current density as
J = J,i,

The cylindrical current distribution can be thought of as a superpositon
of filamentary currents parallel to the z axis so that the magnetic field is
independent of z. Hence it is sufficient if we consider the two-dimensional
geometry shown in Fig. 3.13(b). Furthermore, for every filamentary current
and for a given point P, there is another filamentary current so that the
combined magnetic field due to these two filamentary currents is entirely in
the ¢ direction. This is illustrated in Fig. 3.13(b) for a point P on the x axis.
Thus the magnetic field due to the entire current distribution has only a
¢ component and possesses cylindrical symmetry about the z axis. Let
us therefore consider two filamentary currents corresponding to the infinites-
imal areas rdr d¢ at (r, ¢) and (v, —¢) as shown in Fig. 3.13(b). The mag-
netic field at P due to these two filamentary currents is given by

KoJor drdd
27(r? 4+ x* — 2rx cos )2

_ HoJor drdé(x — rcos qS)
7(r? + x* — 2rx cos ¢)

The magnetic field at P due to the entire current distribution is then given by

B=Jj=DJ':=0dB

=ﬂoTJ0fa rdrfn (X—rcos¢)d¢

o t,(rz-l-x2—2rxcos.¢)°’

dB =

2cos o iy \
(3-46)

ud, [ 0 for x <r
— Hado d :
n f,=or d % for x>r)]‘b

”JOJ Z,rdri, forx>a (3-47)

X

r=0

oy (7 7 ;
T f,=oxrd“¢ for x<a

Falo ”§2i¢ for x > a

X

) ,
-”1‘;‘;"—73‘i¢ for x <a

Recalling that B has cylindrical symmetry about the z axis, we substitute r
for x in (3-47) and obtain

po‘b(g;—;/z)iq, for r > a
B= T Ol (3-48)
,u(,"(g—;r/)iqb for r<a
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Noting that zr?/2 is the area of cross section of a wire of radius r, and that
there is no current for # > a, we can combine the two results on the right
side of (3-48) as

B() — current enclosed by th<=é 7;::rcular path of radius r, i, (3-49)

Viewed from any distance r from the axis of the infinitely long cylinder|
carrying current, the current distribution is equivalent to an infinitely long
filamentary current of value equal to the current enclosed by the circular path
of radius r. |

Ampere’s Circuital Law in Integral Form

Tn Section 2.6 we started with the electric field intensity of a point charge
and derived Gauss’ law, which was later found to be very convenient for
computing the electric field due to certain symmetrical charge distributions
Similarly, in this section we will start with the magnetic flux density due ta
an infinitely long wire carrying current and derive Ampere’s circuital law
We will later find Ampere’s circuital law to be very useful compared to the
Biot-Savart law for computing the magnetic field due to certain symmetrica
current distributions. \

Let us consider an infinitely long filamentary wire along the z axis
carrying current / amp. The magnetic flux density due to this wire is directed
everywhere circular to the wire and its magnitude is dependent only on the
distance from the wire. Let us consider a circular path C of radius r in the
plane normal to the wire and centered at the wire as shown in Fig. 3.14. For

an infinitesimal length dl = dli, on this contour C, we have \‘

B.dl= bl . i, = Bl (350)
|

The integral of B « dl along the entire path C is then given by

dl

I into the Paper

Fig. 3.14. For evaluating§ B - dl,
c

where C is a circular path of
ol | radius r in the plane normal to a
2ar straight, infinitely long wire
carrying current I and centere?

at the wire.
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il — & seddl _ pl )
§CB dl c#_ﬁfﬁcdz (3-51)

where we have taken u,I/2znr outside the integral since r is constant for the
contour C. Proceeding further, we have

Ef; B.dl=tl (circumference of C)
c 2nr
7 (3-52)
— & -
=50 Qnr) = pl

Equation (3-52) states that the line integral of B around a circular path in
the plane normal to an infinitely long wire carrying current I and centered
at the wire is equal to y,I. It is independent of the radius r of the circular
path. Whether » = 1 micron or 1000 km, the value of the line integral is the
same (provided, of course, that there is no other magnetic field in the me-
dium). It should be noted that the current I in (3-52) is the current which
flows in the direction of advance of a right-hand screw as it is turned in
the sense in which the line integral around C is evaluated.

Before we proceed further, a few words about the line integral of B are

in order. In Chapter 2 we learned that be « dl has the meaning of work

or change in potential energy per unit charge associated with the movement
of a test charge from point a to point b in the electric field E. This is because
the force experienced by a charge due to an electric field is in the same direc-
tion as the electric field. On the other hand, in a magnetic field B, the force
experienced by a test charge moving in the direction of dl (or by a current
element I dl) is perpendicular to both B and dl. Hence the work associated
with the movement of the test charge is zero. Thus [ B« dl does not have

the meaning of work. Just as f{; E . dS provides us information about
S B
charges enclosed by S, § B . dl tells us about the current enclosed by C.
o}

Therefore, in this respect é; B . dlis analogous to ff E . dS. We will simply
o} S

call it the circulation of B.

Let us now consider an arbitrary path C (not necessarily in a plane)
enclosing the current as shown in Fig. 3.15. For an infinitesimal segment
dl at P along this path,

gl — oL . o _ Wl dlcosa )
B.dl SaRY dl 7 (3-53)
where R is the distance of P from the wire, i, is the unit vector at P directed

circular to the wire, and o is the angle between dl and i,. The circulation of
B around the arbitrary path C is

_ [ moddlcosa _ u,I [ dlcoso
§CB o dl = §c—2nR =5z c_R (3-54)
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Fig. 3.15. For evaluating §CB .dl,

where C is an arbitrary closed
path enclosing a straight, infinitely,
long wire carrying current 7.

In (3-54), dl cos o is the projection of dl onto the circle of radius R centered
at the wire and passing through P. Hence (d/ cos a)/R is the projection of
dl on to the circle of radius unity in the plane normal to the wire and centered

at the wire, and § (dl cos ®)/R is the sum of the projections of all infinitesimal
c

segments comprising the contour C onto the circle of radius unity. Thus it
is equal to the circumference of the circle of unit radius, that is, 2z. Substi-
tuting this result in (3-54), we have

§ B.dl— 5207’(27:) — u,l . (3-55)

contoqr
enclosing I

If the arbitrary contour does not enclose the current, then, in evaluating
f (d! cos a)/R, we start at one point on the circle of unit radius, traverse to
[of

another point on it and return to the starting point along the same path in
the opposite direction, obtaining a result of zero in this process. Hence

§ B.dl=0 (3-56)

contour not
enclosing I

Equations (3-55) and (3-56) may be combined into a single statement which

reads as
|

j; B . dl = py(current enclosed by the contour C) (3-57]
c

This is Ampere’s circuital law. Although we have derived it here for an
infinitely long straight wire, it can be proved for a current loop of arbitrary
shape. Also, if we have a number of current loops or infinitely long wires

|
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carrying currents or continuous current distributions in the form of surface
or volume current, we can invoke superposition and conclude that Ampere’s
circuital law as given by (3-57) holds for any closed path C provided the
current enclosed by C is uniquely defined.

Let us now discuss the uniqueness of a closed path enclosing or not
enclosing a current. To do this, let us consider the case of a straight fila-
mentary wire of finite length in the plane of the paper carrying current I,
as shown in Fig. 3.16. This can be achieved by having a source of point

a
— N T T T — - — —
hY) .. I
/ C Position 1 |
B . '
1 Sink of |
Point Charge |
a’ . |
— — — — — — —
b
Position 2
bl

Fig. 3.16. For illustrating that the current enclosed by closed
path C surrounding a finitely long filamentary wire is not
uniquely defined.

charge at one end of the wire and a sink of point charge at the other end.
Let a closed path C be in the plane normal to the paper, emerging out of
the paper at a and going into it at b. Let us denote this position of the closed
path as position 1. Imagining the closed path to be rigid, we can bring it to
position 2 by sliding it parallel to the wire for some distance, pulling it down,
and then sliding it back parallel to the wire as shown by the dashed lines.
We are able to achieve this without cutting through the wire. We then say
that the current enclosed by the closed path C is not uniquely defined. Alter-
natively, we can define the current enclosed by a path as that which pierces
through (passes from one side to the other side of) a surface whose perimeter
is the closed path. For the closed path C in Fig. 3.16, let us consider two
bowl-shaped surfaces .S, and S,. It can be seen that the wire pierces through
S, but not through S,. This suggests that we cannot uniquely define the
current enclosed by C in Fig. 3.16. It is clear that Ampere’s circuital law

(3-57) cannot be used for the case of Fig. 3.16. In fact, if we evaluate Sﬁ B.dl
C
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around the contour C in Fig. 3.16, we will not obtain y,I for the answer.
On the other hand, if the wire is infinitely long, we cannot bring the closed
path from position 1 to position 2 without cutting through the wire and there
can be no surface whose perimeter is C and through which the wire does not
pierce. The current enclosed by C is then uniquely defined. Similarly, for
surfaces whose perimeter is position 2 of the closed path in Fig. 3.16, the in%-
nitely long wire does not pierce at all or it pierces through an even number
of times, entering from one side and emerging out on the same side so th:lat
the net current enclosed by the path is always zero. Thus we can summari7re
the discussion in this paragraph by stating that the current enclosed by ‘a
path is uniquely defined if the net current which passes through each possible
surface whose perimeter is the closed path is the same.

ExaMPLE 3-8. An infinitely long filamentary wire along the z axis carries current
o

Iamp. Find f B . dl along the straight line joining P to Q, where P awd
P

Q are (1, —1,0) and (1, 1, 0), respectively, in cartesian coordinates.
The geometry of the problem in the xy plane is shown in Fig. 3.177.

x Q0(1,1,0)
AN
\
dy i
(1,)',0)\
\
\
Y
. > X
' i
I |
A / 0
/ Fig. 3.17. For evaluating L B.dl
/- " along the straight line from
(/ P to Q in the field of an infinitely
P(1,—-1,0) long wire carrying current 1. !

First we will solve this problem by actually evaluating JQ B - dl along the
P

given path. To do this, let us consider an infinitesimal segment dl = dy i, :;at

(1, », 0). Since B at this point due to the line current is [1,I/Q2%./T + y2)]i;,

we have ‘
B.dl=_—tl i .ayi

- 27./1 + y?

_ _Holdy — _Mody
w15 = md 19
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Thus

[o] 1 Idy
B.dlzf Ko
L ooy 211+ »%)

=ﬂ_olf"/4 d¢=”T°I

2” ¢=—n/4

(3-58)

This result can, however, be obtained without performing the integration‘
if we note that, according to Ampere’s circuital law,

5;3 B.dl=0 (3-59)
PQAP

where QAP is part of a circle centered at the line current. Equation (3-59)
may be written as

J'QB-dl—}— B.dl=0
P

QAP
which yields
jQB.d|=— B.dl (3-60)
P

Q4P

However, from symmetry considerations, f B . dlis equal to —u,I(QAP)
QAP
divided by the circumference of the circle, or —uI(%/2)/2r = — u,1/4. From
(3-60), we then obtain a value p,1/4 for fg B . dl, which agrees with (3-58). ||
P

Given B and a closed path C, it is always possible to compute the
current enclosed by the path by evaluating ﬂ; B . dl analytically or numer-
[of

ically and then dividing the result by x4, in accordance with Ampere’s circuital
law given by (3-57). The inverse problem of finding B for a given current
distribution by using (3-57) is possible only for certain simple cases involving
a high degree of symmetry, just as in the case of the application of Gauss’
law for finding E for a given charge distribution. First, the symmetry of the
magnetic field must be determined from the Biot-Savart law and second,

we should be able to choose a closed path C such that § B « dlcan be reduced
o}

to an algebraic quantity involving the magnitude of B. Obviously, the closed
path must be chosen such that the magnitude of B is uniform and the
direction of B is tangential to the path along all or part of the path, while
the magnitude of B is zero or the direction of B is normal to the path along
the rest of the path in the latter case. We will illustrate this method of obtain-
ing B by reconsidering Examples 3-6 and 3-7.

ExAMPLE 3-9. A sheet of current with the surface current density given by

Js = Jinz

where J,, is a constant, occupies the entire xz plane as shown in Fig. 3.18.
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|
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d - c
Fig. 3.18. For evaluating the magnetic flux density due to an
infinite plane sheet of current.

The magnetic field due to such a current sheet was found in Example 3-6
by using the Biot-Savart law. It is here desired to find the magnetic flux
density due to this infinite sheet of current using Ampere’s circuital law.

From purely qualitative reasoning based upon the magnetic flux density
due to an infinitely long, straight filamentary wire of current, we can con-
clude that the magnetic flux density due.to the infinite sheet of current of
uniform density is (a) entirely in the 4 x direction for y > 0 and in the —x
direction for y < 0, (b) uniform in planes parallel to the current sheet, and
(c) symmetrical about y = 0. Thus

B = Bj, (3-61)

where i, is the unit téngential vector to the current sheet given by i
i =i, xi, (3-62)

in which i, is the unit normal vector to the current sheet. We can therefore
choose a rectangular path abcda having length / parallel to the current sheet
and width w normal to the current sheet and symmetrical about the current
sheet as shown in Fig. 3.18. Then

§a“aB-d1=jjB-d1+j:B-d1+jjB cdl+ ['Bedl (63)

But JCB «dl and rB « dl are equal to zero since B is normal to the paths
b d

bc and da. For paths ab and cd, B is parallel and directed along these paths.
Furthermore, the magnitudes of B are the same for these paths since they
are equidistant from the current sheet. Thus (3-63) reduces to

b b . .
fﬁamB cdl = 2LB,, cdl = Zf., Bi, « dlj, e
= 2B, j dl = 2B]

But, from Ampere’s circuital law,

§ B .« dl = yu, (current enclosed by abcda) = p,J,,! (3-65)
abeda
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Comparing (3-64) and (3-65), we have

B, = talo (3-66)

B = fodai, x i, =, xi, (3-67)

which agrees with the result obtained in Example 3-6. ||

ExAaMPLE 3-10. Current flows in the axial (z) direction in an infinitely long cylinder
1 of radius a with uniform density J, amp/m? as shown in Fig. 3.19. The mag-
netic field due to such a current distribution was found in Example 3-7 by
using the Biot-Savart law. It is here desired to find the magnetic flux density

both inside and outside the cylinder using Ampere’s circuital law.

X XoXXmX_ XX
xxxf\x\x

/ x X xr < ax \ \
( I
\ /
\ /
\ /

Fig. 3.19. For evaluating the \ /

magnetic flux density due to a

volume current flowing with uni-

form density along an infinitely

long cylinder. is

In Example 3-7 we established from purely qualitative arguments that
B, due to the given current distribution, has only a ¢ component and
possesses cylindrical symmetry so that it is a function only of the distance
from the axis of the cylinder. Thus

B = B,(r)i, (3-68)

Choosing, therefore, a circular path C of radius » =2 a centered at the axis
of the cylinder and in the plane normal to the axis, as shown in Fig. 3.19,
we have

§CB cdl= §03¢i¢ . dli, = B, ffcdz

= B,(circumference of the circle of radius r) (3-69)
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\
But, from Ampere’s circuital law,

§ B « dl = pg(current enclosed by C)
c

|
(3-70)

= u,(current enclosed by circular path of radius r) ‘

Comparing (3-69) and (3-70), we have
B. — . current enclosed by circular path of radius
s — Ho o
_ . current enclosed by circular path of radius r , }

B =4, o i, (1)

which agrees with the result of Example 3-7. |}

Ampere’s Circuital Law in Differential Form (Maxwell’s Curl !
Equation for the Static Magnetic Field)

Let us consider a volume current distribution with the current density vectbr
J as a given function of the coordinates. The current enclosed by an
arbitrary closed path C is given by the surface integral of the current densijy

over any surface S bounded by the closed path C; that is, f J + dS. Accory-
S

ing to Ampere’s circuital law (3-57), we then have |

§CB.d1=#OLJ-ds (3-7&)

where C is traversed in the sense in which a right-hand screw needs to ﬂPe
turned if it is to advance to the side of S towards which the current on the
right side of (3-72) is evaluated. If we now shrink the path C to a very
small size AC so that the surface area bounded by it becomes very small,
AS, we can write (3-72) as

AC

B.dl =y, LSJ . ds (3-73)
J

Since the surface area AS is very small, we can consider the current density

|
to be uniform over the surface so that JedS=~J.i,AS, where i, !is
AS

the normal vector to AS pointed to the side towards which a right-hand
screw advances as it is turned in the sense of the closed path. This relation
becomes exact in the limit AS — 0. Dividing both sides of (3-73) by AS
and letting AS — 0, we have

B-dt  u [ J.ds
: AC — 1 AS
fim ~Sxs— = lim AS R
. J.i AS -
= #o lim =

:ﬂOJ.in




3.8

163 Magnetic Vector Potential Sec. 3.8

Now, the curl of B is defined as the vector having the magnitude given
by the maximum value of the quantity on the left side of (3-74) and the direc-
tion given by the normal to the AS for which the quantity is maximized.
Looking at the right side of (3-74), we note that this maximum value occurs
for an orientation of AS for which the direction of i, coincides with the direc-
tion of J and it is equal to g, times the magnitude of J. Thus ‘

B.dl
|V x B| = maximum value of (lim ACAT) = po|J| (3-75a)

AS—-0
direction of V x B = direction of J (3-75b)
so that
VxB=yuJ . (3-76)

Equation (3-76) is Ampere’s circuital law in differential form. It states that
the curl of the magnetic flux density at any point is equal to u, times the
volume current density at that point. This is Maxwell’s curl equation for
the static magnetic field.

The right side of (3-76) represents a volume current density. For problems
involving line and surface currents, we make use of Dirac delta functions
just as in the case of Gauss’ law in differential form for point charges, line
charges, and surface charges. For example, following the method employed
in Example 2-12, we obtain for a surface current of density J, occupying the
y =Y, plane,

VxB=uJd oy —y) (3-77)

Magnetic Vector Potential

Thus far we have discussed the determination of the magnetic field due to
a current distribution directly from the current distribution using initially
the Biot-Savart law and then Ampere’s circuital law. In Chapter 2, we
first discussed the determination of the electric field due to a charge distri-
bution directly from the charge distribution using initially an integral for-
mulation based on the electric field intensity due to a point charge and then
Gauss’ law. Later we introduced the electric potential field from energy con-
siderations and discovered the relationship of the electric field intensity to
the scalar potential through the gradient operation as an alternative approach
to the determination of the electric field. In this section we introduce a similar
alternative method for the computation of the magnetic field due to a given
current distribution.

To do this, we note from (3-25) that, for a filamentary wire carrying
current /, the magnetic flux density is given by

_ o [ IdY Xig(r,x')
B(r) = n jc' —R(nr) (3-78)
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where C’ is the contour of the wire, r’ is the position vector defining the:
infinitesimal length element d1' on C’, r is the position vector of the field
point, i (r, r') is the unit vector along r — r’, and R(r, r’) is equal to |r —r’|.

Substituting
1 1.
V()= s

Y ' [; 791
B(r) = — &of f x| r,)] (379

Using the vector identity
AxVV=VVxA—Vx(VA)

we can write (3-79) as

ol , dr
B = —&! f[R(”)del VxW] (3-80

In (3-80), the integration is with respect to the points on the filamentary wire
whereas the curl operation has to do with differentiation with respect to the
coordinates of the field point. Hence V x dl' = 0 and also, the two opera
tions can be interchanged to give us

_ _OI a o [ IdY
V X RO, T) — V x ol R (3-81a
If, instead of a ﬁlamentary wire, we have a surface current of density J, o1

a surface S’, or a volume current of density J in a volume V’, we obtaln
similar relationships as follows, respectively:

_ o [ I, aS’
B=Vx <47‘;: fs'_—R ) (3-811]

_ o [ Jav
B=Vx <47‘; fw R ) (3-81¢
In (3-81a)-(3-81c), we have expressions which permit us to comput‘é

B by finding the curl of a vector quantity. Denoting this vector quantity as
A, we have ‘

in (3-78), we have

T

(=3

B=VxA (3-82)
where
f“_ f for line current (3-83a)
= g— J R for surface current (3-83b?
J dv’ |
- i‘_ f = for volume current (3-830)
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We note the similarity of the right sides of (3-83a)-(3-83c) with the expres-
sions for the electrostatic potential ¥ due to line, surface, and volume charges
given, respectively, by

1 f podl for line charge
o

~ e, R
_ 1 Ps as’
V= 4n€0 for surface charge
= 4—— p dv’ for volume charge
7€, i

In view of this similarity, and since A is a vector in contrast to the scalar
nature of ¥V, A is called the magnetic vector potential. Unlike ¥, A does not
have a physical significance. It serves as a convenient intermediate step for
the computation of B. This is especially so because of the similarity of the
expressions for ¥ and the expressions for A. The components of A due to
a particular current distribution can be written without actually evaluating
the integrals if the analogous integrals for the electrostatic potential have
already been evaluated in the corresponding electrostatic problem.

ExampLE 3-11. An infinitely long straight wire carrying current 7 amp lies along the
z axis. Obtain the magnetic vector potential due to this wire and then find
the magnetic flux density by performmg the curl operation on the vector

potential.
Applying (3-83a) to the infinitely long wire, we have the vector potential
given by
o _ I dz 1
or
= IdZ\,
A= (f“—;; Lhw = );, (3-84)

where R is the distance of the point P at which A is to be computed from an
infinitesimal current element 7 dz’ i,, as shownin Fig. 3.20. Let us now con-

sider the quantity
1 T ppdz
dne, ) ... R

This is the integral for computing the electrostatic potential due to an infi-
nitely long line charge of uniform density p,, lying along the z axis. This
expression is analogous to the expression inside the parentheses on the
right side of (3-84). Thus, finding the vector potential due to the infinitely
long wire is analogous to determining the electrostatic potential due to the
infinitely long line charge of uniform density. However, we already know the
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X

Fig. 3.20. For evaluating the magnetic vector po-
tential due to an infinitely long, straight wire car-
rying current 1.

solution for this electrostatic potential from Example 2-17. This is given by

Pro1n r -119
27:60 InL v (2-119)

where r is the distance of the point P, at which V is desired, from the line
charge and r, is the distance from the line charge to the point at which the
potential is zero, as explained in Example 2-17. Thus

1 - Pro 4z _ Pro
dre, f . R T 2w, ln (3-85)
We can immediately write down by analogy that ‘
b [ I dz' |
4n =l s (3-86)

Z/=—c0

Substituting this result into (3-84), we obtain the vector potential due to the
infinitely long wire as

A=— ‘;—onf In r’_oi, (3-87)

Using the expression for the curl in cylindrical coordinates, we then have

i
e

. i¢ Zz

r 14
B=VxA=|d 9 d
or d¢ 0z

0 0 A4,
_ 104, 04, _ pl;

r d¢ LT = o
which is the same as the result obtained in Example 3-3. ||
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J3xaMPLE 3-12. A loop of wire carrying current / amp occupies an arbitrary contour
C’ as shown in Fig. 3.21. Find the vector potential due to this current loop
at distances r from the origin large in magnitude compared to the distances
of the points on the loop from the origin.

davr

Fig. 3.21. For evaluating the vector potential due to an arbitrary
loop of current I at large distances from the origin compared
to the distances of the points on the loop from the origin.

Let P be the point at which the vector potential is desired. Then, from
(3-83a), the vector potential at P due to the current loop is given by

1dv
At = 47z§ =]

dr
§ ,(r2 4~ r'* — 2rr’ cos )72

_4__ (3-88)
r: 2t er\T2
g‘—§ 1+ — ) dl

r2

Using the binomial expansion employed in Example 2-15, we have
— ﬂ I r o r L ' o 2 . p2p2
A_;g;ffc{ur + o B 12 — 177
+ ... higher-order terms} dy (3-89)
)7,

! o . 2 __ 2
§; dl’—{—§ r,zrdl"|‘§ 3@’ r% - rer'? dr+ .
c’ c’
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In (3-89), fﬁ dl' = 0 for any C’ so that the second term is the first signiﬁ-ﬂ

cant term. Furthermore, for r << r, it is sufficient if we consider the ﬁrst
significant term. Thus, for » > r’,

(3-90

Now, using the vector identity
AxBxC=A-CB—(A+BC
we have
rx@'xr)y=@r)dl' — (&« dl')yY
or
@en)dll =rx (' xr)+ (.dl'y
=drx (@dl' xr) + 4@ dly 4 1@ «x)dl
We further note that
(@ «dl) + @ +r)dl
=xdd' +ydy +zd2")(x'i, + Vi, + 2'1)
+ ('x + Yy + 2'2)@dx i, + dy'i, + dz' L)
= Qxx'dx' + yy' dx' + zz’' dx’ + yx' dy' + zx’ dz')i,
+ (ex’ dy’ + 2yy' dy' + zz' dy' + xy' dx' + zy' dZ')i,
4+ (xx"dz' + yy' dz' + 2zz' dz" + xz' dx' + yz' dy')i,
=d[(xx' + yy’' + zz'}x'i, 4+ i, + 2'1))]
=d[(r « )] (3-92)
Substituting (3-92) into (3-91), we obtain
@ er)dl' =4rx (dl' xr) + L d[@x - r')’] (3-93)
Substituting (3-93) into (3-90), we have

(3-91

_.I"OI _1_ ’ ’
_‘Waffdzrx(dl x ') +

Mol e )
8mr? f{)‘c, dl(r - 1')r’] ;
: (3-94)
/7Y e v~ |
_4nr3§c,2rx(dlxr) |
since the second integral, being an integral of a total differential around &

closed contour, is equal to zero. Finally, defining
1

m=_¢ rxIdl (393
2 9.

S’

we obtain

I

1
A=t § (@ xIdl)| xr
A | J .2 A

(3-96)

tmxr
o




169 Magnetic Vector Potential Sec. 3.8

Thus, at large distances from the current loop, the vector potential falls off
inversely as 2 in contrast to the inverse distance dependence of the electro-
static potential at large distances from an arbitrary charge distribution,
provided the total charge is not equal to zero. The quantity m is the dipole
moment of the current loop about the origin. ||

“XAMPLE 3-13. Show that, for a plane loop of wire carrying current I, the dipole

moment m given by

m=214 vxrar
2 Jo

has a magnitude equal to the area of the loop and a direction normal to the
plane of the loop drawn towards the direction of advance of a right-hand
screw as it is turned in the sense of the contour C’ of the loop.

First we show that the dipole moment about the origin is the same as
the dipole moment about any other point. Letting the position vector of
this arbitrary point be r,, we have

§ r' x Idl
o
1

@ —r)xIdl' + 50 r,xIdl
o _ 2 Jo

m

o o]

(3-97)
:_I-J; (1-’—r0)><Ia’l’—i—-1—1r0 x§ ar
2 ). 2 o

:iff @' —r,) x Idl
79, \

since if; dl' = 0. Thus the dipole moment of the current loop is indepen-
o

dent of the point about which it is computed. Let us therefore choose this
point to be in the plane of the loop and inside the loop as shown in Fig.
3.22. Then

' —r) xdV =%|x' —r,|dl'sinai, (3-98)

where « is the angle between (t' — r;) and 41’ and i, is the normal vector to
the plane of the loop, drawn towards the direction of advance of a right-
hand screw as it is turned in the sense of C’ as shown in Fig. 3.22. But the
magnitude on the right side of (3-98) is the area of the triangle formed by
(r' — r,) and dV'. Thus, since (t' — r,) x dl’ is along i, for all dI' on C’, we
have

1 / / sum of areas of triangles formed by all\ .,
2 §c, (' —1xo) x dl' = (dl’ with the corresponding ¥ — r, ) i, (39

= (area of the loop)i,

This result is consistent with the dipole moment defined in Example 3-4 for
the plane circular loop of radius a lying in the xy plane. |
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(¢)

‘Fig. 3.22. For evaluating th
dipole moment of a plane loo
of wire carrying current I.

=]

Returning to Eq. (3-82) and taking the curl of both sides, we obtain
VxB=VxVxA=V(V.A)— VA (3-100)

where we have used the vector identity for V x V x A. But, from Amperefs
circuital law in differential form, we have |

V xB=pJ (3-76)
Thus, from (3-100) and (3-76), we get
V(V.A) — VA= pyJd (3-101)
However, considering a current loop, we have

VA V. Ul dl
Vea=v §—4nT

, (3-102)
=&i§ y.dar
4 J.. R

where C’ is the contour of the current loop and dl’ is an infinitesimal length
element on C’. Using the vector identity

V- VA:A.VV—I" VV’A
we write (3-102) as

I 1 1 )
V.-A= /io—(if dl « V= :f —V. dl’) 3-103)
4 \J . R+ « R (

On the right side of (3-103), the second integral is zero since V « dl' = 0.
Using V(1/R) = —V’(1/R) where the prime denotes differentiation with
respect to the primed variables, and then using Stoke’s theorem, the first
integral can be written as

1 1 ’ ’ l1 !
,0 —_—— — ,—0 —_ — _ - 4
§C1dl Ve f&v =+ dl le x Ve dS' (3-104)

where S’ is any surface whose perimeter is C’. But the curl of the gradient
of a scalar is identically equal to zero. Hence, the right side of (3-104) is
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zero. Thus, for a current loop, V « A = 0. If we now consider a region of
volume current in which there is no accumulation of charge, we can represent
the volume current as a superposition of a number of current loops for each
of which V « A = 0 so that, for the entire volume current, V « A = 0. Sub-
stituting this result in (3-101), we obtain

VA= —uJ (3-105)
In analogy with
vy =—L£ (2-140)
€

Equation (3-105) is known as the Poisson’s equation for the vector poten-
tial. It is a differential equation which relates the magnetic vector poten-
tial at a point to the volume current density at that point, just as (2-140)
is a differential equation which relates the electrostatic potential at a point
to the volume charge density at that point. Equation (3-105) is a vector equa-
tion and hence it is equivalent to three scalar equations. For example, in
rectangular coordinates,

V2ZA = (V24))i, + (V24)i, + (V24),
so that we have

Vid, = —u,d, (3-1062)
V24, = —u,l, (3-106b)
Vid, = —p,J, (3-106¢)

If the volume current density is zero in a region, then the right side of (3-105)
is zero for that region so that (3-105) reduces to

V2A =0 forJ =0 (3-107)

which is Laplace’s equation for the magnetic vector potential, in analogy with
Laplace’s equation for the electrostatic potential given by

V=0 forp=0 (2-141)

It states that the Laplacian of the magnetic vector potential in a region
devoid of current is zero, just as (2-141) states that the Laplacian of the elec-
trostatic potential in a region devoid of charges is zero. Again, using the
expansion for V2A in rectangular coordinates, we obtain the three component
equations for (3-107) as

V24, =0 (3-1082)
Vid, =0 (3-108b)
V24, =0 (3-108¢)

For a given current distribution, the solution to Poisson’s equation (3-105)
is obtained by solving the three component equations (3-106a)—(3-106c).
Again, we can take advantage of the similarity of (3-106a)-(3-106c) with
(2-140) and in many cases simply write down the solution from previous
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"~ (3-76), (3-109) completely defines the properties of the static magnetic field.
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knowledge of electrostatics, without the necessity of solving the differentizl
equations.

Maxwell’s Divergence Equation for the Magnetic Field

The divergence of the curl of a vector is identically zero. Since
B=VxA (3-82)

it then follows that
VeB=0 (3-109)

Equation (3-109) is Maxwell’s divergence equation for the magnetic field.
Together with Maxwell’s curl equation for the static magnetic field given b“y
Equation (3-109) determines whether or not a given vector field is realizabje
as a magnetic field, whereas Eq. (3-76) relates the field to the current dis-
tribution responsible for producing the field. When compared with Maxwell’s
divergence equation for the electric field intensity,

V-E=Z (2-8)
€ |

Eq. (3-109) reveals the fact that isolated magnetic charges do not exist. !
Taking the volume integral of both sides of (3-109) in a volume V, we

have
f (VeB)dy=0 (3-110)
14
But, according to the divergence theorem,

§SB.ds=jV(v.B)dv |

!
where S is the surface bounding the volume V. Since (3-110) is true for any
volume, we obtain the result that

§ B.dS=0 (3-111)
S

for any closed surface S. Equation (3-111) is the integral form of the diver-
gence equation (3-109). Since B is the magnetic flux density, {5 B + dS is the
total magnetic flux emanating from the surface S. Thus Eq. (3-111) states
that the total magnetic flux emanating from any closed surface is equal Ito
zero. Whatever flux goes into the volume bounded by the surface must conLe
out of it. The magnetic field lines form closed paths, unlike electric field lines

which begin from positive charges and terminate on negative charges. Since
§ B« dl = p,(current enclosed by C) \ (3-57)
c

the closed paths must form around the current producing the magnetic
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field. Vectors which, in this manner, are characterized by zero net flux over
all possible closed surfaces are said to be solenoidal. The current density vec-
tor J for static fields is another example of a solenoidal vector since, from

V:VxB=0 (3-112)
we have
VeuJdJ=0
or
V.J=0 (3-113)

The solenoidal nature of J follows from the fact that, in the absence of accu-
mulation of charge at a point with time, current must flow in closed paths.
Since we are here considering static phenomena, there cannot be any accu-
mulation of charge and hence V « J = 0. On the other hand, when we con-
sider time-varying or dynamic fields, we can allow for the accumulation of
charge, in which case we will find that (3-113) does not necessarily hold
everywhere.

ExaMpLE 3-14. Determine if the following vector fields are realizable as magnetic

| fields:

(@) F, = (—yi, + xi,) cartesian coordinates

) F, = /;‘;::’f (—sin@i, + cos @ i) cylindrical coordinates

(c) F,=(sin@1i, + cos @ i) spherical coordinates
9 d .y _
@V Fo= () +70=0

Hence F, can be realized as a magnetic field. In fact, if we note that, in
cylindrical coordinates, F, = ri,, the solenoidal nature of F, becomes obvious.

F — 1 0 (_um . ) i0<ﬂom1. )_

®) v F”_Tér( 2nr sing) + < 0P\ 2nr2 cos$) =0

Hence F, can be realized as a magnetic field. It is left as an exercise (Problem
3.21) for the student to show that F, is the magnetic field due to a two-
dimensional magnetic dipole of moment ;.

19 . 1 0,
(© V.F, = ﬁm(ﬂ sin 0) + mm(sm@ cos@) =0

Hence F,cannot be realized as a magnetic field. |j

ExaMmpPLE 3-15. In Example 3-5, the magnetic field due to an infinitely long, uniformly
wound solenold of radius a and » turns per unit length carrying current 7
was found by using the Biot-Savart law. It is here desired to find the magnetic
field due to the solenoid from Ampere’s circuital law and the solenoidal
character of the magnetic field.
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Employing a cylindrical coordinate system with the z axis as the a:xis
of the solenoid, let us assume that the magnetic field due to the solenpid
has all three components B,, B,, and B,. Because of the cylindrical symmeiry
and infinite length of the solenoid, all three components must be independént
of ¢ and z. Thus B,, B, and B, can be functions of r only. Now, applyng
(3-111) to a cylindrical box of radius b, length / and coaxial with the solendid,
as shown in Fig. 3.23(a), we have

$§ B-ds—o0 (3-114)

surface of the
cylindrical box ‘

Rectangular
Paths

— g —» /

'-d /] e _e’

y

/

i

1
g

(C
N\
e

(G

Cylindrical
Box

N

Circular

@ Path

Fig. 3.23. For evaluating the magnetic field due to an infinitely
long, uniformly wound solenoid using Ampere’s circuital law
and the solenoidal character of the magnetic field.

But ‘
B-as= [ B.as+ [ B.as+ | B.as
surface of the cylindrical upper plane lower plane
cylindrical box surface surface surface
(3-115)
On the cylindrical surface,
B.dS =B, + B,i, + Bji],_, - bdp dzi, = [B,],_,b dp dz
[Beas=["" [ (B].,bdpdz — 2mbllB),., (3-116)
z=z ¢=0

since [B,],_, is a constant.




175 Maxwell’s Divergence Equation for the Magnetic Field Sec. 3.9

On the upper plane surface,
B« dS = (B,i, + Byi; + B,i,) « rdrddi, = B,(r)rdrdd (3-117a)

On the lower plane surface
B . dS = (Bi, + B,i, + B,i,) « (—rdrddi,)= —B,(r)rdrdp  (3-117b)

We see from (3-117a) and (3-117b) that [ B « dS on the upper plane
surface cancels exactly with [ B « dS on the lower plane surface since the
integrands are equal and opposite and the limits of integration are the same.
Thus

B . dS = 2nbI[B,], ., (3-118)

surface of the
cylindrical box

Comparing (3-118) and (3-114), we obtain the result that [B,]
the radius b can be chosen to be any value, it follows that

B, =0 forall r

Applying Ampere’s circuital law to a circular path of radius b, as shown
in Fig. 3.23(a) in the plane normal to the axis of the solenoid and centered
at the axis of the solenoid, we have

= 0. Since

r=b

§ B.dl=0 (3-119)

circular
path

since the path does not enclose any current. But, along the circular path,
B.dl = (B, + B, + Bjil., bddi, = [B,),,bd¢

§Bea= [T Bsbd = 2nblB) o

since [B,],., is a constant. Comparing (3-120) with (3-119), we obtain the
result that [B,],_, = 0. Since the radius b can be chosen to be any value, it
follows that

(3-120)

B,=0 forall r

Thus the magnetic field due to the solenoid has only a z component and we
are now left with the task of finding this component.

Applying Ampere’s circuital law for two rectangular paths cdefc and
cde’f'c in the plane containing the solenoid axis, as shown in Fig. 3.23(a),
we have

B.dl= 5{; B« dl = ponl(cd) (3-121)

cdefc cde’f’c

Since the three sides cd, de, and fc are common to the two rectangular paths,
(3-121) gives us

KB-dl=ij-dl (3-122)
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Along paths ef and e’f’,
B.dl=[B,i, + B, + B,i]+dzi,= B, dz
and since B, is independent of z, (3-122) yields
[Bz]ef(ef) = [Bz]e'f'(e’f/)

or

[Bz]ef = ['Bz]e’f’ (3‘123)
Thus B, is independent of # (in addition to ¢ and z) outside the solenoid.
Similarly, by applying Ampere’s circuital law to the two rectangular paths
cdefc and c'd’efc’ in the plane containing the solenoid axis, we can show
that B, is independent of # (in addition to ¢ and z) inside the solenoid. Thus
the values of B, both inside and outside the solenoid are constants. This
requires that B, outside the solenoid be equal to zero since, if it is nonzro,
the amount of magnetic flux outside the solenoid will be infinity and for this
flux to return in the opposite direction inside the solenoid as shown in Fig.
3.23(b), the flux density inside the solenoid must be infinity. But then, if the
flux density inside the solenoid is infinity and that outside the solenoid is
finite, (3-121) cannot be satisfied. On the other hand, for a finite amount
of flux inside the solenoid in one direction to return in the opposite direction
outside the solenoid, it requires zero flux density outside the solenoid since
the area of cross section outside the solenoid is infinity (co X 0 = nonzero).
Thus we conclude that B, is zero outside the solenoid. It remains to evaluate
B, inside the solenoid. To do this, we write (3-121) as

d e f c
j B.d1+j B.d1+j B .d1+f B.dl = pul(cd)  (3-124)
¢ d e r
In (3-124),
| *B.dl=[B].(cd) (3-1252)

r B.dl=0 since B is normal to the path (2-125b)
d
J-IB +dl=0 since B is zero outside the solenoid (3-125¢)

r B.dl=0 since B is normal to the path (3-125d)
s

Substituting (3-125a)~(3-125d) into (3-124), we obtain

[B.l.ucd) = ponl(cd)
or
[B.l.a = wonl (3-126)
The constant value of B, inside the solenoid is equal to g nl. Thus
B— { ponl i, inside the solenoid
0 outside the solenoid
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which agrees with the result obtained in Example 3-5 by using the Biot-
Savart law. However, compared with Example 3-5, we have here obtained
the solution in a conceptual manner, gaining in this process considerable
insight into the properties of the magnetic field. ||

Summary and Further Discussion of Static Electric and
Magnetic Field Laws and Formulas

Now that we have gained familiarity with the static magnetic field as well
as the static electric field, it is worthwhile to list the basic laws governing
the two fields and important formulas derived from them and make a few
further comments. Accordingly, these laws and formulas are summarized
in Table 3.1. Note that we have repeated Maxwell’s equations at the end of the
table. These equations pertain to the divergence and curl of the static electric
and magnetic fields. We note from these equations that static vector fields,
that is, vector fields independent of time, may be classified into four groups,
depending on the values of their divergence and curl in the region of inter-
est. These groups are as follows:

(a) Divergence of the field is not zero but its curl is zero. This represents
a static electric field.

(b) Divergence of the field is zero but its curl is not zero. This represents
a static magnetic field.

(c) Both divergence and curl of the field are zero. This represents either
a static electric field in a charge-free region or a static magnetic
field in a current-free region.

(d) Both divergence and curl of the field are not zero. Obviously, this
represents a combination of the fields belonging to groups (a) and
(b) and hence cannot be realized solely as a static electric field or
solely as a static magnetic field.

In Table 3.2 we list the expressions for the electric and magnetic fields
for two simple analogous pairs of source distributions: infinitely long line
charge of uniform density versus infinitely long filamentary wire of current
along the z axis, and infinite sheet charge of uniform density versus infinite
sheet current of uniform density. For each pair, the analogy between the two
fields is obvious from the expressions: The magnitudes of the fields are
proportional to each other whereas their directions are orthogonal. This
analogy is-actually more general than is indicated by these two cases. To
illustrate this, let us consider a charge distribution of density p(x, y) and a
current distribution of density J = J,(x, y)i, such that

J(x, y) = kp(x, y) (3-127)

where & is a proportionality constant. The electrostatic potential V(x, y)
corresponding to p(x, y) and the magnetic vector potential A = A4 ,(x, y)i,



TABLE 3.1. Summary of Basic Laws and Important Formulas Associated wth
the Static Electric and Magnetic Fields

Static Electric Field

Static Magnetic Field

Definition F =qE
Experimental  Coulomb’s law:
laws — 0.0

F21 = freoRE, N2
Fields due to 90 R
point sources 4zegR3

Fields due to continuous source distributions:

Line E— J L)@ — x) d’
¢ dmeglr —r' 3
Surface E = J Lo — 1) as”
s 4megr — 1’3
Volume E = J [p@))r — 1) dv’
y: dmeq|r — 13
Integral laws Gauss’ law:
involving ff E.ds (charge
sources ~ o \enclosed by S
Diffe{'ential' V-E= 2
laws involving €0
sources

Integral laws Conservative property:

independent of § E.dl—

sources c

Differential VXE=0

laws independent

of sources

Potentials Scalar potential:
E=—-VV

Potentials __0

due to 4meoR

point sources

Potentials due to continuous source distributions:

Line V= J _purdl’
c4meg|r — 1|
Surface V= J —M,—
s 4meg [r — 17|
Volume V= J L) v,
v 47eq |r —r |
Diﬂ'er.ential Viy = _ P
equations for €0
potentials
Maxwell’s equations:
Divergence V.E=2
equation ' €0
Curl equation VXE =0

F=gvxB=IdlxB
Ampere’s law of force:

—_
N~

_£§§12d12x(1,d1, x R,

CiC2

Lo Idlx R
“d=R3

B [ B
.

B= J #od () X (r — 1) dS’
5

B=

uoldl’ X (r —r’)
T dnlr —r [

4njr — 1’3
B = J 2oJ(@®) X (r — ) dv’
v 4rnir—r'[3

Ampere’s circuital law:

) §c B-dl =y, (Current enclosed

by C
VXxB=puyJ

Solenoidal property:
§ B-dS =0

K3
V.-B=0

Vector potential:
B=VxA

— koldl
A 4zR

A=J ol dl’
C'Zﬂ r— r"'[

A= [ wmtras
s dmjr — 1’|

A — J‘ poJ(’) dv’
v

4r|r — 1’|

V2A = —puod

V:-B=0
VxB=udd

)

178
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TABLE 3.2. Electric and Magnetic Fields for Two Pairs of

Analogous Source Distributions

Sec. 3.10

Electric Field Magnetic Field
Infinitely long, straight line Infinitely long, straight
charge of uniform density pro: wire of current I:

E = .PLo ; _ kol

27zsor" B Zar®

Infinite sheet charge of
uniform density pso:

E=%’in B=§Jsoxi,,

€0

Infinite sheet current of
uniform density Jso:

corresponding to J,(x, y)i, satisfy the equations

and

vy =2
6-0

(VzAz)iz = —ﬂOJziz = _Auokpiz
respectively. Comparing (3-128) and (3-129), we have

We then obtain
E

A, = kuse,V

E_ Wl _  _[(9V/ox)* + QGV@’}:FI‘/Z
B |V x 4| [(04./0x)* + (94.[dy)*]'"

1 [(0V/dx)* + (3V/dy)*]'"> 1

T ko€, [(@V]0x)7 + @V~ kpge,

and
E.B:

—VV.(V X A4,

—VV o« (V X kuse,Vi,)

—kuye, VV o« (V X Vi)

—ku,e, VV e (VV X i, + V'V X 1i,)
—ku€[VV « VV %X i,] =0

(3-128)

(3-129)

(3-130)

(3-131)

(3-132)

Thus, for analogous charge and current distributions which vary only in
two dimensions x and y (or r and ¢ in cylindrical coordinates) and with the
current flow along the z direction, the electric and magnetic fields are pro-
portional in magnitude and orthogonal in direction. We will use this impor-

tant result in chapter 6.



PROBLEMS

3.1.

3.2
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An electron moving with a velocity v, = i, m/sec at a point in a magnetic fied
experiences a force F; = —ei, N, where e is the charge of the electron. If the
electron is moving with a velocity v, = (i, + i,) m/sec at the same point, it expeli-
ences a force F, = ei, N. Find the force the electron would experience if it were
moving with a velocity v; = v; X v, at the same point.

A mass spectrograph is a device for separating charged particles having different
masses. Consider two particles of the same charge g but different masses m, and
m; injected into the region of a uniform magnetic field B with a known velocity v
normal to the magnetic field as shown in Fig. 3.24. Show that the particles are
separated by a distance d = |2(m, — m;)v|/|gB| in the plane normal to the
incident velocity.

Fig. 3.24. For Problem 3.2.

A magnetic field given by
B = Byi,

where B, is a constant exists in the space between two parallel metallic plates: of
length L as shown in Fig. 3.25. A small test charge g having a mass m enters t}he

vy = vOly

|
|
|

—
t~
r
-
[\
R —
a,

Fig. 3.25. For Problem 3.3
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3.5.

3.6.

3.7,
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region between the plates at ¢ = 0 with a velocity v = v,i, as shown in the figure.

(a) Show that the path of the test charge between the plates is circular.

(b) Find the position x;, along the x direction and the velocity v, of the test charge
just after it emerges from the field region.

(c) Find the deflection x; undergone by the test charge along the x direction at
a distance d from the plates in the y direction.

In a region of magnetic field B = Byi,, where B, is a constant, an electron starts
out at the origin with an initial velocity vy = vxoix + vy0l, + v,0i;. Obtain the
equations of motion of the electron and show that the path of the electron is
a helix of radius m/vZ, + v2of|€Bo| and pitch 27m|v,o|/|eBo|, Where e and m
are the charge and mass of the electron.

Find the current required to counteract the earth’s gravitational force on a hori-
zontal filamentary wire of length / and mass m and oriented in the east-west
direction in a uniform magnetic field B, directed northward. Compute the value
of this current for a wire of length 1 meter and mass 30 grams situated in the
earth’s magnetic field at the magnetic equator assuming a value of 0.3 x 10-4
Wb/m? for B,.

A rigid loop of wire in the form of a square of sides a m is hung by pivoting one
side along the x axis as shown in Fig. 3.26. The loop is free to swing about the
pivoted side without friction. The mass of the wire is m kg/m. If the wire is situated
in a uniform magnetic field B = Byi, and carries a current I amp, find the angle
by which the loop swings from the vertical.

Fig. 3.26. For Example 3.6 ~—

A rigid rectangular loop of wire carrying current I amp and symmetrically situated
about the z axis is in the yz plane as shown in Fig. 3.27. If the loop is situated
in a uniform magnetic field B and is free to swing about the z axis, show that the
torque acting on the loop is JA(i, - B)i, where A4 is the area of the loop.
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X Fig. 3.27. For Problem 3.7.

Show that the total force experienced by a current loop C, carrying current

due to another current loop C, carrying current I, is equal and opposite to the

total force experienced by the current loop C, due to the current loop C;; that
show that Newton’s third law holds for current loops.

Two circular loops of radii 1 m carrying currents I; and I, amp are situated

the z =0m and z = 1 m planes, respectively, and with their centers on the z axis,
as shown in Fig. 3.28. Find the forces experienced by the current elements I, dl;,

I, dl, and I, dl; due to each other.

I
(0’0’1)" (0,1 1)) dly

dl,
Lon A

(S)) —/> -

dl

Fig. 3.28. For Problem 3.9.

Two square loops of sides @ m are placed parallel to each other and separated
a distance d m as shown in Fig. 3.29. If the currents carried by the loops are

and I, amp, respectively, as shown in Fig. 3.29, find the force acting on one loQP

due to the second loop.

I,

is,

in

by
1

N~
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A circular loop of wire of radius a lying in the xy plane with its center at the origia
carries a current / in the ¢ direction. Find B at the point (0, 0, z). Verify your
answer by letting z — 0.

A loop of wire lying in the xy plane and carrying a current [ is in the shape of a
regular polygon of » sides inscribed in a circle of radius a with its center at the
origin. If the current flow is in the sense of the ¢ direction, find B at the poirt
0, 0, z). Verify your answer by letting » — co and comparing the result with tkhe

answer to Problem 3.14. 1

A V-shaped filamentary wire with semi-infinitely long legs making an angle At
its vertex P and lying in the plane of the paper carries a current I amp as shown
in Fig. 3.31. Find B at a point distance d directly above the vertex P. Verify your
result by letting o0 — 7.

Fig. 3.31. For Problem 3.16.

Two circular loops of filamentary wire each of radius @ and with their centers on
the z axis are situated parallel to and symmetrically about the xy plane with the
separation equal to 25 as shown in Fig. 3.32. The loops carry a current of I amp
each in the ¢ direction. (a) Obtain the expression for B at a point on the z axjs,
(b) Show that if b = a/2, the first three derivatives of B evaluated at the origin ajre
equal to zero.

I Fig. 3.32. For Problem 3.17.

A finitely long, uniformly wound solenoid of radius a, consisting of # turns pler
unit length and carrying a current [ in the ¢ direction, lies between z = —L; and
z = L, with the z axis as its axis. Find B at a point (0, 0, z). Verify your answer
by letting L, and L, — co.
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Fig. 3.29. For Problem 3.10. L— a——l/

An infinitely long straight wire carrying current I, amp is situated in the plane
of and parallel to one side of a rectangular loop of wire carrying current I, amp
as shown in Fig. 3.30. Evaluate independently the force experienced by the infinitely
long wire due to the magnetic field of the rectangular loop of wire and the force
experienced by the rectangular loop of wire due to the magnetic field of the
infinitely long wire.

I,
A —[
I 4 Y j
l—d b
Fig. 3.30. For Problem 3.11.

Four infinitely long, straight filamentary wires occupy the lines x =0, y = 0;
x=1,y=0;x=1, y=1and x =0, y = 1. Each wire carries a current of
value 1 amp in the z direction.

(a) Find the force experienced per unit length of each wire.

(b) Find the magnetic flux density at the point (2, 2, 0).

(c) Find the magnetic flux density at the point (0, 2, 0).

Two identical rigid filamentary wires, each of length ! and weight W, are sus-
pended horizontally from the ceiling by long weightless threads, each of length L.
The wires are arranged to be parallel and separated by a distance d, where d is
very small compared to / and L. A current J amp is passed through both wires
through flexible connections so as to cause the wires to be attracted towards each
other. If the current is gradually increased from zero, the wires will gradually
approach each other. A condition may be reached at which any further increase
of current will cause the wires to swing and touch each other. Determine the
critical current at which this would happen.
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A filamentary wire closely wound in the form of a spiral in the xy plane, starting
at the origin and ending at radius a, carries a current [ in the ¢ direction. Consider
the turn density » to be an arbitrary function of » and show that the magnetic flux
density at a point (0, 0, z) is given by

B=‘u—"1fa __ nridr ;
2 r=0(r2-|—z§imz

Evaluate B for the following turn density distributions:

(@) n=n,
by n="2
© n=Z—_g

where n, is a constant.

A filamentary wire carrying a current I is closely wound on the surface of a sphere
of radius a and centered at the origin. The winding starts at (0, 0, @) and ends at
(0, 0, —a) with the turns in the planes normal to the z axis and carrying current
in the ¢ direction. Consider the turn density to be an arbitrary function of 8 and
show that the magnetic flux density at a point (0, 0, z) is given by

Wola® J"' nsin? 6 df

2 J,.,[a® + 2% — 2azcos P2

Evaluate B both for |z| < a and for |z| > a for the following turn density distri-
butions:

(@) n = nysin 6

(b) n = ny/sin 0

where #, is a constant,

B =

Two infinitely long, straight filamentary wires situated parallel to the z axis and
passing through (d/2, 0, 0) and (—d/2, 0, 0), respectively, carry currents I in the
+z and —zdirections, respectively. The arrangement is known as a two-dimensional
magnetic dipole in contrast to the three-dimensional magnetic dipole consisting
of a circular loop of current. (a) Obtain the magnetic flux density due to the two-
dimensional magnetic dipole in the limit that d -— 0, keeping the dipole moment
Id constant. (b) Find and sketch the direction lines of the magnetic flux density.

Two infinitely long, straight filamentary wires situated parallel to the z axis and
passing through (d/2, 0, 0) and (—d/2, 0, 0) carry currents I, and I,, respectively,
in the z direction. Show that the equation for the direction lines of the magnetic
flux density is

I; In [(x + %)2 + y2:| + I, 1In [(x — %)2 + yz:l = constant

Obtain and sketch the direction lines for the following cases:

@ I =5L=1I

®5L=I,L=—I

Two circular loops of filamentary wire, each of radius a and with their centers
on the z axis, are situated parallel to and symmetrically about the xy plane with
the separation equal to 24. The loops carry currents of I amp each in opposite
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directions. Such an arrangement is known as the magnetic quadrupole. Obtain tle
magnetic flux density due to the magnetic quadrupole at distances from the orign
large compared to a and d, at points along (a) the z-axis and (b) in the xy plan:.

A sheet of surface current flowing in the z direction occupies the portion of tte
y = 0 plane lying between x = —a and x = +-a. Consider the z-directed surfaétt;e
current density J; to be an arbitrary function of x and show that the components
of the magnetic flux density at a point (0, 0,.y) are given in cartesian coordinatesr;;y

B - My [ Jdx
*= T2z (CE)

xX==a

B, = —Ho © Jxdx
YU 2m ) (x2+y?)
B,=0

Evaluate the field components for the following surface current density distribu-
tions:
(a) Js = soiz

() 3, = Zo (1 - Z]);, |

(C) Js = JsO%iz

where J, is a constant.

Current flows on the xy plane radially away from the origin with density given by

! i, amps/m

Jo = bX 72

Show that the magnetic flux density at any point above the xy plane is the sarne
as that which would be produced By a filamentary wire along the negative z akis
carrying current I from the origin to z = —oo. Show also that the magnetic flux
density at any point below the xy plane is the same as that which would be pﬂ;,'o-
duced by a filamentary wire along the positive z axis carrying current I from the
origin to z = oo.

Current flows in the z direction in an infinite slab of thickness 2a symmetrically
placed about the xz plane. Consider the z-directed current density J to be unifoz‘{m
in x but not necessarily in y and show that the magnetic flux density at any poi“int
(x, y, z) has only an x component given by

|
, . !

— %‘3 f J dy y>a ‘f

y=-a ;1

a y w

B, = | %Q<f de—f de) —a<y<a i
y=y y=-a |

%f Jdy y< -—a ‘

\ y=-a i
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Evaluate B, as a function of y for —oo < y < oo for the following current dis-
tributions:

(@) J =Ji, —a<y<a
Joi; —a<y<0
= T
—Jol, o<y<a
@© J=|yli, —a<y<a
@) J =i, —a<y<a

where J, is a constant. Discuss your results from considerations of symmetry.

Current flows in the axial direction in an infinitely long cylinder of radius a having
the z axis as its axis. Consider the z-directed current density J to be uniform in ¢
but an arbitrary function of r and show that the magnetic flux density is given by

B=% |  Jrari,
r =0

r

Evaluate B for the following current density distributions:

@) J = Jyi,, O<r<a
0 O<r<a
(b)J={J0i, a<r<b
0 b<r<oo

@ J =Ju<%>"i,,n2 1 0<r<a
where J; is a constant.

An infinitely long straight filamentary wire occupying the z axis carries current I
amp in the z direction. Evaluate [ B . dl for the following paths:

(a) From (1, 0, 0) to (0, , 0) along the path x -2y =1, z = 0.

(b) From (2,0, 0) to (1, 1, 1) along a straight line path.

Check your answers from considerations of symmetry and Ampere’s circuital law
in integral form.

Using Ampere’s circuital law in integral form, obtain the magnetic flux densities
due to the following volume current distributions in cartesian coordinates:

o1-fpt s
ma-fi, o gesrso
A
@i=for pss
@ Jz{éa—lyl)iz llilliz

where J, is a constant.

Using Ampere’s circuital law in integral form, obtain the magnetic flux densities
due to the following volume current distributions in cylindrical coordinates:

0 0<r<a
(a)J={JDi, a<r<b

0 b<r<oo
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(b) J={Jo<%)"i,,n21 O<r<a s
0 a<r<oo
éi, oO<r<a |
© J= 0 a<r<b ‘\

—miz b<r<e ‘
0 c<r<o |

where J, and I are constants.

Using Ampere’s circuital law in integral form, obtain the magnetic flux densities;
due to the following surface current distributions: |

@ J;, = {J“’l’ . y=a } cartesian coordinates
—Jsol; y=—a

(b) J, = Jyoi, r=a cylindrical coordinates
J. soiz r=a

© J, = T ‘Z‘ L or—b cylindrical coordinates

where J;, is a constant.

A toroid with a circular cross section is formed by rotating about the z axis the
circle of radius a (< b) in the xz plane and centered at (b, 0, 0) as shown in Fig.
3.33. A filamentary wire carrying current I is closely wound around the toroid
uniformly with » turns per unit length along the mean circumference. Using Am-
pere’s circuital law in integral form, find the magnetic field both inside and out-
side the toroid.

|

|
|

Fig. 3.33. For Problem 3.32.

Current I amp flows in a filamentary wire along the z axis from z = oo to z = E

and then to the point z = —a via a spherical surface of radius a centered at th,
origin, continuing on to z = —oo along a filamentary wire from z = —a tg
z = —oo. The surface current density on the spherical surface is given by

s is amp/m

~ 2nasin O
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Using Ampere’s circuital law in integral form, find B both inside and outside the

sphere of radius a.

Current flows axially with uniform density J, amp/m? in the region between two
infinitely long, parallel cylindrical surfaces of radii @ and b (< a) and with their
axes separated by a distance ¢ (< a — b) as shown in Fig. 3.34. Find the magnetic
flux density in the current-free region inside the cylindrical surface of radius b.

—Jo i; Amps/m?

X X X X X X X X MK x X

X X X X X X X X & x. R X x

Fig. 3.34. For Problem 3.34.

Verify your answers to Problem 3.29 by using Ampere’s circuital law in differ-
ential form.
Verify your answers to Problem 3.30 by using Ampere’s circuital law in differ-
ential form.

For each of the following magnetic fields, find the current distribution which
produces the field, using Ampere’s circuital law in differential form:

/“OJ:Oix o<y <0 B
oo cartesian
@ B = == ik 0<y<a coordinates
'—I'lOJsoix a <y <™
LoJor iy O<r<a
B a3, ‘ cylindrical
(b) B= ﬂo-7071¢ a<r<b coordinates
0 b<r<om

HUoJso(cos 0 i, — sin 0 ig) O<r<a ]
© B={pugl,(a\? . oo spherl'cal
2 (7) (2cos i, +sinfi) a<r<oo [ coordinates

where J;, and J, are constants. )
A surface current of density J; amp/m occupies the plane surface y = y,. Show
that

V X B = poJ; 6(y — o)
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A surface current of density J, amp/m occupies the cylindrical surface r =r,.
Show that

V X B = u,J,o0(r — ry)
An infinitely long filamentary wire carrying current 7 amp in the z directio| is

situated parallel to the z axis and passes through the point (ro, @) in the z [= 0
plane. Show that

v x = e =3 — b,

Obtain the magnetic vector potential at an arbltrary point due to a finitely I¢ng,
straight filamentary wire lying along the z axis between z = —qg and z = +a ind
carrying a current  amp in the +z direction. Then evaluate B by performingithe
curl operation on the magnetic vector potential and compare the result with (3-27).

Two infinitely long, straight filamentary wires situated parallel to the z axis and
passing through (d/2, 0, 0) and (—d/2, 0, 0), respectively, carry currents [ in the
+z and —z directions, respectively. (a) Obtain the magnetic vector potential A.
(b) Find A in the limit that d — 0, keeping Id constant. (c) Evaluate the curl of
A found in part (b) and compare with the result of Problem 3.21.

For the magnetic dipole of Fig. 3-9, obtain the vector potential at distances very
large from the dipole compared to the radius a. Find the magnetic flux density
by performing the curl operation on the vector potential.

For the magnetic quadrupole arrangement of Problem 3.23, obtain the magnetic
vector potential at distances from it large compared to the dimensions of the
quadrupole. Then find B by evaluating the curl of the magnetic vector potential
and verify the results for the special cases of Problem 3.23.

For the volume current distributions specified in Problem 3.29, obtain the magnetlc
vector potentials.

For the volume current distributions specified in Problem 3.30, obtain the magx}etic
vector potentials.
Jten-

For the following surface current distributions, obtain the magnetic vector p
tials:

@@ J, = {J“’l’ . y=a }cartesian coordinates
_Jsolz y=—a
Jsol; r=a

) J, = I, % i r—b cylindrical coordinates

where J;, is a constant.

For each of the arrangements of current loops shown in Fig. 3.35, find the magnetic
vector potential at distances very far from the loop.

For the spirally wound filamentary wire of Problem 3.19, show that the magnetic
dipole moment m is given by

m= nI(Ja_o nr? dr)i,

Evaluate m and hence A at large distances from the spiral for each of the three
cases specified in Problem 3.19.
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1 Arcs of

I/Circles\ //
I
J . :741
(9 1 > y =1 l"—’y

I / T 1 I
[
(a) x (b)

Fig. 3.35. For Problem 3.48.

For the filamentary wire wound on the surface of a sphere as specified in Problem
3.20, show that the magnetic dipole moment m is given by

m= 7m3I(J:_O nsin2 6 dG) i,
Evaluate m and hence A at large distances from the sphere for each of the two

cases listed in Problem 3.20.

A spherical volume charge of radius @ m and having uniform density p, C/m3
and centered at the origin spins about the z axis with constant angular velocity
@, in the ¢ direction. Obtain the magnetic vector potential due to the spinning
sphere of charge at distances from the origin large compared to a.

Show that the magnetic flux enclosed by a closed path C in a magnetic field B is
equal to 3€CA - dI, where A is the magnetic vector potential corresponding to B.

Use this result to find the magnetic flux enclosed by the rectangular loop of Fig.
3.30 due to the current flowing in the infinitely long wire. Check your answer by

evaluating J. B - dS, where S is the surface bounded by the rectangular loop.

s
Show that, if A = A,i,, where A, is independent of z, the direction lines of
B =V X A are the cross sections of the constant | A | surfaces in the z = constant

plane. Use this result to find and sketch the direction lines of the magnetic flux den-
sity due to the infinitely long, filamentary wire-pair arrangement of Problem 3.42.

Determine if the following fields are realizable as magnetic fields:

(@ A= yiz(yix — xiy) cartesian coordinates
(b) B = %i,, cylindrical coordinates
© C= (1 + ;1—2> cosgi, — (1 — ;1—2> sin @ iy cylindrical coordinates

(@ D= (1 + %) cos@i, — (1 — r%) sin 0 ig spherical coordinates
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For the following current distributions, start with the assumption that all thre

components of B exist and use Ampere’s circuital law and the solenoidal natue

of the magnetic field to eliminate some components and evaluate the remainiig

components:

(a) Infinite sheet of current with uniform density.

(b) Surface current flowing axially with uniform density along an infinitely lojg
cylinder.

Make use of the solenoidal character of the magnetic field to find the radial deriva-
tive of the magnetic flux density due to a circular loop of current 7 at a poiat
on its axis.

In Sec. 3-10, we classified static vector fields into four groups. Determine to whith
of the four groups does each of the following fields belong:
(a) A= xi, + yiy

(b) B = xyi, + yzi, + zxi,

() C = (x2 — y2)i, — 2xyi, + 4i,

@ D = i, cylindrical coordinates

© E — cosz(ISi n sin .
r T

2 s cylindrical coordinates

From the examples and problems of Chapters 2 and 3, identify and prepare a table
of analogous pairs of charge and current distributions which vary only in two
dimensions x and y (or 7 and @) and with the current flow in the z direction. List
the expressions for the corresponding electric and magnetic fields and demonstrate
that the fields are proportional in magnitude and orthogonal in direction.
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In Chapter 2 we studied the static or time-independent electric field in free
space. We introduced Maxwell’s equations for the static electric field grad-
ually from the experimental law of Coulomb concerning the force between
two charges. In Chapter 3 we studied the static or time-independent magnetic
field in free space. We introduced Maxwell’s equations for the static magnetic
field gradually from the experimental law of Ampere concerning the force
between two current loops. In this chapter we will study time-varying electric
and magnetic fields. We will learn that Maxwell’s curl equations for the static
electric and magnetic fields have to be modified for time-varying fields in
accordance with an experimental law of Faraday and a purely mathematical
contribution of Maxwell. When these modifications are made, we will find
that the time-varying electric and magnetic fields are coupled; that is, they
are interdependent and hence the name “electromagnetic field.” As in the
case of Chapters 2 and 3, we will in this chapter be concerned with the elec-
tromagnetic field in free space only.

The Lorentz Force Equation

In Section 2.1 we introduced the electric field concept in terms of a force
field acting upon charges, whereas in Section 3.1 we introduced the
magnetic field concept, also in terms of a force field acting upon charges
but only when they are in motion. If an electric field E as well as a magnetic
field B exist in a region, then the force F experienced by a test charge ¢ moving

193
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with velocity v is simply the sum of the electric and magnetic forces given ty
(2-2) and (3-1), respectively. Thus

F=qE +qgvx B=gE + vxB) “4-)
Equation (4-1) is known as the Lorentz force equation, and the force given
by it is known as the Lorentz force. For a continuous charge distribution of
density p moving with a velocity v, we can define a force per unit volums,
f. Considering an infinitesimal volume dv, we then have

fdv=pdv(E+ vxB)=(pE + J x B) dv

i

or
f=pE+JxB @)
where J = pv is the volume current density.

ExampPLE 4-1. A test charge ¢ C, moving with a velocity v = (i, + i,) m/sec,
experiences no force in a region of electric and magnetic fields. If the magnefic
flux density B = (i, — 2i,) Wb/m?, find E.
From (4-1), the electric field intensity E must be equal to —v x B ﬁr)r
the charge to experience no force. Thus

E=—(@,+1i,)x @i, —2i)
= (2i, — 2i, +1i,) volts/m |

ExAMPLE 4-2. A region is characterized by crossed electric and magnetic fields,
E = Ei, and B = B, as shown in Fig. 4.1, where E, and B, are constanlts.
A small test charge g having a mass m starts from rest at the origin at ¢ ='0.
We wish to obtain the parametric equations of motion of the test charge.
The force exerted by the crossed electric and magnetic fields on the test
charge is

F=g(E + v x B) =q[Eji, + (v, + v, + v,i) x (Boi,)]  (43)
The equations of motion of the test charge can therefore be written as

E
ﬂk A ﬂl {\
[ L ] L ] [ ]
y .
[ ] L ] L [ ]
V4 IO—> X
[ ] [ ] [ ] [ ]
B ‘
. ° . . Fig. 4.1. A region of crossed
electric and magnetic fields.
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dv, _ 9B, .
=Y (4-4a)
dv, _  qB, q )
d_ty_ Tvx—kmEo (4-4b)
dv, }
i 0 (4-4c)
Eliminating v, from (4-4a) and (4-4b), we have
d2.vx gﬁg 2 _ q 2 )
Gt () o = (L) 85, (4-3)
The solution for (4-5) is
v, = %9 + C,cosm,t + C, sin .t (4-6)
0

where C, and C, are arbitrary constants and w, = gB,/m. Substituting
(4-6) into (4-4a), we obtain

v, = —C, sinwt + C, cos wt “4-7)
Using initial conditions given by
v,=v,=0 att=0
to evaluate C, and C, in (4-6) and (4-7), we obtain

_E,_E N
v, = B, " B, cos @ ¢ (4-8)
v, = % sin o ¢ (4-9)

o

Integrating (4-8) and (4-9) with respect to ¢, we have

E, E, .. )

x = —Bot ~ @B, sinwt + C, (4-10)
— E, _

y=— cBocoswct+C4 4-11)

Using initial conditions given by
x=y=0 atr=20

to evaluate C, and C, in (4-10) and (4-11), we obtain

E E, E,

— Lo { = _ §] -
x= Bot B, sin w, ¢ 3, (.t — sin w,t) 4-12)

— E, E, _ E, : -
y= B cosw.t + @B, cBO(l cos @,t) 4-13)

Equation (4-4c), together with the initial conditions v, =0 and z= 0 at
t = 0, yields a solution

z=0 (4-14)
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Fig. 4.2. Path of a test charge g in crossed electric and
magnetic fields E = E,i, and B = Bi,.

The equations of motion of the test charge in the crossed electric and magnetic
field region are thus given by (4-12), (4-13), and (4-14). These equatiofps
represent a cycloid in the z = 0 plane, as shown in Fig. 4.2. |}

Faraday’'s Law in Integral Form

We learned in Section 2.2 that Coulomb’s experiments demonstrated that
charges at rest experience forces as given by Coulomb’s law, leading to the
interpretation of an electric field set up by charges at rest. Similarly, we
learned in Section 3.3 that Ampere’s experiments showed that current loops
experience forces as given by Ampere’s law, leading to the interpretation of
a magnetic field being set up by currents, that is, charges in motion. In this
section we present the results of experiments by yet another scientist, Michael
Faraday. Faraday demonstrated that a magnetic field changing with tirne
results in a flow of current in a loop of wire placed in the magnetic fie:ld
region. When the magnetic field does not change with time, there is no current
flow in the wire. This implies that a time-varying magnetic field exeits
electric-type forces on charges. Thus Faraday’s experiments demonstrate
that a time-varying magnetic field produces an electric field.

The electric field produced by the time-varying magnetic field is such
that the work done by it around a closed path C per unit charge in the linait
that the charge tends to zero, that is, its circulation around the closed paith
C, is equal to the negative of the time rate of change of the magnetic flux y
enclosed by the path C. In equation form we have
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circulation of E around C = —%,'g 4-15)

The circulation of E around a closed path C is §. E « dl. The magnetic flux
enclosed by C is given by the surface integral of the magnetic flux density
evaluated over a surface S bounded by the contour C, that is, [¢ B« dS. In
evaluating [ B« dS, we choose the normals to the infinitesimal surfaces
comprising S to be pointing towards the side of advance of a right-hand
screw as it is turned in the sense of C. Equation (4-15) is thus written as

§E-dl=—d—a;fB-dS (4-16)
C S

The statement represented by (4-15) or (4-16) is known as Faraday’s law.
Note that the time derivative on the right side of (4-16) operates on the entire
integral so that the circulation of E can be due to a change in B or a change
in the surface S or both. Classically, the quantity § E « dl on the left side
of (4-16) is known under different names, for example, induced electromotive
force, induced electromotance, induced voltage. Certainly the word force
is not appropriate, since E is force per unit charge and j' E . dl is work per
unit charge. We shall simply refer to E as the induced electric field and to
¢ E « dl as the circulation of E.

The minus sign on the right side of (4-16) needs an explanation. We
know that the normal to a surface at a point on the surface can be directed
towards either side of the surface. In formulating (4-16), we always direct
the normal towards the side of advance of a right-hand screw as it is turned
around C in the sense in which C is defined. For simplicity, let us consider
the plane surface S bounded by a closed path C and let the magnetic flux
density be uniform and directed normal to the surface, as shown in
Fig. 4.3. If the flux density is increasing with time, dy/dt is positive and
—dy/dt is negative so that §. E « dl is negative. Hence the electric field
produced by the increasing magnetic flux acts opposite to the sense of the
contour C. If we place a test charge at a point on C, it will move opposite
to C; if Cis occupied by a wire, a current will flow in the sense opposite to

Fig. 4.3. Uniform magnetic field
B directed normal to a plane
surface S.
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that of C. Such a current will produce a magnetic field directed to the sic:
opposite to that of the normal since, if the wire is grabbed with the righ
hand and with the thumb pointing in the direction of the current, the finge
will be curled opposite to the normal as they penetrate the surface S. Th
the current will produce magnetic flux which opposes the increase in t
original flux. Likewise, if the flux density is decreasing with time, dy/dt
negative and —dy/dt is positive so that §. E « dl is positive. The electric fie
produced by the decreasing magnetic flux acts in the sense of the conto
C so that, if C is occupied by a wire, a current will flow in the same sense 4s
that of C. Such a current will produce a magnetic field directed to the side ¢f
the normal, thereby opposing the decrease in the flux. Thus the minus si
on the right side of (4-16) signifies that the induced electric field is such thit
it opposes the change in the magnetic flux producing it. This fact is knoyn
as Lenz’ law. If the induced electric field is such that it aids the change in tke
magnetic flux instead of opposing it, any small change in the magnetic ﬁl{x
will set up a chain reaction by inducing an electric field, which will aid the
change in the magnetic flux, which will increase the electric field, and so on,
thereby violating the conservation of energy. Hence Lenz’ law must be obeyed
and the minus sign on the right side of (4-16) is very important.

ExaMPLE 4-3. The magnetic flux density is given by
B = B, cos w,ti,

where B, and w, are constants. A rectangular loop of wire of area A4 |is
placed symmetrically with respect to the z axis and rotated about the z axis
at a constant angular velocity w, as shown in Fig. 4.4, such that the angle(¢
which the normal to the plane of the loop makes with the x axis is given by

¢ =¢d, + o,
It is desired to find the circulation of the induced electric field around t}re
contour C of the loop.
The unit vector normal to the plane of the loop is |
i, =cos (¢, + w,0) i, + sin(d, + w,?) i, 4-17)
The magnetic flux enclosed by the loop is

v= | B.as |

plane surface
S bounded
by C

= J (B, cos w,21i,) « [cos (@, + @,2) i, + sin (P, + w,?)i,] dS
s ‘
= '[ B, cos , cos (¢, + w,7) dS = ByA cos , cos (¢, + w,7) (4-18)
s i

This is simply the flux enclosed at any time ¢ by the projection of the looP
at that time on to the yz plane, which is normal to the flux density. Fro

I
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Fig. 4.4. A rectangular loop of wire rotating about the z axis
with a constant angular velocity and situated in a time-varying
magnetic field.

Faraday’s law, we now have

dt

= B,A[w, sin w,t cos (¢, + w,?)
+ w, cos ,z sin (¢, + @,1)]
where the prime in E’ denotes that the electric field is associated with the
contour of the moving loop. Note that the right side of (4-19) reduces to
B,Aw, cos @, sin w, ¢t for w, = 0, that is, for a stationary loop in a time-
varying magnetic field and to B 4w, sin (¢, + ,?) for w, = O, that is, fora

moving loop in a static magnetic field. |J]

§ E «dl= _dy _ —%-[BOA cos m,t cos (¢, + w,1)]
¢ (4-19)

EQ‘(AMPLE 4-4. The magnetic flux density is given in cylindrical coordinates by

B,sinwti, forr<a
o forr>a

where B, and o are constants. It is desired to find the induced electric field
everywhere.

We note that the time-varying magnetic field has circular symmetry
about the z axis and is independent of z. Hence the induced electric field must
also possess circular symmetry about the z axis and must be independent
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of z; that is, E can be a function of » only. Choosing a circular contour ¢
of radius r and centered at the origin, as shown in Fig. 4.5, we note that th
magnetic flux enclosed by the contour C is

w=f B.dS (4-20

where S is the plane surface bounded by the contour C. Substituting for l
and dS in (4-20), we get, for r < q,

= st . dS = J.SBO sinwti, » dSi,

= B, sin cotj dS = nr?B, sin wt
N
Forr > a,
—[ B.ds=[ B.dS+ | B.as @-21)
S S Sz

where S, is the plane surface enclosed by the circular contour of radiusF
and S, is the remainder of the surface S. The magnetic field is zero, howeve:,
on the surface S, and hence the second integral on the right side of (4-2:)

is zero. Hence, for r > a,

v=. B« dS = ma?B, sin wt

-

]
I
——
»#—n
A=

[ =X

9

&
4
A
7 }(

Fig. 4.5. For evaluating the induced electric field due a
time-varying magnetic field possessing cylindrical
symmetry.
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Thus
nr?B, sin wt forr<a
w=4"°" (4-22)
na®B, sin wt forr>a
Now,
2
§ E.dl= j E, d$ = 2nrE, (4-23)
c $=0
From Faraday’s law, we then have
23rE, — _dy _ —nriBw cos wt forr<a
dt —na’B,w cos wt forr>a
or
— Bgco cos wt forr<a
E, = N (4-24)
—ﬂ%@coswt forr >a

Any r component of E independent of ¢ and z will have nonzero curl and
hence can be attributed to sources appropriate for a static electric field, that
is, an electric field originating from charges at rest. Any z component will have
to be independent of r since the magnetic field has no ¢ component. This is
because if we consider a rectangular contour bcdeb in a plane containing the z
axis as shown in Fig. 4.5, the magnetic flux enclosed by this contour is zero.

Hence ff E . dlis zero or J.c E,dz + r E, dz is equal to zero, leading to
bedeb b d

the conclusion that E, along bc is the same as E, along ed. Since the curl of
a field which has a z component independent of r and ¢ is zero, it can also be
attributed to sources appropriate for a static field. Thus the induced electric
field due to the time-varying magnetic field has a ¢ component only, thereby
surrounding the magnetic field, and it is given by

—B"Trwcos ot i, forr<a
E= B.a%e (4-25)
—=—=coswtiy;, forr>a

The fact that the induced electric field surrounds the time-varying magnetic
field can also be seen if we recognize that Faraday’s law is similar in form
to Ampere’s circuital law

ff B« dl = py(current I enclosed by C)
c

The magnetic field due to the current 7 surrounds the current. Likewise, the
electric field due to the changing magnetic flux should surround the flux.
The induced electric field is thus solenoidal in character, as compared to the
irrotational nature of the electric field due to charges at rest. |i
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One of the consequences of Faraday’s law is that [ E .« dl evaluat'f
between two points a and b is, in general, dependent on the path followel
from a to b to evaluate the integral, unlike in the case of the static electr]'c
field. To illustrate this, let us consider a region of uniform but time-varyiig
magnetic field. Applying Faraday’s law to two different closed paths achia
and adbea as shown in Fig. 4.6, we obtain two different results for § E « {1

a

Fig. 4.6. Two different clos¢d
) paths acbea and adbea.

since the paths enclose different areas. However, path bea is common to both
the closed paths, and the contributions from the path bea to § E . dl and

acbea

to j; E « dl are the same. It then follows that f E . dlis not equal to
adbea ach
_[ E . dl. Thus the work done per unit charge in carrying a test charge from
adb

a to b in an electromagnetic field, that is, be « dl in an electromagnetic
field, is not uniquely defined. It depends upon the path followed from aI

b
b in evaluating f E . dl. The quantity be « dl is known as the voltage

to

between the points a and b in the case of time-varying fields. The word
“voltage” is interchangeable with “potential difference” for the case of staLfic
electric field only. For time-varying fields, the electric field cannot be expressed
exclusively in terms of a time-varying electric scalar potential as we will learn
in the following section. Hence, the two words are not interchangeable\in
the time-varying case. |
Now, let us consider two different surfaces S, and S, bounded by a
contour C with the normals defining the surfaces directed out of the volurpe
bounded by S; + S, as shown in Fig. 4.7. Then, applying Faraday’s law lto
C, we have '

|
d d A
E-dl=——f B-dS=.—f B.dS 4-26)
§C dt ), dt ) s, (
It follows from (4-26) that

d
%-<J‘S|B.ds+J‘S2B.dS)=0
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Fig. 4.7. Two surfaces S; and S, bounded by a
contour C.

or
51}; B . dS = constant with time 4-27)
S1+S2

The constant on the right side of (4-27) must, however, be equal to zero
since a nonzero value for any surface requires the existence forever of isolated
magnetic charge within the volume bounded by that surface. There is no
experimental evidence of the existence of such magnetic charge. Thus, it
follows from Faraday’s law in integral form that

5}3 B.dS=0 (3-111)
Ny

where S is any closed surface.

Faraday’s Law in Differential Form (Maxwell’s First Curl

Equation for the Electromagnetic Field)

In the previous section we introduced Faraday’s law in integral form, given
by

§E.d1=_if13.ds (4-16)
c dt S

where S is any surface bounded by the contour C. According to Stokes’
theorem, we have

§CE.d1=L(VxE).ds

where S is any surface bounded by the contour C. In particular, choosing
the same surface as for the integral on the right side of (4-16), we obtain

fS(VxE)-dS=—%fsB.dS (4-28)

If the surface S is stationary, that is, independent of time, then

d _ [ JB
desB'dS_fSW.ds (4-29)
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and ;
f (VXE).dS= f _9B s (430
S S 0
Comparing the integrands on the two sides of (4-30), we have )
_ _9B .
VX E= 3 (4 3]'

This is the differential form of Faraday’s law and Maxwell’s first curl equé
tion for the electromagnetic field.

If, in addition to the variation of the magnetic field with time, th
surface S is also changing with time due to a displacement of the cor

tour as shown in Fig. 4.8, then we evaluate %IB « dS by considering tw’

times ¢, and ¢,, where t, = ¢, + At. If S, and S, are the surfaces boundel

Fig. 4.8. Displacement of contot
\ C, with time and the associatd
dS3y = dl) X v|At ‘ surfaces.

by C, and C, at ¢, and ¢,, respectively, we have, from the definition of diffe-
entiation,

4 peas| =vmi Lo ([ meas) [ peas]}

= lex(f . dS, — f B, . dSl) (4-3)
Ar=0 S1

where B, and B, are B(z,) and B(¢,), respectively. Applying the divergen®
theorem at time ¢, to the volume ¥ bounded by the two surfaces S; and .
and the surface S, formed by the movement of the contour C, we ha?

JIVV ’ Bz dv = §s.+s,+s, B,z $dS

—=—[ B,+dS.+ [ B,-ds,+ [ B,.ds,
S Sa Ss

43
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where the minus sign associated with the first of the three integrals on the
right side of (4-33) is due to the direction of dS, pointing into the volume V.
Also, in the third integral, we choose the direction of dS, as pointing out of
the volume V.

Since V « B= 0, we have, from (4-33),

B, - dS, — J B,-dS, = — | B,-dS, (4-34)
Sa S S3

If the velocity with which an element dl, in the contour C, is displaced is
v,, the infinitesimal area dS, swept by the element in the time Az is dl; x v, At
as shown in Fig. 4.8. Hence

[ B,edas,=¢ B,.dl xv Al (4-35)
S3 Cy
Substituting (4-35) into (4-34), we have

B,-dS,— [ B,+dS,=—§ B,-dlxv, At (436)

1 C
Now, expanding B(?) in a Taylor’s series at time ¢,, we have
JdB 2 4 i

B, =B, + || ar+ 352 ] @+ 4-37)

and
— JB
B, . dS, = B, «dS, + At | [_ «dS, + .-+ (4-38)
S St S1 (9t 3]

§ Bz-dllxlet=At§ B, .dl xv,
C C1

JB
4 (At 2§ — | «dl x + ...
( ) cl|:6t:|n ! VI

Substituting (4-38) and (4-39) into (4-36) and rearranging, we get

f Bz.dsz—f Blcdsl=Atf [%lt_*] -dSl—Atff B, . dl, x v,
Se S S1 n C,

+ higher-order terms in A¢ (4-40)
Substituting (4-40) into (4-32), we obtain

d _ B o .
\:‘_l? J;B ) ds]n kgloK‘ {AIJ‘ ,[_OT]n dSl At §C,B1 dll X v,

+ higher-order terms in At}

= B, -dl xv
f 0z " §Cl 1 1 1

[ B

- Ll [Wl .ds, — ffc, [v x B], « dl,

(4-39)

(4-41)
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Since Eq. (4-41) must be true for any time #,, we have, in general,

d -
4fpas—|

where C is the contour and S is the surface bounded by C at any arbitary
time ¢

To an observer moving with a point on the contour, the contour appars
to be stationary and the observer will attribute the force experienced ly a
test charge at that point as due to an electric field alone. Denotingthis

electric field as E’ and applying Faraday’s law for the contour C and uing
(4-42), we have

§E’-dl=—if B . dS
C dt Ry

‘;?.ds_§vx1;.dl (#2)

Cc

(¢43)
_ JB
= — O ds+§cva dl
But, according to Stokes’ theorem, we have
§ Evdl=| VxE .48 (4-¥4a)
o} S
and
ffva-dl:J‘Vx(va)-dS (4-14b)
(o) C

Substituting (4-44a) and (4-44b) into (4-43), we get

foE’-dS=—f 0B-dS+f Vx(vxB).dS (445
S Sdt S

or
VxE=-98 vy B 4-46)
=—3; TVx(xB) (
Equation (4-46) is Faraday’s law in differential form, where E’ is the electric
field as measured by an observer moving with a velocity v, relative tc the
magnetic field B.

On the other hand, a stationary observer views the force experienced
by the test charge moving with the point on the contour as being composed
of two parts, electric-type and magnetic-type, that is, one due to an electric
field acting on the charge and the other due to a magnetic field acting on
the charge. Since the magnetic force acting on the test charge is gv x B, the
observer will attribute a force of F — gv x B only to the electric field where
Fis the total force acting on the charge. The total force acting on the charge
must of course be the same whether viewed by an observer moving with the
contour or by a stationary observer. Hence it is equal to gE’. Thus the force
attributed to the electric field by the stationary observer is gE’ — gv X [B =
q(E' — v x B) or the electric field as viewed by the stationary observPr is
given by i
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E=E —vxB 4-47)
Rearranging (4-46), we have
Vx(E —vxB)=—98 (4-48)
which, with the aid of (4-47), becomes
— _JB .
VxE= -7 4-31)

which is the same as the result obtained in the case of the stationary contour.
Thus Eq. (4-31) holds, in general, where E is the induced electric field
as viewed by an observer stationary relative to the time-varying magnetic
field B.

E::ampLE 4-5. For the test charge of Example 4-2, find the electric field as viewed
by an observer moving with the test charge.
From Example 4-2, the electric and magnetic fields as viewed by a sta-
tionary observer are

E=Ej, and B = B,
The velocity of motion of the test charge is given by
v=o,i, + vi,
_(E, E, ) (E0 ; )
=30 — Z0cosw,t )i, + (32 sin wz? )i
&z g s o)
where we have substituted for v, and v, from (4-8) and (4-9), respectively.

Rearranging (4-47), we note that the electric field E’ as viewed by an
observer moving with a velocity v relative to the magnetic field is given by
E=E+vxB (4-50)
We can also obtain this result directly by noting that, for an observer moving
with the test charge, the test charge appears to be stationary and hence the
observer will attribute the force experienced by it to an electric field alone.
Since the force experienced by the test charge is F = g(E + v x B), the
observer views an electric field of F/g = E + v x B. Substituting for E, v,
and B in (4-50), we obtain
/ . E, E . E, . . .
E' = Eii, + [(Ti — Eﬁ cos coct)lx + (E? sin coct>1y] X Bl

= E;sinwti, + E,cosw,t i,

(4-49)

(4-51)

Thus the electric field as viewed by an observer moving with the test charge

| is (E, sinw,ti, + E,cos .ti,). [

ExaMPLE 4-6. In Example 4-3, we obtained the circulation of the induced electric
\ field around a rectangular loop moving in a time varying magnetic field by
the direct application of Faraday’s law in integral form given by (4-16).

It is here desired to verify the result of Example 4-3 by using (4-43).



208 The Electromagnetic Field Cha# 4
l
With reference to: the notation of Fig. 4.4, the first integral on the ri}ht
side of (4-43) is given by |
B . is— [ Bo sine.ri {1 sindi)ds
— T 9S= 0@ Sinw,ti, « (cosPi, 4 sindi,)
plane surface S o (4""2)

bounded by C
= BAw, cos (§, + w,¢) sin w,¢

To evaluate the second integral on the right side of (4-43), we note that,
along side ef, |

vxB= (—J;i)a)z[i¢]ef X B, cos w,t i,

__(f9

= =5 w,B,cosw,tsingi,

so that

jfvx B . dl = )8 ,B, cos w2 sin ¢

Bader o o

= ~5—2cos ¢ sin ¢ i
Along side fz, v x B « dl = 0 so that

j?xB.m=0 (4-53b)
Along side gh,
| vxB= (J;g)coz[i¢]gh X B, cos w,t1,

= (ng—)cozB0 cos @, tsin@i,

so that

h
f va-dl:ngé@szacosw,tsin¢ ;
¢ B4 (4-53¢)
= —07% cos w,? sin ¢ }

Along side /e, v X B « dl = 0 so that
[vxB.a1=0 (4-53d)
h
From (4-53a)-(4-53d), we have

§Cva.d1=§§“va-d1
oFahe

= ByAw, cos w,?sin ¢

(4-54)
= ByAw, cos w,t sin (¢, + o) ‘
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Thus, from (4-52) and (4-54), we obtain
§ E' «dl= ByAw, cos (¢, + @,?) sin w,?
o}
+ ByAw, cos ot sin (¢, + ,1)
which agrees with (4-19). |
Ex\MPLE 4-7. In Example 4-4 we obtained the expression for the induced electric
field due to a time-varying magnetic field possessing cylindrical symmetry
about the z axis, by using Faraday’s law in integral form. It is desired to verify

the result by using Faraday’s law in differential form given by (4-31).
From Example 4-4, we have the induced electric field given by

—B‘gwcoswti¢ forr<a
E= (4-25)
B,a*w
—02—coscoti¢ forr>a
Hence
L T 7S
ro % r
VxE=|¢ i i = —%[%("Eos)il
dr ¢ 0z (4-55)
0 rE;, O
_ {—Bow cos wt i, forr<a
0 forr >a

From Faraday’s law in differential form, we then have

JB {Bow coswt i, forr<a (4-56)

=-VxE=
ot forr>a
Equation (4-56) is consistent with
B— B, sin wt i, forr<a
0 forr>a

which is the magnetic field specified in Example 4-4. |}

Returning to Eq. (4-31) and taking the divergence of both sides, we have

_ B_  d.g. )

But, since V-V x E = 0, it follows from (4-57) that
dv.-B)=0 (4-58)

or
V « B = constant with time (4-59)
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The constant on the right side of (4-59) must, however, be equal to zero si ce
a nonzero value at any point in space requires the existence forever of isolaed
magnetic charge at that point. There is no experimental evidence of he
existence of such magnetic charge. Thus, we note that Maxwell’s equation

for the divergence of the time-varying magnetic field given by ‘i‘

V.B=0 (4+50)
follows from the Maxwell’s equation for the curl of E given by (4-31). \As
a consequence of (4-60), we have

B=VxA “- 31)
where A is a time-varying vector potential. Substituting (4-61) into (4-‘\1)
we get
__Jd o JA
VX E= B?(VXA)_ an?
or

() o o

Thus (E + dA/or) can be expressed as the gradient of a time-varying sc: lar
potential. In particular, we can write

JA
E + = \44 (4-63)
I
where V is the time-varying scalar potential so that Eq. (4-63) reduces; to
E = —VV for the static case. Rearranging (4-63), we obtain
JA i
E=—-VV S (4-}-64)

We will have an opportunity to study the time-varying scalar and vector
potentials in Section 6.16.

The Dilemma of Ampere’s Circuital Law and the Displacement
Current Concept; Modified Ampere’s Circuital Law
in Integral Form

In Section 3.6 we introduced Ampere’s circuital law in integral form, given by
§ B « dl = p,(current enclosed by C) (3-57)
C

In that connection we discussed the uniqueness of a closed path enclosing
a current by considering the case of a straight filamentary wire of finite
length along which charge flows from one end to the other end (Fig. 3.16)
and the case of an infinitely long filamentary wire. We found that the current
enclosed by a closed path C is not uniquely defined in the case of the finitely
long wire, whereas it is uniquely defined for the case of the infinitely long
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wire. On the other hand, the magnetic field due to a current-carrying wire
is uniquely given at every point through the Biot-Savart law and hence

j; B . dl for a given closed path C has a unique value. Thus it seems to
o}

be meaningless to apply Ampere’s circuital law as given by (3-57) for the
case of the finitely long wire. What then is the fallacy of the situation? Is
there any modification required for (3-57) so that the dilemma is resolved ?
To answer these questions, let us consider a semiinfinitely long, straight
filamentary wire occupying the upper half of the z axis. Let there be a point
source of charge Q C at the origin and let the current flowing along the
wire to infinity be 7 amp as shown in Fig. 4.9 so that the charge Q is decreas-

)
I to Infinity
3

X

Fig. 4.9. For introducing the displacement cur-
rent concept and deriving the modification to
Ampere’s circuital law.

ing at the rate of I C/sec. Let us consider a circular contour C of radius r
in the plane normal to the wire and centered at a point on the wire a distance
z from the origin, as shown in Fig. 4.9. The current enclosed by C is not
uniquely defined since the current penetrating the plane surface S, bounded
by the contour is 7, whereas the current penetrating a bowl-shaped surface

S, as shown in Fig. 4.9 is zero. On the other hand, j; B - dl is unique since
c

B along C is given by the application of the Biot-Savart law to the semi-
infinitely long wire. According to the Biot-Savart law, the magnetic flux
density at a point (r, @, z) on the contour C due to an infinitesimal segment
dz' of the wire at distance z’ from the origin is given by
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i
U dr dZ’ . ¥
B = Gz = 77 F e (4-6)
The magnetic flux density at (r, ¢, z) due to the entire semiinfinitely lcag
wire is given by

I

B= f= N ’55+r]3 TP |
il (4-16)

|

( ,\/zz + 2 ) {!

From (4-66), we have ‘

27 I

. = ﬂ_I —‘—_L—‘_— i L] i

§CB “ L ! +Jz2+r2>'¢ rdpiy i

— ﬂ01<1 + ) :

,\/zz + r2

If we apply Ampere’s circuital law (3-57) to the contour C in conjunct on
with the surface S, without regard to the uniqueness of the current enclos >d
we obtain

3@ B.dl = u,l (4-68)

Comparing (4-67) and (4-68), we note that the discrepancy between the r1ght
sides is by the amount

(s )il en) o

We have to resolve this discrepancy by some means. The only recourse seems
to be the point charge at the origin whose value is decreasing at the rate of
IC/sec. We have not as yet considered the electric field due to the point
charge Q. As Q varies with time, the electric field flux due to it also varies
with time. Let us consider the electric field flux through the surface S,. Since
the electric field intensity due to a point charge is spherically symmetric about
the point charge, the electric field flux through any surface is equal to the
solid angle subtended at the point charge by that surface times the point
charge value divided by 4ze,,.

To find the solid angle subtended by S, at Q, let us consider an infini-
tesimal area dS, = r, dr, d¢, at the point (r, ¢,,z) on S,. The projection
of this area onto the plane normal to the line drawn from the origin to
(1, @4, 2) is (r,z/a/FF T 27) dr, dd,. The projection of dS, onto the surface of
a sphere of radius unity and centered at the origin or the infinitesimal solid
angle subtended at the origin by dS, is given by

dQ, = dr, do,

(r 22)3/2
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The solid angle subtended at the origin by the entire area S, is then given
by

Q, _f aQ, = f Ll N 2)3 Lo dr, A, -27:( ?ZTF‘)
(4-70)

Since the normal to the surface S, drawn towards the direction of
advance of a right-hand screw as it is turned in the sense of C is directed
away from the point charge, the electric field flux passing through the surface
S, towards the side of that normal is given by

E.ds, =2 Q(l__Z_) 471
fs. a8, 4me, Q 260 22+ r? ( )
This electric field flux is changing with time. The rate at which it is changing
with time is given by

E%LIE' =gl ‘Wﬂ

4-72)
_ (1 d0
260 f + r? dt
But, since the charge Q is decreasing at the rate of I C/sec, we have
do _ )
5= —1I 4-73)

Substituting (4-73) into (4-72), we obtain

d _ 1 z _ -

] Erasi= (i ) (*74)
The right side of (4-74) is exactly the same as the right side of (4-69) divided
by p,€,. Suppose we now modify (3-57) to read

§ B.dl = yo(current due to charges flowing through a

c 4-75)

surface S bounded by C + %f €E - dS)
N

and apply it to the surface S,, we obtain

§Bea= w1+ (i 1) =40+ i)

which agrees with (4-67), deduced by using the Biot-Savart law. Thus our
dilemma seems to be resolved!

Before we discuss the meaning of %I €,E « dS, let us apply (4-75)
S
to the bowl-shaped surface .S, bounded by C to see if it gives the correct
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\
result forff B . dl. To do this, we note that the solid angle subtended Py

c
S, at @ is simply 4x minus the solid angle subtended by S, at Q. Thus Fe
required solid angle Q, is given by

Q,=0Ulr—Q) 4-16)
where Q, is given by (4-70). Substituting (4-70) into (4-76), we obtain
Q, = 2(1 t o —) @7

Now, noting that a right-hand screw advances into the bowl as it is turged
in the sense of C from below the bowl whereas the electric field due to (is
directed away from @, the electric field flux passing through the surfacels,
into the bowl is given by ‘

. - Q = — 2( —_— Z_.. . ..‘7
LQE as, = 47e, Q. 2¢, 1+ A/zz—J;,‘z) “ " 8)
The rate at which this flux is changing with time is given by :
d J‘ z |
2 2
“ls ol 77 (4-79)

260(1 N/zzz—k r? )

Substituting this result into (4-75) applied to S,, we obtain [

§ B.dl=y, (current due to charges flowing through S,
c

—}—dtf €,E « dS)

= "°[° +z(1+ mﬂ

(1 T ,\/ 72 —i— r? ) v
which agrees with (4-67), deduced by using the Biot-Savart law. Thus [the
modified law (4-75) gives the correct result for ff;c B « dl irrespective of the
surface bounded by C chosen to apply it. _

We note that the quantity ‘%L €,E « dS has the units of current.
This can be easily seen if we recognize from Gauss’ law that [ E « dS has
the units of Q/e, and hence —'[ €,E » dS has the units of dQ/dt| or

current. Equation (4-75) therefore suggests that there are two kinds| of
current penetrating a surface S bounded by C. The first kind is due to [the
actual flow of charges across the surface S. The second kind is duel to
the flux of €,E penetrating S changing with time; Maxwell attributed to itithe
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name “displacement current.” Physically, the displacement current is not
a current in the sense that there is no flow of a physical quantity, like charge,
across the surface. Although the term “time rate of change of the flux of
€,E” is more apt, we shall follow Maxwell’s terminology and use the term
“displacement current.” The reason behind this terminology will become
evident in Chapter 5.

To summarize the discussion thus far in this section, we have found that
the dilemma of Ampere’s circuital law given by (3-57) is resolved by modifying
it to read

§ B dl = uoflLls + 115} (4-80)

where [1,] is the current due to the actual flow of charges across the surface
S bounded by C in the direction of advance of a right-hand screw as it is

turned in the sense of C, and [I]; = %J. €,E « dS is the displacement
N

current penetrating the surface S in the same direction. We shall refer to
Eq. (4-80) as the modified Ampere’s circuital law in integral form. While
Faraday’s law was a consequence of experimental observations by Faraday,
the modified Ampere’s circuital law was a result of theoretical investigations
by Maxwell.

Although we have here derived the modified Ampere’s circuital law by
considering a particular case, Maxwell provided a general proof based on
Gauss’ law and the law of conservation of charge. Since charge is conserved,
the current due to flow of charge out of a closed surface .S bounding a volume
V must be equal to the time rate of decrease of the charge enclosed by the
surface. This is the law of conservation of charge. If the current flowing out
of the surface is [I ] and the charge enclosed by S is Q, we then have

s = —%2 (4-81)
But, from Gauss’ law, we have ’
i{; E.ds=2
s €o
or
0= § €,E - dS (4-82)
S
Substituting (4-82) into (4-81) and rearranging, we obtain
[7]s + §§ €E-dS=0 (4-83)
¢ S
or
[L)s + [Lls =0 (4-84)

Thus the law of conservation of charge states that the sum of the current
due to the flow of charges and the displacement current across any closed
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surface must be equal to zero. We will now show that (4-80) is consistent bit
(3-57) is not consistent with (4-84). To do this, let us consider a closed pata
Cin an electromagnetic field. Let S, and S, be two different surfaces boundel
by C with their normals defined as shown in Fig. 4.7. The normal to S, s
directed towards the side of advance of a right-hand screw as it is turned in

the sense of C. Hence, from (4-80), we have f“

§ B dl = pftis, + Uds) (-8

The normal to S, is directed opposite to the side of advance of a righ;‘-
hand screw as it is turned in the sense of C. Hence, from (4-80), we have

§ Bedl= —pflLls, + [L]s) “8)

Now, since _(f B « dl is unique, the right sides of (4-85) and (4-86) are equg
(o}
giving us

—

-

[Ic]Sx+Sz + [Id]SH—Sz =0 (4'8{7)

which is consistent with (4-84), since (S, + S,) is a closed surface. On the
other hand, if we use (3-57) we obtain, for the surface S|,

§ Bedl=pl1l, (4-8‘“8)
and for the surface S,, ,
§ Bedl=—plLl, (4-89)
From (4-88) and (4-89), we have
: Ulsi+s. =0 (4-90)

which is inconsistent with (4-84) unless [I,];,.s, is equal to zero, which is
true only in the static case. It is this inconsistency that prompted Maxwell
to modify Ampere’s circuital law by adding the displacement current terh.
A consequence of the displacement current term in the modified Ampen{:’s
circuital law is that the current enclosed by a closed path C in an electro-

magnetic field is generally not equal to (1/x,) § B . dl, unlike in the sta:tic
C
magnetic field case.

ExAMPLE 4-8. The arrangement shown in Fig. 4.10 is that of a V-shaped filamenteiry
wire situated in the yz plane symmetrically about the z axis and with its verftex
at the origin. Current flows along one leg from infinity to the origin at tthe
rate of 7; C/sec and leaves along another leg from the origin to infinity. at
the rate of I, C/sec. It is desired to find the values of § B « dl around two
circular contours C, and C, of radii 1 m and centered at the origin, wh(;re
(a) C, is in the xy plane and (b) C, is in the xz plane.
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Fig. 4.10. For evaluating 5{§B.d1,

around paths C; and C,, due to a
V-shaped filamentary wire with
unequal currents in the two legs. x

Since the current entering the origin is I, C/sec whereas the current
leaving the origin is I, C/sec, there is a charge accumulation at the origin
at the rate of (I, — I,) C/sec.

(a) To evaluate B . dl, let us choose the bowl-shaped surface S,
C

bounded by C,. [1.]s, is equal to zero since neither leg of the wire penetrates
the surface. On the other hand, since half of the electric field flux emanating
from.the point charge penetrates the surfaces S, towards the side of advance
of a right-hand screw as it is turned in the sense of C,, [I,]s, is equal to
4 (I, — I,) C/sec. Thus, according to (4-80),

§ B.dl= %@(11 — 1)
Ci

(b) To evaluate B « dl, let us choose the bowl-shaped surface S,
C:

bounded by C,. [I.]s, is equal to I, since that leg of the wire penetrates the
surface with the current flowing towards the side of advance of a right-hand
screw as it is turned in the sense of C,. On the other hand, the electric field
flux of the point charge penetrates S, in the opposite sense, and since half
of the flux emanating from the point charge penetrates S,, [1]s, is equal to
—3(I, — I,) C/sec. Thus, according to (4-80),

§ B.dl= .uo|:11 - ‘%‘(11 - Iz)] = %9(11 + 1)
C2

Note thatif I, =I,=1,¢ Bedl=0and § B.dl= g, ||
Cy C:
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Modified Ampere’s Circuital Law in Differential Form ‘
(Maxwell’'s Second Curl Equation for the .Electromagnetic Field)
and the Continuity Equation

In the previous section we introduced the modified Ampere’s circuital lav
in integral form, given by

ﬂ B dl= ulL]s + [Lls} (4-80)

where S is any surface bounded by C, [/ ] is the current due to chargs
flowing across S, and [I;]; is the displacement current through S. For a
volume current of density J, we have

[L]s = f J.dS 49)
s
Substituting for [/ ]s and [Z,]; in (4-80), we get
§ B-dl—_—yo(J J.ds+ﬁ.f eoE-dS) (4-9)
c s dt Ky ‘

According to Stokes’ theorem, we have \
§B.d1=f(VxB)-ds f
c )

where S is any surface bounded by the contour C. In particular, choosing
the same surface as for the integrals on the right side of (4-92), we obtain

L(VXB)'dS=,u0(LJ-dS+ g"t—LeoE.ds) (4-93)

|
If the surface S is stationary, that is, independent of time, 3

d . = 0 . - ;‘\
5 SeoE ds = f T (€,E) « dS 4 914)
and (4-93) becomes |
f (VxB)«dS= J Ho |:J + %(EOE):] . dS (4-995)
N N
Comparing the integrands on both sides of (4-95), we have
VxB= I+ Sen] (4-96)

Equation (4-96) is the differential form of the modified Ampere’s circuittal
law and it is Maxwell’s second curl equation for the electromagnetic fielld.
While we have here derived (4-96) for a stationary S, it can be shown that: it
holds also for a time-varying surface S due to a moving C, where E, B, andl J
are the fields and the current density as viewed by a stationary observizr.
Following the terminology “displacement current” for the timerate of chan ge
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of the flux of €,E, the time rate of change of ¢€,E, that is Fat (e,E) is known
as the “displacement current density.”

iXAMPLE 4-9. In the previous section we deduced the magnetic field [Eq. (4-66)]

due to a semiinfinitely long filamentary wire along which current flows to
infinity from a source of point charge at the origin (Fig. 4.7). It is here desired
to verify the result by using (4-96).

From the previous section, the magnetic field due to the wire is given
at a point (r, ¢, z) by

Hence .
VxB= 17’[— —a-(rB¢)] + —l—’-[-g-(’ B¢)]
ol

— il 21+ ) g (1 )]
W(n T zi) (4-97)

Substituting I/ = —dQ/dt in (4-97), we note that

d
V x B = p6, dt[#jt Syt + i )]

JE
= ﬂofoI
thereby satisfying (4-96) since J is zero at (r, ¢, 2). |

(4-98)

Returning to Eq. (4-96) and taking the divergence of both sides, we have

V-VxB=V-,u0[J—|—%(60E):]

P (4-99)
- uo[v R E):]
Since V + V x B = 0, (4-99) gives us
. VeJ4 %(eov “E)=0 (4-100)
But, according to the law of conservation of charge,
[rls = —42 (“-81)

where [I ] is the current due to the flow of charges out of a closed surface
S and Q is the charge enclosed by S. In terms of current density J and
charge density p, [/,]s and Q are given by :
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[L)s=¢$ 3.ds (4-101
S
and
0 =j pdv (4-102)

where V is the volume bounded by S. Substituting (4-101) and (4-102) 1nt\
(4-81), we obtain

§J dS——— po (4-103‘)

Applying the divergence theorem to the left side of (4-103) and interchanginy
the differentiation and integration operations on the right side, we get

f VeJdv— — f "/’dv (4-100)
or |
f (ve3+%)w=0 (4-10%)
v
Since (4-105) must be valid for any volume, it follows that
V.eJ+ f;ﬁ (4-106)

Equation (4-106) is the law of conservation of charge in differential form.
It is also known as the continuity equation. For static fields, dp/d¢t = 0 and
(4-106) reduces to V « J = 0, which agrees with (3-113). Comparing (4-100)
with (4-106), we have

d _dp !
E(GOV «E)= A ‘

or

|
;,"—,(fov E—p=0 (4-107)

or ‘i

(6,N + E — p) = constant with time (4-108)

i
The constant on the right side of (4-108) must, however, be equal to zero
since a nonzero value at any point in space requires the existence forever ‘of
a source of nonsolenoidal electric field flux other than electric charge at that
point. Thus we note that Maxwell’s equation for the divergence of the time-

varying electric field given by |

V-E=2 (4-109)
6-CO

follows from the Maxwell’s equation for the curl of B given by (4-96) with the
aid of the continuity equation (4-106).
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Energy Storage in an Electric Field

In Section 2.8 we introduced the concept of potential difference between two
points in an electric field as equal to the work done per unit charge in moving
a test charge from one point to the other. In Section 2.9 we extended this
to the concept of potential, which is simply the potential difference between
two points, one of which is a reference point having zero potential. If we
transfer a test charge from a point of higher potential to a point of lower
potential, the field does the work and hence there is loss in potential energy
of the system, which is supplied to the test charge. Where in the system does
this energy come from? Alternatively, if we transfer the test charge from a
point of lower potential to a point of higher potential, an external agent
moving the charge has to do work, thus increasing the potential energy of
the system. Where in the system does this energy expended by the external
agent reside? Wherever in the system the energy may reside, a convenient
way is to think of the energy as being stored in the electric field. In the first
case, part of the stored energy in the field is expended in moving the test
charge, whereas in the second case the energy expended by the external agent
increases the stored energy.

Let us then consider a system of two point charges Q, and @, situated
an infinite distance apart so that no forces are exerted on either charge and
hence the charges are in equilibrium. According to the definition of potential
difference, an amount of work equal to Q, times the potential of Q, at Q,
must be expended by an external agent to bring Q, close to Q, as shown in
Fig. 4.11(a). Thus the potential energy of the system is increased by the
amount

W, = 0,V (4-110)

where V} is the potential of Q, at the location of Q,. If we start with a system
of three charges Q,, Q,, Q, situated an infinite distance apart from each
other, then the amount of work required to bring Q, and Q, close to Q,
can be determined in two steps. First we bring @, close to Q,, for which the
work required is given by (4-110). Then we bring Q, close to Q, as shown
in Fig. 4.11(b). But, this time, we have to overcome not only the force exerted
on Q, by Q, but also the force exerted by Q,. Hence the required work is
given by

Wy=0,Vi+ Q,V3 (4-111)

Thus the total work required to bring @, and Q, close to Q, is
W,=W,+W,=0Q,Vi+(Q;Vi+ OV (4-112)
The potential energy of the system is increased by the amount given by

(4-112).
We can proceed in this manner and consider a system of n point charges
0., 0,,Qs, ..., Q, initially located infinitely far apart from each other.
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0> from o0 02 from o
AoV ‘ ' '8y
o1 0 Ry
o ___]
(a) , (b) 0; from T.
‘Fig. 4.11. Bfinging point charges closer from inﬁhity. |

The total work required in bringing the charges close to each other is give ' by
W.=W,+W;+---+W, : li
= QVi+ (Q:Vi+ Q. VD +(QVi+ QVi4 OV + - L

n_ -1 i‘

=2 2OV . (4-113)
i=2 j=1 . |

- where V] is the potential of Q; at the location of Q,. However, we note that
] — Q} —0. Qi — i <1

g Q‘47t60R,-, =0, 4ne,R,; o] (4-114)

“Hence (4-113) may be written as
W.= Q. Vi+ (Q1V:1q + 0, D+ @V + 0,Vi+ V) + .-

= i iil‘. o,V (4-115)

i=2 j=1
Adding (4-113) and (4-115), we have i
W= QWi+ Vi+ Vit ) |
+ Qi+ P+ Vit o)
+ Qi+ Vi + Vi+ o)
R '
= Q,(potential at Q, due to all other charges)
+ Q,(potential at O, due to all other charges)
+ Q,(potential at Q, due to all other charges)
+ ...
=Q1V1+Q2V2+Q3V3+“‘ |

=S o, @“]16)

where V, is the potential at Q; due to all other charges. Dividing both sides
of (4-116) by 2, we have

W.=5 30V, @17)

i=1
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Thus the potential energy stored in the system of # point charges is given by
(4-117).

AMPLE 4-10. Three point charges of values 1, 2, and 3 C are situated at the corners

of an equilateral triangle of sides 1 m. It is desired to find the work required
to move these charges to the corners of an equilateral triangle of shorter
sides 4 m as shown in Fig. 4.12.

Fig. 4.12. Bringing three point
charges from the corners of a
larger equilateral triangle to the
corners of a smaller equilateral
triangle. 2C "3 C

The potential energy stored in the system of three charges at the corners
of the larger equilateral triangle is given by

7800 = 3 g+ 725) + ey + 7)Y + 7))
+8+9 11
2[ 4re, 4nfon

The potential energy stored in the system of three charges at the corners of
the smaller equilateral triangle is equal to twice the above value since all
distances are halved. The increase in potential energy of the system in going
from the larger to the smaller equilateral triangle is equal to 11/4me, N-m
Obviously, this increase in energy must be supplied by an external agent and
hence the work required to move the charges to the corners of the equilateral
triangle of sides 4 m from the corners of the equilateral triangle of sides 1 m
is equal to 11/4me, N-m. ||

If we have a continuous distribution of charge with density p(r, 8, ¢)
instead of an assembly of discrete charges, we can treat it as a continuous
collection of infinitesimal charges of value p(r, 6, §) Av, each of which can
be considered as a point charge, and obtain the potential energy of the
system as

W, =5 lim 5[5, 6, 9) Aol V (7,6, 9)

=—é— j pV dv

volume
containing p

(4-1182)
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l
Similarly, for a surface charge distribution of density p, on a surface S,‘We
have

W=+ f 2V dS (4-113b)
S

Thus far, we have found the potential energy of the charge distributon
by considering the work done in assembling the system. We stated at the
beginning of this section that the potential energy can be thought ofl as
being stored in the electric field set up by the system of charges. If so,|we
should be able to express the energy in terms of the electric field. To do tjis,
we substitute for p in (4-118a) from (2-82) and obtain

W, = f €V -EVa @-119)

volume
containing p

Since V « E = 0 in the region not containing p, the value of the integraj on
the right side of (4-119) is not altered if we change the volume of integration
from the volume containing p to the entire space. Thus

w, =L f €V E)Vdv (4-120)

2

all space

We now use the vector identity
Vc VE= VV'E+E'VV

to replace ¥V« E on the right side of (4-120) by V+ VE — E . VI and
obtain

We=%eo f (V-VE—E-VV)dv
all space R (4-121)
—1e f V.VEdst 1€, f E-Edv

all space all space

where we have replaced V¥ by —E in accordance with (2-138). Using the
divergence theorem, we equate the first integral on the right side of (4-121)
to a surface integral thus: \

V.VEdo = VE - i,dS (44122)
J J

all space surface
bounding
all space

However, as viewed from a surface bounding all space, a charge distriburion
of finite volume appears as a point charge, say Q. Hence, as r — oo, we/can
write

o .
E= fne "

4me ,»

y—s 2 y
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n 2n Q Q
f VE.i"dS=1imf J i, r2sin0 df doi,
o J gog J goo 4TEr ATE QT

surface
bounding
all space

= I f lim = __ ~sin 0dodp =0 (4-123)
6=0J g=0 7" (4

Equation (4-123) holds also for a charge distribution of infinite extent,
provided the electric field due to the charge distribution falls off at least
as (1/r?i, and hence the potential falls off at least as 1/r. Thus (4-121)
reduces to

1 1
W, =56 f E.Edo= f (76052) o (4-124)

all space all space

Equation (4-124) indicates clearly that the idea of energy residing in the
electric field is a valid one provided we integrate J¢,E2 throughout the entire

space. The quantity 1e,E? is evidently the energy density in the electric
field.

ExamPLE4-11. A volume charge is distributed throughout a sphere of radius a

meters, and centered at the origin, with uniform density p, C/m?. We wish
to find the energy stored in the electric field of this charge distribution.

From Example 2-6, the electric field of the uniformly distributed
spherical charge, having its center at the origin, is given by

3
p°a2 i, forr > a
E— 3e,r
b forr<a
3¢,

Hence the energy density in the electric field is given by

Z,6
1’%“—4 forr> a
% €t
€E* = 2,2
Pal
18¢,

The energy stored in the electric field is

n
= f f por r*sin 0 dr dO d¢

T e

_ 4npia’®
EE 8

1
2

forr<a

r2 sin  dr df d
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Energy Storage in a Magnetic Field

In the previous section we derived an expression for the energy density in
an electric field by first finding the work required to be done by an exteraal
agent in assembling a system of point charges and then extending the res{ult
to a continuous distribution of charge. Just as work is required for gather“gng
point charges from infinity, it requires work to gather a set of current lom‘lps
from infinity. Just as we can interpret the energy expended by an exterjal
agent in assembling the charges as being stored in the electric field of i:he
charges, we can think of the energy expended by an external agent in assj"‘m-
bling the current loops as being stored in the magnetic field of the current
loops. Itis possible to derive an expression for the energy density in a magntic
field by starting with a set of current loops at infinity and proceeding in a
similar manner as in the previous section. To simplify the derivation, j‘we
will, however, consider directly the building up of a solenoidal volume currznt
distribution. j

Let us then consider a solenoidal volume current distribution of density
J in a volume ¥V where J increases linearly with time from zero to a value
J, in a time ¢,, that is, J = J,#/t,. The magnetic field B associated with the
current distribution also increases linearly with time, that is, B=B 4/t0
The time varying magnetic field induces an electric field in accordance with
Faraday’s law. The induced electric field exerts forces on charges constitut-
ing the current flow. The work done by these forces must be balanced by an
external agent to maintain the current density at J,¢/¢, and hence is stored
in the magnetic field as the potential energy associated with the current dis-
tribution.

To find this energy, let us divide the cross-sectional area S of the current
distribution into a number of infinitesimal areas AS,. Through each infinites-
imal area, a current loop C, can be defined by the direction line of the current
density vector J, = J, #ft, corresponding to that area as shown in Fig. 4-13.
The current I, flowing around the loop C, is equal to J, « AS,. The amount
of charge dQ, crossing AS, in time dt is equal to I, dt. Denoting the inddced
electric field at the point occupied by AS; to be E,, we obtain the force exerted
by this field on the charge dQ, to be dQ, E, = I, dt E,. The work done| by
this force as the charge d(Q, is displaced by the infinitesimal distance dl, along
J,is I, dt E, « dl.. Hence, the work required to be done against the 1nduced
electric field around the loop C; in time dt is

AW, =—§ LdE,«dl, = —I.dsz E, - dl, (4-i25)

Using Faraday’s law and substltutmg B =V x A and then using Stoi(e s
theorem, we have ‘
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Fig. 4.13. Division of a solenoidal
continuous distribution of current
into a number of solenoidal
current tubes having infinitesimal
cross-sectional areas.

E.d,=—94 | B.ds
C dt St
. ) . (4-126)
—EL‘(V X A)-dS=—G ¢ A-dl

where A is the magnetic vector potential associated with B and S; is any
surface bounded by C,. In view of the linear increase of B with time,
A also increases linearly with time. Thus, denoting A, = A,,¢/t,, we have

d t A
E~dl=——§ Ai—-dl=—§ 0, d] 4-127)
§c. ‘ ' dt Ct 0to ! [ol ¢y ! (

Substituting (4-127) into (4-125), we obtain

aw,, = 1, dt § Au . g (4-128)
Ct to

The total work required to ‘be done by an external agent from ¢ = 0 to
t and for the entire current distribution is then given by

W, _zf 1dz§ T2 d)

“%§. . Gt a8)(t )
=2%§C( ol AS)(—L:— ) (4-129)

=33 f @ as)a )

=S5 @ AXAS, - dl)
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since J, and dl, are parallel. Now, in the limit that all AS, — 0, the sum-
mation on the right side of (4-129) becomes an integral to give us the potent al
energy associated with the volume current distribution as

W, =~ f ff (J » A)(dS - d)) :

1 (4-13Ca)
= —2— f J . A dv
volume |

containing J

|
Similarly, for a surface current distribution of density J, on a surface S, ]gve '
have ’

W, — if 3.+ AdS (4-13Cb)
2 S

To express the energy in terms of the magnetic field, we substitute ig'or
J in (4-130a) from (3-76) [instead of from (4-96)], in view of the solenoidal
nature of J, and obtain !

1 f 1 .
W,=—= —VxBe«Adv 4-131
2 Hy ( | )
cor‘lltoali‘i\‘}“:g J

Since V x B = 0 in the region not containing J [using again (3-76) instead

of (4-96) for the same reason], the value of the integral on the right side of

(4-131) is not altered if we change the volume of integration from the volume

containing J to the entire space. Thus
' 1

- 1 .
W= 4 VX B Ad (4-132)

all space

We now use the vector identity
Ve(AxB)=B«:.VxA—A.VxB

to replace V x B « A on the right side of (4-132) by B: VXA —V . (A x B)
and obtain

W, =~ f [B-VxA—V.(AxB)dv
24, ;
1 all space 1 (4_133)
2p, 24k, f ( )
all space all space

where we have replaced V x A by B in accordance with (3-82). Using the
divergence theorem, we equate the second integral on the right side of (4-133)
to a surface integral thus:

f V.(AxB)dv= j (A x B)+i,dS (4-134)
all space surface
bounding

all space
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However, as viewed from a surface bounding all space, a solenoidal current
distribution of finite volume appears as a dipole moment, say m. Hence,
as r — oo, We can write

B——»”o (2cos 01, + sin 0 i)

Ko
A— Amr?

where the z axis is chosen to be along the direction of m. Thus

1
|A><B|~F

whereas
as ~ r?

so that the integral on the right side of (4-134) is zero. This is true also for
a current distribution of infinite extent, provided the magnetic flux density
due to the current distribution falls off at least as 1/r2? and hence the magnetic
vector potential falls off at least as 1/r. Equation (4-133) then reduces to

i B 1 B ]
W= f B.Bdv— f (Zﬂ)dv (4-135)

all space all space

Equation (4-135) indicates clearly that the idea of energy residing in the
magnetic field is a valid one provided we integrate }B%/u, throughout the
entire space. The quantity 4B?/u, is evidently the energy density in the mag-
netic field.

ExtampLE 4-12. Current I flows in the -z direction with uniform density on the

cylindrical surface * = a and returns in the —z direction with uniform density
on a second cylindrical surface ¥ = b so that the surface current distribution
is given by

Li r = Q
27a *

J, = 7
m] r:b

We wish to find the energy stored in the magnetic field per unit length of the
current distribution.

From application of Ampere’s circuital law in integral form, we obtain
the magnetic flux density due to the given current distribution as

0 r<a
B = /Z‘Tofi¢ a<r<b (4-136)
0 r>b
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Since B is zero for » > b, the integral on the right side of (4-134) is zero so
that we can use (4-135) for computing the energy. If we have a situation in
which current flows on one surface in one direction and does not return pn
another surface, then the magnetic field will not be zero at r = oo. In fast,
it falls off as 1/r and the magnetic vector potential varies as In r so that
|A x B| ~(1/r)Inr. But since dS ~ r, (4-134) does not reduce to zero.
In such a case, we have to include the second term on the right side of (4-133)
to compute W,,. However, in all physical situations, the current does return
in the opposite direction on another surface and hence the magnetic field is
zero at ¥ = oo, Now, returning to the solution of the example under considgr-
ation, we obtain, upon substitution of (4-136) into (4-135),

o b 2n 1 ﬂ I 2
W, = f f si=(80)'r dr dg d
J‘z=—m r=a ¢=02/‘t0 2nr rar ¢ g

- (Enl)e
see \ AT a

Thus the energy stored in the magnetic field per unit length of the curr¢nt
distribution is (u,/%/4x) In(b/a). | !
1

[

(4-137)

Power Flow in an Electromagnetic Field; The Poynting Vector

In Section 4.6 we showed that the potential energy associated with a charge
distribution can be thought of as residing in the electric field E set up iby
the charge distribution, with the energy density equal to $€,E2. Similarly, in
Section 4.7 we showed that the potential energy associated with a current
distribution can be thought of as residing in the magnetic field B set up jby
the current distribution, with the energy density equal to 1B2/u,. Let us nlow
consider a point charge Q moving with a velocity v in a region of electro-
magnetic field characterized by electric and magnetic fields E and B. Accojrd-
ing to the Lorentz force equation, the force experienced by the point chairge
is given by !
F= QOE +vxB) F

The work done by the force in displacing the charge by an infinitesirnal
distance dl is ‘

dW—TF.dl= O +v x B) + dl
— QE.dl+ Q%xB-dl (4-138)
— QE.+dl— QE .« vdt

This amount of work is done by the fields and the time rate at which iw‘t is
done or the power supplied by the fields for the motion of the chargé is

AV _ oo . o
S =0E.v (4-139)



231 Power Flow in an Electromagnetic Field; The Poynting Vector Sec. 4.8

If we have a volume charge distribution of density p instead of a point
charge Q, we can divide the volume into a number of infinitesimal volumes
dv and consider the charge p dv in each infinitesimal volume as a point
charge. Substituting Q = p dv in (4-139), we then have the power supplied
by the field for the motion of the charge p dv as

”ii—VtV — pdvE v (4-140)
The power supplied by the field to the entire volume charge distribution is
given by the integral of (4-140) over the volume of the charge distribution.
Thus, if a volume charge of density p(r, 8, ¢) is moving with a velocity
v(r, 8, @) in the region ¥ of an electromagnetic field characterized by electric
and magnetic fields E(r, 8, ¢) and B(r, 6, ¢), respectively, thereby constituting
a current of density J(r, 8, ¢), the power expended by the electromagnetic
field is given by

Pd=jypdvE.v=fVE.Jdv (4-141)

where we have substituted J for pv in accordance with (3-10).
We now make use of the vector identity

V.ExB)=B.VXxE—E.VxB

and Maxwell’s curl equations

_ 0B
VxE= 3
_ JE
VxB=— ,uo(J—l— eow)
to obtain
JB
VeExB)=—B+ 00— pE- T e .%];5 (4-142)
Noting that
dJB_ od/(1
B-F=a(z%B)
and
JE_ 4d/1
E- % =375 E)
(4-142) can be written as
d( 1 d/1 _ B )
E-J+$(5-B-B)+ S(56E-E)=—V-(Ex ;70> (4-143)
Defining a vector P given by
P=Ex > (4-144)
Ho

and taking the volume integral on both sides of (4-143) over the volume V,
we obtain
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IE Jdv+f —~—B B v +f ——-EOE-E>dv

(4-145)

=—jV-Pdv ‘
| 4

Interchanging the differentiation operation with time and integration over
volume in the second and third terms on the left side of (4-145) and replacing
the volume integral on the right side of (4-145) by a closed surface integrpl
in accordance with the divergence theorem, we get

IE Jdv—|—gt <\B B)d +g- V(—-GOE E)d

(4-145)
- —§ P.dS

where S is the surface bounding the volume V. i
On the left side of (4-146), the second and third terms represent the time
rate of increase of energy stored in the magnetic and electric fields, respec-
tively, in the volume V. Thus the left side is the sum of the power expended
by the fields due to the motion of the charge and the time rate of increase
of stored energy in the fields. Obviously then, the right side of (4-146) must
represent the power flow into the volume ¥V across the surface S, or

the power flow out of volume V across the surface S = § P.dSsS
S

(4-147)
It then follows that the vector P has the meaning of power density
associated with the electromagnetic field at a point. The statement represented
by (4-146) is known as Poynting’s theorem after J. H. Poynting, who derived
it in 1884, and the vector P is known as the Poynting vector. We note that the
units of P =E x B/y, are J

newtons newton-seconds . newtons

coulomb ~ coulomb-meter = (ampere)?

__newton-amperes _ newtons

" coulomb-meter  second-meter
newton-meters 1 ___Wwatts |

B second (meter)? ~ (meter)?

and do indeed represent units of power density.

Caution must be exercised in the interpretation of the Poynting vecﬁ‘tor
P as representing the power density at a point, since we can add to P 'on
the right side of (4-146) any vector for which the surface integral over S
vanishes, without affecting the equation. On the other hand, the interpretation

of IV vV ePdv= §S P - dS as the power flow out of the volume ¥ bounded

by S should always give the correct answer. For example, let us consider a
region free of charges and currents in which static electric and magne:tic
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fields E and B exist. For such a situation, although E x B can be nonzero,
Ve(ExB =B«:(VXE)—E.(VxB)=0 since VxE=0 for a
static electric field and V x B = O for a static magnetic field in a current-
free region. The fact that V « (E x B) = 0 is consistent with the physical
situation, since there is no change with time in the energy stored in the
static electric and magnetic fields and hence there is no power flow associated
with the fields. Thus the interpretation of the Poynting vector as the power
density vector at a point in an electromagnetic field is strictly valid only in

the sense that § P .« dS gives the correct result for the power flow across
S

the closed surface S.

Exampr4-13. The electric field intensity E in the radiation field of an antenna

located at the origin of a spherical coordinate system is given by

E= M cos (et — Br) iy

where E;, o, and f(=w/ t€,) are constants. It is desired to find the magnetic
field B associated with this electric field and then find the power radiated
by the antenna by integrating the Poynting vector over a spherical surface
of radius r centered at the antenna.

From Maxwell’s equation for the curl of E, we have

B
5= VxE
ir ia i_¢
rZsin @ rsin 0 r
=| 0. d ad
or a0 i)
0 E,sinfcos(wt — fr) 0

[
~ |“Q
o]

, sin @ sin (wt — fr) i,
and

E, . .
B= %sm@cos(wt — Br)i,

The Poynting vector is then given by

P—Ex2
Ko
i i i,
1|0 £, sringcos(wt — Br) 0
= .
. - _
0 0 or Sin 0 cos (wt — fr)

__ PE?%sin26
=200 Y

2 . .
T cos?(wt — fr) i,
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The power radiated by the antenna

= ¢ P.as ‘

sphencal surface i
of radius r |

2n
_ f j BESSIN* 6 o2 (wor — Br)i, « 2 sin 6 dB dd i,
6=0

T urt
_2npE} cos2 (ot — Br) f" sin® 0 40
How 6=0
_ 8nBE} cos® (wt — pr) i
3p,0

The Phasor Concept and the Phasor Representation of ,
Sinusoidally Time-Varying Fields and Maxwell’'s Equations |
for Sinusoidally Time-Varying Fields

In developing the electromagnetic field equations, we have thus far consider¢d
the time variation of the fields and the associated source quantities to be
completely arbitrary. A very important special case of variation with time
of the field and source quantities is the sinusoidal steady-state variatiom.
Among the reasons for this importance are that, in practice, we do encounter
such fields and that any function whose time variation is arbitrary can be
expressed, in general, as an infinite sum of sinusoidal functions having a
discrete or continuous spectrum of frequencies, depending upon whethier
the function is periodic or not. We therefore devote special attention to
sinusoidally time-varying fields. In dealing with sinusoidally time-varying
quantities, the phasor approach is convenient, as the student may have already
learned in circuit analysis. However, we will here review the phasor concept
and illustrate why it is convenient before applying it to electromagnetic
fields.

A phasor is nothing but a complex number. It is represented graphically
by the line drawn from the origin to the point, in the complex plane, corre-
sponding to the complex number as shown in Fig. 4.14. The length of the
line is equal to the magnitude of the complex number and the angle that
the line makes with the positive real axis is the angle of the complex number.
Sinusoidal functions of time are represented by phasors. In particular, when
the sinusoidal function is expressed in cosinusoidal form, that is, in the form
A cos(w? + @), the magnitude of the phasor is equal to the magnitude A
of the cosinusoidal function and the angle of the phasor is equal to the
phase angle ¢ of the cosinusoidal function for # = 0. The real part of the
phasor is equal to A cos ¢, which is the value of the function at ¢t = 0. If
we now imagine the phasor to be rotating about the origin in the counter-
clockwise direction at the rate of w rad/sec as shown in Fig. 4.14, we can
see that the instantaneous angle of the phasor is (w? + ¢) and hence the
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Imaginary
A . w rad/sec
AN

|
|
!
o !

! L I
Imaginary S II

Part o

> |
|
I
|
|

0 ' ™ Real
«——Real Part .

Fig. 4.14. Graphical representation of a phasor.

time variation of its projection on the real axis describes the time variation
of the cosinusoidal function.

To illustrate why the phasor approach is convenient for solving sinu-
soidal steady-state problems, we consider the simple circuit shown in Fig.
4.15 in which a source of voltage V() = V,, cos (wt + @) drives a series
combination of inductance L and resistance R. We will first find the solu-
tion for the current I(¢) in the steady state without using the phasor approach.
Using Kirchhoff’s voltage law, we have

L %‘2 + RI(t) = V,, cos (@t + ¢) (4-148)

We know that the solution for the current in the steady state must also be
a cosine function having the same frequency as that of the source voltage

V(t) = Vi cos (wt + 6) ‘ t
© ©
f R

Fig. 4.15. A series RL circuit driven by a sinusoidally time-
varying voltage source.
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but having different magnitude and different phase angle in general. Thus let
us assume the solution to be I(¢) = I, cos (wt + ). Substituting this solution
in the differential equation, we have

L %[Im cos(wt + 8)] + RI, cos (wt + 0) = V,, cos (wt + ¢)

or
(—wLlI, sin wt cos @ — wLl,, cos wt sin § |
+ RI,, cos wt cos @ — RI,, sin ot sin 0) (4-149)
=V, coswtcosp — V, sin wtsin ¢ :

Since (4-149) must be true for all values of time, the coefficients of sin ¢‘bt

on either side of it must be equal and, similarly, the coefficients of cos w¢
on either side of it must also be equal. Thus we have

—LI,cos@ — RI,sin@ = —V,,sin¢d (4-150g)

--wLlI,sin@ + RI, cos @ =V, cos ¢ (4-150P)

Squaring (4-150a) and (4-150b) and adding, we obtain
Vi = wL3 + R

or
v,
=——n 4-15
In = i @-151)
Multiplying (4-150a) by cos 8 and (4-150b) by sin @ and adding, we get
oLl =V, sin(d — 6) (4-152a)

Similarly, multiplying (4-150a) by —sin 8 and (4-150b) by cos € and addiﬁg,
we get |
RI,=V,cos(@ —0) (4-152;b)

From (4-152a) and (4-152b), we have
_ gy _ oL
tan (¢ — 0) = B
or
9 = ¢ — tan1 2L (4-15%3)
R
Hence the solution for I(¢) in the steady state is given by
Vi - oL L
I = WL cos (cot + ¢ — tan 17) (4-154)

Let us now use the phasor concept to solve the same simple problem.
Noting that ’

Vv, cos(wt + ¢) = Re[lV e/ 9] (4-155a)
and
I, cos (wt + 0) = Re[],,e/ 9] (4-155b)
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where ®Re stands for “the real part of,” we have from (4-148),
L-g—t{(Rse[Imef(“’”‘”]} + R{Re[l,,e/ 9]} = Re[V e/ @+] (4-156)

However, since L and R are constants and also since d/d¢ and R« can be
interchanged, we can simplify (4-156) in accordance with the following steps:

(R.e{% [leef(a:ﬁa)]} + (Re[leej(wt+9)] — (R&@[Vmej(“"*“)]

Qe[ joLl,e’ 0] + Re[RI,e' 9] = Re[V,e/+P]  (4-157)
Re[(R + jwL)I,e’ @] = QRe[V e/ @+9)]
Equation (4-157) states that the real parts of two complex numbers are
equal. Does this mean that the two complex numbers are equal? No, not
in general! For example, consider 4 + j2 and 4 + j5. Their real parts are
equal but the numbers themselves are not equal. However, (4-157) must hold
for all values of time. Let us consider two times ¢, and ¢, corresponding to
(@t + 6) equal to zero and (wt + 6) equal to =/2, respectively. Then, for
time ¢,, we have
Re[(R + joL)I,] = RelV /%] (4-158)
For time ¢,, we have
(Re{[R + ja)L]Imei(n/Z)} = (R,e{Vmei[(n/Z)—0+¢l}
or
®Re{jI(R + joL)L,]} = Qe{j[V,e/¢ "]}
or
Im[(R + joL)I,] = 9m[V,e’¥~9] (4-159)
where 97 stands for “the imaginary part of.” Equations (4-158) and (4-159)
state that thereal parts as well as the imaginary parts of two complex numbers
are equal. Hence the two complex numbers must be equal. Thus we obtain
(R + joL)I,, = V,e/¢=9
or
(R + joL)Ie”® =V, e* (4-160)
Multiplying both sides of (4-160) by e’, we note that the two complex
numbers in (4-157) are equal. Now, defining phasors 7 and V as

I=1." sothat I(f) = Re(ie™) (4-161a)
V=V,e* so that V(t) = Re(Vel~) (4-161b)

Eq. (4-160) can be written as
(R+jol)[ =V (4-162)

Note that an overscore associated with a symbol represents the phasor (or
complex) character of the quantity represented by the symbol. We can easily
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show that (4-162) leads to the same result as (4-154), since

= V
6 — J =
Ine R T joL
Vo e’? Vo ei#—tan~t wL/R)

«/Rz + w22l e @L/R JRE T o?L?
and
I(t) = I, cos (ot + 0) = Re(l,e%e’)

Vm
=8 s
— Vm — —IQL_)
_A/____mcos(wt—i—qS tan 7 |
which is the same as (4-154). |
In the foregoing illustration of the phasor technique, we have incll\gded
several steps merely to understand the basis behind the phasor technique.
It is clear that, hereafter, we can omit all steps up to (4-162) and Writé‘ the
phasor equation (4-162) directly from the differential equation (4-148) by
simply replacing I(z) and V(¢) by their phasors I and V, respectively, and by
replacing d/dt by jw. The phasor equation is then solved for the phasor I
from which the time function /(z) is obtained. Comparing with the trlgono‘met-
ric manipulations involved in the steps from (4-149) to (4-153) which have
to be carried out for each different problem, we can now appreciate, the
simplicity of the phasor technique. As a numerical example, let us cone;ider
V() = 10 cos 1000, L = 1072 henry, and R = 1 ohm for the network of
Fig. 4.15; The differential equation for I(¢) is given by '

10- 3a’I

ej(d:—tan'l mL/R)ejon:|

+ I = 10 cos 1000t

Replacing the current and voltage by their phasors and d/dt by jw, we have
(j0107% + 1)f = 10" |

J
(1 + 1) = 10e7 |
The phasor 7 is then given by :

10e/® 10e® 10
T+ j1 7 /27 /2

or, since = 1000 rad/sec,

]-=

e—j'n/4

Finally,
1() = Relle/1000]

= Re 10 e—in/4ej(10001):|

= 7.07 cos (1000t — 45°)
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The voltage and current phasors and the corresponding time functions are
shown in Figs. 4.16(a) and 4.16(b), respectively.-Note that in Fig. 4.16(a)
we have turned the complex plane around by 90° in the counterclockwise
direction to illustrate that the time variations of the projections of the phasors
as they rotate in the counterclockwise direction describe the curves shown
in Fig. 4.16(b).

Re
T Voltage
Current
7 /
4s° /.
7 /
¢, msec
I L [
T 27
(a) (b)

Fig. 4.16. (a) Voltage and current phasors for numerical values
V =10 volts, w = 1000 rad/sec, L = 10~3 henry, and R =1
ohm for the series RL circuit of Fig. 4.15. (b) Time functions
corresponding to the voltage and current phasors of (a).

Extension of the phasor technique to vector quantities whose magnitudes
vary sinusoidally with time follows from its application to the individual
components of the vector along the coordinate axes. However, some con-
fusion is bound to arise since both vectors and phasors are represented graph-
ically in the same manner except that the vector has an arrowhead associated
with it. A vector represents the magnitude and space direction of a quantity
whereas a phasor represents the magnitude and phase angle of a sinusoidally
varying function of time. Thus the angle which a phasor makes with the real
axis of the complex plane has nothing to do with direction in space, and the
angle which a vector makes with a reference axis in a spatial coordinate system
has nothing to do with the phase angle which is associated with the time varia-
tion of the quantity. Nevertheless, there are certain similarities between vectors
and phasors. These are pertinent to manipulations involving addition, sub-
traction, and multiplication by a constant. They both use the same graphical
rules for carrying out these manipulations. Hence we must be careful, in
performing these manipulations, not to get confused between the space angles
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associated with the vectors and the phase angles associated with the phasors.
We will now consider an example to illustrate these differences and similarities
between vectors and phasors.

ExaMPLE 4-14. In the arrangement shown in Fig. 4.17(a), three line charges, infinitely
long in the direction normal to the plane of the paper and having uniform
densities varying sinusoidally with time, are situated at the corners of an
equilateral triangle. The amplitudes of the sinusoidally time-varying charge

Pri =
° Pr2
’ 120°
a I b —
( ) ( ) 120° L
X 120°
[ ] L )
PrL2 PL3 a
PL3

Fig. 4.17. (a) Geometrical arrangement of infinitely long uniform
and sinusoidally time-varying line charges. (b) Phasor diagram
of the sinusoidally time-varying line charge densities.

densities are such that, considered alone, each line charge produces unit
peak electric field intensity at the geometric center of the triangle. The phasor
diagram of the charge densities is shown in Fig. 4.17(b).

i
(a) Find the phasors representing the x and y components of the electric
field intensity vector at the geometric center of the triangle.

(b) Determine how the magnitude and direction of the electric field
intensity vector at the geometric center of the triangle vary with time,

The phasor diagram indicates that the line charge densities are given by
PrLi = Pr. COS wt
Pr2 = prm cos (ot + 120°) ‘
Prs = Prm cOS (0t -+ 240°) ‘

where p,,, is the peak value of the charge densities.

(a) The electric field intensity vector due to an infinitely long line ch;arge
of uniform density is directed radially away from the line charge. Hence the
field intensities due to the different line charges are directed as shown in
Fig. 4. 18(a), with the complex numbers beside the vectors representing their

phasors. For example, the phasor 1/0° associated with the field intensity
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Im Im
e PLI \ |

\

/[N
1/240° Y 1/120° / | 5\>
602 60° 0.866 y
X 2o leoo
. — y

/
ra >

-1 1/ Re
Hooe \/L 120°

Pr2 PL3 0.866

1/0°

(a) (b) ()

Fig. 4.18. For evaluating the phasors representing the x and y
components of the electric field intensity vector at the geometric
center of the line charge arrangement of Fig. 4.17.

vector due to the line charge of density p,, indicates that the time variation
of the magnitude of the vector is given by 1 cos w¢. Thus, timewise, the
vector oscillates back and forth along the y axis starting with a magnitude
of 1 in the negative y direction, shrinking gradually to zero in a sinusoidal
manner, then reversing its direction and growing in magnitude in the positive
y direction until it reaches a maximum of unity, then shrinking back to
zero, and so on.

Now, the x component of the phasor electric field intensity vector at the
geometric center of the triangle is given by

E, = (1 cos 30°)/120° — (1 cos 30°)/240°
= 0.866/120° — 0.866/240° = 1.5/90°
where we have used the construction shown in Fig. 4.18(b). We note that, in
the above steps, certain manipulations are vector manipulations whereas
certain other manipulations have to do with phasors. For example, in finding
the x component of the phasor vector 1/120° pointing away from the line
charge of density p,,, the phase angle 120° is preserved and the magnitude
1 is multiplied by the cosine of the angle which the vector makes with the
x axis, giving us (1 cos 30°)/120° or 0.866/120°. Similarly, the y component
of the phasor electric field intensity vector at the geometric center of the
triangle is given by
E, = —1/0° + (1 cos 60°)/120° + (1 cos 60°)/240°
= —1/0° 4- 0.5/120° 4 0.5/240°
= 1/180° + 0.5/180° = 1.5/180°
where we have used the construction shown in Fig, 4.18(c). The phasor dia-
gram of the x and y components of the electric field intensity vector at the
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geometric center of the triangle relative to the phasor diagram of the
charge densities is shown in Fig. 4.19(a).
(b) From the results of part (a), we have

E.(t) = ®e(E, &) = 1.5 cos (ot + 90°) = —1.5sin wt

E(t) = Re(E,e’) = 1.5 cos (wt + 180°) = —1.5 cos wt
Now, since E(t) = E, ()i, + E,(?)i,, the magnitude of E(¢) is given by

|E@)| = VEX) + EQ2)
= /(—1.5sinw?t)? + (—1.5cos wr)? = 1.5
The angle which the vector E(f) makes with the x axis is given by
E@) . -1—1l5coswt . _,—1.5sin(wt+ 7/2)
EQ® = wt tan™’ 473 cos (ot + 72)
= tan~![—tan (w? + 7/2)] = — (et + 7/2)

tan™!

line

_ Ey
PL2 w rad/sec - — = — __
e N
15 /7 N\
30° / e \
90° / 1 \
_ 60° _ / ‘
E), . P | - x il
5
120° \ /
\ E /
\ /
AN /
L3 () ® S _y_-7

Fig. 4.19. (a) Phasor diagram of the x and y components of the
electric field intensity vector at the geometric center of the line
charge arrangement of Fig. 4.17, relative to the phasor diagram
of the line charge densities. (b) For describing the time variation
of the electric field intensity vector corresponding to the phasor
diagram of (a).

Thus the magnitude of the electric field intensity vector at the geome
center of the triangle remains constant at 1.5 units and the angle which
vector makes with the x axis varies as —(w? + 7z/2) with time; that is,

tric
the
the

vector rotates with a constant magnitude and at a rate of w rad/sec, with
the direction at ¢ = 0 along the negative y axis and in the sense shown in

Fig. 4.19(b). The field is then said to be circularly polarized. []

We will now discuss briefly polarization of vector fields. Polarization is

the characteristic by means of which we describe how the magnitude and

the

direction of the field vary with time. For an arbitrarily time-varying field

characterized by random time-variations of its components along the

co-
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ordinate axes at a point in space, the magnitude and direction of the field vary
randomly with time. The field is then said to be unpolarized or randomly
polarized. For a sinusoidally time-varying field at a particular frequency w,
the field vector is characterized by a well-defined polarization. In the most
general case, the magnitude and direction of such a field vector at a point
change with time in such a manner that the tip of the vector drawn at that
point describes an ellipse as time progresses, as shown in Fig. 4.20(a). The
field is then said to be elliptically polarized. There are two special cases of
elliptical polarization. These are linear polarization and circular polariza-
tion.

—_ - \ =
~
/ E \ // E \
/ | TE / \
/ // I [ ' |
‘ / | \ /
\ 4 [ \\
~__-7 I ~N— i
(a) (b) (©

Fig. 4.20. For illustrating (a) elliptical polarization, (b) linear
polarization, and (c) circular polarization of a field vector.

If the field vector at a point in space lies along the same straight line
through that point as time progresses, as shown in Fig. 4.20(b), the field is
said to be linearly polarized. Obviously, the components of a field vector
along the coordinate axes are linearly polarized. If all the components of the
field vector along the coordinate axes have the same phase, although pos-
sessing different magnitudes, then the field vector itself is linearly polarized.
If the tip of a field vector drawn at a point in space describes a circle as time
progresses, as shown in Fig. 4.20(c) the field is said to be circularly polarized.
Circular polarization is realized by the superposition of two field compo-
nents oriented perpendicular to each other and having the same magnitude
but differing in phase by #/2 or 90° as in the case of the two components in
Example 4-14. Elliptical polarization is realized by the superposition of two
field components having in general different magnitudes as well as different
phase angles. Since a circle and ellipse can be traversed in one of two senses,
we have to distinguish between the opposite senses of rotation in the cases
of circular and elliptical polarizations. The distinction is made as follows.
Considering the vector to be the electric field intensity vector E, the field is
said to be clockwise or right circularly (or elliptically) polarized if the vector
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rotates in the clockwise sense as seen looking along the direction of the
Poynting vector P = E x B/u, where B is the magnetic field associated wyith
E. The field is said to be counterclockwise or left circularly (or ellipticaflly)
polarized if the vector rotates in the counterclockwise sense as seen lookfmg
along the direction of the Poynting vector.

Having illustrated the application of the phasor technique in dealing
with sinusoidally time-varying vector fields, we now turn to the phgsor
representation of Maxwell’s equations for sinusoidally time-varying fiellds.
Maxwell’s equations for time-varying fields are given by

V-E=2 (4-163)
€o

V:B= (4-]| 64)

|
VXE= —%tf_’ @-163)
VxB=— ,uo[J + g—t(eoE)] (4-11166)

whereas the continuity equation is given by ’
VT4 ‘1’;/;— (4-167)

In (4-163)-(4-167), the quantities E, B, p, and J are also functions of all
three space coordinates in general. Thus we have
E=E(x,y, 2 t) =E.(x,y, 2 i, + E(x,y, z, )i, + E,(x, ¥, z, t)lz|
B=B(x,y,z1t)=B.(x, ),z )i, + B/(x, », z, t)i, + B.(x, y, z, t)l,i
P =px,y,21)
J= J(x3 Vs 2, t) = Jx(xs Vs 2, t)ix + Jy(xa Vs 2, t)iy + Jz(xs Y, z, t)iz
For the particular case of sinusoidal variation with time, we have
E= E(x3 Y, 2, t)
= E,(x, y, 2) cos[ot + §.(x,y, 2)] i,
+ Eyo(x9 ys Z) COs [COt + ¢y(x7 J’, Z)] iy
+ E.o(x, ¥, z) cos[wt + §.(x, ¥, 2],
— RelE,q(x, y, 2)e o deioti, (4-168)
+ Eyo(x’ y’ z)el‘ﬁv(% ” Z)efw‘ iy
+ Eoqlx, 3, 2)elt 0 eior ]
= Qe([E.(x, y, 2)i, + E,(x, 7, DI, + E (%, , 2)i.]e") |
= Re[E(x, y, 2)¢'] :
Similarly, we have |
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B = B(x, y, 7, 1) = Qe[B(x, y, 2)e*] (4-169)
p = p(x,y,2,1) = Re[p(x, y, 2)e™] (4-170)
J=3(x, 3, z,1) = Re[J(x, y, 2)e™] (4-171)

In (4-168)-(4-171), the complex quantities E(x, y, z), B(x, y, 2), p(x, y, 2),
and J(x, y, z) are the phasor representations for the sinusoidally time-vary-
ing quantities E(x, y, z, t), B(x, y; 2, 1), p(x,,z,¢t), and J(x, y, z, t), re-
spectively.

Substituting the respective phasors for the quantities E, B, p, and J
and replacing d/d¢ by jw in (4-163)-(4-167), we obtain the phasor represen-
tations of Maxwell’s equations as

V.E= g (4-172)
V.B=0 (4-173)
VxE=—joB (4-174)
V x B = p,J + joe,E) (4-175)
whereas the corresponding continuity equation is given by
VeJ+ jop=0 (4-176)

In (4-172)-(4-176), we understand that E,B, 5, and J are functions of
X, y, z (but not ¢). Note that (4-173) follows from (4-174) whereas (4-172)
follows from (4-175) with the aid of (4-176).

EXAMPLE 4-15. A sinusoidally time-varying electric field intensity vector is character-
ized by its phasor E, given by
E= (3ejn/2ix + Siy _ 4ej'n/2iz)e—i0.02n(4x+3z) (4_177)
(a) Show that the surfaces of constant phase of E are planes. Find the
equation of the planes.

(b) Show that the electric field is circularly polarized in the planes of
constant phase.

(c) Obtain the magnetic flux density phasor B associated with the given
E and determine if the field is right circularly polarized or left
circularly polarized.

(a) The phase angle associated with_I_E is equal to —0.02z(4x + 32).
Hence the surfaces of constant phase of E are given by

—0.027(4x + 3z) = constant
or
(4x 4 3z) = constant (4-178)
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Equation (4-178) represents planes and hence the surfaces of constant ph\ase
are planes. _ \
(b) Combining the-x and z components of E, we obtain

|
p— (Siy + Sixzejn/Z)e—jO.OZn(4x+32) (4_179)

where i,, = (3i, — 4i,)/5 is the unit vector in the xz plane and making‘an
angle of —tan™! 4 or —53.1° with the positive x axis. Thus the electric field
is made up of two components perpendicular to each other and having equal
magnitudes but differing in phase by #/2. Hence the field is circularly polar-
ized. From (4-179), we observe that the field vector lies in planes defined| by
i, and i,,. The equation of these planes is given by

i e, x@—r)=0 (4-180)
where r is the position vector of an arbitrary point (x, y, z) and r, is the
position vector of a reference point (x,, ¥,, Z,), both pointslyingin a particular
plane. Simplifying (4-180), we obtain

4x + 3z = 4x, + 3z, = constant

which is the same as Eq. (4-178). Thus the field is circularly polarized in the
planes of constant phase. ‘

(c) The magnetic flux density phasor B associated with the given E can be
obtained by using

VXxE=—joB (4-174)
Substituting for E in (4-174) from (4-177) and simplifying, we obtain
B— 0. ln( 3i, + S5e/v2i, 4 4i,)e/0.02n(4x+32) (4-1;81)

Let us now consider,_for simplicity, the field vectors in the plane 4x + 3z = 0.
The phasor vectors E, and B, in this plane are given by ‘

E, = 3e/2i, + 5i, — 4e*2i, (4-182)

B, =% 1”( 3i, -+ Ser2i, & 4i) (4-183)
The corresponding real field vectors are given by

E, = QRe(E e)

4-184

= —3sinwti, + Scoswt iy, + 4sin wt i, ( )
B, = Re(B,e’)

4-185

0 Iz ( } )

> ——(—3coswti, — Ssinwti, + 4coswri,)

Substituting (4-184) and (4-185) into
P=E,x Do

0
and simplifying, we obtain the Poynting vector P as
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0.17 1~ .
P= 20i 15i 4-186
o Q00+ 151) (4186

Now, we note from (4-184) that the direction of E, is along 5i, for wt = 0
and along (—3i, + 4i,) for w¢ = z/2. These two directions and the direction
of the Poynting vector are shown in Fig. 4.21. It can be seen that the electric
field vector rotates in the clockwise sense as seen looking along the direction
of the Poynting vector. Hence the field is right circularly polarized. []

ﬁ /4 E for ot = @/2
i
7 |
V |4
5 // Sense of
/ Jy \Rotation
// 73
/P /
—— - - y

5 E forwt = 0

Fig. 4.21. For the determination of the sense of
rotation of the circularly polarized vector of
Example 4-15.

.10 Power and Energy Considerations for Sinusoidally Time-Varying
Electromagnetic Fields

In Section 4.8 we introduced the Poynting vector P given by

P-ExZE (4-144)
Ho
as the power density associated with the electromagnetic field at a point.
The surface integral of the Poynting vector evaluated over a closed surface
S always gives the correct result for the power flow across the surface out of
the volume bounded by it. For a sinusoidally time-varying electromagnetic
field characterized by complex field vectors,

E = E,e’*
B = B

the instantaneous Poynting vector P is given by
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P=Ex£

Ko
= (Re Ee™®) x (—l_ Re Be"‘”')
Ko

= E, cos (ot + ¢) x B, cos (ot + 6) :
s Ho (4-187)
=E, x /TO[COS (wt + @) cos (wt + 6)]
0

B,[ 1 1
—E, x /73[7 cos 20t + ¢ + 6) + - cos (¢ _9)]

=%on%§cos(¢—9)+%Eox]/—iﬁcos(Za)t+¢—9)

The first term on the right side of (4-18 7)is independent of time whereas the
second term varies sinusoidally with time. The time-average value of the
second term obtained by integrating it through one period T and dividiﬁg
by the period is equal to zero since the integral of a cosine or sine function
over one period is equal to zero. Thus the time-average value of tf‘he

Poynting vector P, denoted as (P) is given by

(P)=-;,—J‘:Pdt ‘

<-§—E0 X % cos (¢ — 0)>+ <—%E0 b %5 cos Qwt + ¢ — 0)>
1

E, x B0 cos (¢ — 6) |
Ho (4-188)

I

2
1g «Bo m-m]
Re 5 E, x ﬂoe

— Re (%Eoe""‘ x M f
Ko :

= Re (il_ﬂ X B—*)
2 Ho i
where B* denotes the complex conjugate of B. l
We now define the complex Poynting vector P as y
— 1= B* :
P=+<Ex— 4-189
2 Ho ( )
so that the time-average Poynting vector (P) can be written as
(P) = Re(P) (4-190)
We note that Eq. (4-18 9)is analogous to the expression for the complex povver
in sinusoidal steady-state circuit theory given by
1 -

P= - T* (4-191)
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where ¥ and [ are the complex voltage and complex current, respectively.

By integrating the complex Poynting vector over a closed surface S, we
obtain the complex power flowing across S out of the volume ¥ bounded

by it. Thus
§P ds—§ lg B—-dS

(4-192)
=2—0fVV-(Ex§*)dv

where we have used the divergence theorem to replace the surface integral
by a volume integral. Now, using the vector identity

V.(ExB*)=B*+VxE_—E.VxB* (4-193)

and Maxwell’s curl equations for complex fields given by
VX E=—joB (4-174)
V x B = uyJ + joe,E) (4-175)

we have
V. E x B¥) = B* « (—jwB) — E « u,(J + jowe,E)*
= —jwB* « B — py(E « J* — jwe E « E¥)
However, the time-average stored energy density in the electric field is given by

W) = < 60E2>

(4-194)

760|Eo |* cos? (wt + ¢)>

<711‘50|E0 >+ —‘ll—e(,lE0 2 cos 2(wt + ¢)> (4-195)
1

= S 6ol Bt = kel « Ee~st

= %GOE . E*
Similarly, the time-average stored energy density in the magnetic field is
given by
1 B> 1 B*
w —B.— 4-196
= (g5 =3B 1 (4-196)
The time-average power density expended by the field due to the current
flow is given by

2y = E+ Iy = Qe(5E - I*) (4-197)
so that the complex power density associated with the current flow is given by

o= 3* (4-198)
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Substituting (4-195), (4-196), and (4-198) into (4-194), we get
Vo (E x B*) = —2p,5, — jAop((wn) — W) (4-199)
Finally, substituting (4-199) into (4-192), we obtain
§S P.ds=_ f Pydv — j2w j ((w,y — wD)dv  (4-200)
S v vV

Equation (4-200) is known as the complex Poynting’s theorem. Equating
the real and imaginary parts on both sides of (4-200), we have

Qe [, by ) = ~Gre($ P - as) (4-201)
or
| , Ge(p) dv = —§3S [Re(®)] - dS |
or |
J Py do = —§ (P aS (4-202)
and
Jm(fy Pa dv) + 20 f,, (W) — <w))dv = _gm<3§s P. dS) |
or |

20 | (<> — (v y)dv = —gm(§s P. ds) - srm( [ b dv) (4-263)

Equation (4-202) states that the time-average power expended by the field due
to the current flow in the volume V is equal to the time-average power
flowing into the volume ¥ as given by the surface integral of the time-average

Poynting vector over the surface S bounding V. If fﬁ (P) + dS is zero, it
S

means that there is no time-average power expended by the field in the volume
V; whatever time-average power enters the volume V through part of the
surface S leaves through the rest of that surface. Equation (4-203) proviles
a physical interpretation for the imaginary part of the complex Poyning
vector. It relates the difference between the time-average magnetic and electrric
stored energies in the volume ¥ to the reactive power flowing into the voluime
V as given by the imaginary part of the surface integral of the compilex
Poynting vector over the surface S and to the reactive power associated with
the current flow in the volume V. We note that the complex Poynting theorem
is analogous to a similar relationship in sinusoidal steady-state circuit thec?ry
given by f

1 |

5 VI = (P + 20 ) — W)
where (P,) is the average power dissipated in the resistors, and (/> and
(W) are the time-average stored energies in the inductors and capacitors,
respectively. ‘
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252 The Electromagnetic Field Chap. 4

Summary of Electromagnetic Field Laws and Formulas

We now summarize in Table 4.1 the basic laws governing the electromagnetic
field and the power and energy relations for the electromagnetic field. We
recall that all four Maxwell’s equations for time-varying fields are not inde-
pendent. The divergence equation for the magnetic field follows from the
curl equation for the electric field as shown in Section 4.3, whereas the diver-
gence equation for the electric field follows from the curl equation for the
magnetic field and the continuity equation as shown in Section 4.5.

Comparing Maxwell’s equations for time-varying fields with those for
the static fields discussed in Chapters 2 and 3, we observe a coupling between
the time-varying electric field and the time-varying magnetic field. This is
because the curl of the electric field is dependent on the time derivative of
the magnetic field and the curl of the magnetic field is dependent on the time
derivative of the electric field. Thus the solution for the electric field requires
a knowledge of the magnetic field whereas the solution for the magnetic
field requires a knowledge of the electric field. The two curl equations must
therefore be solved simultaneously to obtain the solution for the electro-
magnetic field. It is precisely this two-way coupling between the time-varying
electric and magnetic fields that gives rise to the phenomenon of electromag-
netic wave propagation, as we will learn in Chapter 6.

PROBLEMS |

4.1.

4.2,

The forces experienced by a test charge ¢ C at a point in a region of electric a‘nd
magnetic fields E and B, respectively, are given as follows for three different veloci-

ties:
Velocity, m|sec Force, N
ix qix
iy q(2ix +iy)
i q(ix + iy)
Find E and B at that point.

The forces experienced by a test charge ¢ C at a point in a region of electric and
magnetic fields E and B, respectively, are given as follows for three different
velocities :

Velocity, m|sec Force, N
ix—1i, 0
ix— iy +1i; 0
i q(iy + i)

Find E and B at that point.
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A region is characterized by crossed electric and magnetic fields E = Eyi, and
B = Byi,, where E, and B, are constants. A test charge ¢ having a mass m starts
from the origin at # = 0 with an initial velocity v, in the y direction. Obtain the
parametric equations of motion of the test charge. Sketch the path of the test charge.

A region is characterized by crossed electric and magnetic fields E = E,i, and
B = B,i,, where E, and B, are constants. A test charge g having a mass m starts
from the origin at £ = 0 with an initial velocity v, in the x direction. Obtain the
parametric equations of motion of the test charge. Sketch the paths of the test
charge for the following cases: (a) vy =0, (b) vy = E0/2Bo, (c) vo = Ey/By,
(d) vo = 2Ey/B,, and (e) vo = 3E,/B,.

A region is characterized by crossed electric and magnetic fields E = E, cos wt1,
and B = Byi,, where E, and B, are constants. A test charge ¢ having a mass m
starts from the origin at 1 = 0 with zero initial velocity. Obtain the parametric
equations of motion of the test charge. Check your result with that of Example 4-2
by letting w — 0. Investigate the limiting case of @ — w,, where . is equal to
qBo/m.

A region is characterized by crossed electric and magnetic ﬁéids given by
E = E,(—sin wt i, + cos ot i,) B = Byi,

where E, and B, are constants. A test charge ¢ having a mass m starts from the
origin at £ = 0 with zero initial velocity. Obtain the parametric equations of
motion of the test charge. Check your result with that of Example 4-2 by letting
@ — 0. Investigate the limiting case of W — w,., where @, is equal to gB,/m.

A magnetic field is given, in cylindrical coordinates, by
= _1 "

where B, is a constant. A rectangular loop is situated in the yz plane and parallel
to the z axis as shown in Fig. 4.22. If the loop is moving in that plane with a
velocity v = woi,, Where v, is a constant, find the circulation of the induced electric
field around the loop.

Fig. 4.22. For Problem 4.7. *
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4.11.

4.12.

4.13.
4.14.
4.15.
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For the rectangular loop arrangement of Fig. 4.22, find the circulation of the

-.induced electric field around the loop if the loop is stationary but the magnetic
 field is varying with time in the manner

B =&coscoti¢
r

where B, is a constant.

For. the rectangular loop arrangement of Fig. 4.22, find the circulation of ‘the
induced electric field around the loop if the loop is moving with a velocity v = v,i,
and if the magnetic field is varying with time in the manner

B =&’cosa>ti¢
r

where Vo and B, are constants.

. For each of the following magnetic fields, find the induced electric field every- -

where, by using Faraday’s law in integral form: |

(@) B {Bpsina)ti, x| <a }
a) B .
0 [x|>a ‘
0 r<a
(b) B =1{B,sin wti, a<r<b
0 I r>b
r2\ . .
© B_{Bo(l—?)smcotl, r<a .
0 r>a ‘

|
|

In a region characterized by a magnetic field B = Byi,, where B, is a constant,
a test charge g having a mass m is moving along a circular path of radius @ and
in the xy plane. Find the electric field as viewed by an observer moving with the
test charge.

where B, is a constant.

A region is characterized by crossed electric and magnetic fields E = Eji, and
B = Byi,, where E, and B, are constants. A test charge g having a mass m starts
from the origin at ¢ = 0 with an initial velocity v = (E,/Bo)i,. Find the electric

field as viewed by an observer moving with the test charge. ‘

Verify your answer to Problem 4.9 by using (4-43). |

Verify your answers to Problem 4.10 by using Faraday’s law in differential form.

A current I Cfsec flows from a point charge Q; C situated at (0, 0, —d)toa pbint
charge Q, C situated at (0, 0, d) along a straight filamentary wire as shown in

Fig. 4.23. Find § B . dl, where C is a circular path centered at (0, 0, z) and lying

in the plane normal to the z axis, in two ways: (a) by applying the Blot—Savart
law to find the magnetic field due to the current-carrying wire and (b) by applying
the modified Ampere’s circuital law in integral form to the path C.
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A
D
Q2 ¢ (0,0,4)
>y
Yy
014 (00,—d)

Fig. 4.23. For Problem 4.15. x !

Current flows away from a point charge Q C at the origin radially on the xy plane
with density given by

3 =1

= poie amps/m

Find §CB « dl where C is a circular path centered at (0,0, z) and lying in the

plane normal to the z axis in two ways: (a) by applying the Biot-Savart law to find
the magnetic field due to the surface current and (b) by applying the modified
Ampere’s circuital law in integral form to the path C.

Current flows from a point charge Q; C at (0, 0, @) to a point charge Q, coulombs
at (0, 0, —a) along a spherical surface of radius a and centered at the origin with
density given by

ip amp/m

s

~ 2nasin0

Find §CB « dl, where C is a circular path centered at (0,0, z) and lying in the

plane normal to the z axis. Consider both cases: path C outside the sphere and
path C inside the sphere.

A point charge Q C moves along the z axis with a constant velocity v, m/sec.
Assuming that the point charge crosses the origin at 1 = 0, find and sketch the

variation with time of § B dl where C is a circular path of radius a in the xy
C

plane having its center at the origin, and traversed in the ¢ direction. From sym-
metry considerations, find B at points on C.

A point charge Q, C is situated at the origin. Current flows away from the point
charge at the rate of I C/sec along a straight wire from the origin to infinity and

passing through the point (1, 1, 1). Find §B « dl around the closed path formed

by the triangle having the vertices (1,0, 0), (0, 1, 0), and (0, O, 1). Assume that
the closed path is traversed in the clockwise direction as seen from the origin.

Repeat Prob. 4-19 if the straight wire, instead of extending to infinity, terminates
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on another point charge Q, C situated on the plane surface bounded by the
triangular path and inside the closed path.

In the arrangement shown in Fig. 4.24, three point charges Q;, Q,, and Q3 are
situated along a straight line. A current of 2 amp flows from Q; to Q, whereas

a current of 1 amp flows from Q, to Q;. Find § B - dl, where C is a circular path
c

centered at Q, and in the plane normal to the line joining Q; to Qs.

C Im

2 Amps QZ\ 1 Amp R

B A N A P b

Fig. 4.24. For Problem 4.21.
Verify your result for the magnetic field due to the current-carrying wire of P}ob-
lem 4.15, by using (4-96).

Verify your result for the magnetic field due to the moving charge of Problem
4.18, by using (4-96).

|
In a region containing no charges and currents, the magnetic field is given by

B = B, sin fizsin wri,

find two expressions for the associated electric field E and then find the relation-

where By, 8, and @ are constants. Using one of Maxwell’s curl equations at a tJime
ship between f, m, &, and €.

Four point charges having values 1, —2, 3, and 4 C are situated at the come{s of
a square of sides 1 m as shown in Fig. 4.25. Find the work required to move the

point charges to the corners of a smaller square of sides 1/,/2 m.

1C -2C
— ————»e
Im /.
)
%
|
- 4C e<«—wwv—=23C Fig. 4.25. For Problem 4.25.

Find the potential energy associated with the following volume charge distributions

of density p in spherical coordinates using W, = %f . pVdv:
Vo.
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0 O<r<a
(a)p=[po a<r<b
0 b<r<oo
® p = po-%- 0<r<a
0 a<r<o

where p, is a constant.

Verify your results for Problem 4.26 by performing volume integration of the
electric energy densities associated with the charge distributions.

Two spherical charges, each of the same radius ¢ m and the same uniform density

Po C/m3 are situated infinitely apart.

(a) The two spherical charges are now brought together and made into a single
spherical charge having the same uniform density p, C/m? as those of the
original charges. Find the work required.

(b) Instead of as in part (a), the two spherical charges are brought together and
made into a single spherical charge of uniform density and of the same radius
a as those of the original charges. Find the work required.

Show that the total energy stored in an electric field made up of two fields E; and
E, is equal to the sum of the energies stored in the individual fields plus a coupling

term, €, J- (E, + E,) dv, that is,
vol

W, = f (leoE% + Le,E2 + €F, - Ez) dv
vol 2' 2

Find the energy stored in the electric field set up by charges Q and — Q uniformly

distributed on concentric spherical surfaces of radii @ and b, respectively, in three

ways:

(a) By using W, = %I 1pVa'v.

(b) By performing volume integration of the energy density in the electric field
set up by the charge distribution.

(c) By considering the electric field as the superposition of the fields set up inde-

pendently by the two spherical surface charges and using the result of Problem
4.29.

Find the energy associated with the following current distributions, in cylindrical
coordinates, per unit length along the z axis, by using W,, = %f 1J « A dv.
Vo

'%i, 0O<r<a
@ J = 0 a<r<b
. I, .
n(cz——bz)l‘ b<r<c
.0 c<r<oo
Jo%i, O<r<a
) J=

—Jo? 50 — byi
3bé(r bi, a<r<oo

where I, and J, are constants.
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Find the energy associated with the following current distributions, per unit elrea
in the y = 0 plane, by using W, —,Zf J-Adv ‘
|

(@) J =J,[0( + a) — 6(y — a)li,, where J,, is a constant

i <
(b)J={y' ly|<a
0 |y|>a

Verify your results for Problems 4.31 and 4.32 by performing volume integratjon
of the magnetic energy densities associated with the current distributions.

Show that the total energy stored in a magnetic field made up of two fields B,
and B, is equal to the sum of the energies stored in the individual fields pllls a

coupling term, (l/yo)f (B, - B,) dv, that is,

B, - B\ 4,
W fvlzﬂo 2ﬂ0+ Ho )

A surface current distribution is given, in cylindrical coordinates, by

L‘-i, r=a
a
J, = %i, r=b
Il+121 r=c
- c

Find the energy stored in the magnetic field, set up by the current distribution,
per unit length along the z axis in three ways:

(a) By using W, =%J J,+ AdS.

(b) By performing volume integration of the energy density in the magnetic ﬁeld
set up by the current distribution.

(c) By considering the magnetic field as the superposition of the fields sei up
independently by two surface current distributions given by

L r=a

a’”’ :
J, =

Ly o

c

IZ.

2 r==b

bz
J, = I

22 r=c

and using the result of Problem 4.34.
An electric field intensity vector is given by U
E = 100 cos (0t — Bz)i, + 50sin (@t + B2)i, ‘

where @ and B (= wa/Uo€,) are constants. Find the associated magnetic: flux
density vector B. Find the Poynting vector E X B/ u,. :
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Electric and magnetic fields are given in cylindrical coordinates by

Vo O -
Ez{mcosﬁzcoswtl, a<r<b

0 otherwise
{Msinﬁzsinwti¢ a<r<b

B = {2mr i
0 otherwise

where ¥y, Iy, @, and f (= wa/ts€y) are constants. Find the expression for the
power leaving the volume bounded by two constant z planes, one of which is the
z = 0 plane. Draw a graph of the power versus z for w¢ = n/4.

In the region r < a in cylindrical coordinates, charges are in motion under the
combined influence of an electric field E = E,yi, and a frictional mechanism,
thereby constituting a current of density J = Jyi,, where E, and J,, are constants.
Obtain the magnetic field due to the current and show that'E X B points everywhere

towards the z axis, that is, in the —1i, direction. Show that § (E x B/ o) * dS,
) S
where S is the surface of a cylindrical volume of ‘any radius » and length /, and

with the z axis as its axis, gives the correct result for the power expended by the
electric field in that volume.

The electric field intensity in the radiation field of an antenna located at the origin
of a spherical coordinate system is given by

E = 5800 058 o5 cor — g,
where E,, @, and f (= wa/lq€,) are constants. Find the magnetic field associated
with this electric field and then find the power radiated by the antenna by inte-
grating the Poynting vector over a spherical surface of radius r centered at the
origin.

Obtain the steady-state solution for the following differential equation in two ways:
(a) without using the phasor technique, and (b) by using the phasor technique:

L, dV . 11
3 — —_—
2x 10 v + V' = 10sin (500t + 6)

Repeat Problem 4.40 for the following integrodiﬁ'erential equation:
% o0+ Jldt = 10 cos (2: - %)

Two infinitely long, straight parallel wires carry currents I, = I, cos ®¢ and I, =
I cos (¢t + 90°) amp, respectively, as shown in Fig. 4.26. Determine the x and y
components of the magnetic flux density vector at each of the three points A, B,
and C. Describe how the magnitude and direction of the magnetic flux density
vector varies with time at each of the three points A4, B, and C.
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a Y . I 0

Il@ LIA x ®12 ]0 I_l
l._a_.L_a_J : Phasor Diagram

of I— 1 and I- 2
Fig. 4.26. For Problem 4.42.

4.43. In the arrangement shown in Fig. 4.27(a), four line charges, infinitely long in the
direction normal to the plane of the paper and having uniform charge densities
varying sinusoidally with time are situated at the corners of a square. The ampli-
tudes of the sinusoidally time-varying charge densities are such that, considered
alone, each line charge produces unit peak electric field intensity at the center of
the square. The phasor diagram of the charge densities is shown in Fig. 4.27(b).

PL2 o e PLI PL2
Y
90¢, 90°
L> X PL3 < > ﬁ L1 )
90° 90° )
|
— : L
pr3® ®P0r4 BLa
@ ®
Fig. 4.27. For Problem 4.43.
(a) Find and sketch the phasor representing the x and y components of the elec?ric

field intensity vector at the center of the square. ‘
(b) Determine how the magnitude and direction of the electric field intensity vector
at the center of the square vary with time. l

4.44. Repeat Problem 4.43 for the rectangular arrangement of line charges shown) in
Fig. 4.28. i
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ropLz y epPLI
a Lx

o fPL3 e PL4

Fig. 4.28. For Problem 4.44. . V3a |

A sinusgida]ly time-varying electric field intensity vector is characterized by its
phasor E, given by

E = (—i, — 24/ 310, + A/ 31,)e0-04n(vTx=2-32)
(a) Show that the surfaces of constant phase of E are planes. Find the equation
of the planes.

(b) Show that the electric field is linearly polarized in the planes of constant phase.
(c) Find the direction of polarization.

A sinusgidally time-varying electric field intensity vector is characterized by its
phasor E, given by
E = (—jli, — 2i, + ja/3i;)e 005w vTx+2)
(a) Show that the surfaces of constant phase of E are planes. Find the equation
of the planes.
(b) Show that the electric field is circularly polarized in the planes of constant phase.
(c) Obtain the magnetic flux density phasor B associated with the given E and
determine if the field is right circularly polarized or left circularly polarized.

Repeat Problem 4.46 for the following phasor electric field intensity vector:
E — [(_ﬂ '—]'%‘)ix + (1 _j4/23 )iy +j'\/_3'iz:|e—10‘02n(\/?x+3y+22)

Show that a linearly polarized field vector can be expressed as the sum of left
and right circularly polarized field vectors having equal magnitudes, and that
an elliptically polarized field vector can be expressed as the sum of left and right
circularly polarized field vectors having unequal magnitudes.

Find the time-average stored energy density in the electric field characterized by
the phasor specified in Problem 4.47.

The electric field associated with a sinusoidally time-varying electromagnetic field
is given by

E(x, y, z,t) = 10 sin x sin (67 X 108 — /3 ®z) i, volts/m
Find (a) the time-average stored energy density in the electric field, (b) the time-
average stored energy density in the magnetic field, (c) the time-average Poynting

vector associated with the electromagnetic field, and (d) the imaginary part of
the complex Poynting vector.



MATERIALS AND FIELDS

In this chapter we extend our study of fields in free space of the preceding
three chapters to fields in the presence of materials. Materials contain charged
particles which act as sources of electromagnetic fields. Under the applica-
tion of external fields, these charged particles respond, giving rise tosecond-
ary fields comparable to the applied fields. While the properties of materials
that produce these effects are determined on the atomic or “microscopic”
scale, it is possible to develop a consistent theory based on “macroscoiic”
scale observations, that is, observations averaged over volumes large com-
pared with atomic dimensions. We will learn that these macroscopic scale
phenomena are equivalent to charge and current distributions acting as
though they were situated in free space, so that the secondary fields can be
found by using the knowledge gained in the preceding chapters. In fact, we
have an interesting situation in which the equivalent charge and current
distributions are related to the total fields in the material comprising the.
applied and the secondary fields, whereas the secondary fields are related
to the equivalent charge and current distributions. We are thus faced with the
simultaneous solution of two sets of equations governing these two relation-
ships. Following this logic, we will introduce new vector fields and develop a
new set of Maxwell’s equations with associated constitutive relations which
eliminate the necessity for the simultaneous solution by taking into account
implicitly the equivalent charge and current distributions.

262
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Conduction and Nonmagnetic Materials

Depending upon their response to an applied electric field, materials may
be classified as conductors, semiconductors, or dielectrics. According to the
classical model, an atom consists of a tightly bound, positively charged
nucleus surrounded by a diffuse electron cloud having an equal and opposite
charge to the nucleus, as shown in Fig. 5.1. While the electrons for the most

._——Nucleus

«—— Electron
Cloud

Fig. 5.1. Classical model of an
atom.

part are less tightly bound, the majority of them are associated with the
nucleus and are known as “bound” electrons. These bound electrons can
be displaced but not removed from the influence of the nucleus upon appli-
cation of an electric field. Not taking part in this bonding mechanism are
the “free” or “conduction” electrons. These electrons are constantly under
thermal agitation, being released from the parent atom at one point and
recaptured at another point. In the absence of an applied electric field, their
motion is completely random; that is, the average thermal velocity on a macro-
scopic scale is zero so that there is no net current and the electron cloud
maintains a fixed position. When an electric field is applied, an additional
velocity due to the Coulomb force is superimposed on the random velocities,
thereby causing a “drift” of the average position of the electrons along the
direction opposite to that of the electric field. This process is known as
“conduction.” In certain materials, a large number of electrons may take
part in this process. These materials are known as “conductors.” In certain
other materials, only very few or a negligible number of electrons may par-
ticipate in conduction. These materials are known as “dielectrics” or insu-
lators. We will later learn that a characteristic called polarization is more
important than conduction in dielectrics. A class of materials for which con-
duction occurs not only by electrons but also by another type of carriers
known as “holes”—vacancies created by detachment of electrons due to
breaking of covalent bonds with other atoms—is intermediate to that of
conductors and dielectrics. These materials are called “semiconductors.”
The quantum theory describes the motion of the current carriers in terms
of energy levels. According to this theory, the electrons in an atom can have
associated with them only certain discrete values of energy. When a large
number of atoms are packed together, as in a crystalline solid, each
energy level in the individual atom splits into a number of levels with slightly
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different energies, with the degree of splitting governed by the interatonic
spacing, thereby giving rise to alternate allowed and forbidden bands of eney
levels as shown in Fig. 5.2. Each allowed band can be thought of as in

. Allowed
Uno d
ccupie Band

Forbidden
Band

Unoccupied Levels "

Fermi Level —» — — — — — — — _ _ __
- IZ---Z-Z=--z _ Allowed

= T Occupied Levels —~ — | Band

Fig. 5.2. Energy band structure for a crystalline solid. |
almost continuous region of allowed energy levels. For example, for a
typical solid having an atomic density of 102° per m3, there will be almost
102° levels in each band. A forbidden band consists of energy levels
which no electron in any atom of the solid can occupy. According to
Pauli’s exclusion principle, each allowed energy level may not be occupied by
more than one electron. Electrons naturally tend to occupy the lowest energy
levels; at a temperature of absolute zero, all the levels below a certain level
known as the Fermi level are occupied and all the levels above the Ferjmi
level are unoccupied. Hence, depending upon the location of the Fe
level, we can have different cases as shown in Fig. 5.3.

[,
‘ Allowed ‘ l Allowed \ Allowed 3
_Fermi Level Ferm|i
Forbidden Forbidden ,~ Level
orbidden Forbidden i
Fermi Allowed ///// f
Level
|
~ / Allowed . %llcy |
00 Vi
(a) (b) - (©

Fig. 5.3. Energy band diagrams for different cases: (a) Con-
ductor. (b) Dielectric. (¢) Semiconductor.
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For case (a), the Fermi level lies within an allowed band. The band is
therefore only partially filled at the temperature of absolute zero. At higher
temperatures, the electron population in the band spreads out somewhat but
only very few electrons reach above the Fermi level. Thus, since there are
many unfilled levels in the same band, it is possible to increase the energy
of the system by moving the electrons to these unoccupied levels very easily
by the application of an electric field, thereby resulting in a drift velocity of
the electrons in the direction opposite to that of the electric field. The mate-
rial is then classified as a conductor. If the Fermi level is between two allowed
bands as in (b) and (c) of Fig. 5.3, the lower band is completely filled whereas
the next higher band is completely empty at the temperature of absolute zero.
If the width of the forbidden band is very large as in (b), the situation at
normal temperatures is essentially the same as at absolute zero and hence
there are no neighboring empty energy levels for the electrons to move.
The only way for conduction to take place is for the electrons in the filled
band to get excited and move to the next higher band. But this is very diffi-
cult to achieve with reasonable electric fields and the material is then classi-
fied as a dielectric. Only by supplying a very large amount of energy can an
electron be excited to move from the lower band to the higher band where
it has available neighboring empty levels for causing conduction. The dielec-
tric is said to break down under such conditions. If, on the other hand, the
width of the forbidden band in which the Fermi level lies is not too large,
as in (c), some of the electrons in the lower band move into the upper band
at normal temperatures so that conduction can take place under the influence
of an electric field, not only in the upper band but also in the lower band
because of the vacancies (holes) left by the electrons which moved into the
upper band. The material is then classified as a semiconductor. A semicon-
ductor crystal in pure form is known as an intrinsic semiconductor. It is
possible to alter the properties of an intrinsic crystal by introducing impurities
into it. The crystal is then said to be an extrinsic semiconductor.

Conduction Current Density, Conductivity, and Ohm’s Law

In Section 5.1 we classified materials on the basis of their ability to permit
conduction of electrons under the application of an external electric field.
For conductors, we are interested in knowing about the relationship between
the “drift velocity” of the electrons and the applied electric field, since the
predominant process is conduction. But for collisions with the atomic lattice,
the electric field continuously accelerates the electrons in the direction oppo-
site to it as they move about at random. Collisions with the atomic lattice,
however, provide the frictional mechanism by means of which the electrons
lose some of the momentum gained between collisions. The net effect is as
though the electrons drift with an average drift velocity v,, under the influence
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of the Coulomb force exerted by the applied electric field and an opposng
force due to the frictional mechanism. This opposing force is proportioial
to the momentum of the electron and inversely proportional to the averige
time 7 between collisions. Thus the equation of motion of an electron is
given by
&Yy _ g _ MY 51

m=d= eE - (51)

where e and m are the charge and mass of an electron.
Rearranging (5-1), we have

mBa L My, = oF &2

For the sudden application of a constant electric field E, at # = 0, the solution
for (5-2) is given by

v, = —E — EE exp( t/7) ' (¢3)

where we have evaluated the arbitrary constant of integration by using the
initial condition that v, = 0 at ¢ = 0. The values of 7 for typical conductors
such as copper are of the order of 10714 sec so that the exponential term on
the right side of (5-3) decays to negligible value in a time much shorter
than that of practical interest. Thus, neglecting this term, we have

Vo= 2K, (5-4)

and the drift velocity is proportional in magnitude and opposite in d1rect10n
to the applied electric field since the value of e is negative.

In fact, since we can represent a time-varying field as a superposition
of step functions starting at appropriate times, the exponential term in (5-3)
may be neglected as long as the electric field varies slowly compared tnt T
For fields varying sinusoidally with time, this means that as long as the period
T of the sinusoidal variation is several times the value of 7, or the radEian
frequency w < 2xt/7, the drift velocity follows the variations in the electric
field. Since 1/7 = 10'%, this condition is satisfied even at frequencies up to
several hundred gigahertz. Thus, for all practical purposes, we can assyme
that

=K (5-5)

Now, we define the “mobility,” u, of the electron as the ratio of the
magnitudes of the drift velocity and the applied electric field. Then we have

o= Lyl _ lel 0

m
and

v, = —ukE for electrons (5-7a)
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For values of 7 typically of the order of 107! sec, we note by substituting for
| e] and m on the right side of (5-6) that the electron mobilities are of the order
of 1073 C-sec/kg. Alternative units for the mobility are square meters per
volt-second. In semiconductors, conduction is due not only to the movement
of electrons but also to the movement of holes. We can define the mobility
1, of a hole similarly to y, as the ratio of the drift velocity of the hole to the
applied electric field. Thus we have

v, = u,E for holes (5-7b)

Note from (5-7b) that conduction of a hole takes place along the direction
of the applied electric field since a hole is a vacancy created by the removal
of an electron and hence a hole movement is equivalent to the movement of
a positive charge of value equal to the magnitude of the charge of an electron.
In general, the mobility of holes is lower than the mobility of electrons for
a particular semiconductor. For example, for silicon, the values of u, and

U, are
I, = 0.125 m?/volt-sec MU, = 0.048 m?/volt-sec

The drift of electrons in a conductor and that of electrons and holes.

in a semiconductor is equivalent to a current flow. This current is known as

the conduction current, in contrast to the convection current produced by

the motion of charges in free space. The conduction current density may be

obtained in the following manner. If there are N, free electrons per cubic

meter of the material, then the amount of charge AQ passing through an
infinitesimal area AS at a point in the material in a time Af is given by

AQ = N, e(AS « v; AY)
= N,e(AS1, - v)) At : (5-8)
where AS = AS i,. The current Al flowing across AS is given by

Al = AA% — N.eASi, - v, (5-9)

The magnitude of the current density at the point is the ratio of Al to AS
for an orientation of AS which maximizes this ratio and as AS tends to zero.
Obviously, the ratio is a maximum for an orientation of AS normal to v,
and is equal to N,|e|v,. Thus the conduction current density J, resulting
from the drift of electrons in the conductor is given by

_ J, = N_ev, (5-10)
Substituting for v, from (5-7a), we have
J, = —uN.E (5-11)
Defining a quantity o as
6= —uN.e=puN,e| (5-12)
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we obtain the simple and important relationship between J, and E
' J,=0E (413)
The quantity o is known as the electrical conductivity of the materialand
Eq. (5-13) is known as Ohm’s law valid at a point. Equation (5-13) indiates
that J, is proportional to E. Materials for which this relationship hdds,
that is, o is independent of the magnitude as well as the direction of Eare
known as linear isotropic conductors. For certain conductors, each om-
ponent of J, can be dependent on all components of E. In such cases, I, is
not parallel to E and the conductors are not isotropic. Such conductorsare
known as anisotropic conductors.
In a semiconductor we have two types of current carriers: electronsand
holes. Accordingly, the current density in a semiconductor is the sum of the
contributions due to the drifts of electrons and holes. If the densities of holes

and electrons are N, and N,, respectively, the conduction current densiy is
given by

3, = (N, e| + uN,|eDE (514)
Thus the conductivity of a semiconducting material is given by ‘
o= mNyle|+ unN.,le| : (5-152)
For an intrinsic semiconductor, N, = N, so that (5-15a) reduces to
o = (4 + u)N |e| (5-15b)

The units of conductivity are (meter?/volt-second)(coulomb/meter3) or
ampere/volt-meter, also commonly known as mhos per meter, where a
mho (“ohm” spelled in reverse and having the symbol O) is an ampere per
volt. The ranges of conductivities for conductors, semiconductors, and
dielectrics are shown in Fig. 5.4. Values of conductivities for a few materials
are listed in Table 5.1. The constant values of conductivities do not imply
that the conduction current density is proportional to the applied electric

Metallic Conductors

. Extrinsic
Semiconductors

Solid Dielectrics -—\

(N U D A (Y U S VO S U S WV VA N G G (NS U0 T A U G N M |
-20 =15 -10 -5 0 S 10

Intrinsic

logio 6, mhos/m

Fig. 5.4. Ranges of conductivities for conductors, semicon-
ductors, and dielectrics.
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TABLE 5.1. Conductivities of Some Materials

Sec. 5.3

Conductivity, Conductivity,
Material mhos/m Material mhos[m
Silver 6.1 x 107 Sea water 4
Copper 5.8 x 107 Intrinsic germanium 2.2
Gold 4.1 x 107 Intrinsic silicon 1.6 x 10-3
Aluminum 3.5 x 107 Fresh water 10-3
Tungsten 1.8 x 107 Distilled water 2 x 104
Brass 1.5 x 107 Dry earth 10-3
Nickel 1.3 x 107 Wood 10-8-10-11
Solder 7.0 x 106 Bakelite 10-°
Lead 4.8 x 106 Glass 10-t0-10-14
Constantin 2.0 x 106 Porcelain 2 x 1013
Mercury 1.0 x 106 Mica 10-11-10-15
Nichrome 8.9 x 105 Fused quartz 0.4.x 10-17

field intensity for all values of current density and field intensity; However,
the range of current densities for which the material is linear, that is, for
which the conductivity is a constant, is very large for conductors.

Conductors in Electric Fields

In Sections 5.1 and 5.2 we learned that the free electrons in a conductor
drift under the influence of an electric field. Let us now consider an arbitrary-
shaped conductor of uniform conductivity o placed in a static electric field
as shown in Fig. 5.5(a). The free electrons in the conductor move opposite
to the direction lines of the electric field. If there is a way by means of which
the flow of electrons can be continued to form a closed circuit, then a con-
tinuous flow of current takes place. In this section we will consider the
conductor to be bounded by free space, in which case the electrons are held

. E

E

(b)

Fig. 5.5. For illustrating the surface charge formation at the
boundary of a conductor placed in an electric field.
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at the boundary from moving further by the atomic forces within the con-
ductor and by the insulating property of free space. Thus a negative surface
charge forms on that part of the boundary through which the electric field
lines enter the conductor originally, as shown in Fig. 5.5(b). Now, since the
conductor as a whole is neutral, an amount of positive charge equal in mag-
nitude to the negative surface charge must exist somewhere in the conductor.
Where in the conductor may this charge or, for that matter, any charge
placed inside the conductor reside? We will answer this question 1n the
following example.

ExAMPLE 5-1. Assume that, at ¢ = 0, a charge distribution of density p, is created

in a portion of a conductor of uniform conductivity ¢. In the remaining
portion of the conductor, the charge density is zero. It is desired to show
that the charge density in the conductor decays exponentially to zero and
appears as a surface charge at the boundary of the conductor.

Denoting the charge density and the electric field intensity at any time
t in the interior of the conductor to be p and E, respectively, we have, from
Maxwell’s divergence equation for the electric field,

V.E=2 (2-82)
€

The time variation of charge density is governed by the continuity equation

dJ 5
V.J, + c}'f (5-16)
where J, is the conduction current density due to the flow of charges i‘j! the
conductor under the influence of E. Equation (5-16) stated in integral form
tells us that the total current leaving a volume of the conducting material
is equal to the time rate of decrease of charge inside that volume. Substituting
J, = oK in (5-16), we have

V. aE—i—?——O (5-17)

Since ¢ is uniform, we can take it outside the divergence operation in (5-17)
to obtain

ap _ S-
3 0 (5-18)

Now, combining (5-18) and (2-82), we obtain a differential equation for p as
given by

oV.E +

92,9 p—0 (5-19)
0 i
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The solution to (5-19) is obtained by rearranging it and integrating as follows:
f Q = —f g dt
P €o

0

where In A4 is the arbitrary constant of integration. Substituting the initial
condition p = p, at ¢ = 0 in (5-20) and rearranging, we obtain finally

(5-20)

P =P, e~ la/e)t — Po e—iT (5_21)
where we define
T = % (5-22)

Thus the charge density inside the conductor decays exponentially with a
time constant equal to €,/o. In particular, if the charge density at any point
is initially zero, it remains at zero. Hence no portion of the charge which
decays in one region within the conductor can reappear in any other region
within the conductor. On the other hand, the charge must be conserved.
Thus the decaying charge can appear only as a surface charge at the boundary
of the conductor. To see how fast the charge density at an interior point
decays and appears simultaneously as a surface charge, let us consider the
example of copper. For copper, ¢ = 5.80 x 107 mhos/m so that

€ 10~° - -19
T=3=szxsgox o 1 X 1077 sec

Thus, in a time equal to 1.5 X 107!° sec, the charge density decays to e™*
times or about 379 of its initial value. We note that this time constant is
extremely short so that we can assume that any charge density in the interior
of a conductor disappears to the surface almost instantaneously. (Further-
more, we can assume that the surface charge formation follows any time
variation in the electric field causing it so long as this time variation is slow
compared to the time constant.) On the other hand, the time constant can
be up to several days for dielectric materials. |

Returning now to the case of Fig. 5.5, we conclude that the positive
charge equal in magnitude to the negative surface charge appears as a surface
charge on that part of the boundary through which the electric field lines
leave the conductor originally, as shown in Fig. 5.5(b). The surface charge
distribution formed in this manner produces a secondary electric field which
opposes the applied field inside the conductor. The secondary field should,
in fact, cancel the applied field inside the conductor completely. If it does
not, there will be further movement of charges to the surface until a distri-
bution is achieved which produces a secondary field inside the conductor
that cancels the applied field completely. All this adjustment should be
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governed by the time constant so that we can assume that a surface charge
distribution which reduces the field inside the conductor to zero is formed
almost instantaneously. The surface charge distribution will, in general,
produce a secondary field outside the conductor which modifies the applied
field.

Let us now investigate the properties of the electric field at the surface
of a conductor. To do this, let us assume that the electric field intensity
E on the free-space side of the boundary has a component E, tangential to
the boundary and a component E, normal to the boundary. The electric
field intensity inside the conductor is, of course, equal to zero. We now
consider a rectangular path abcda of infinitesimal area in the plane normal
to the boundary and with its sides bc and ad parallel to E, and on either
side of the boundary as shown in Fig. 5.6(a). Since the sides of the rectangle

E
4 Free E,i,
Es, |  Space Conductor
Surface
. Boundary s \
//
d
Conductor
(@) (b)

Fig. 5.6. For investigating the properties of the electric field
intensity vector at the surface of a conductor.

are infinitesimally small, we can assume that E, and E, are constants along
them. Applying § E « dl = 0 to the path abcda, we have

j’;E.lerf:E.d1+f‘:E.d1+f:E.d1=o (5-23)

The second integral in (5-23) is equal to E(bc) and the fourth integral is
zero. Now, if we let ab and cd tend to zero, shrinking the rectangle to the
surface but still enclosing it, the first and third integrals in (5-23) go to zero,
giving us
E(bc)=0
or
E =0 (5-24)
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Thus the tangential component of the electric field intensity at the boundary
of a conductor placed in an electric field is zero. The electric field at the
boundary is entirely normal to the surface. Note that we have not considered
any time-varying magnetic flux enclosed by the rectangular path abcda since
we are using static field laws. However, even if we do consider the time-
varying magnetic flux, it will go to zero as abcda is shrunk to the surface,
yielding the same result as (5-24).

We now suspect that the normal electric field at the boundary is related
to the surface charge density. To investigate this, let us consider a rectangular
box abcdefgh of infinitesimal volume enclosing an infinitesimal area of the
boundary and parallel to it as shown in Fig. 5.6(b). Applying Gauss’ law in
integral form given by

§ E.dS= GL (charge enclosed by S)
N 0

to the surface area of the box, we have

_ 1 (charge enclosed in the
f E.ds + f E.ds+ f E.dS= € (volumeofthebox )
top bottom side
s\;rbt;adce sg}t;’fe surfaces (5_25)

The second integral in (5-25) is zero since E is zero inside the conductor.
Since the area abcd is infinitesimal, we assume E to be constant on it so that
the first integral is equal to E,(abcd). Now, if we let the side surfaces tend
to zero, shrinking the box to the surface but still enclosing it, the third
integral goes to zero and the charge enclosed by the box tends to the surface
charge density p, times the area abced, giving us

E,(abed) = GL p(abed)
0

or

E =& (5-26)

n 60

Thus the electric field intensity at a point on the surface of a conductor
placed in an electric field is entirely normal to the surface and equal to 1/e,
times the surface charge density at that point.

Finally, since the electric field on the conductor surface is entirely normal
to it, we note that no work is required to move an imaginary test charge on
the conductor surface or, for that matter, inside the conductor (since E = 0).
Thus the conductor surface as well as the interior of the conductor are equi-
potentials. We now summarize the properties associated with conductors in
electric fields as follows:

(a) The charge density at any point in the interior of a conductor is
zero. Any charge must reside on the surface only with an appropriate
density to produce a secondary electric field inside the conductor
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which is exactly opposite to the applied electric field so that property
(b) below is satisfied. }

(b) The electric field intensity inside the conductor is zero. |

(c) The electric field intensity at any point on the surface of the con-
ductor is entirely riormal to it and equal to 1/e, times the su1rface
charge density at that point. ‘

(d) The conductor, including its surface, is an equipotential regiorl.
\

ExaMPLE 5-2. An infinite plane conducting slab of thickness d occupies the re;aglon

between z = 0 and z = d as shown in Fig. 5.7(a). A uniform electricfield

E = Ei,, where E, is a constant is applied. It is desired to find the chlarge
dens1t1es mduced on the surfaces of the slab. ‘

Since the applied electric field is uniform and is directed along the z

direction, a negative charge of uniform density forms on the surface z = 0

due to the accumulation of free electrons at that surface. A positive charge
E = Eoi,
Applied
Field
S e T T T T T = p |
[ T I I B Pso :
| |Conductor| | E= s—oolz S§c;)dndary‘
[ T O A N Fie
z=0 iii'iii ------ Ps = —ps)
(@ (b)
TR R+ v+ vy = g0 F,
E=0
——————— ps = —¢gokEy

Fig. 5.7. (a) Infinite plane slab conductor in a uniform applied
field. (b) Induced surface charge at the boundaries of the con-
ductor and the secondary field. (¢) Sum of the applied and the
secondary fields.
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of equal and opposite uniform density forms on the surface z = d due to
a deficiency of electrons at that surface. Let these surface charge densities
be —p,, and p,,, respectively. To satisfy the property that the field in the
interior of the conductor is zero, the secondary field produced by the surface
charges must be equal and opposite to the applied field; that is, it must be
equal to —Ei,. Now, each sheet of uniform charge density produces a field
intensity directed normally away from it and having a magnitude 1/2¢, times
the charge density so that the field due to the two surface charges together
is equal to —(p,./€,)i, inside the conductor and zero outside the conductor
as shown in Fig. 5.7(b). Thus, for zero field inside the conductor,
—Lei, = —Eii,
€o
or
Pso = €E, (5-27)

The field outside the conductor remains the same as the applied field
since the secondary field in that region due to the surface charges is zero.
The induced surface charge distribution and the fields inside and outside the
conductor are shown in Fig. 5.7(c). Note that the property that the field
intensity at a point on the surface of the conductor is normal to it and equal
to 1/e, times the surface charge density at that point is satisfied on both
surfaces z=0and z =d. ||

Polarization in Dielectric Materials

We stated at the beginning of Section 5.1 that the bound electrons in an
atom can be displaced but not removed from the influence of the parent
nucleus upon application of an external electric field. When the centroids of
the electron clouds surrounding the nucleii are displaced from the centroids
of the nucleii, as shown in Fig. 5.8(a), to create a charge separation and
hence form microscopic electric dipoles, the atoms are said to be “polarized.”
The schematic representation of an electric dipole formed in this manner is
shown in Fig. 5.8(b). Such “polarization” may exist in the molecular structure
of certain dielectric materials even under the application of no external electric
field. The molecules are then said to be polar molecules. However, the polar-
ization of individual atoms and molecules is randomly oriented and hence
the material is not polarized on a macroscopic scale. In certain other dielectric
materials, no polarization exists initially in the molecular structure. The
molecules are then said to be nonpolar molecules.

Upon the application of an external electric field, the centroids of the
electron clouds in the nonpolar molecules may become displaced from the
centroids of the nucleii due to the Coulomb forces acting on the charges.
This kind of polarization is known as electronic polarization. In the case of
polar molecules, the electric field has the influence of exerting torques on
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—q
(@) (b) —qE ()

Fig. 5.8. (a) Polarization of bound charge in an atom under the
influence of an electric field. (b) Schematic representation of
electric dipole created due to polarization. (c) Torque acting on
an electric dipole under the influence of an electric field.

the microscopic dipoles as shown in Fig. 5.8(c), to convert the initially randlgnm
polarization into a partially coherent one along the field, on a macrosccpic
scale. This kind of polarization is known as orientational polarization.
Certain materials, called “electrets,” when allowed to solidify in the appied
electric field, become permanently polarized in the direction of the field, jpat
is, retain the polarization even after removal of the field. Certain other
materials, known as “ferroelectric” materials, exhibit spontaneous, perma;i]gnt
polarization. A third kind of polarization, known as ionic polarizag?on,
results from the separation of positive and negative ions in molecules :ield
together by ionic bonds formed by the transfer of electrons from one aiom
to another in the molecule. All three polarizations may occur simultaneously
in a material.

The net dipole moment created due to polarization in a dielectric
material will produce a field which opposes the applied electric field and
changes its distribution both inside and outside the dielectric material, in
general, from the one that existed in the absence of the material. This will
be the topic of discussion in Section 5.5. In the remainder of this section, we
will first derive the relationship between the dipole moments of the individual
microscopic dipoles and the electric field responsible for the polarization by
considering electronic polarization by means of an example. We will then
define a new vector P which represents polarization on a macroscopic scale
and relate it to the average macroscopic electric field.

ExAMPLE 5-3. Assume that the nucleus of an atom is a point charge and that the
electron cloud has originally a spherically symmetric, radially uniform charge
distribution which is retained as it is displaced relative to the nucleus under
the influence of a polarizing electric field. (This assumption is justified if
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the displacement between the centroids of the electron cloud and the nucleus
is negligible compared to the radius of the electron cloud.) It is desired to
find the dipole moment resulting from the polarizing field.

Let the electric field causing the displacement between the two centroids
be E, = Ei,, so that the displacement is along the z axis as shown in Fig.
5.9. Let this displacement be equal to d. The two forces which are acting on
the nucleus are (a) the Coulomb force F, due to the electric field E, and
(b) the restoring force F, due to the electric field produced at the nucleus by
the electron cloud.

Nucleus

X \—/\Centroid of
Electron

Cloud

Fig. 5.9 For obtaining the dipole moment due to electronic
polarization of an atom.

The force F, is given by
F, = OE, = QF,i, (5-28)

where Q is the charge of the nucleus. To find the restoring force F,, we take
advantage of the spherical symmetry of the charge distribution in the electron
cloud about its center and apply Gauss’ law to a sphere of radius d centered
at the origin to obtain the electric field E, at the nucleus due to the electron
cloud as

E, — _1 charge enclosed by spherical surface of radius d, (5-29)
276, area of the spherical surface z

Now, since the total charge in the electron cloud is — Q and since the charge
density is uniform, the charge enclosed by the spherical surface of radius
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d is —Qd?/a®, where a is the radius of the electron cloud. Thus we obtain
_ _Qd3/a3 s Qd . (5_3c,)

i,= i
2 4ne,d? * 4reqa ?

Hence the restoring force on the nucleus is given by |

: |
F, = OE, = —%L (5-31)

For equilibrium displacement d of the nucleus relative to the center of the
electron cloud, the two forces F, and F, must add to zero, giving us

d— 4"3“3 E, (5-3R)

Thus the equilibrium displacement d is proportional to the electric field
intensity E,. The dipole moment p, formed by the charge separation -is
then given by

p. = Qdi, = 0 4"8”3 E,i, = 47€,a°E, (5-33)

Equation (5-33) indicates that the dipole moment p, is proportional|to
the field E, causing it. Defining a proportionality constant «, as

o, = 4neyad (5-34)

we have
P.= aeEp (5-35)

The proportionality constant e, is known as the “electronic polarizability’ of

the atom. JJ
[
It is found that the dipole moments due to orientational and iﬁmic
polarizations are also proportional to the polarizing field E,. The average
dipole moment p per molecule is then given by \

|
p=2qaE, (5!—36)
where o is known as the molecular polarizability. Let us now considf;:r a
small volume Av of the dielectric material. If N denotes the number of

molecules per unit volume of the material, then there are N Av molecules
in the volume Av. We define a vector P, called the “polarization vector,” as

LSy =N 5-37
= 25 2 B=Np ¢-37)
which has the meaning of “dipole moment per unit volume” or the “dipole

moment density” in the material. Substituting (5-36) into (5-37), we hav‘é
P = NoE, (5-38)
\

The units of P are coulombs per square meter. |
The field E , in (5-36) and hence in (5-38) is the average electric field a‘cting
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to polarize the individual molecule and is generally called the polarizing
field or the local field. It is the average field that would exist in an imaginary
cavity created by removing the molecule in question, keeping all the other
molecules polarized in their locations. It is not the same as the average macro-
scopic field E at the molecule with all the molecules including the one in
question remaining polarized in their locations. It is equal to the field E
minus the average field produced by the dipole in the imaginary cavity. We
have to find this average field to express E, in terms of E so that P can be
related to E. To determine this field rigorously, we need detailed information
about the shape and charge distribution of the molecule. However, we will
consider a simple special case of a spherical cavity and obtain the required
field in the following example.

ExAMPLE 5-4. Two equal and opposite point charges Q and —Q are situated at
(0,0, d/2) and (0,0 — dJ2), respectively, in cartesian coordinates as shown
in Fig. 5.10, forming a dipole of moment p= Qdi,. Obtain the average
electric field intensity due to the dipole in a spherical volume of radius
a > df2 and centered at the origin.

Fig. 5.10. For obtaining the aver-
age electric field intensity due to
an electric dipole in a spherical
volume.

Let us consider the fields due to the positive and negative point charges
independently. Considering first the positive charge Q located at (0, 0, d/2),
we note that its electric field at an arbitrary point P(r, 8, @) is given by

-9 1 iy
4ze, (r2 + d2[& — rdcos ) ©

E, (5-39)

where i, is the unit vector along the line from the point charge Q to the point
P. The volume integral of this field evaluated in the spherical volume ¥V of
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radius a is given by

1 .
Jl, E.dv=—0 [fy Ime (2 I+ d*& — rdcos 0) 72 dv (5-40)
where i, = —ipp. The quantity inside the brackets on the right side of
(5-40) can be recognized as the electric field intensity produced at the location
of the point charge by a volume charge distribution of uniform densilty
1 C/m? in the spherical volume V. From Gauss’ law, this electric field intensity
is equal to

1 (charge enclosed within the sphere of radius d/2) .
€, \  surface area of the sphere of radius /2  /

or (df6€,)i,.
Thus we obtain

_ _9d; 5.4
fV E, dv= be. i, (5-4]la)
Similarly, the volume integral of the electric field due to the negative charge
— Q located at (0, 0, —d/2) evaluated in the spherical volume ¥ of radius a
can be obtained as ,

_ _od, y
VE_ dv 6c, i, (5-41b)
The volume integral of the electric field due to the dipole is then given by
J E, +E)dv= —SQd_i, (5!.42)

Vv Eo ‘\

Finally, the average field due to the dipole in the spherical volume is give;il by
|

Fo=7 | @ +E)d |

(5-43)
S (%)
$na’\ 3¢, 1 4re \a®

It is left as an exercise (Problem 5.16) for the student to show that (5-43)
is true for any arbitrary charge distribution of dipole moment p 51tuated

in the spherical volume of radius a. || ‘J

From the result (5-43) of Example 5-4, we now relate the polaljlzmg

field E, with the average macroscopic field E as |
|

—E—E,—-E—(-—P )=E+-—E ;
E,=E—-E.=E <47z60a3) E+ Sgnayne, G4
where we have substituted p = P/N from (5-37). Now, if we assume that
the molecular volume is equal to the volume of the spherical cavity,L then
(4ma®)N is equal to 1 since N is the number of molecules per unit volume.
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Equation (5-44) then reduces to

- P .
E,=E + 7 (5-45)
Although we have obtained (5-45) by making certain simplifying assump-
tions, it is found that the experimentally observed behavior of many dielectric
materials agrees remarkably well with that following from (5-45). Substituting
(5-45) into (5-38), we obtain

_ P
P — No(E+ 3_60) (5-46)
Rearranging (5-46), we obtain the relationship between P and E as
_ 3aN

Defining a dimensionless parameter y,, known as the “electric suscepti-
bility,” as

_ 3aN
Xe =3¢, —aN (5-48)
Eq. (5-47) can be written as
P=¢,xE (5-49)

This simple relationship between the polarization vector P and the average
macroscopic electric field E in the dielectric indicates that P is proportional
to E. Materials for which this relationship holds, that is, y, is independent
of the magnitude as well as the direction of E are known as linear isotropic
dielectric materials. For certain dielectric materials, each component of P
can be dependent on all components of E. In such cases, P is not parallel
to E and the materials are not isotropic. Such materials are known as ani-
sotropic dielectric materials.

Dielectrics in Electric Fields; Polarization Charge and Current

In Section 5.4 we learned that polarization occurs in dielectric materials
under the influence of an applied electric field. We defined polarization by
means of a polarization vector P, which is the electric dipole moment per
unit volume. The polarization vector is related to the electric field responsible
for producing it, through Eq. (5-49). When a dielectric material is placed in
an electric field, the induced polarization produces a secondary electric field,
which reduces the applied field, which in turn causes a change in the polar-
ization vector, and so on. When this adjustment process is complete, that is,
when a steady state is reached, the sum of the originally applied field and
the secondary field must be such that it produces a polarization which results
in the secondary field. The situation is like a feedback loop as shown in
Fig. 5.11. We will assume that the adjustment takes place instantaneously



282 Materials and Fields Chap. 5

Field in the

Applied Field, E, + Dielectric, E. + E
PP . () z L; Dielectric
+
Secondary
Field, E; ¥

Polarization

Fig. 5.11. Feedback loop illustrating the adjustment of polariza-
tion in a dielectric material to correspond to the sum of the
applied field and the secondary field due to the polarization.

with the application of the field and investigate the different effects arising
from the polarization. We do this by first considering some specific examplges.

EXAMPLE 5-5. An infinite plane dielectric slab of uniform electric susceptibility X.o
and of thickness d occupies the region 0 < z < d as shown in Fig. 5.1213)-
A uniform electric field E, = E,ji, is applied. It is desired to investigate the
effect of polarization induced in the dielectric. l
The applied electric field induces dipole moments in the dielectric w{ith
the negative charges separated from the positive charges and pulled away

E, = Eji, |
z=duwxhnuﬂ J
PpsoAS ,{_ 8 8 g 1
Xl =1Xe0 \ j 2 g 8 I
~ o ]2 82 %]
z2=0 o+ { )
[ 1
(a) | /_ppSOAS E, = E,i,
 Prs = Pps0 d/)-_': A}n}ﬁ* m‘
+ - + + -V @ { + + +
= Eo i
.~ - - Tl x| - - -
© \Pps = —0pso 4 4 4
c

Fig. 5.12. For investigating the effects of polarization induced in
a dielectric material of uniform susceptibility for a uniform

applied electric field. ’

|
I

4‘ ()
|
{
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:
|
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from the direction of the field. Since the electric field and the electric sus-
ceptibility are uniform, the density of the induced dipole moments, that is,
the polarization vector P, is uniform as shown in Fig. 5.12(b). Such a dis-
tribution results in exact neutralization of all the charges except at the
boundaries of the dielectric since, for each positive (or negative) charge not
on the surface, there is the same amount of negative (or positive) charge
associated with the dipole adjacent to it, thereby cancelling its effect. On the
other hand, since the medium changes abruptly from dielectric to free space
at the boundaries, no such neutralization of charges at the boundaries takes
place. Thus the net result is the formation of a positive surface charge at
the boundary z = d and a negative surface charge at the boundary z =0
as shown in Fig. 5.12(c). These surface charges are known as polarization
surface charges since they are due to the polarization in the dielectric. In
view of the uniform density of the dipole moments, the surface charge densities
are uniform. Also, in the absence of a net charge in the interior of the di-
electric, the surface charge densities must be equal in magnitude to preserve
the charge neutrality of the dielectric.
Let us therefore denote the surface charge densities as

pro zZ= d
s = 5-50
Py {_pm 7 =0 (5-50)

where the subscript p in addition to the other subscripts stands for polar-
ization. If we now consider a vertical column of infinitesimal rectangular
cross-sectional area AS cut out from the dielectric as shown in Fig. 5.12(d),
the equal and opposite surface charges make the column appear as a dipole
of moment (p,,, AS) di,. On the other hand, writing

P = P,i, (5-51)

where P, is a constant in view of the uniformity of the induced polarization,
the dipole moment of the column is equal to P times the volume of the
column, or Py(d AS)i,. Equating the dipole moments computed in the two
different ways, we have

ppso = Po (5"52)

Thus we have related the surface charge density to the magnitude of the
polarization vector. Now, the surface charge distribution produces a secon-
dary field E, given by

Py — Loy

for 0 d
E =1 ¢ " g TUSIS (5-53)

0 otherwise

When the secondary field E_ is superimposed on the applied field the net
result is a reduction of the field inside the dielectric. Denoting the total field
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inside the dielectric as E,, we have

E,=E, +F, = Ei —20i, = (£, — &), (5-54)
€o €o
But, from (5-49),
P = ¢€,x.0E; (5-55)
Substituting (5-51) and (5-54) into (5-55), we have ‘f
P |
Py = €X.o (Eo - ?g) |
0
or
— €0XeoEq _5(3
P, = Jeeore (5-56)

Thus the polarization surface charge densities are given by

€0Xe0Eo z=4d

1+Xeo

Pps = (5'5
? _ €oXeoEg z=0
1 + XeO
and the electric field intensity inside the dielectric is
E =L (5-98)

1+X20

Since the secondary field produced outside the dielectric by the surfdce
charge distribution is zero, the total field E, outside the dielectric remains the
same as the applied field. The field distribution both inside and outside
the dielectric is shown in Fig. 5.12(e). Although we have demonstrated only
the formation of a polarization surface charge in this example, it is easy] to
visualize that a nonuniform applied electric field or a nonuniform elect}tric
susceptibility of the material will result in the formation of a polarizatjon
volume charge in the dielectric due to imperfect cancellation of the chalfges
associated with the dipoles. [

ExAMPLE 5-6. An infinite plane dielectric slab of uniform electric susceptibilityj‘ X0
and of thickness d occupies the region 0 < z < d. A spatially uniform but
time-varying electric field E = E, cos wt i, is applied. It is desired to inves-
tigate the effect of polarization induced in the dielectric. Assume that the
induced polarization follows exactly the time variations of the applied field.

Since the applied field and the electric susceptibility of the dielectric are
spatially uniform, the induced polarization is such that only surface charges
of equal and opposite density are formed at the boundaries of the dielectric,
and no volume charge is formed inside the dielectric. At any particular time,
the surface charge densities are given by (5-57), with the value of the applied
field at that time substituted for E,. Thus the time-varying surface charge
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densities are

5-59)
€oXeoEo cos-@t 72=0 (

But if the charge in a volume is varying with time, there must be a current

flow out of or into that volume in accordance with the continuity equation,
given in integral form by

§J-ds+%f pdv =0 (4-103)
S 14

where S is the surface bounding the volume V. Obviously, in the present case
the current flow must be inside the dielectric from one boundary to the other.
This current is known as the polarization current since it is due to the polar-
ization in the dielectric. For this example, the polarization current density
must be entirely z-directed because of the uniformity of the polarization
surface charge distributions and it must be uniform since the polarization
volume charge density inside the dielectric is zero.
Let us therefore denote the polarization current density as

I, =J,, 0<z<d (5-60)

where the subscript p stands for polarization. To find J,, we apply (4-103)
to a rectangular box enclosing an infinitesimal area AS of the surface z = 0
and parallel to it as shown in Fig. 5.13. Noting that the current outside the
dielectric slab and the volume charge inside the slab are zero, we obtain

T AS + L(p, 1.8} = 0

JP = Jpoiz

Fig. 5.13. For the determination of the polarization current
density resulting from the time variation of the polarization
charges induced in a dielectric material.
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Thus
— _i — _£_<_60190E0 ) — _EOXeOan) 1
Jpo = ar [Ppsl:=0 = ar T+ 2., coswt | = T+ 7.0 Sin o ‘
and |
€ XeoEq® . 1
Jp=—i’—)€}_‘l}‘:—osma)t1, O0<:z<d (5-61,{)

It is left as an exercise for the student to verify that the same result is obtainec; :‘1

for J, by applying (4-103) to a rectangular box enclosing an infinitesima'l

area AS of the surface z = d and parallel to it. Note that the polarizatior
“current density is out of phase by 90° with the applied electric field. ||

We now derive general expressions for polarization surface and volum e
charge densities and polarization current density in terms of the polarizatio:n
vector. To do this, let us consider a dielectric material of volume ¥ in which
the polarization vector P is an arbitrary function of position as shown in
Fig. 5.14. We divide the volume ¥’ into a number of infinitesimal volumes dv;,

1
44 iy 44 Y ;‘i
‘ av’
4 * 4 4 4Dielectric
r < 44 4 4P4 Material
0 e

X

Fig. 5.14. For evaluating the electric potential due to induced
polarization in a dielectric material.

i=1,2,3,...,n defined by position vectorsr;, i =1,2,3,...,n, respec-
tively. In each infinitesimal volume, we can consider P to be a constant so
that the dipole moment in the ith volume is P, @v;. From (2-109), the scalar
potential dV, at a point O(r) due to the dipole moment in the ith volume
is given by
_ 1 Pdvi+(@®—r)
v, = dre, [r—r]P
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The total potential at O(r) due to the dipole moments in all the # infinitesimal
volumes is then given by

_ < _ 1 &Pdvi«(xr—1) 5.62
v §1th_47[601'=21 [r—r? (5-62)
Equation (5-62) is good only for |r|>|r;|, where i =1,2,3,...,n since
each dv; has a finite although infinitesimal volume. However, in the limit
that n — oo, all the infinitesimal volumes tend to zero; the right side of
(5-62) becomes an integral and the expression is valid for any r. Thus

V(r)=41 0 f Pdv+.@x—r)

e [r —1r'f
1 volume V’ 1 (5-63)
= ne, f PV =7
volume V*
Substituting the vector identity
’ P r 1 1
V. —PpP. .
r—r| F V|r—r’|+|r—r’|V P

in (5-63), we obtain

J— 1 ’ P ’ 1 1 ’ ’
V(r)_47t60 f v |l‘—l"|dv—47t60 j |1-Tr’—|V Pdv

volume V’/ volume V* (5_64)

Applying the divergence theorem to the first integral on the right side of
(5-64), we get

. 1 P'i; ’ 1 _VI’Pd/ -6
V) = gz f =% + 7, f r=r[®

surface 8" volume V*

where S’ is the surface bounding the volume ¥’ and i, is the unit normal
vector to dS’.

The first integral on the right side of (5-65) represents the potential
at O(r) due to a surface charge of density P « i, on the surface S’ and the
second integral is the potential at Q(r) due to a volume charge of density
(—V'’ « P) in the volume V. Thus the potential at O(r) due to the polarization
in the dielectric is the same as the sum of the potentials at O(r) due to a
polarization surface charge of density

o) =P@) i, on S’ (5-66a)
and due to a polarization volume charge of density
p,) ==V P in V' (5-66b)

We note that the total charge in V'’ is

fﬁs' P, dS’ + jw p,dv = ﬂ (P.i)ds — jw (V' «P)dv' = 0
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|

according to the divergence theorem, so that the charge neutrality of the di- |

electric is satisfied. Thus the total polarization volume charge in V" is equal };
to the negative of the total polarization surface charge on S’. Omitting the |
primes in (5-66a) and (5-66b), we have
Pps=Pi, (5-67)
p,=—VP (5-68)

Now, the polarization current density J, in the dielectric due to the time “

variation of the polarization charge density should satisfy the continuity}

equation ‘

Ve, +%:-0
Substituting for p, in (5-69) from (5-68), we have
V.J,— —(V +P)=0
or
P\ _
v-(3,-%)=0
or i

J,— %It_) = constant with time (5-7CP

The constant must, however, be zero since we know that J, is zero when
dP/0¢ is zero. Thus ;
o |
3,=% (5-7% )
Summarizing what we have learned in this section, the induced dipojle
moments due to polarization in a dielectric material placed in an electric field
have the effect of creating in general the following:

(a) polarization surface charges, having densities given by (5-67), at the
boundaries of the dielectric, |

(b) polarization volume charge of density given by (5-68) in the dlelectfnc
and such that the total volume charge is exactly the negative |of
the total surface charge so as to preserve the charge neutrality of

material, and

(c) polarization current of density given by (5-71) resulting from the tifne
variation of the polarization charges.

We have also shown that the polarization charges and currents alter (the
applied electric field in the material. Such a modification of the applied
field occurs outside the material as well in the general case. The magnetic
field associated with the applied electric field is also altered by the addition
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of the secondary magnetic field due to the polarization current and the time-
variation of the secondary electric field.

Displacement Flux Density and Relative Permittivity

In Section 5.5 we learned that the electric field in a dielectric material is the
superposition of an applied field E, and a secondary field E, which results
from the polarization P, which in turn is induced by the total field (E, 4+ E,),
as shown in Fig. 5.11. Thus, from Fig. 5.11 and Eq. (5-49), we have

P = c,7,(E, + E) | (572)
E, = f(P) (5-73)

where f(P) denotes a function of P. Determination of the secondary field
E, and hence the total field (E, + E,) for a given applied field E, requires
a simultaneous solution of (5-72) and (5-73) which, in general, is very incon-
venient. To circumvent this problem, we make use of the results of Section
5.5, in which we found that the induced polarization is equivalent to a polar-
ization surface charge of density p,,, a polarization volume charge of density
P, and a polarization current of density J,, as given by (5-67), (5-68), and
(5-71), respectively. The secondary electric and magnetic fields are the fields
produced by these charges and current as if they were situated in free space,
in the same way as the charges and currents responsible for the applied
electric field and its associated magnetic field.

Thus the secondary electromagnetic field satisfies Maxwell’s equations

V.E =/ (5-74a)
€o
V.B, =0 (5-74b)
0B, :
VxE =-S5 (5-74c)
VxB, = o[ J, + 5 (&E)] (5-74d)

where B, is the secondary magnetic field. On the other hand, if the “true”
charge and current densities responsible for the applied field E, with its
associated magnetic field B, are p and J, respectively, we have

V.E =2 (5-75a)
€
V.B =0 (5-75b)
_ 0B, )
VXE, =0 (5-75¢)

VxB, = pu, [J + gt_ (eoEa)] (5-75d)
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Now, adding (5-74a)-(5-74d) to (5-75a)-(5-75d), .respectively, we obtain |

V.@E +E)=LL2 (5-762)

0 i
V.B,+B)=0 (5-76b)
VX (E +E)=—3(®B,+B) (5-760)

VX B+ B)= 4o (I + T, + S le® + BN} (576

Substituting
E=E, +E, (5-77a)
B =B, + B, (5-77b
p,=—V.P (5-68
3, =% (5-71
in (5-76a)-(5-76d), and rearranging, we obtain
Vel e, E+P)=0p (5- 783[)
V:B=0 (5-78b)
_ _0UB .
VXE= o (5-78¢)
_ J
VxB=p, [J + 3 (eE + P):I (5-78d)

where E and B are the total fields.
We now define a vector D, known as the displacement flux density
vector, and given by

D=¢E-+P (5-79)

Note that the units of D are the same as those of ¢,E and P, that is, coulombs
per square meter, and hence it is a flux density vector. Substituting (5- 79)
into (5-78a)-(5-78d), we obtain

V.D=p (5-80)
V-B=0 (5-81)
B |
VxE= 98 532
VxB=p,(J+ %l:)) (5-83)

Thus the new field D results in a set of equations which does not explicitly
contain the polarization charge and current densities, unlike the equatlons
(5-76a)—(5-76d).
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Substituting for P in (5-79) from (5-49), we have

D =¢E + €,x.E = €,(1 + x)E = €,6,E = €E (5-84)

where we define
e, =144z, (5-85)

and

€ = €,€, (5-86)
The quantity €, is known as the relative permittivity or dielectric constant
of the dielectric and € is the permittivity of the dielectric. Note that e, is
dimensionless and that (5-84) is true only for linear dielectrics if € is to be

treated as a constant for a particular dielectric, whereas (5-79) holds in
general. Substituting (5-84) into (5-80)—(5-83), we obtain

V.E= % (5-87a)
V.B=0 (5-87b)
VXE-— —‘(’9_? (5-87¢)
VxB =g, |:J + d_‘i- (eE)] (5-87d)

Equations (5-87a)-(5-87d) are the same as Maxwell’s equations for free space
except that ¢, is replaced by e. Thus the electric and magnetic fields in the
presence of a dielectric can be computed in exactly the same manner as for
free space except that we have to use € instead of €, for permittivity. In fact,
if =0, ¢ =1 and € =¢, so that free space can be considered as a
dielectric with € = €,, and hence, Eqgs. (5-87a)-(5-87d) can be used for free
space as well. The permittivity € takes into account the effects of polarization
and there is no need to consider them when we use € for €, thereby eliminating
the necessity for the simultaneous solution of (5-72) and (5-73). In the case
of a boundary between two different dielectrics, the appropriate boundary
conditions for D take into account implicitly the polarization surface charge.
We will consider these boundary conditions in Section 5.12. The relative per-
mittivity is an experimentally measurable parameter and its values for several
1 dielectric materials are listed in Table 5.2.

ExAMPLE 5-7. For the dielectric slab of Example 5-5, find and sketch the direction
lines of the displacement flux density and the electric field intensity vectors
both inside and outside the dielectric.

From Example 5-5, the electric field intensity inside the dielectric is
given by

E

E.:—O'
' 1+Xeolz

(5-58)



292 Materials and Fields Chap. 5

TABLE 5.2. Relative Permittivities of Some Materials

Relative Relative

Material Permittivity Material Permittivity
Air 1.0006 Dry earth 5
Paper 2-3 Glass 5-10
Rubber 2-3.5 Mica 6
Teflon 2.1 Porcelain 6
Polyethylene 2.26 Neoprene 6.7
Polystyrene 2.56 Wet earth 10
Plexiglass 2.6-3.5 Ethyl alchohol . 243
Nylon 3.5 Glycerol 42.5
Fused quartz 3.8 Distilled water 81 1
Bakelite 4.9 Titanium dioxide 100 “1

The relative permittivity of the dielectric is 1 + y,,. Thus the displacemerat
flux density inside the dielectric is

1 . .
D; = €(1 + 2.0E; = WEOL = €,E,i,
Outside the dielectric, the electric field intensity is the same as the applid
value so that the displacement flux density is

D, = €.E, = €,E,i,

Thus, for this example, the displacement flux density vectors inside and
outside the dielectric are the same and equal to the displacement flux density
associated with the applied electric field intensity. Both D and E fields insiide
and outside the dielectric are shown in Fig. 5.15. We note that the direction
lines of D do not begin or end on the polarization charges whereas the direc-
tion lines of E begin and end on them. The direction lines of D begin and

D,= g Eoi; 4 MMM M4 M ME= Ej;
{ I : : ‘ ' : —Polarization
_ | Charges
Sk e e I O AT } |
I I | | |
D; = eEoi, || | | |E: = —lz
| | | Iy
P S L i [ NG ‘ —
ORI
| il | I\Polarlzatlon ’ \‘
I T T [ T T Charges ‘

Fig. 5.15. Displacement flux density and electric field intensity
vectors for the dielectric slab of Example 5-5.
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end only on the charges other than the polarization charges whereas the
direction lines of E begin and end on both kinds of charges. |]

ExampPLE 5-8. A point charge Q is situated at the center of a spherical dielectric
shell of uniform permittivity ¢ and having inner and outer radii a and b,
respectively, as shown in Fig. 5.16. The entire arrangement is enclosed by
a grounded conducting shell of inner radius ¢ and concentric with the di-
electric shell. Find and sketch the D and E fields in three different regions:
O<r<aa<r<b,and b < r < c. Also find and sketch the P field and
the polarization charges in the dielectric and the charge induced on the
conductor surface.

Fig. 5.16. Displacement flux density, electric field intensity, and
polarization vectors for the arrangement of a point charge at
the center of a spherical dielectric shell enclosed by a grounded
spherical conductor concentric with the dielectric shell.

We make use of the spherical symmetry associated with the problem
and apply the integral form of (5-87a) given by

j; E.dS= %f pdv= % (true charge enclosed by S)  (5-88)
N v

to three different spherical surfaces centered at the point charge and lying
in the three different regions. Thus we obtain

2
Tne 72 i O0<r<a

g b a<r<b (5-89)

—=__ i b c
| dme " <r<
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The corresponding D field is given by

GOE:%L 0<r<a

D= eE:%i a<r<b

dmr® T
60E=%i, b<r<c |
=2 ; O<r<e (5-90)

drr2 T (

Alternatively and more elegantly, we can use the integral form of (5-80%
given by ‘

\
fﬁsD «dS = f p dv = (true charge enclosed by S) (5-91)
v \

and apply it to a spherical surface centered at the point charge and haviné
any radius », where 0 < r < c. Since the right side of (5-91) does not depend
upon the permittivity of the medium, we then obtain the result given by
(5-90). Having obtained this, we can then find E in the three different reglons
by dividing D by the corresponding permittivity.

Now, from (5-79), the polarization vector P inside the d1e1ectrlc is
given by

P=D-— fo[E]a<r<b
= i e i =2 (1 - )i 592
Zarrtr T S0 dgerz’t T dppa €/ ‘

The polarization volume and surface charge densities are

p,=-V-p=—1 0 p)

- A G- 2=
[Ppslrea = [Plica » (—1i,) »
(-] oo a(iog) O

[Ppsli=s = [Pl « (i) cos
[l ) wmsgl-g) O

The D and E fields in the three regions, the P field in the dielectric, and the
polarization surface charge densities are shown in Fig. 5.16. From (5-26),
the surface charge density induced on the conductor surface r = c is given by

(5-93a)

(Phme = €oEl e (—i) = —€E}oe = — 725 (594)
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so that the total charge induced on the conductor surface is — Q. These
charges are shown in Fig. 5.16. We can obtain this result alternatively by

recalling that E inside the conductor is zero. Then § E . dS for any surface
N

S entirely within the conductor must be zero. For this to be true, an amount
of charge equal and opposite to the sum of all kinds of charges (polarization
or otherwise) enclosed by the conductor must be induced on the conductor
surface. Since the sum of all kinds of charges enclosed by the conductor is

Q + [pps]r=a4na2 + [pps]r=b47r’bz = Q

the induced charge on the conductor surface must be — Q. Alternatively
and more elegantly, we note that D = ¢ E is zero inside the conductor.

Hence § D « dS for any surface S entirely within the conductor must be
S

zero. For this to be true, an amount of charge equal and opposite to all
charges other than polarization charges, enclosed by the conductor must
be induced on the conductor surface. Since the charge, other than polari-
zation charge, enclosed by the conductor is the point charge Q, the induced
charge on the conductor surface must be — Q. This induced charge required
to make the field inside the conductor equal to zero is acquired from the
ground.

From Fig. 5.16, we once again note that the direction lines of E begin
and end on all kinds of charges (polarization or otherwise) whereas the direc-
tion lines of D begin and end only on charges other than polarization charges.
The gaps in the direction lines of E resulting from the polarization charges
are filled by the direction lines of P. The flux of E through a spherical surface
centered at the point charge varies from medium to medium, depending upon
the permittivity of the medium in which the surface lies. On the other hand,
the flux of D through that surface is always equal to only the true charges,
that is, charges other than the polarization charges, enclosed by the surface,
irrespective of the permittivities of the media bounded by the surface. Thus
there is a displacement flux from the true charges which is independent of the
medium as originally discovered by Faraday when he found experimentally
that the induced charge on the conductor surface was independent of the
medium. However, the vector D was introduced later by Maxwell, who
called it the “displacement.” This explains the name “displacement flux
density” for D. In Section 4.4 we introduced the concept of displacement
current as the time derivative of the flux of ¢,E. We now recognize that ¢ E
is simply the displacement flux density in free space and hence the name
displacement current, again attributed to Maxwell, for the time derivative
of the flux of ¢,E. It follows that the generalization of the displacement

current density of Section 4.5 to dielectric media is %) = g—t(eoE + P), which

reduces to gt-(eE) for linear dielectrics. |j
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Magnetization and Magnetic Materials |
|

Thus far in this chapter, we have been concerned with the response of
materials to electric fields. We now turn our attention to materials know
as magnetic materials which, as the name implies, are classified accordin
to their magnetic behavior. According to a simplified atomic model, th
electrons associated with a particular nucleus orbit around the nucleus i
circular paths while spinning about themselves. In addition, the nucleu
itself has a spin motion associated with it. Since the movement of charg
constitutes a current, these orbital and spin motions are equivalent to current
loops of atomic dimensions. We learned in Chapter 3 that a circular current
loop is the magnetic analog of the electric dipole. Thus each atom can be
characterized by a superposition of magnetic dipole moments corresponding
to the electron orbital motions, electron spin motions, and the nuclear spip.
However, owing to the heavy mass of the nucleus, the angular velocity ¢f
the nuclear spin is much smaller than that of an electron spin and hence the
equivalent current associated with the nuclear spin is much smaller than the
equivalent current associated with an electron spin. The dipole moment due
to the nuclear spin can therefore be neglected in comparison with the other
two effects. The schematic representations of a magnetic dipole as seen
from along its axis and from a point in its plane are shown in Figs. 5.17 a)
and 5.17(b), respectively.

In many materials, the net magnetic moment of each atom is zero [in
the absence of an applied magnetic field. An applied magnetic field has the
effect of inducing a net dipole moment or “magnetizing” the material lby
changing the angular velocities of the electron orbits. This induced “mdg-
netization™ is in opposition to the applied field so that there is a net reductjon
in the magnetic flux density in the material from the applied value. Such
materials are said to be “diamagnetic.” In fact, “diamagnetism,” whicl:EV is
analogous to electronic polarization, is prevalent in all materials. We will
illustrate the diamagnetic effect by means of the following example.

IOlll

(a) (b) ‘

Fig. 5.17. Schematic representation of a magnetic dipole: |
(a) as seen from along its axis, and (b) as seen from a point (
in its plane. /‘
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EXAMPLE 5-9. Assume that the nucleus of an atom is a point charge equal to |e|,

‘ where e is the charge of an electron. Consider an electron of mass m, in a
circular orbit of radius a around the nucleus with an angular velocity
o, rad/sec. It is desired to find the change in the dipole moment of the orbiting
electron due to the application of a uniform external magnetic field per-
pendicular to the orbital plane of the electron, assuming that the radius of
the orbit remains equal to a.

Let the nucleus be at the origin and the electronic orbit be in the xy
plane as shown in Fig. 5.18, so that the angular velocity in the absence of
the external field is +w,i,. Let the applied magnetic field be B,, = B,i, and
the resulting angular velocity be 4-wi,. Under equilibrium conditions, the
centripetal force —m, w?ai, acting on the electron is equal to the sum of two
forces: (a) the Coulomb force F, due to the attraction of the electron by the
nucleus and (b) the magnetic force F, due to the applied field acting on the
orbiting electron. These forces are given by

F er .
= ———i
! 4ne,a® "

Fig. 5.18. For obtaining the
change in the dipole moment of
an electronic orbit around the
nucleus due to an applied mag-

netic field.
and
F, = F|e|wai, x Byi, = F|e|waB,i,
Thus
2,8 v e . Bi
—mwiai, = —Wl, T le|waBi,
or
2 e? le|lwB, -
@ 47zmefoa3'i m, (5-99)

In the absence of the external field, B, is zero, w = w, and we have

wi = (5-96)
* 7 dnam€,a’
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Substituting (5-96) into (5-95), we obtain

0 — 0} = (@ + 0@ — 0,) — £ 19128 (5-97)
The perturbation in ey by the external field is, however, so small that 0 + w,
can be approximated by 2w. Equation (5-97) then reduces to

0 — W, ~ i% (5-98)

e

Now, the equivalent current due to an orbiting electron is equal to the
amount of charge passing through any point on the orbit in 1 sec, or e times
the number of times that the electron passes through the point in 1 sec. For
an angular velocity of wi,, the number of times is w/2x so that the equivalent
current is | e|w/2x. This current circulates in the sense opposite to that of the
electron orbit since the electronic charge is negative. Thus the magnetic
dipole moment due to the orbiting electron is given by ‘\

m— ;'767'69 nati, = F 1102 (5-99)

The dipole moment in the absence of the external field is ﬂ
m, = F el (5-100)
|

The change in the dipole moment due to application of B, is

Am=m—m, = :Fl%l"_z (@ — o), (5-101)
Substituting (5-98) into (5-101), we obtain ‘
2 2 42
Am:;lezla (ilg,'f“)iz:—i; B, (5-102)

Thus the change in the dipole moment and hence the magnetic field resulting
from the change is in opposition to the applied magnetic field and indepen-
dent of the sense of the electron orbit. This is consistent with Lenz’ law,
discussed in Section 4.2, which states that the change in magnetic flux
enclosed by a loop induces a current in the loop which opposes the change
in the flux. In the present case, the application of the external magnetic field
causes the change in flux enclosed by the electron orbit and the indlﬂced
current is the current corresponding to the change in the angular velocuy
of the electron. |

The result of Example 5-9 illustrates the principle behind the diamagrﬁetic
property of materials without going into great detail. The change in! the
magnetic moment of each electronic orbit brought about by the apg)lied

magnetic field results in a net magnetization of the material which otherwise

has a zero net moment. !

|

|
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In certain materials, diamagnetism is dominated by other effects known
as paramagnetism, ferromagnetism, antiferromagnetism, and ferrimagnetism.
Paramagnetism is similar to orientational polarization in dielectric materials.
In “paramagnetic” materials, the individual atoms possess net nonzero
magnetic moments even in the absence of an applied magnetic field. How-
ever, these “permanent” magnetic moments of the individual atoms are
randomly oriented so that the net magnetization on a macroscopic scale is
zero. An applied magnetic field has the influence of exerting torques on the
permanent atomic magnetic dipoles as shown in Figure 5.19, to convert
the initially random alignment into a partially coherent one along the field
thereby inducing a net magnetization which results in an enhancement of
the applied field.

/

Fig. 5.19. Torque acting on -a magnetic dipole
under the influence of a magnetic field.

Ferromagnetism is the property by means of which a material can
exhibit spontaneous magnetization, that is, magnetization even in the absence
of an applied field, below a certain critical temperature known as the Curie
temperature. Above the Curie temperature, the spontaneous magnetization
vanishes and the ordinary paramagnetic behavior results. Ferromagnetic
materials possess strong dipole moments owing to the predominance of the
electron spin moments over -the electron orbital moments. The theory of
ferromagnetism is based on the concept of magnetic “domains,” as formulated
by Weiss in 1907. A magnetic domain is a small region in the material in
which the atomic dipole moments are all aligned in one direction, due to
strong interaction fields arising from the neighboring dipoles. In the absence
of an external magnetic field, although each domain is magnetized to satura-
tion, the magnetizations in various domains are randomly oriented as shown
in Fig. 5.20(a) for a single crystal specimen. The random orientation results
from minimization of the associated energy. The net magnetization is there-
fore zero on a macroscopic scale.

With the application of a weak external magnetic field, the volumes
of the domains in which the original magnetizations are favorably oriented
relative to the applied field grow at the expense of the volumes of the other
domains, as shown in Fig. 5.20(b). This feature is known as domain wall
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Domain
Domain Wall

/ B, B,,

Y — —

() (b) (©

Fig. 5.20. For illustrating the different steps in the magnetization
of a ferromagnetic specimen: (a) Unmagnetized state. (b)
Domain wall motion. (c) Domain rotation. |

motion. Upon removal of the applied field, the domain wall motion reverseé,
bringing the material close to its original state of magnetization. With the
application of stronger external fields, the domain wall motion continues
to such an extent that it becomes irreversible; that is, the material does not
return to its original unmagnetized state on a macroscopic scale upon removal
of the field. With the application of still stronger fields, the domain wall
motion is accompanjed by domain rotation, that is, alignment of the magne-
tizations in the individual domains with the applied field as shown in Fig,
5.20(c), thereby magnetizing the material to saturation. The material retains
some magnetization along the direction of the applied field even after removal
of the field. In fact, an external field opposite to the original direction has
to be applied to bring the net magnetization back to zero. Thé phenomenon
by means of which the present state of magnetization of the given material
is dependent on its previous magnetic history is known as “hysteresis.” We
will discuss this topic further in Section 5.9. Unlike in the case of diamagnetic
and paramagnetic materials, the magnetization in ferromagnetic materials
is nonlinearly related to the applied field.

Antiferromagnetism and ferrimagnetism are modifications of ferromag-
netism in materials which contain two interlocking sets of atoms. If the spin
moments associated with these two sets of atoms are aligned parallel to each
other, as shown in Fig. 5.21(a), the material behaves ferromagnetically. On
the other hand, if the spin moments are aligned antiparallel to each other
and are equal in magnitude as shown in Fig. 5.21(b), so that the net magnetic
moment is zero even under the application of an external field, the material
is said to be antiferromagnetic. If the antiparallel moments are unequal in
magnitude as shown in Fig. 5.21(c), the net magnetic moment is not zero
and the material is said to be ferrimagnetic. A subgroup of ferrimagnetic
-materials known as “ferrites” is of considerable importance technicfal]y
because these materials have much lower conductivities than ferromagnetic
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(a) (b) O)

Fig. 5.21. Spin moments associated with interlocking sets of
atoms for (a) ferromagnetic, (b) antiferromagnetic, and (c) ferri-
magnetic materials.

materials while possessing comparable magnetization properties as ferromag-
netic materials.

The net magnetic dipole moment created due to the magnetization of
a material by an applied magnetic field produces a field which adds to the
applied field (except in the case of materials for which the diamagnetic effect
is the only one present) and changes its distribution both inside and outside

" the material in general from the one that exists in the absence of the material.

This will be the topic of discussion in Section 5.8. In the remainder of this
section, we will define a new vector M, which represents the magnetization
on a macroscopic scale, and relate it to the magnetic flux density. To do this
let us consider a small volume Av of a magnetic material. If N denotes the
number of molecules per unit volume of the material, then there are N Av
molecules in the volume Av. We define a vector M, called the “magnetization
vector” as

M=_>m=Nm (5-103)

where m is the average magnetic dipole moment per molecule. The mag-
netization vector M has the meaning of magnetic “dipole moment per unit
volume” analogous to P in the case of dielectric materials. The units of M
are ampere-meter?/meter® or amperes per meter. We may relate the average
dipole moment m to the magnetizing field B,, as given by

m=gq,B, (5-104)
where o, which may be called the magnetic polarizability, is a constant for

linear magnetic materials but may be a function of B,, for nonlinear magnetic
materials. Substituting (5-104) into (5-103), we have

M = Ne, B, (5-105)

The field B,, is the average magnetic field acting to magnetize the indi-
vidual molecule and is generally called the local field, analogous to E,, in the
case of dielectric polarization. It is the average field that would exist in an
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imaginary cavity created by removing the molecule under question while
keeping all the other molecules magnetized in their locations. Thus it is
not the same as the average macroscopic field B at the molecule with all the
molecules including the one in question remaining magnetized in their loca-.
tions. It is equal to the field B minus the average field produced by the dipole;
moment in the imaginary cavity. We have to find this average field to expressj|
B,, in terms of B so that M can be related to B. To do this, we once again
consider a simple special case of a spherical cavity and obtain the requiredit
field in the following example. I

EXAMPLE 5-10. A circular loop of radius @ and centered at the origin lies in the:
xy plane, as shown in Fig. 5.22. It carries a current 7 amp in the ¢ direction,,
thus forming a dipole of moment m = Ina?,. Obtain the average magnetic:
flux density due to the dipole in a spherical volume of radius b > a anqj
centered at the origin. :

Fig. 5.22. For obtaining the average mag-
netic flux density due to a magnetic dipole in
a spherical volume.

Let us consider an infinitesimal current element /a d¢’i, at the poiint
QO(a, /2, ¢') on the current loop. The magnetic flux density dB at a point
P(r,0, ¢) due to this current element is given by

O

where r and 1’ are position vectors corresponding to P and Q, respectively.
The integral of dB evaluated in the spherical volume ¥ of radius b can. be
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written as

f (dB) dv = —M%'iw x < (5-107)
Vv

_J r—r dv)
,TE=TT
since the integration is with respect to the coordinates of the field point P.
Now, the integral on the right side of (5-107) can be recognized as the electric
field intensity at (a, /2, §") due to a volume charge distribution of uniform
density 4me, C/m?® in the spherical volume V. From Gauss’ law, this electric
field intensity is (4ma/3)(x'/|x’|). Substituting this result in (5-107), we have

f (dB) dv — —Mol@d$'iy  4na T

v 4n 3 0] (5-108)

- ﬂ_ogaz g’ i,

The volume integral of B in the volume ¥ due to the entire current loop is

then given by
2
f Bdv= f j (dB) dv
v ¢=0dJ ¥V

_ pola? (** db' i — 2olna® 5.109
_T ¢lz_%lz (-0)

¢'=0

Finally, the average field due to the dipole in the spherical volume is given by

1
B,,,,_VLde

1 (Z,uglnra2 . ) _ 4om
TR 3 z) T 2mb3

It is left as an exercise (Problem 5.28) for the student to show that (5-110)
is true for any arbitrary current distribution of dipole moment m situated
in the spherical volume of radius 5. ||

(5-110)

From the result (5-110) of Example 5-10, we now relate the magnetizing
field B,, with the average macroscopic field B as

_B_B —B_M#m _pg_ _ #M i
B,=B—B,=B-20, =B TN (5-111)

where we have substituted m = M/N frbm (5-103). Now, if we assume that

the molecular volume is equal to the volume of the spherical cavity, then
(47b*)N is equal to 1 so that (5-11) reduces to

B, =B — 3uM (5-112)

Although we have obtained (5-112) by considering a spherical volume for
the molecule, it is found that the general expression for B, is of the form

B, =B+ (@ — DM (5-113)
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However, y may be larger than the value % in (5-112) by several orders of
magnitude for some materials. Substituting (5-105) into (5-113), we obtain

M == —— -
No, = B+ (y — DuM (5-114)
Rearranging (5-114), we obtain the relationship between M and B,, as
No
M= m B 5-115
1 —( — Du,Na, 115

Defining a dimensionless parameter y,, known as the “magnetic suscep-
tibility,” as

— /‘ON“m -
Ln =T yu,Na, (>-116)
Eq. (5-115) can be written as
B
M=_2n_= 5-117
1 + Xm IuO (

We have thus established a simple relationship between the magnetizatio
vector M and the average macroscopic magnetic field B in a magnetic ma-
terial through the parameter y,. The parameter y, is, however, constan]
only for diamagnetic and paramagnetic materials and is dependent on B fof
ferromagnetic materials. Values of y,, for some diamagneticand paramagneti\
materials are listed in Table 5.3. Also, comparing (5-117) with (5-49), we

TABLE 5.3. Magnetic Susceptibilities of Some Diamagnetic and Paramagnetic
|

Materials IL
Diamagnetic Paramagnetic |
Material Xm Material Am [_
Nitrogen —0.50 x 10-8 Air 3.6 x 1077
Hydrogen —0.21 x 108 Oxygen 2.1 x 10-6
Gold —3.,60 x 10-5 Magnesium 1.2 X 10-5
Mercury —3.20 X 10-3 Aluminum 2.3 x 10°5
Silver —2.60 x 10~5 Tungsten 6.8 x 10-3
Copper —098 x 10-5 Platinum 29 x 104
Sodium —0.24 x 10-5 Palladium 8.2 X 10—+
Bismuth —1.66 x 10~4 Liquid oxygen 3.5 x'10°3

observe that whereas M and B are analogous to P and E, respectivel)?l(,,,
is not analogous to y, owing to the manner in which y,, is defined. We will
discover the reason for this in Section 5.9. Equation (5-117) indicates that
M is parallel to B. Materials for which this relationship holds, that is, xm] is
independent of the direction of B are known as isotropic magnetic materials.
For certain magnetic materials, each component of M can be dependent
on all components of B. In such cases, M is not parallel to B and the materials
are not isotropic. Such materials are known as anisotropic magnetic materiz;ﬂs.



|

5.8

305 Magnetic Materials in Magnetic Fields; Magnetization Current Sec. 5.8

Magnetic Materials in Magnetic Fields; Magnetization Current

In Section 5.7 we learned that magnetization occurs in magnetic materials
under the influence of an applied magnetic field. We defined magnetization
by means of a magnetization vector M, which is the magnetic dipole moment
per unit volume. The magnetization vector is related to the magnetic field
responsible for producing it through Eq. (5-117). When a magnetic material
is placed in a magnetic field, the resulting magnetization produces a secondary
magnetic field, which increases the applied field, which in turn causes a
change in the magnetization vector, and so on. When this adjustment process
is complete, that is, when a steady state is reached, the sum of the originally
applied field and the secondary field must be such that it produces a magne-
tization which results in the secondary field. The situation is like a feedback
loop as shown in Fig. 5.23. We will assume that the adjustment takes place
instantaneously with the application of the field and investigate the different

effects arising from the magnetization. We do this by first considering an
example.

Field in the Magnetic
+ /'\ Material , B, + B; Magnetic
Applied Field, By Material
Secondary
Field, B; /
Magnetization

Fig. 5.23. Feedback loop illustrating the adjustment of mag-
netization in a magnetic material to correspond to the sum of the
applied field and the secondary field due to the magnetization.

EXAMPLE 5-11. An infinite plane slab of magnetic material of uniform magnetic

susceptibility x,, and of thickness d occupies the region 0 < z < d, as shown
in Fig. 5.24(a). A uniform magnetic field B, = B,i, is applied. It is desired
to investigate the effect of magnetization in the material.

The applied magnetic field results in magnetic dipole moments in the
material which are oriented along the field. Since the magnetic field and the
magnetic susceptibility are uniform, the density of the dipole moments, that
is, the magnetization vector M, is uniform as shown in Fig. 5.24(b). Such
a distribution results in exact cancellation of currents everywhere except at
the boundaries of the material since, for each current segment not on the
surface, there is a current segment associated with the dipole adjacent to it
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X x X  XBag= Boi,
z=d
X X X x} [ O O O l
— ) ] OO O]
)
X X X X
z=0 | Ax [ O O O ]
[l
X X X X i (b)
(a) d w X X X X
|ILL_ Bo=BOix
> <Y (@) >
e = TTTTrrY
T = Jmody B =(1+ XmO)BO'TL: XX x x
X X X X
(© (e)

Fig. 5.24. For investigating the effects of magnetization induced
in a magnetic material of uniform susceptibility for a uniform ‘
applied magnetic field. !

and carrying the same amount of current in the opposite direction, thereb“y
cancelling its effect. On the other hand, since the medium changes abruptly
from magnetic material to free space at the boundaries, no such cancellation
of currents at the boundaries takes place. Thus the net result is the formatidn
of a negative y-directed surface current at the boundary z = d and a positive
y-directed surface current at the boundary z = 0 as shown in Fig. 5.24(c).
These surface currents are known as magnetization surface currents since
they are due to the magnetization in the material. In view of the uniform
density of the dipole moments, the surface current densities are uniform. Also,
in the absence of a net current in the interior of the magnetic material, the
surface current densities must be equal in magnitude so that whatever current
flows on one surface returns via the other surface.
Let us therefore denote the surface current densities as

3, = { moly, =0 (5-118)
—J, ms0 iy z=d ‘

where the subscript m in addition to the other subscripts stands for magne-
tization. If we now consider a vertical column of infinitesimal rectangdlar
cross-sectional area AS = (Ax)(Ay) cut out from the magnetic materlal as
shown in Fig. 5-24(d), the rectangular current loop of width Ax makes the
column appear as a dipole of moment (J,,, Ax)(d Ay)i,. On the other hand,
writing f

M = M,i, (5-119)
j
|
r
|



307 Magnetic Materials in Magnetic Fields; Magnetization Current Sec. 5.8

where M, is a constant in view of the uniformity of the magnetization, the
dipole moment of the column is equal to M times the volume of the column,
or M,(d Ax Ay)i,. Equating the dipole moments computed in the two different
ways, we have

Jnso = My (5-120)
Thus we have related the surface current density to the magnitude of

the magnetization vector. Now, the surface current distribution produces

a secondary field B, given by
B, — Hod nsole = UM i, for 0 <.z <d (5-121)
0 otherwise

When the secondary field B, is superimposed on the applied field, the net
result is an increase in the field inside the material. Denoting the total field
inside the material by B,, we have

Bi=Ba+Bs=BOix+lu0M0ix = (BO +NOMO)ix (5_122)
But, from (5-117),

B,
M = - Xmo i 5-123)
L+ Xmo Ho (
Substituting (5-119) and (5-122) into (5-123), we have
B, + uM
M. = Xmo 0 0o
R I 2P
or
M, = XmoBo (5-124)
Ko
Thus the magnetization surface current densities are given by
XmOBO iy z=20
J = (5-125)
—XnoBs i, z=d
Ko
and the magnetic flux density inside the material is
B,=(1+ Xmo)Boix (5'126)

Since the secondary field produced outside the material by the surface current
distribution is zero, the total field B, outside the material remains the same
as the applied field. The field distribution both inside and outside the magnetic
material is shown in Fig. 5-24(e). Although we have demonstrated only the
formation of a magnetization surface current in this example, it is easy to
visualize that a nonuniform applied magnetic field or a nonuniform magnetic
susceptibility of the material will result in the formation of a magnetization
volume current in the magnetic material due to imperfect cancellation of the
currents associated with the dipoles. [J
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We now derive general expressions for magnetization surface and volume:
current densities in terms of the magnetization vector. To do this, let ug
consider a magnetic material of volume ¥’ in which the magnetization vectox
M is an arbitrary function of position, as shown in Fig. 5.25. We divide the:

z
A
S/
/- "
O dv’ W_ v
O PR Q
Of [j\ ¢
O R r
r O
O Magnetic
Material
o >y

Fig. 5.25. For evaluating the magnetic vector potential due to
induced magnetization in a magnetic material. :

volume ¥’ into a number of infinitesimal volumes dv}, i =1,2,3,....,n

defined by position vectors r;, i=1,2,3,...,n, respectively. In egch

infinitesimal volume, we can consider M to be a constant so that the dipjole

moment in the ith volume is M, dv}. From (3-96), the magnetic vector potenttial

dA, at a point Q(r) due to the dipole moment in the ith volume is givcnl‘ by
UM, dv; x (r —17)

A= =

The total vector potential at Q(r) due to the dipole moments in all the »
infinitesimal volumes is then given by
_v =&"M,dvf-x(r—r:~) X

A= dh =g = (5-127)
Equation (5-127) is good only for |r|>> |r}|, where i =1, 2, 3,...,n since
each dv; has a finite although infinitesimal volume. However, in the limit
that n — oo, all the infinitesimal volumes tend to zero; the right side of
(5-127) becomes an integral and the expression is valid for any r. Thus

Mdvx((@—r)

v [r—TT

— Ko b1 ,
—zﬁfwaV |r—r’|dv

A = 5‘7;
(5-128)
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Substituting the vector identity

V' x M__y 1 xM 1

|r—r’|_v|r——r’| + r—r|
in (5-128), we obtain
_ V' x M ' / :
A® = %JV v f Vo prdy (5129)

Taking the dot product of the second integral on the rlght side of (5-129)
with the unit vector i, and using the divergence theorem, we have

l’f VIXI—M,—d”,=f ix-V'X——I—VI——,d?)'
A P . =7

- ’ ' M ’ -
__fv 1xx-—_r,|>dv (5-130)

=_f§ |T— -ldS’

where S’ is the surface bounding the volume ¥V’ and i, is the unit normal
vector to dS’. Proceeding further, we obtain

VixM

f V' x M T v = —i§ . i ds’
_ . xlﬁ,_ , )
-—f i l_,.r__rldS (5-131a)
_ Mxi o
=k ﬂu——r’r“

Similarly, we can show that

i, f vx M = —i. § Mxh go (5.131h)
,,, [r —r’| 5
and

i f V’x——M—,—dv’z—izoi{; Mxi ger (5-131c)
v [r — 1’| o |r—1|

It then follows from (5-131a)-(5-131c) that

Mxi,
V' x ' = x_dS’ 5-132
IRES =X JTE=TT (>-132)
Substituting (5-132) into (5-129), we get
V X M ﬂ M X l /
Alr) = — 0 L 5-133
O=fa], FErre e d ek (>-133)

The first integral on the right side of (5-133) represents the vector potential
at Q(r) due to a volume current of density V/ x M in the volume 7’ and the
second integral is the vector potential at Q(r) due to a surface current of
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density M X i, on the surface S’. Thus the vector potential at Q(r) due tcd
the magnetization in the magnetic material is the same as the sum of the vecto r
potentials at Q(r) due to a magnetization volume current of density

J. @)=V x M) in V' (5-134)
and due to a magnetization surface current of density
J..() =M{) x i, on S’ (5-13%5)

We note that the total volume current through any cross-sectional area
S,. (of the volume V’) bounded by the contour C’ as shown in Fig. 5.25 iis
given by :

Jm-dSc,=f (V’xM)-dSC,=§lM-a’l’

5 ¢ (5-13(6)

=—§ Mxi).@xdl)=—§ J, «@Gxal) !
c’ c’ "»

where we have used Stokes’ theorem to transform the surface integration

to line integration. The right side of (5-136) is exactly the surface curreint

crossing the contour C’ in the opposite direction to the volume current.

Omitting the primes in (5-134) and (5-136), we have

J,=VxM (5-137)

J..=Mxi, (5-138)

Summarizing what we have learned in this section, the magnetic dipole

moments due to magnetization in a magnetic material placed in a magnetic

field have the effect of creating in general the following:

(a) Magnetization surface currents, having densities given by (5-138),, at
the boundaries of the magnetic material.

(b) Magnetization volume current of density given by (5-137) in fthe
magnetic material and such that the total volume current flowing
through any cross-sectional area of the material is exactly opposite
to the total surface current crossing the contour bounding the area.

We have also shown that the magnetization currents alter the applied mag-
netic field in the material. Such a modification of the applied field occurs
outside the material as well in the general case. In the time-varying case, the
electric field associated with the applied magnetic field is also altered by
the addition of the secondary electric field due to the time variation of the
secondary magnetic field.

Se’

Magnetic Field Intensity, Relative Permeability, and Hysteresis

In Section 5.8 we learned that the magnetic field in a magnetic material is
the superposition of an applied field B, and a secondary field B, which results
from the magnetization M, which in turn is produced by the total ield
(B, + B,), as shown in Fig. 5-23. Thus, from Fig. 5-23 and Eq: (5-117), we
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have
B,+B
M= _4n_ 2T 5 5-139
1 + Xm /‘o ( )
B, =fM) (5-140)

where /(M) denotes a function of M. Determination of the secondary field
B, and hence the total field B, + B, for a given applied field B, requires
a simultaneous solution of (5-139) and (5-140) which, in general, is very
inconvenient. To circumvent this problem, we make use of the results of
Section 5.8, in which we found that the magnetization is equivalent to a
magnetization surface current of density J,, and a magnetization volume
current of density J,, as given by (5-138) and (5-137), respectively. The secon-
dary magnetic and electric fields are the fields produced by these currents as
if they were situated in free space, in the same way as the currents respon-
sible for the applied magnetic field and its associated electric field.

Thus the secondary electromagnetic field satisfies Maxwell’s equations

V.D,—0 (5-141a)
V.B, —0 (5-141b)
VXE, = _%li_: (5-141¢)
VxB, =z, (J,,, + ‘3;_35) (5-141d)

where E, is the secondary electric field intensity and D, is its associated dis-
placement flux density. On the other hand, if the “true” current and charge
densities responsible for the applied field B, with its associated electric field
intensity E, and displacement flux density D, are J and p, respectively, we
have

V.D,—p (5-142a)
V.B, =0 (5-142b)
_ _09B,

VxE,= -9 (4-142c)

— 9D,
VxB,= 4, (J T W) (5-142d)
Now, adding (5-141a)—(5-141d) to (5-142a)—(5-142d), respectively, we obtain
Ve, +D)=p+0=0p (5-143a)
V.(B,+B)=0 (5-143b)
Vx (€, +E)=—J (B,+B) (5-143%)

VX @B, +B)= [T+, + E®,+D)|  (s1430)
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Substituting

B=B,+B, (5-144a)
E=E,+E, (5-144b)
D=D,+D, (5-148)
J,=VxM (5-137)

in (5-143a)-(5-143d) and rearranging, we have ‘
V.D=p (5-1463)
V:B=0 (5-146b)
VxE= -9 (5-146c)
Vx(/%—M):J-}—%I; (5-146¢)

where E, B, and D are the total fields.
We now define a vector H, known as the magnetic field intensity vector
and given by
H=2 _ (5-147)
Ko
Note that the units of H are the same as those of B/u, and M, that is, ampeyes
per meter. Comparing with the units of volts per meter for the electric figld
intensity, we see the reason for referring to H as the magnetic field intensity.
Substituting (5-147) into (5-146a)-(5-146d), we obtain

V.D=p (5-148)
V.B=0 (5-1‘(49)
_ _09B 1
VxE= -3¢ 5 1}50)
_ dD x
VxH=J+5% (5-151)

Thus the new field H results in a set of equations which do not explicitly
contain the magnetization current density, unlike Egs. (5-143a)-(5-143d).
Substituting for M in (5-147) from (5-117), we have

B - B B B B .
H=Fo__l—"x——xmﬂ—0=ﬂo(l+xm)=ﬂoﬂr—7 (>-152)
where we define
u=1+x, (5-153)
and
L= UH, (5-154)

The quantity u, is known as the relative permeability of the magnetic material
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and u is the permeability of the magnetic material. Note that z, is dimension-
less and that (5-152) is true only for linear magnetic materials if g is to be
treated as a constant for a particular magnetic material, whereas (5-147)
holds in general. Substituting (5-152) into (5-148)-(5-151), we obtain

V.D=) (5-155a)
V.B—0 (5-155b)
VXE=— —‘;t_B (5-155¢)
VxB=yu (J + dalt)) (5-155d)

Equations (5-155a)-(5-155d) are the same as Maxwell’s equations for non-
magnetic materials as given by (5-80)-(5-83) except that y, is replaced by
. Thus the electric and magnetic fields in the presence of a magnetic material
can be computed in exactly the same manner as for nonmagnetic materials
except that we have to use g instead of y, for permeability. In fact, if y,, = 0,
4, =1 and pu = u, so that a nonmagnetic material can be considered as
a magnetic material with g = g, and hence Eqgs. (5-155a)-(5-155d) can be
used for nonmagnetic materials as well. The permeability x takes into
account the effects of magnetization and there is no need to consider them
when we use g for u,, thereby eliminating the necessity for the simultaneous
solution of (5-139) and (5-140). In the case of a boundary between two
different magnetic materials, the appropriate boundary conditions for H take
into account implicitly the magnetization surface current. We will consider
these boundary conditions in Section 5.12. Substituting for B in (5-117) in
terms of H by using (5-152), we obtain

Xn B Xm sl + Xw) ;
T T tmte THXn Ko H=r.H (5-156)
Equation (5-156) represents the traditional definition for y,, because of
which we defined y,, in Section 5.7 in a manner which is not analogous to
the definition of y, in Section 5.4.

EXAMPLE 5-12. For the slab of magnetic material in Example 5-11, find and sketch

the magnetic field intensity and the magnetic flux density vectors both inside
and outside the material.

From Example 5-11, the magnetic flux density inside the magnetic
material is given by
B, = 1+ Xmo)Boix (5-126)

The relative permeability of the material is 1 + y,,,. Thus the magnetic
field intensity inside the material is

B, (1 + ¥m0)Bys _ By
H. L m0/_—_Q = =0
(U X)) (1 xmo) R
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Outside the magnetic material, the magnetic flux density is the same as the
applied value so that the magnetic field intensity is |
|

B, B |

=B B
Ho Ko

Thus, for this example, the magnetic field intensity vectors inside an
outside the magnetic material are the same and equal to the magnetic fiel
intensity associated with the applied magnetic flux density. Both H and
fields inside and outside the material are shown in Fig. 5.26(a). Now, consider-
ing a rectangle abcda in the xz plane and with the sides ab and cd parallel t
the boundary z = 0 as shown in Fig. 5.26(b), we note that H is unifor
along the contour abcda since it has the same value both inside and outsic‘e

the material. Thus

[
$H-dl=H. § d1=0 (5-157)
abcda abcda ’
On the other hand, noting that B is parallel to ab and cd but having unequlal
By, = B ‘
H, = —ix Bo = Boix
o TR Magnetization
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/ Current i

Bo;

z e H, =
X X X X x x x 7" "
+ + + +/ .
X x  x x x X X /B i = wBoiy
y +—X X : : |
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Fig. 5.26. Magnetic field intensity and magnetic flux density \J
vectors for the magnetic material slab of Example 5-11. "



315 Magnetic Field Intensity, Relative Permeability, and Hysteresis Sec. 5.9

magnitudes along them and perpendicular to bc and da, we obtain

$ B-dl=JbB,.-dl+ deO- dl
abeda i ¢
b . . d . 3
= Jﬂ(l + XmO)BOIx * dx lx +J. Bolx ° (—Xmx)
= (1 + Xmo)Bo(ab) — By(cd)
_ _ XmoBo: ). :
= KaBo(at) = o (X222, - [(ab)i)
= p, (magnetization surface current enclosed by abcda)

Comparing (5-157) and (5-158), we observe that the circulation of H is
independent of magnetization currents whereas the circulation of B is not.
The circulation of H depends only on those currents other than the magne-
tization currents, whereas the circulation of B depends on all kinds of cur-
rents. [

(5-158)

Returning now to Eq. (5-153), we note, from the values of y,, for dia-
magnetic and paramagnetic materials listed in Table 5.3, that the relative
permeabilities for these materials differ very little from unity. On the other
hand, for ferromagnetic materials, the relative permeability can assume
values of the order of several thousand. In fact, for these materials the
relationship between B and H is nonlinear and is characterized by hysteresis
so that there is no unique value of u, for a particular ferromagnetic material.
The relationship between B and H is therefore presented in graphical form,
as shown by a typical curve in Fig. 5.27. This curve is known as the hysteresis

B
A
b

3 3 A

y 2
2
1 2
g >~ H

Fig. 5.27. Hysteresis curve for a ferromagnetic
material.
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curve or the B-H curve. To trace the development of the hysteresis effect,;
we start with an unmagnetized sample of ferromagnetic material in which.
both B and H are initially zero, corresponding to point a on the curve.
As H isincreased, the magnetization builds up, thereby increasing B gradualljf/
along the curve ab and finally to saturation at b, according to the following
sequence of events as discussed in Section 5.7: (a) reversible motion of domai
walls, (b) irreversible motion of domain walls, and (c) domain rotation. Thie
regions corresponding to these events along the curve ab as well as other
portions of the hysteresis curve are shown marked 1, 2, and 3, respectivel
in Fig. 5-27. If the value of H is now decreased to zero, the value of B dogs
not retrace the curve ab backwards but instead follows the curve bc, whi
indicates that a certain amount of magnetization remains in the material
even after the magnetizing field is completly removed. In fact, it requirgs
a magnetic field intensity in the opposite direction to bring B back to zero
as shown by the portion cd of the curve. The value of B at the point c |is
known as the “remanence” or “retentivity,” whereas the value of H at|d
is known as the “coercivity” of the material. Further increase in H in this
direction results in the saturation of B in the direction opposite to that
corresponding to b as shown by the portion de of the curve. If H is now
decreased to zero, reversed in direction, and increased, the resulting variatipn
of B occurs in accordance with the curve efgh, thereby completing the hys-
teresis loop. The characteristics of hysteresis curves for a few ferromagnetic
materials are listed in Table 5.4. In view of the hysteresis effect, the incre-

TABLE 5.4. Characteristics of Hysteresis Curves for Some Ferromagnetic

Materials
Saturation
Remanence, Coercivity, Magnetization, Maximum
Material "~ Wbim? amp[m Wb[m?2 Uy

Cast iron 0.53 366 — 600
Permendur 1.4 160 2.4 5,000
Permalloy — 24 1.6 25,000
Hypernik 0.73 . 3.2 1.65 70,000
Mumetal — 4 . 0.65 100,000
Supermalloy — 0.32 0.8 1,050,000

mental relative permeability defined by the slope of the hysteresis curve as
given by

1 AB .
P = 4o RE (5-159)
is a useful parameter in addition to the relative permeability given by
1 B
L= — 5-160
7 7 (5-160)

for ferromagnetic materials.
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Summary of Maxwell’s Equations and Constitutive Relations

In the previous sections we introduced successively conductors, dielectrics,
and magnetic materials. We discussed the various phenomena occurring in
these materials in the presence of electric and magnetic fields. We learned
several new concepts in this process. Important among these are the introduc-
tion of two new field vectors D and H. With the aid of these two new vectors,
we developed a set of Maxwell’s equations which permit us to solve field
problems involving material media without explicitly taking into account
the various phenomena occurring in them. These Maxwell’s equations are
given by

V.D=) (5-161)

V.B—=0 (5-162)
B

VxE=—%? (5-163)

VxH=J+%l (5-164)

where p and J are the volume densities of the true charges and currents
responsible for the fields characterized by the field intensity vectors E and
H and the corresponding flux density vectors D and B. Equations (5-161)—
(5-164) can as well be used for free space since they reduce to those of free
space when the pertinent quantities are allowed to approach their free-space
values.

The true charges are those which are free to move and not bound to
their respective nucleii, as polarization charges are. Conduction charges in
materials and space charges in vacuum tubes are examples of true charges.
The true currents are those constituted by the movement of the free charges,
as compared to polarization and magnetization currents which are due to the
movement of charges bound to their respective nucleii. Conduction currents
in materials and convection currents due to movement of space charge in
vacuum tubes are examples of true currents. Thus J in (5-164) can represent
conduction currents as well as convection currents. The charge and current
densities are related via the continuity equation given by

. dp _ i
V.J+30= (5-165)

The four Maxwell’s equations given by (5-161)-(5-164) are not all indepen-
dent; Eq. (5-162) follows from Eq. (5-163) whereas Eq. (5-161) follows from
Eq. (5-164) with the aid of the continuity equation.

The vectors E and B are the fundamental field vectors which define the
force F acting on a charge g moving with a velocity v in an electromagnetic
field in accordance with the Lorentz force equation given by

F=¢q(E + v x B) (5-166)
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The vectors D and H are mixed vectors which take into account the dielectric
and magnetic properties of materials, respectively. They are related to E and
B, respectively, via the equations

D=eE+P (5-167)
B :
-3 M 5-168),
o (>-168)

where P and M are the polarization and magnetization vectors, which define
the state of polarization and magnetization, respectively, in the material)
However, the relations which are more useful than (5-167) and (5-168) are

D —¢E (5-169
_B (5-170
U |

, \
where € and g are the permittivity and permeability, respectively, of th

material which take into account implicitly the effects of P and M, respec-
tively. Furthermore, for a material medium, the current density J is relateqi
to the electric field intensity E by

J=1J, =0E (5-171l)

where ¢ is the conductivity which takes into account the conductive propertjy
of the material. Equations (5-169), (5-170), and (5-171) are known as the
constitutive relations. Together with the constitutive relations, Maxwell‘[
equations form a sufficient set of equations to determine uniquely the electro
magnetic field for a given p and J and in a medium for which e, u, and ‘0
are specified.

For static fields, the time variations of all quantities are zero so that
Maxwell’s equations (5-161)—(5-164) reduce to

VeD=p (5-172)
V.B=0 (5-173)
VXxE—0 (5-174)
VxH=1J (5-1’{5)
whereas the continuity equation is given by :
V.J=0 (5- 176)

In this case, we note that all four equations (5-172)~(5-175) are 1ndependent
For J=1J,= oE, Eq. (5-175) indicates coupling between electric and
magnetic fields which is not present in the case of static fields in free sp@ce.
We note, however, that this is a one-way coupling unlike the two-way
coupling in the case of time-varying fields since the magnetic field depends
upon the electric field through (5-175) but the electric field is 1ndepen(ﬂent
of the magnetic field.

Returning to Maxwell’s equations for arbitrarily time-varying ﬁélds
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given by (5-161)-(5-164), we obtain Maxwell’s equations _for_ sinusoidally
time-varying fields by substituting the complex vectors E, B, D, and H for
the real vectors E, B, D, and H and by replacing d/d¢ by jw. Thus we have

V.D=p (5-177)
V.B=0 (5-178)
VxE=—joB (5-179)
VxH=1J+ joD (5-180)
Writing (5-180) for a material medium as
V x H = 6E + jweE (5-181)

we observe that for o > we, the magnitude of the conduction current density
term is greater than the magnitude of the displacement current density term
so that V x H ~ oE. The material is then classified as a good conductor.
On the other hand, for ¢ < we, the magnitude of the displacement current
density term is greater than the magnitude of the conduction current density
term so that V x H = jweE. The material is then classified as a good di-
electric. The critical frequency for which the two terms are equal is given by
o = we or » = ofe. Thus, depending upon whether w < a/fe or @ >> d/e,
the material can be regarded as a good conductor or a good dielectric. The
situation, however, is not so simple because both ¢ and € are in general
functions of frequency.

With the understanding that ¢ and € are frequency dependent, we now
classify nonmagnetic materials as follows for the purpose of writing simplified
sets of Maxwell’s equations:

(a) Perfect dielectrics: These are idealizations of good dielectrics. These
contain no true charges and currents. The corresponding Maxwell’s
equations are obtained by setting p = 0 and J = 0.

(b) Good conductors: The magnitude of the conduction current density
oE is much greater than the magnitude of the displacement current
density dD/dt. To obtain the special set of Maxwell’s equations,
we set dD/dt = 0. We also set p = O since, in accordance with the
finding in Section 5.3, any charge density inside the conductor
decays exponentially with a time constant equal to €/o, where we
have replaced €, in Section 5.3 by €. For good conductors, o/e > o
so that any initial charge density decays to a negligible fraction of
its value in a fraction of a period.

(c) Perfect conductors: These are idealizations of good conductors ob-
tained by letting ¢ — oo. The electric field inside a perfect conductor
must be zero since otherwise, J, = o E becomes infinite. Furthermore,
for the time-varying case, the zero electric field results in dB/d¢
equal to zero or B equal to a constant with time. Thus a time-
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varying magnetic field cannot exist inside a perfect conductor. Hence
we conclude that all fields inside a perfect conductor are zero for
the time-varying case and the electric field is zero also for the static
case. There remains only the possibility of a static magnetic field
inside a perfect conductor.

We now list, in Table 5.5, Maxwell’s equations and the continuity equa-.
tion for the general case and for the special cases discussed above for both
time-varying and static fields. Also listed are the corresponding integral
forms of the equations. We note that, in certain cases, although certain
terms on the right sides of the differential equations are set equal to zero,
the corresponding terms on the right sides of the corresponding integral
equations are not set equal to zero. This is because a differential equation
is applicable at a point whereas the corresponding integral equation is appli-

TABLE 5.5. Summary of Maxwell’s Equations and the Continuity Equation
for Various Cases

Description Differential Form Integral Form
Time-varying fields; V.D=) § D-dS=f pdv
general case s v
V.B=0 § B.dS=0
S
- _0B __4
VXE= - §CE.dl——dt.[SB-dS
vxH=J19 §H-d1=fJ-ds+,%fD-dS
c s s
g+ 98— d -
v-3+32_0 §SJ~dS+E'IVpdv—O
Static fields; _ _
general case V:D=yp §SD-dS—'[Vpdv |
V.B=0 §s3-ds=0 |
|
VXE=0 §E-d1=0 C
c i
VxH=1J §H_-dl=fJ-dS
(o} S
V.J=0 §SJ-ds=o
Time-varying fields; _ _
perfect dielectrics v-D=0 ﬁqD'dS_J. 7 dv
p=0J=0 V.B=0 §SB.ds=o
JB d
VXE=—3% §CE-d1=—a7.[SB.ds

- vdl = 4
vxH=2 §CH dl_fsJ-ds+dtjsD.ds
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TABLE 5.5 (Cont’d.)

Description Differential Form Integral Form
Static fields;
; .D= .dS =
perfect dielectrics v 0 §sD as .[ Vpdv
p=0J=0 V-B=0 §S3-ds=0
VXE=0 §CE-dl=0
VXxH=0 §§H-d1=.[.1-ds
c s
Time-varying fields; V.D=0 §; . _
good conductors sD dS—JVpdv
fi))) _ _
[aEl»‘g; V.B=0 §SB-ds_o
uniform ¢ JB __d .
VxE= -5 EECE-dl_ dtJ-sB ds
VXH=J, =oE §§H-d1=f.l-ds+adt-.[n-ds
c s s
V.I=0 §Jc-ds+d%f pdv =0
s v
Static fields; V.-D=0 § D-dS=J pdv
conductors, s v
uniform o V-B=0 §SB-dS=0
VXE=0 ff E.dl=0
c
VxH=J, = oE §H.d1=f.l-ds
c s
V:J.=0 §SJC-dS=0

Perfect conductors

All fields are zero for the time-varying case; electric field is
zero for the static case

cable over a region.

For example, although there is no true charge density

associated with any point in a perfect dielectric medium, it is possible that a
closed surface situated entirely within such a medium of finite extent can
enclose a charge contained in that part of the volume bounded by the surface
but lying outside the medium. Hence, although V « D = 0 in the medium,

we have to write the corresponding integral form as ff D.dS= J p dv.
S 14

Power and Energy Considerations for Material Media

In Section 5.2 we learned that conductors are characterized by conduction
current due to the movement of free charges under the influence of an applied
electric field. In Section 4.8 we showed that the power expended by an electric



322 Materials and Fields Chap. 5

field due to charges moving under its influence in a volume V is given by |

P, = fVE I dv (5-182) f{

where J is the current density resulting from the movement of the charges. |
If the motion of the charges is in free space, they are accelerated by the |
electric field and hence the power expended by the electric field is converted |
into kinetic energy. On the other hand, the free charges in a conductor drift
with an average drift velocity because of:the frictional mechanism provided
by their collisions with the atomic lattice. Hence the power expended by the
electric field is dissipated in the conductor in the form of heat. Replacing
J in (5-182) by oE, we obtain the expression for the power dissipated in a
volume ¥ of a conductor as

P, = LE « oE dv (5-183

It follows that the power dissipation density in a conductor is
ps=E.cE = cE? (5-184

For sinusoidally time-varying fields, the time-average power dissipatio
density is ,
{p) =}oE - E* (5-185)

In Section 5.5 we learned that dielectrics in electric fields afe character-
ized by induced polarization charges. From Section 4.6, the stored energy
density associated with an electric field E in free space is given by

w, =4€,E* = J,E + E (5-186)

This result was obtained by finding the work required to be done by an
external agent to bring together a set of point charges from infinity and then
extending the result to a volume charge distribution. We can do the same for
a dielectric medium provided we take into account the polarization charges
in finding the work required for assembling the charge distribution. The
effect of the polarization charges is to neutralize partially the true charges.
Hence, as we bring together charges from infinity, they are neutralized
“partially by the polarization charges. Thus, for the same electric field intensity
in the dielectric as in free space, we have to actually assemble a true-charze
distribution of greater density than in the free-space case. This requires
more work to be done in the dielectric case so that more energy is stored in tae
dielectric case than in the free-space case for the same electric field intensi'y.
From

VeD=V.eE=p (5-1%7)
the true-charge density which gives the same E in a dielectric medium of

permittivity € as in free space is €/€, times the charge density in the free-sp:ce
case. From (4-118a), the work required to assemble a charge distributior is
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proportional to the charge density for a constant potential ¥ and hence for
a constant electric field intensity E. The energy density associated with the
electric field in the dielectric is therefore given by

W, = fio(%eoEz) —1eEi=LeE.E=LD.E (5189)
For sinusoidally time-varying fields, the time-average energy density is
wy=1eEE*=1D.E* (5-189)
Substituting D = ¢,E + P in (5-188), we have
w,=%1(EE+P).E = 3¢, E+E+ JP.E (5-190)

However,

%P.E=%f:’Ed(P.E)=%f:’E(P.dEJrE.dp)

: (5-191)

=j E . dP
0

where we have used the substitution P « dE = E « dP in view of the linear
relationship between P and E. Substituting (5-191) into (5-190), we get

W, = }€6,EE + _[:E . dP (5-192)

We note that the first term on the right side of (5-192) is the energy density
in the electric field if the medium is free space. The second term on the
right side of (5-192) is the work done per unit volume by the E field in the
dielectric as the polarization is built up gradually from zero to the final
value P. This is known as the polarization energy density.

In Section 5.8 we learned that magnetic materials in magnetic fields
are characterized by magnetization currents. From Section 4.7, the stored
energy density associated with a magnetic field B in free space is given by

_ 1B 1B 1 |
’”_TEZT/TO.B—T'“OH =5
This result was obtained by finding the work required to be done for building
up a volume current distribution. We can do the same for a magnetic material
medium, provided we take into account the magnetization currents in finding
the work required for building up the current distribution. The effect of the
magnetization currents is to aid the true currents (for 4 > u,). Hence, as
the current is built up, it is aided by the magnetization current. Thus, for the
same magnetic flux density in the magnetic material as in free space, it is
sufficient if we actually build up a true current distribution of lesser density
than in the free-space case. This requires less work to be done in the
magnetic material case so that less energy is stored in the magnetic material
case than in the free-space case for the same magnetic flux density. From

.VxH=Vx%=J (5-194)

W pHH  (5-193)
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the true current density which gives the same B in a magnetic material
medium of permeability 4 as in free space is u,/u times the current density
in the free-space case. From (4-130a), the work required to build up a current
distribution is proportional to the current density for a constant vector :
potential A and hence for a constant magnetic flux density B. The -energy :
density associated with the magnetic field in the magnetic material is!

therefore given by Jj

w =_0<LBZ>:%%3=LE.B=lH.B (5-195)

" u\2 u, 2 u 2
For sinusoidally time-varying fields, the time-average energy density is
_1B g« 1lp. e )
<w"‘>_4,u B—4H B (5-196)

Substituting B = y,H + u,M in (5-195), we have
w,=43H+@H+ yM) =3puH -H+IuH - M (5197

However,
M, H M, H )
SucH oM =4 [ d(uH M) = 4 [ (4oH + dM + 1,M - dH)
M
- f soH « dM (5-198)
0

where we have used the substitution H « dM = M « dH in view of the linear
relationship between M and H. Substituting (5-198) into (5-197), we get

W, = JuH « H + f: #oH - dM (5-199)

We note that the first term on the right side of (5-199) is the energy density
in the H field if the medium is free space. The second term on the right side
of (5-199) is the work done by the H field in the magnetic material as the mag-
netization is built up from zero to the final value M. This is known as the
magnetization energy density. Note that for the same magnetic field intensizy
in the magnetic material as in free space, we have to actually build up a trie
current distribution of greater density than in the free-space case.

For nonlinear magnetic materials, we cannot use the result JH «B
given by (5-195) for finding the magnetic energy stored in the material sirce
1 is not constant for a particular material but is dependent on H. To obtén
the correct expression, we write (5-199) as

H M
W= [ dGumH ) + [ pHdM
0 0

= ["H . du ) + [ H - dGuM) (5-20)

noH + oM B
=fo H-d(uoH—}—qu):J.oH-dB
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It follows from (5-200) that the increase in stored energy density correspond-
ing to an infinitesimal increment dB is H « dB, where H is the magnetic field
intensity at which dB is achieved. B
Let us now consider the vector identity given by
V.ExH=H:«(VxXxE)—E.(VxH) (5-201)

Substituting for V x E and V x H on the right side of (5-201) from Max-
well’s equations (5-163) and (5-164) respectively, we obtain

v-(ExH):H-( "B)_E-(J+5_D)

7 ot
=_E.0E_E.%)—H-%¥ (5-202)
. . 0(1lp. 0 (1 4.
— —oE-E—3 (5D E)— 7 (;H-B)
or
Ve EXH) =p,+ 5w, + W) (5-203)

where p;, w,, and w,, are, respectively, the power dissipation density due to
the conductivity of the medium, the electric stored energy density, and the
magnetic stored energy density. Integrating both sides of (5-203) in a volume
V of the material and applying the divergence theorem to the left-side integral,
we get

—§ (ExH)-dS:f pddv—}—o%f (w,+w)do  (5-204)
S Vv Vv

where S is the surface bounding the volume ¥ and dS is directed out of the
volume V. The right side of (5-204) represents the time rate of increase
of energy stored in the electric and magnetic fields in the volume V plus the
time rate of energy dissipated in ¥ due to conduction current flow. Thus

§; (E x H) « dS represents the power flow across S out of the volume V. It
N

follows that the density of power flow or the Poynting vector associated
with the electromagnetic field in a material medium is given by

P=ExH (5-205)

For sinusoidally'time-varying fields, the complex Poynting’s theorem is

$BedS=—[ (pyav—j20[ (wy—<wydv  (5-206)
S v v
where P is the complex Poynting vector given by

P=1E x A* (5-207)

and {p,), (w,», and (w,) are given by (5-185), (5-196), and (5-189), respec-
tively.
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EXAMPLE 5-13. Current flows axially with uniform density J, = J,i, amp/m? along
a cylindrical conductor of radius 2 and length / and having a uniform cor.-
ductivity 6, mhos/m as shown in Fig. 5.28(a), by the application of a poten-.
tial difference between the ends of the conductor. It is desired to verify that:
the total power dissipated in the conductor is correctly given by the surface:
integral of the Poynting vector over the surface of the conductor.

g = 0y //
el ,
Je = Joi, ‘\
A\
N
! i
(a) (b)

Fig. 5.28. For showing that the power dissipated in a conductor
due to conduction current flow is correctly given by the surface
integral of the Poynting vector over the surface of the conductor.

1
The power bdissipation density inside the conductor is given by ,
Ly 98 |
Oy Gy ,
Since p, is uniform over the volume of the conductor, the total power dis-
sipated in the conductor is |
Jina?l

|
|
0 ]
|

R

2
P, = p, (volume of ‘the conductor) = éﬁ(nazl) =
0

Applying §C H.dl= fs J « dSto a circular path of radius rinthe cro;yss-

sectional plane of the conductor and centered at the axis of the conductor
as shown in Fig. 5-28(b), we obtain, from symmetry considerations, |
|

2
H=H¢i¢=‘!§%i¢:{3—ri¢ forr<a
The Poynting vector is then given by
2
P—ExH— J"i,x‘—’—gfi,,,:—gLri, for r < a
Oy Oy

We note that the Poynting vector is directed radially towards the axis of

the conductor. Hence, to find the total power flow into the conductor, fit is

sufficient if we perform the surface integration of the Poynting vector over
|

|
|
|
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the cylindrical surface r = a. Over this surface, we have
Jia.
JE— lr
20,
Since the magnitude of [P),_, is uniform, the surface integral of the Poynting
vector over r = a is

Plo =

_ Jia
20,

Jia _ Jina?l
(surface area) = 7g_—o(Zmzl) =
which is the same as the result obtained by volume integration of the power
dissipation density. This merely shows that the surface integral of the Poynt-
ing vector gives the correct result for the power dissipated and does not mean
that the power is entering through the cylindrical surface. The actual power
must be supplied by the source which maintains the potential difference
between the ends of the conductor.

Boundary Conditions

In Section 5.10 we summarized Maxwell’s equations for the general case of
a medium characterized by arbitrary values of o, €, and u and for different
special cases. For electromagnetic field problems involving several different
media, the fields in each medium must satisfy separately the Maxwell’s
equations in differential form for that medium. On the other hand, the
integral forms of Maxwell’s equations must be satisfied collectively by the
fields in all the media associated with the contours, surfaces, and volumes
over which the integrals are evaluated. Thus the sets of solutions for the
fields in different media obtained by solving the corresponding Maxwell’s
equations in differential form are tied together by a set of conditions deter-
mined by the integral forms of Maxwell’s equations. These conditions are
known as the “boundary conditions™ since they relate the fields on one side
of a boundary between two media to the fields on the other side of that
boundary. The boundary conditions take into account any surface charges
and currents existing on the boundaries, which the differential equations
ignore. v

In fact, we already introduced certain boundary conditions in previous
sections without mentioning the name. An example of this is in Section 5.3,
where we found that the tangential component of the electric field intensity
at the boundary between a conductor placed in an electric field is zero,
whereas the normal component of the electric field intensity at a point on
the boundary is equal to 1/¢, times the surface charge density at that point
in order to satisfy the criterion of zero electric field inside the conductor in
the absence of a mechanism to permit the flow of a current. In this section
we will derive the boundary conditions for the most general case of time-
varying fields in two media characterized by different sets of values of o, €,
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and g by using the integral forms of Maxwell’s equations and the continuity’
equation. From the experience gained in this process, we will then write:

simplified sets of boundary conditions for the different special cases. From
Table 5.5, the integral forms of Maxwell’s equations are

§Deas—| pav (5-208))
S | 4
§B.dS=o ' (5-209)
S

d
§E.d1=—_f B.dS (5-210)
[} dt S
§Hodl=fJ-dS+ifD-dS (5-2101)
C S dt N !

and the integral form of the continuity equation is
jQJ-dSJrif pdv =0 (5-212)
N dt |4

Let us consider two semiinfinite media separated by the plane boundary
z = 0 as shown in Fig. 5.29. Let us denote all quantities pertinent to mediym
1 by subscript 1 and all quantities pertinent to medium 2 by subscript| 2.
Let i, be the unit normal vector to the surface z = 0 directed into mediiim

Medium 1, z > 0
01, €15 M1

Medium 2, z < 0 N
02, €2, 2 Y

Fig. 5.29. For deriving the boundary conditions at the interface
between two arbitrary media.
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1 as shown in Fig. 5.29 and let all normal components of fields at the bound-
ary in both media denoted by an additional subscript » be directed along i,.
Let the surface charge density and the surface current density on z = 0 be
p, and J, respectively. Note that the fields at the boundary in both media
and the surface charge and current densities are, in general, functions of x, y,
and 7 whereas the fields away from the boundary are, in general, functions
of x,y,z, and ¢.

First we consider a rectangular box abcdefgh of infinitesimal volume
enclosing an infinitesimal area of the boundary and parallel to it as shown
in Fig. 5-29. Applying (5-208) to this box in the limit that the side surfaces
(abbreviated ss) tend to zero, thereby shrinking the box to the surface, we
have

lim§ D.dS=lim f pav (5-213)
ss—0 J AS ss—0 J Ay

where AS and Av are the surface area and the volume, respectively, of the
box. In the limit that the box shrinks to the surface, the contribution from
the side surfaces to the integral on the left side of (5-213) approaches zero.
The sum of the contributions from the top and bottom surfaces becomes
[D,,(abcd) — D,,(efgh)] since abcd and efgh are infinitesimal areas. The
quantity on the right side of (5-213) would be zero but for the surface charge
on the boundary, since shrinking the box to the surface reduces only the
volume charge enclosed by it to zero, keeping the surface charge still enclosed
by it. This surface charge is equal to p,(abcd). Thus Eq. (5-213) gives

D, (abed) — D,,(efgh) = p,(abcd)
or
Dnl - Dnz = P (5_214)

since the two areas abcd and efgh are equal. In vector notation, (5-214) is
written as

i,» M, —D,) = p, (5-215)

In words, Egs. (5-214) and (5-215) state that, at any point on the boundary,
the components of D, and D, normal to the boundary are discontinuous by
the amount of the surface charge density at that point.

Similarly, applying (5-209) to the box abcdefgh in the limit that the box
shrinks to the surface, we obtain

lim B.dS=0 (5-216)
ss—0 JAS
Using the same argument as for the left side of (5-213), the quantity on the
left side of (5-216) is equal to [B,,(abcd) — B,,(efgh)]. Thus Eq. (5-216) gives

B, (abcd) — B,,(efgh) = 0
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or .
B,—B,=0 (5-217)

In vector notation, Eq. (5-217) is written as ' _ \‘
i, (B, —B)=0 (5-218‘1)

In words, Eqgs. (5-217) and (5-218) state that, at any point on the boundaryfr,
the components of B, and B, normal to the boundary are equal.

Now, we consider a rectangular contour abcda of infinitesimal area i
the plane normal to the boundary and with its sides ab and cd parallel to the
boundary as shown in Fig. 5-29. Applying (5-210) to this contour in the limjit
that ad and bc — 0, thereby shrinking the rectangle to the surface, we have

lim E.dl = —hm— f B.dS (5-219)
ad—0 ad=0 dt

bc-0 gpeda bc—0 area

abcd

In the limit that the rectangle shrinks to the surface, the contribution from
ad and bc to the integral on the left side of (5-219) approaches zero. Sinjce
ab and cd are infinitesimal, the sum of the contributions from ab and |cd
becomes [E, (ab) + E (cd)], where E,, and E,; aré the components of E,
and E, along ab and cd, respectively. The right side of (5-219) is equalito
zero since the magnetic flux crossing the area abed approaches zero as the
area abcd tends to zero. Thus Eq. (5-219) gives

ab(ab) + Ecd(Cd) = 0
or, since ab and cd are equal,
o (B —E) =0 (5-220)

where i, is the unit vector along ab. Let us now define i,, to be the unit vec%tor
normal to the area abcd and in the direction of advance of a right-hand screw
as it is turned in the sense of the path abcda. Note that i, is tangential to/the

boundary. We then have “

i, =i, xi, (5-221)

Substituting (5-221) into (5-220) and rearranging the order of the scalar
" triple product we obtain v \

iy ¢, X (B, — E)) = 0 B CE 593

" Since we can choose the rectangle abed to be in any plane normal to the

boundary, (5-222) must be true for all orientations-of i,,. It then follows/that

i,x(E —E)=0 » (5+223) -
or, in scalar form,
E,—E,=0 (5:224)

where E,, and E,, are the tangential components of E, and E,, respecti“{vely,

at the boundary. In words, Egs. (5-223) and (5-224) state that, at any point
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on the boundary, the components of E, and E, tangential to the boundary are
equal.

Similarly, applying (5-211) to the contour abcda in the limit that ad and
bec — 0, we have

lim § H.dl=1lim { J+dS + hm— f D.dS (5-225)
ad—0 ad—0 ad—»O d

be=0 gpeda 500 areq area

abed abed

Using the same argument as for the left side of (5-219), the quantity on the
left side of (5-225) is equal to [H_(ab) + H.,cd)], where H,, and H,, are
the components of H, and H, along ab and cd, respectively. The second
integral on the right side of (5-225) is zero since the displacement flux cross-
ing the area abcd approaches zero as the area abed tends to zero. The first
integral on the right side of (5-225) would also be equal to zero but for a con-
tribution from the surface current on the boundary because shrinking the
rectangle to the surface reduces only the volume current enclosed by it to
zero, keeping the surface current still enclosed by it. This contribution is the
surface current flowing normal to the line which abcd approaches when it
shrinks to the surface, that is, the current crossing this line along the direction
of i,,. This quantity is equal to [J, « i ](ab). Thus Eq. (5-225) gives

H(ab) + H f(cd) = (I, + i,)(ab) -
or, since ab and cd are equal,

s H —H)=J, i, (5-226)

Substituting (5-221) into (5-226) and rearranging the ‘order of the scalar
triple product, we obtain

i x |, —H) i, =J, -, (5-227)
Since (5-227) must be true for all orientations of i,, that is, for a rectangle
abcd in any plane normal to the boundary, it follows that

i, x M, —H)=1J, (5-228)
or, in scalar form,

H, — th = Js (5'229)
where H,, and H,, are the tangential components of H, and H,, respectively,
at the boundary. In words, Eqgs. (5-228) and (5-229) state that, at any point
on the boundary, the components of H, and H, tangential to the boundary
are discontinuous by the amount equal to the surface current density at that
point.

Finally, applying (5-212) to the box abcdefgh in the limit that the box
shrinks to the surface, we have

lim$ J.dS+ lim it f pdv=0 (5-230)
Ay .

5520 J As ss=0
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In the limit that the box shrinks to the surface, the contribution to the ﬁrsfﬁ‘;
integral on the left side of (5-230) from the side surfaces of the box woulc
be zero but for the surface current on the boundary, since although the volum

current emanating from the side surfaces reduces to zero, there still remainﬁ

the surface current emanating from them. This current is ‘l

5f; J @ xi)= f (V,+ 3)dS = (V, « J,)(abed)

where the subscript s in V, denotes that the divergence is computed in the
two dimensions tangential to the surface. The sum of the contributions
from the top and bottom surfaces is equal to [J, (abcd) — J,,(efgh)] or

i, » (J;, — J,)](a@bcd). The second integral on the left side of (5 230) is equal
to (dp:/ét)(abcd) Thus Eq. (5-230) gives

[V, +J, +1i,+ (J, — J,)(abed) + %/;s (abed) = 0O

or

in * (Jl - Jz) = —Vs * J.r - %,;: (5_231)

In words, Eq. (5-231) states that, at any point on the boundary, the compo-
nents of J, and J, normal to the boundary are discontinuous by the amount
equal to the negative of the sum of the two-dimensional divergence of the
surface current density and the time derivative of the surface charge den51ty
at that point. ‘

Equations (5-215), (5-218), (5-223), (5-228), and (5-231) form the set of
boundary conditions for the most general case of time-varying fields in two
arbitrary media. Although we have derived these boundary conditions' by
considering a plane surface, it should be obvious that we can consider ?ny
arbitrary-shaped boundary and obtain the same results by letting the box
and the rectangle shrink to points on the boundary. We can now write| the
boundary conditions for various special cases by inspection of the carre-
sponding sets of Maxwell’s equations and continuity equation listed in Table
5.5. These boundary conditions are listed in Table 5.6, together with| the
general boundary conditions. Depending upon the problem, only some of the
boundary conditions need to be used in the determination of the fields,
whereas some or all of the remaining boundary conditions are automatéifally
satisfied and the rest determine the surface. charge and current densities on
the boundary. Before we consider some examples, let us investigatel the
boundary condition for the power flow normal to the boundary. Letting
P, and P, be the Poynting vectors corresponding to the fields in media 1
and 2, respectively, we have

i« (P, —P)=1i,(E xH —E, xH,)

G XE)x G xH) i, — G x E)x G xHy) i 22
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TABLE 5.6. Summary of Boundary Conditions for Various Cases (i, is the unit
vector normal to the boundary and drawn towards medium 1)

Description

Boundary Conditions

Time-varying fields
Medium 1: arbitrary, o1 # oo
Medium 2: arbitrary, o2 7~ o

Static fields
Medium 1: arbitrary, o1 # o
Medium 2: arbitrary, o2 # o

Time-varying fields
Medium 1: perfect dielectric, 6; =0
Medium 2: perfect dielectric, 62 = 0

Static fields
Medium 1: perfect dielectric, 61 = 0
Medium 2: perfect dielectric, 62 = 0

Time-varying fields
Medium 1: perfect dielectric, 6; = 0
Medium 2: perfect conductor, g3 = oo

Static electric field
Medium 1: perfect dielectric, g3 = 0
Medium 2: perfect conductor, g2 = oo

ine (D1 — Dy) = p;

i,e (Bi —B2) =0

i X (E1 —E)=0

inx H —H)) =J;

e =T = = Ve 3, =

in- Dy — D) = p,
ine (B —B2)=0
inX(E1 —E)=0

in x H1 —Hp) =J;
in'(Jl —J2)= -V Js
i, (D; — D) =0
ine(Br —B2)=0
inxE —E)=0
inx(Hl—H2)=0
in-M; —D2)=0
in+(B1 —B2)=0
inx(El—E2)=0
inX(Hl—H2)=0

i,,-D1=p,
i,+B;1 =0

i»XxE; =0
i, xH; =J;
in'D1=ps
in)(El=0

Substituting (5-223) and (5-228) into (5-232), we get
i, @, —P)=(,xE) x[(, x H)+ J]-i,
- (in X Ez) X (in X Hz) * in
=[G, xE;) xJ]-i,
=[G, xE)xJ]-i,
=[(d,+JJ)E, — J, - EDi] - i,
=—J, «E,
since (i, « J,) is equal to zero. Thus, at any point on the boundary, the com-
ponents of the Poynting vector normal to the boundary are discontinuous
by the amount equal to the power density associated with the surface current

density at that point. In the absence of a surface current, the normal compo-
nents of the Poynting vector are continuous.

(5-233)

EnMPLE 5-14. In Fig. 5.30, medium 1 comprises the region z > 0 and medium 2
comprises the region z < 0. All fields are spatially uniform in both media
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Fig. 5.30. For Example 5-14.

and independent of time. The quantities o, and €, are constants. If the current
density in medium 1 is given by

J, = J,@, + 2i, 4 6i)
where J, is a constant, find (a) the electric field intensity vector E, in mediun

2, and (b) the surface charge density p, on the interface z = 0.
The electric field intensity E, in medium 1 is given by

J Jo e . .
E, =a—::a—z(1x—|—2ly—|—6lz)

From (5-223), the tangential component of E, is equal to the tangental
component of E,. Thus E,, = Jy/o, and E,, = 2J,/5,. Since all fields ae
spatially uniform and independent of time, V,«J =0 and dp,/dt =0.
Then, from (5-231) the normal component of J, is equal to the nornal
component of J,. Thus J,, = 6J, and E,, = J, /o, = 6J,/36, = 2J,/r,.
The electric field intensity E, in medium 2 is therefore given by

E, = % (i, + 2, + 2i)

From (5-215), the surface charge density p, on the interface z = 0 is givenby
p::iz.(Dl_DZ) ‘
= D,, — D,, = €,E;, — €,E,,
—e. 8o o 20y _ 5Edo
—600_—0 2¢, 7 =2 o, |

ExampLE 5-15. In Fig. 5.31, a perfect dielectric medium x < 0 is bounded ly a
perfect conductor (x = 0). The electric field intensity for x < 0 is give: by
E(x, v, z, t) = [E, cos (wt — fx cos 8 — Bz sin §)
+ E, cos (et + Bxcos§ — Bzsin )i,

where E,, E,, ®, f, and 8 are constants. Find the relationship betwee E,
and E,. Then find the surface current density on the surface z = 0.
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‘Perfect Conductor

: J
W77/l l‘“"

X

Fig. 5.31. For Example 5-15.

From the boundary conditions listed in Table 5.6, the tangential com-
ponent of the electric field intensity at the surface of a perfect conductor
must be zero. Thus

[E, ;=0 = (E, + E,) cos (wt — Pzsinf) =0
For this to be true for all values of z and ¢, E, + E, must be zero. Hence
E, = —E,
The electric field intensity for x << 0 is then given by
E = [E, cos(wt — fxcos @ — Bzsin )
— E, cos (wt + fx cos @ — Pz sin )i, (5-239)
= 2E, sin (fx cos @) sin (w? — Bz sin )i,

The corresponding magnetic flux density B can be obtained by using
Maxwell’s curl equation for E, given by
B _ _ _9E,. | 9E,, e
—W——VxE——a—th—l— 0;1, (5-235)
Substituting for E, in (5-235) from (5-234) and integrating with respect to
time, we obtain

B=— %’) [sin 6 sin (Bx cés ) sin (et — Bz sin B)i,

—cos 0 cos (fx cos ) cos (wt — Pz 'sin 0)1i,]

The magnetic flux density at the surface of the perfect conductor is given by
[Bl,-o = gi;—ﬂ cos @ cos (wt — Pz sin B)i,

Note that the condition of zero normal component of B at the surface
of the perfect conductor is automatically satisfied by the zero tangential
component of E. This is because the boundary condition for the tangential
component of E is obtained from the integral form of V x E = —dB/d¢
whereas the boundary condition for the normal component of B is obtained
from the integral form of V« B = 0. However, V « B =0 follows from
V x E = —dB/dz. Hence the two boundary conditions are not independent.
Finally, the surface current density at the surface of the perfect conductor
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is given by
J.=—i, x[H].
2E ﬁ cos @ cos (wt — Pzsin)i, [
PROBLEMS
5.1. Consider two electrons moving under thermal agitation with equal and opposite

velocities. A uniform electric field is applied along the direction of motion of one
of the electrons. Show that the gain in kinetic energy by the accelerating electron
is greater than the loss in kinetic energy by the decelerating electron.

5.2. (a) For a sinuosidally time-varying electric field E = E, cos ¢, where E, is a
constant, show that the steady-state solution for Eq. (5-2) is given by

Vy=—oeoo_F t — tan~!
4 /T o o0 cos (@ an” wT)

(b) Based on the assumption of one free electron per atom, the free electron
density N, in silver is 5.86 x 1028 m~3, Using the conductivity for silver given
in Table 5.1, find the frequency at which the drift velocity lags the applie d
field by 7/4 rad. What is the ratio of the mobility at this frequency to the
mobility at zero frequency ?

\
|
Te /‘

5.3. The plane surfaces x =0,y > 0 and y = 0, x > 0, and the curved surface xy = 2
form the boundaries of conductors extending away from the region betwegen
them. If the electrostatic potential in the region between the surfaces is given Toy
V = 50 xy volts, find the surface charge densities on all three surfaces.

54. The region z < —d is occupied by a conductor. An infinitely long line charge of
uniform density pro C/m is situated along the x axis. From the secondary field
required to make the total field inside the conductor equal to zero and from sy
metry considerations as illustrated in Fig. 5.32, show that the induced char‘r‘ge

Charge
N
\ !

Applied Field
————= Secondary Field

Induced ‘
Charge !

Fig. 5.32. For Problems 5.4 and 5.5. Charge is line charge for
Problem 5.4 and point charge for Problem 5.5.
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density on the surface of the conductor is given in cartesian coordinates by
—Prod/n(y? 4+ d?) C/m?. Show that the induced surface charge per unit length
along the x direction is equal to — p,. Show that the field outside the conductor
is the same as the field due to the line charge along the x axis and an image line
charge of uniform density —p,, C/m situated parallel to the actual line charge
and passing through (0, 0, —2d).

The region z < —d is occupied by a conductor. A point charge Q C is situated
at the origin. From the secondary field required to make the total field inside the
conductor equal to zero and from symmetry considerations as illustrated in Fig.
5.32, show that the induced charge density on the surface of the conductor is given
in cylindrical coordinates by —Qd/2m(r? + d2)3/2 C/m2. Show that the total
induced surface charge is —Q C. Show that the field outside the conductor is the
same as the field due to the point charge Q at the origin and an image point
charge — Q situated at (0, 0, —2d).

(a) An infinite plane conducting slab carries uniformly distributed surface charges
on both of its surfaces. If the net surface charge density, that is, the sum of
the surface charge densities on the two surfaces, is p;o C/m?, find the surface
charge densities on the two surfaces,

(b) Two infinite plane parallel conducting slabs carry uniformly distributed sur-
face charges on all four of their surfaces. If the net surface charge densities
are p,; and p,;, C/m2, respectively, for the two slabs, find the surface charge
densities on all four surfaces.

Two infinitely long, coaxial, hollow cylindrical conductors of inner radii a and c,
respectively, and outer radii b (< ¢) and d, respectively, carry uniformly distributed
surface charges on all four of their surfaces. If the net surface charges per unit
length are p;, and p;, C for the inner and outer conductors, respectively, find
the surface charge densities on all four surfaces.

Two concentric, spherical conducting shells of inner radii @ and ¢, respectively,
and - outer radii 6(<< ¢) and d, respectively, carry uniformly distributed surface
charges on all four of their surfaces. If the net surface charges are Q; and Q, C
for the inner and outer conductors, respectively, find the surface charge densities
on all four surfaces.

Figure 5.33 shows the electric field intensities on either side of a point on a surface
charge layer in free space. ‘

(a) Using the integral form of Maxwell’s curl equation for E, show that the tan-
gential components E,; and E,, are equal.

Etl//
-

Fig. 5.33. For Problem 5.9.
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(b) Using the integral form of Maxwell’s divergence equation for E, show that,

the normal components E,, and E,, are related in the manner ]

Enl - n2=&
0

where p; is the surface charge density at the point.

Figure 5.34 shows the magnetic flux densities on either side of a point on a surface
current layer in free space.

(a) Using the integral form of Maxwell’s divergence equation for B, show tha
the normal components B,; and B,, are equal.

(b) Using the integral form of Maxwell’s curl equation for B, show that th
tangential components B;; and B,, are related in the manner

B;y — By, = Uods |

where J is the surface current density at the point. Note that J; is directed
into the paper whereas B,; and B,, are in the plane of the paper.

Fig. 5.34. For Problem 5.10.

The electric field intensity outside a conducting sphere of radius ¢ and centered
at the origin is given by (

E = E0<1 4 )cose i — E0<1 - a—)smelg \/

(a) Show that E satlsﬁes Maxwell’s equations.

(b) Show that the tangential component of E is zero at the conductor surface.

(¢) Find the charge density on the conductor surface.

(d) Find the applied field by letting @ — 0 and then find the secondary field fOth
inside and outside r = a.

(e) Show that the secondary field on either side of the boundary satisfies| the
conditions (a) and (b) stated in Problem 5.9.

The radius of the electron cloud in a helium atom is approximately equal to
10-1° m. Compute the relative displacement between the centroids of the nucleus
and the electron cloud under the influence of an electric field E, = 5 X 106 volts/m.
Compare your result with the radius of the electron cloud.
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In Example 5-3, assume that the charge distribution in the electron cloud is a
function of the radial distance from the centroid. If the relative displacement d
between the centroids of the nucleus and the electron cloud is very small com-

pared to the effective atomic radius, show that the electronic polarizability is
approximately given by

36,0
O, ~ T
| p(0)]
where p(0) is the charge density at the center of the electron cloud and Q is the

magnitude of the total charge in the electron cloud. Verify the result for the uni-
formly charged cloud.

Show that the torque acting on an electric dipole of moment p in a uniform electric

field E, is equal to p « E,. Show that the torque tends to align the dipole moment
with the field.

Two infinitely long line charges of uniform densities p.o and —p,, are situated
parallel to the z axis and pass through the points (d/2,0,0) and (—d/2, 0, 0),
respectively. Show that the average electric field intensity in a cylindrical volume
of radius a > dJ2 and having the z axis as its axis is equal to —(pd/27€oa?)i,.

Show that the average electric field intensity due to an arbitrary volume charge
distribution of dipole moment p in a spherical volume of radius a is given by

=__P
E‘w - 47:60(13

The region a < r < b in spherical coordinates is filled with a dielectric material
of uniform susceptibility x.o. A point charge Q is situated at the origin.

(a) Show that the polarization volume charge density is zero and that the polari-
zation surface charge densities are given by

Xeo Q —
. 1 + Xeo 47“12 r=a
e XeD Q

T4 godner  "=0

(b) Find the electric field intensities in the three different regions r < a,a <r < b,
and r > b.

(c) Discuss your results for the limiting case @ — 0 and b — oo.

The region z < —d is occupied by a dielectric of uniform electric susceptibility ¥.o-

A point charge Q is situated at the origin. Show that the polarization surface
charge density is equal to

. QX eOd
202 + Xeo)(r? + d2)32
and that the polarization volume charge density is zero. Show that the electric
field intensity inside the dielectric is the same as that due to a point charge equal
to 20Q/(2 + x.o) at the origin. Show that the electric field intensity outside the

dielectric is the same as that due to the point charge Q at the origin and an image
point charge — x.0Q/(2 + X.o) at (0,0, —24d).
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A dielectric sphere of radius @ and having uniform electric susceptibility X.o is,
centered at the origin. The electric field intensities outside and inside the sphere,
are given in spherical coordinates by

— 2Xe() _a_? . Xeo 13 . .
E, = (1 +3 % ra)Eo cos 01, —(1 - r3)E° sin@ iy

R S
' 3+Xe0

where E, is a constant,

E (Eycos @i, — E, sin 8 ip)

(a) Show that E, and E; satisfy Maxwell’s equations.

(b) Find the applied field by letting @ — 0 and then find the secondary field bot
inside and outside » = a.

(c) Show that the tangential components of the secondary field on either side of
r = a are equal.

(d) From the normal components of the secondary field on either side of r = q,
obtain the polarization surface charge density at r = a, using condition (b)
stated in Problem 5.9.

(e) Show that the surface charge density found in part (d) is consistent with the
polarization vector corresponding to E;. f

|
An infinite plane dielectric slab of thickness 4 and having a nonuniform electric
susceptibility given by ‘

Xe(z)=4f_ Z

occupies the region 1 <z << 2. A uniform electric field E, = E,i, is applied.
Show that the induced polarization volume and surface charge densities are
given by

Po = —4€6E,s 1l<z<?2
[ %EQEO z=2

Prs = —zl_-ngo z=1

Find the secondary and total electric fields both inside and outside the dielectric.
Obtain the polarization current density in the dielectric if the applied electric field
is time-varying in the manner E, = E, cos ¢ i,.

Two perfectly conducting, infinite plane parallel sheets separated by a distance d
carry uniformly distributed surface charges of equal and opposite densities: p,¢
and — p;,, respectively. For each of the following cases, find the potential difference
between the two plates:

(a) The medium between the two plates is free space.

(b) The medium between the two plates is a dielectric of uniform permittivity
€ = 4¢,.

(¢) The medium between the two plates consists of two dielectric slabs of thick-

nesses ¢t and d — ¢ and having permittivities €; = 2€, and €, = 4¢€,, respec-
tively.
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(d) The medium between the two plates is a dielectric of nonuniform permittivity
which varies linearly from a value of €; near one plate to a value of €, near
the second plate. .

Two perfectly conducting, infinite plane parallel sheets separated by a distance d

carry uniformly distributed surface charges of equal and opposite densities. For

each of the cases listed in Problem 5.21, find the required surface charge densities
if the potential difference between the two plates is to be V.

An infinite plane dielectric slab of thickness d and having a nonuniform permittivity
given by

€ — 4€,

(1 Z/d)>

occupies the region 0 < z < d. A uniform electric field E, = E,i, is applied. Find
the following quantities:
(a) D outside the dielectric.
(b) D inside the dielectric.
(¢) E inside the dielectric.
(d) P inside the dielectric.
(e) pps on the surfaces z=0and z = d.
(f) p, inside the dielectric.
The region a < r < b in spherical coordinates is occupied by a dieleqtric material.
A point charge Q is situated at the origin. It is found that the electric field intensity
inside the dielectric is given by

E a<r<b

__0o
4meb2 "

Find the following quantities:

(a) The permittivity of the dielectric.

(b) p,s on the surfaces r =g and r = b.
(c) p, inside the dielectric.

Show that the result given by (5-98) for the change in the angular velocity of an
electron in a circular orbit of radius @ under the influence of an applied magnetic
field follows from the application of Faraday’s law in integral form to the elec-
tronic orbit.

Show that the torque acting on an arbitrary current loop of dipole moment m in a
uniform magnetic field B,, is equal to m x B,,. Show that the torque tends to
align the dipole moment with the field.

Two infinitely long filamentary wires situated parallel to the z axis and passing
through the points (d/2, 0, 0) and (—d/2, 0, 0) carry currents 7 amp in the positive
and negative z directions, respectively. Show that the average magnetic flux density
in a cylindrical volume of radius @ > /2 and having the z axis as its axis is equal
to —(uold2ma?)i,.
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Show that the average magnetic flux density due to an arbitrary volume current
distribution of dipole moment m in a spherical volume of radius b is given by

Hom

Bav = 2n63

The region a < r < b in cylindrical coordinates is filled with a magnetic materiafl
of uniform susceptibility ¥..o. A filamentary wire situated along the z axis carrigs
current I amp in the z direction.

(a) Show that the magnetization volume current density is zero and that the
magnetization surface current densities are given by

I .
Xmo 51z r=a
Jm: =

I .
—X""’in—b‘z r=»~

(b) Find the magnetic flux densities in the three different regions r < a, a < r <ib,
and r > b.

(c) Discuss your results for the limiting case a — 0 and b — oo,

The region z < —d is occupied by a magnetic material of uniform susceptibilfity
Xmo- An infinitely long filamentary wire carrying current I amp in the x directijon
is situated along the x axis. Show that the magnetization surface current densf'ity

is equal to r
|

X mOdI

Q2 + Ymo)¥2 +d?)
and that the magnetization volume current density is equal to zero. Show that
the magnetic flux density inside the magnetic material is the same as that due to a
filamentary wire along the x axis carrying [(2 + 2Xn0)/(2 + Xmo)l{ amp in th]ie X
direction. Show that the magnetic flux density outside the magnetic material is the
same as that due to the filamentary wire along the x axis carrying I amp in thie x
direction and an image filamentary wire parallel to the x axis and passing through
(0, 0, —2d) and carrying a current ¥,0Z/(2 + Xmo) amp in the x direction. :

i, amp/m

A sphere of magnetic material of radius a and having uniform susceptibility ¥mo
is centered at the origin. The magnetic flux densities outside and inside the splhere
are given in spherical coordinates by :

_ 2Ymo @° i (1 — Xmo_@\p o0
B°—(1+3+Xmor3>B° ;:0591, (1 3+Xm0r3)Bos1n019

31 ' . s .
B, = —gT-I_%'IO—")(BO cos @ i, — By sin 0 ip) ’
where B, is a constant.

(a) Show that B, and B; satisfy Maxwell’s equations.
(b) Find the applied field by letting @ — 0 and then find the secondary field |both
inside and outside r = a.

(c) Show that the normal components of the secondary field on either side of
r = a are equal.
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(d) From the tangential components of the secondary field on either side of » = q,
obtain the magnetization surface current density at r = a, using condition (b)
stated in Problem 5.10.

(e) Show that the surface current density found in part (d) is consistent with the
magnetization vector corresponding to B;.
An infinite plane slab of magnetic material of thickness d and having a nonuniform
magnetic susceptibility given by
z

Xm(z) = 4

occupies the region 1 < z < 2. A uniform magnetic field B, = Byi, is applied.
Show that the induced magnetization volume and surface current densities are
given by

J,,,=4B7°oiy l<z<2

—L z=1
4 id
Jms= go
—Z‘%iy z=2

Find the secondary and total magnetic fields both inside and outside the magnetic
material.

Two perfectly conducting, infinite plane parallel sheets separated by a distance d
carry uniformly distributed surface currents having equal and opposite densities
J,0 and —J;,, respectively. For each of the following cases, find the magnetic flux
between the current sheets per unit length along the direction of flow of the current.

(a) The medium between the two plates is free space.

(b) The medium between the two plates is a magnetic material of uniform per-
meability g4 = 4/,.

(¢) The medium between the two plates consists of two magnetic material slabs
of thicknesses # and 4 — ¢ and having permeabilities u; = 24, and y, = 44,
respectively. .

(d) The medium between the two plates is a magnetic material of nonuniform
permeability which varies linearly from a value of u; near one plate to a value
of u, near the second plate.

Two perfectly conducting, infinite plane parallel sheets separated by a distance d
carry uniformly distributed surface currents having equal and opposite densities.
For each of the cases listed in Problem 5.33, find the required surface current
densities if the magnetic flux between the current sheets per unit length along the
direction of flow of the current is to be .

An infinite plane magnetic material slab of thickness d and having a nonuniform
permeability given by

w=po(1+ %)
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occupies the region 0 < z < d. A uniform magnetic field B, = Byi, is applied.
Find the following quantities:

(a) H outside the magnetic material.
(b) H inside the magnetic material.
(¢) B inside the magnetic material. [
(d) M inside the magnetic material.

(e) J..; on the surfaces z = 0 and z = 4.

(f) J,, inside the magnetic material.

The region a < r < b in ¢ylindrical coordinates is occupied by a magnetic material.

A filamentary wire situated along the z axis carries current J amp in the z directipn.
It is found that the magnetic flux density inside the magnetic material is given |by

_ ML
27za a<r<b

Find the following quantities:

(a) The permeability of the magnetic material.
(b) J,., on the surfaces r = @ and » = b.
(©) J, inside the magnetic material.

A portion of the B-H curve for a ferromagnetic material can be approx1matedt by
the analytical expression

where k is a constant having the units of meters per ampere. Find u,, ,u,,, X
and M.

Show that Eq. (5-162) follows from Eq. (5-163) whereas Eq. (5-161) follows firom
Eqgs. (5-164) and (5-165).

Two infinite plane conducting sheets separated by a distance 4 carry unifo; ,rmly
distributed surface charges of densities p,, and —p,o, respectively. Flndr the
electric stored energy per unit area of the plates if the medium between the plates
is (a) free space, and (b) a dielectric of uniform permittivity € = 4¢€,. ‘

The region between two infinite plane conducting sheets separated by a distarice d
is characterized by a uniform electric field intensity E, directed normal t0 the
plates. Find the electric stored energy per unit area of the plates if the medium
between the plates is (a) free space, and (b) a dielectric of uniform permittivity
€ = 4€,.

Two infinite plane conducting sheets separated by a distance d carry unifgrmly
distributed surface currents of densities J,, and —J,,, respectiveiy. Find the
magnetic stored energy per unit area of the plates if the medium between the
plates is (a) free space, and (b) a magnetic material of uniform permeability
=4,
The region between two infinite plane conducting sheets separated by a distance d
is characterized by a uniform magnetic flux density B, directed tangential to the
plates. Find the magnetic stored energy per unit area of the plates if the medium
between the plates is (a) free space, and (b) a magnetic material of uniform per-
meability 4 = 4u,.
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For the B-H curve of Problem 5.37, find the work done per unit volume in mag-
netizing the material from zero to a certain value By = u kH3.

The region r < a in cylindrical coordinates is occupied by a magnetic material of
uniform permeability 4. The magnetic field intensity is given by

H H, cos wti, r<<a
0 otherwise

where H, is a constant. Show that the time rate of change of energy stored in the
magnetic field per length / of the magnetic material is correctly given by the power
flow into the material obtained by evaluating the surface integral of the Poynting
vector over the surface of the cylindrical volume of length / and bounded by r = a.

The region 0 < z < d is occupied by a dielectric material of uniform permittivity €.
The electric field intensity is given by

E_Eocoscoti, O<z<d
0 otherwise

where E; is a constant. Assume cylindrical symmetry and show that the time rate
of change of energy stored in the cylindrical volume » < a of the dielectric material
is correctly given by the power flow into the material obtained by evaluating the
surface integral of the Poynting vector over the surface of that volume.

Medium 1, comprising the region r < a in spherical coordinates, is a perfect
dielectric of permittivity €; = 2¢, whereas medium 2, comprising the region
r > a, is a perfect dielectric of permittivity €, = 4€,. The electric field intensity
in medium 1 is given by E; = E, i,, where E, is a constant. Find the electric field
intensity at r = g in medium 2.
Medium 1, comprising the region z > 0, is characterized by g, =0, €; = €,
and u; = 4u, whereas medium 2, comprising the region z < 0, is characterized
by 6, =0, €, = €, and u, = 2u,. All fields are spatially uniform in both media
and independent of time. The magnetic flux density vector B, in medium 1 is
given by

B, = B,(2i, -+ 4i, 4 5i,) Wb/m?
where B, is a constant. The boundary z = 0 between the two media carries a sur-
face current of density J; given by

3, =80, — 2i)amp/m
Lo

Determine the magnetic flux density vector B, in medium 2.

Two infinite, perfectly conducting plates occupy the planes x =0 and x = a.
An electric field given by

E=E, sinﬂcosLti,
a an/ Ho€o
where E, is a constant, exists in the medium between the plates, which is free space.

(a) Using one of Maxwell’s curl equations, obtain the magnetic field associated
with the given E.

(b) Determine the surface current densities on the two plates.
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The region z < 0 is free space and the region z > 0 is a perfect dielectric of per-
mittivity € = 4€,. The electric field intensities E; and E, in the two media are
given by

E, = [E;cos w(t — A/ #o€q 2) + E, cos @ (t + A/ po€; 2)]i, forz<O0

E, = E,cos w(t — 24/ Uo€ 2) i, forz>0
where E;, E,, and E; are constants.
(a) Find H; and H; associated with E, and E,, respectively.
(b) Find the relationships between E, and E; and between E, and E;.
Show that, for time-varying fields, the boundary condition for the normal co -
ponent of B follows from the boundary condition for the tangential compone
of E, whereas the boundary condition for the normal component of D follo s

from the boundary conditions for the tangential component of H and the nor al
component of J.
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APPLIED ELECTROMAGNETICS

In Chapter 2 we set our goal to learn how to interpret Maxwell’s equations
and the associated constitutive relations and to use them to discuss various
applications. In the preceding chapters we achieved the first task, namely
that of introducing and understanding Maxwell’s equations,

V:.D=p
V.B=0
VxE= -0
VxH=J31 %

Jt

and the various related concepts. We now have the basic electromagnetic
theory necessary to venture into the realm of applied electromagnetic theory
to which this chapter serves as an introduction. The topics of applied elec-
tromagnetic theory are varied, but perhaps the most important among
them are concerned with the field basis of circuit theory and with electro-
magnetic waves. This is reflected in the topics covered in this chapter.
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PART 1. Statics, Quasistatics, and
Distributed Circuits

6.1 Poisson’s Equation

Maxwell’s equations for the static electric field are given by
VeD=p 6-1)
VXE=0 (6-2)

In view of (6-2), E can be expressed as the gradient of a scalar potential ¥
as we learned in Section 2.12. Thus we have

= —-VV (6-3)
and ‘
D=¢E=—eVV 6-9)
Substituting (6-4) into (6-1), we obtain
VeeVV = —p
or i
VV e« Ve -+ €V = —p (6-5)

where V2V is the Laplacian of V. Equation (6-5) is the differential equatifin
for the electrostatic potential ¥ in a region of volume charge density p. If
we assume that € is a constant in the region, Ve is equal to zero so that (6-5)
reduces to '

vy =2 (6:6)

Equation (6-6) is known as Poisson’s equation. If the medium is charge free,
then p = 0 and (6-6) reduces to

V2V =0 (6—?)
which is known as Laplace’s equation. In this section we discuss the appli-

cations of Poisson’s equation by considering two examples. !

|
ExampLE 6-1. Charge is distributed with uniform density p, C/m? throughout a
sphere of radius a centered at the origin. It is desired to find the electrostatic
potential and hence the electric field intensity both inside and out51de the
sphere by using Poisson’s equation for r < g and Laplace’s equatlonl for

r>a.
From Poisson’s and Laplace’s equations, we have ;
b forr<a E
Vi ={ € (6-8)
0 forr>a |

Because of the spherical symmetry of the charge distribution, the poté%ntial
is a function of r only. Thus all derivatives of V" with respect to 8 and (;S are
348 |

i
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zero, so that (6-8) becomes
P
d oV — for r < a
w5 = { ¢ 69
0 forr>a

Integrating both sides of (6-9) with respect to r and then dividing by r? and
integrating again with respect to r, we obtain

—p6°;2-—%+B forr <a
V= c : (6-10)
- + D forr > a

where 4, B, C, and D are arbitrary constants of integration.
We now have to evaluate the arbitrary constants A, B, C, and D by
using the boundary conditions and other considerations. First, the potential

can be arbitrarily set equal to zero at r = oo, so that D = 0. Second, from
E = —VV, we have

(%6’ —iz)i, forr<a
i, - forr>a

so that, from Gauss’ law, the charge contained within a sphere of radius
r(<< a) centered at the origin is 4nr2eE, = 4nr2€[(p,r/3€) — (4/r?)]. For
the charge distribution under consideration, this quantity must approach

zero as r.— 0. This is possible only if 4 is equal to zero. The solution for ¥
is thus reduced to :

_/)0_1'2+B forr<a

V- 61D
—% forr>a

Next, we note that, at the boundary r = g, the potential must be
continuous in the absence of an impulse type of discontinuity in the normal
component of electric field intensity (such discontinuities can exist in the
presence of an electric dipole layer at the surface). Also, at » = a, D, must

be continuous in the absence of a surface charge. Using these two boundary
conditions, we have

_ P2 - _C a
%+ B=— (6-12a)

I
|
m
|

Pol .
et (6-12b)

Solving (6-12a) and (6-12b) for B and C and substituting in (6-11), we obtain
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the required solution for V as

_ B P
3 + oF forr<a
V= " (6-13)
/’30? forr>a
The corresponding solution for E is
g—"; i, forr<a
E= , 6-19)
- ggfz i, forr>a

We note that this solution is in agreement with the result of Example 2-6. |

In the preceding example we illustrated the method of solving for the
potential for a given charge distribution, using Poisson’s and Laplace’s
equations. However, Poisson’s equation is more useful for another class of
problems, in which the charge distribution is the quantity to be determined.
We now consider an example of this type.

ExampPLE 6-2. A simplified model of a vacuum diode consists of two parallel con-

ducting plates occupying the planes x = 0 and x = d, between which an
electric field is established by maintaining a potential difference of ¥, volts
as shown in Fig. 6.1. The plate at the lower potential is called the cathode
and the plate at the higher potential is called the anode. The cathode is
heated so that it emits electrons into the space between the plates, to be
collected by the anode and thereby establish a current flow. Let us assume
for simplicity that (a) the electrons are emitted from the cathode with zero

x=dV="W Anode

M Space Charge
Region

x=0,V=20 Cathode

Fig. 6.1. Simplified model of a vacuum diode.
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initial velocity and (b) the number of electrons emitted from the cathode
is limited not by the cathode temperature but by the space charge between
the cathode and the anode. For steady current flow under these conditions,
the electric field at the cathode is zero. If it were some nonzero value and
directed towards the cathode, the electrons would be emitted from the cathode
with some acceleration and the current would then be temperature limited
but not space-charge limited. (In the actual case, the field intensity is slightly
nonzero and directed towards the cathode, since no electrons would leave
the cathode otherwise.) If the field intensity were some nonzero value and
directed towards the anode, there would be no space charge, since the elec-
trons could not leave the cathode. It is desired to find the potential distribu-
tion and hence the space charge distribution between the cathode and the
anode.

Let V be the potential at a distance x from the cathode, which is con-
sidered to be at zero potential. Then the work done by the electric field in
moving an electron through a distance x from the cathode is equal to |e|V,
where e is the charge of the electron. This work must be equal to the kinetic
energy acquired by the electron. Thus, denoting v = #(x)i, as the velocity
of the electron, we have

le| V = jmv? (6-15)
where m is the electronic mass. From (6-15), we get v = /2 |e| V/m so that

_ /2lelV. .
v=/2El (6-16)

If p(x) is the density of the space charge constituted by the electrons, the
current density J is given by

I=pv=p %wmix (6-17)

For steady current flow,
J = Jj, (6-18)

where J, is a constant. Comparing the right sides of (6-17) and (6-18) we
obtain
le|

p=1J, m_y-i2

2|e
From Poisson’s equation, we now have
d_z.l_/z_ﬁ—_ ﬁ\/ m -1/2 — -1/2
= e = e V= (6-19)

where k = —(J,/€,) A/m/| 2¢] is a constant. Equation (6-19) is the differential
equation for V in the region between the cathode and the anode. To solve
for V, we multiply the left and right sides of (6-19) by 2(d¥V/dx) dx and 2 dV,
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respectively, to obtain

|
av (dv\ _ -1/2 A |
2Ed(a)_2klf dv (6-20) |

Integrating both sides of (6-20), we get

(%’)2 — Va4 4

where A is the constant of integration to be evaluated from the boundary
condition for dV/dx at the cathode. But dV/dx is the negative of the electric
field intensity. Since the electric field intensity as well as the potential are
zero at the cathode, A is equal to zero. Thus

g;=2 /kV1/4

or

Integrating both sides of (6-21), we obtain

4V¥+ =2/kx+ B |
where B is the constant of integration. To evaluate B, we note that V' =0
for x = 0. Hence B = 0, giving us

V=(%ﬁx4/3 !

Finally, from the condition that V' = V, for x = d, we have

Vo = (‘%»\/Fd)‘m

f
|
V-veqy = 2./F dx (6-21j
|
[
|
|

so that

- V(,(%)‘“ (6-22)

Equation (6-22) is the required solution for the potential between the two
|

plates. The electric field intensity is given by “
I | __iV,,(i 13, |
e = LT

The space charge density is given by

p=€0V.E=Eng‘=_? d2
The current density is given by

— 2lel 12 ___4_ 2le| V32, I
J=p mV i, = 9604%’” i, {‘

for
of

This equation is known as the Child-Langmuir law. The negative sign
J arises from the fact that the current flow is opposite to the directio
motion of the electrons. ’
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6.2 Laplace’'s Equation

A very important class of problems encountered in practice are those for
which the charges are confined to the surfaces of conductors. For such
problems, either the charge distribution on the surfaces of the conductors,
or the potentials of the conductors, or a combination of the two are specified
and the problem consists of finding the potential and hence the electric field
in the charge-free region bounded by the conductors. Obviously, the potential
in the charge-free region satisfies Laplace’s equation

V2 =0 (6-7)

assuming € to be constant. Hence the solution consists of finding a potential
that satisfies Laplace’s equation and the specified boundary conditions. Since
the right side of Laplace’s equation is zero irrespective of the boundary con-
ditions, we can obtain a general solution for the potential that satisfies a
particular simplified form of Laplace’s equation once and for all. The general
solution consists of arbitrary constants of integration, which are evaluated
by using the boundary conditions for the specific problem.
Let us consider the cartesian coordinate system. In the general case for
! which the potential is a function of all three coordinates x, y, and z, Laplace’s
equation is given by
v | o | 9V
ot T =
However, if the potential is a function of only one of the coordinates, say
x, and independent of the other two, we obtain a simplified version of
Laplace’s equation as

(6-23)

0V __d*V .
o =dz =0 (6-24)
Integrating (6-24) with respect to x twice, we obtain
V=Ax+ B (6-25)

where 4 and B are the arbitrary constants of integration. Equation (6-25) is
the general solution for the electrostatic potential in a charge-free region for
the case in which the potential is a function of x only. In other words, all
problems for which the potential varies with x only but having different
boundary conditions must have solutions of the form given by (6-25). Only the
values of the arbitrary constants 4 and B differ from one problem to the other.
Thus, having found the general solution once and for all, it is a matter of
fitting the given boundary conditions to evaluate the arbitrary constants for
obtaining the particular solution to the problem. Let us consider a simple
example.

ExampLE 6-3. Two parallel conducting plates occupying the planes x = 0 and
x = d are kept at potentials ¥ = 0 and ¥V = V, respectively, as shown in
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Fig. 6.2. We wish to find the solution for the potential and hence for the :
electric field intensity between the plates and evaluate the charge densities
on the plates.

Vo . Fig. 6.2. Two parallel perfectly

¢ E=- 4 ' conducting plates separated by a

dielectric of permittivity € and

- - - - - = kept at potentials V' =0 and
=0,V=0 V="V,

The general solution for the potential between the two plates is give
by (6-25). The boundary conditions are

V=0 forx=0
V="V, forx=d
Substituting these boundary conditions in (6-25), we have
0= 4(0) + B or B=0
Vo=Ad) +B=Ad) +0 or A =_‘;,e
Thus the required solution for the potential is ‘

V=%’~x 0<x<d y

The electric field intensity is given by ‘
_ _ V. _ V. |
E= VV_—ax _—71,, O<x<d ;
The field is shown sketched in Fig. 6.2. The surface charge densities on the

two plates are given by w
Vo: . !
[ps]x 0 — [D]x=o * = _eTolx * lx = _% /
= (i) = (=0 ) o (=i = Fo
[pos = Ples () = (=0) ()= 1|
|

EXAMPLE 6-4. Let the region between the two plates in Example 6-3 consist of t#’VO
dielectric media having permittivities €, for 0 < x < tand €, for t < x < d
as shown in Fig. 6.3. It is desired to find the solutions for the potentials in
the tworegions0 < x < tand t < x < d.

Since the permittivities of the two regions are different, the solutions
for the potentials in the two regions must be different although having the
same general form as given by (6-25). We therefore choose different arbitrary
constants for the two different regions. Thus the general solutions for the
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x=0,V=0
Fig. 6.3. Two parallel perfectly conducting plates sep-
arated by two dielectric media of permittivities €, and
€, and kept at potentials V' = 0 and V = V.

potentials in the two regions are

V,=A4,x + B, O<x<t (6-262)
V,= A,x + B, t<x<d (6-26b)
The boundary conditions specified in the problem are
V,=0 forx=0 (6-27a)
V,="V, forx=d (6-27b)

However, we have four arbitrary constants 4,, B,, 4,, and B, to be deter-
mined. Hence we need two more boundary conditions. Obviously, we turn our
attention to the boundary x = ¢ between the two dielectrics for these two
conditions, which are

V,=1V, for x = ¢ (6-27¢)
and
D, = D,,
or
€, %é —e, %% for x = ¢ (6-27d)

Substituting the four boundary conditions (6-27a)-(6-27d) into (6-26a) and
(6-26b), we obtain
0= 4,0 + B,
Vo= Az(d) + B,
A1(t) + B, = Az(t) + B,
€4, = €,4,
Solving these four equations for the four arbitrary constants and substituting
the resulting values in (6-26a) and (6-26b), we find the required solutions for
V, and V, as
— €%
Vi= €1+ €,(d—1)

1% _62t+€1(x—t)',,
2t ted=0""

V, O<x<t

t<x<d
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The potential at the interface x = ¢ is \

€,1
cire@d—n’ 1 |

Thus far we have considered the one-dimensional case for which the
potential is a function of x only. The one-dimensional problems for Wthh
the potentials are a function of y only and z only are not any different from

the case considered, since the differential equations for V are the same as
(6-24) except that x is replaced by y or z. Thus there is only one one- dlmenL
sional problem in the cartesian coordinate system although there are three
coordinates. Considering the three commonly used coordinate systems, th :
is, cartesian, cylindrical, and spherical coordinate systems and arguing i

this manner, we note that there are only five different one-dimensional
problems in all although there are nine coordinates. There is not much to
be gained by considering in detail the remaining four one- dimension 1
problems. Hence we simply list in Table 6.1 the general solutions for each

case, a particular set of boundary conditions and the corresponding partJ1
cular solution. It is left as an exercise (Problem 6.3) for the student to

verify these. !

TABLE 6.1. General Solutions for One-Dimensional Laplace’s Equations and

Particular Solutions for Particular Sets of Boundary Conditions |

Coordinate i
with Which General Boundary Particular
V Varies Solution Conditions Solution
x Ax + B V=0, x=0 &x
V=Vo,x=d d
r (cylindrical) Alnr + B V=0, r=a Vo 1n1
V=V, r==b lnb/a
¢ A$ + B V=0, ¢=0 Vo ‘
V=Vob=a &? ‘
R é V=0, r=a Vo 1 1 “
r (spherical) p + B Ve Vo, r=b DD (7 7;)
0 V=0, 6= In [(tan 6/2)/(tan /2
0 Aln(ang)+B 7 Vo,0=8 V0 1ﬂ_u_nn [(tan B2/ (tan a2)]

. r

Before we take up the discussion of Laplace’s equation in two dimen-
sions, we consider briefly the use of analogy in solving magnetic field prob-
lems involving permanent magnetization. From Maxwell’s curl equation
for the static magnetic field, we have, for a region free of true currents, that
is, for J = 0,

VxH=0

We can then express H as the gradient of a scalar magnetic potential V.
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that is,

H= v, (6-28)

Substituting B = p,(H 4+ M) in Maxwell’s divergence equation for B, we
have
VeB=V.yuH+M=0

or
V.H=-V.M (6-29)

Substituting (6-28) into (6-29), we obtain
Vy,=V.M. (6-30)

Comparing (6-28) and (6-30) with (6-3) and (6-6), respectively, we observe
the following analogy:

H<>E (6-31a)
V, <>V (6-31b)
V.eM-< _./Ei (6-31c)

If M is discontinuous at a boundary, then V « M results in an impulse func-
tion. To find the appropriate analogy, we consider a rectangular box of
infinitesimal volume Av and enclosing a portion of the boundary at which
M is discontinuous as shown in Fig. 6.4. Then we have

f V-Mdv<—>—J‘ L
Av Aue
i

M;

Fig. 6.4. For showing that a
discontinuity in M at a boundary
is analogous to a surface charge
density.

From the divergence theorem, Ly V « M dv is equal to §S M . i, dS, where
S is the surface area of the box. Now, if we let the box shrink to the bound-
ary, this integral becbmes M, — M) « i, AS whereas Lu (ple) dv becomes
(p,/e) AS, where AS is the surface area on the boundary to which the box

shrinks and p, is the surface charge density. Thus we have

M, — M,) +i, AS < > —L: s
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or

M, —M,) +i, <> —L (6-31d)

Making use of the analogy indicated by (6-31a)—(6-31d), we can solve mag-
netostatic problems involving permanent magnetization. Let us consider an/
example,

ExAMPLE 6-5. The region 0 < x << d is occupied by a medium characterized by the
magnetization vector M = M,i,, where M, is a constant, as shown in
Fig. 6.5(a). It is desired to find H and B both inside and outside the region
0<x<d

E = _MOix

/Ps = &tM,

+4 + 4+ o+ o+

M = Moi’x

/H=0,B=0

x=d

/

I I ! N+
| I [ | N
l B = ol I ¢
| I | |
L (R (R IR SO S
\H = —Moi, \ps = —&eMy |
(@ (b) i

Fig. 6.5. (a) A medium characterized by magnetization vector
M = Mi,. (b) Electrostatic analog of (a). !

Since there are no true currents associated with the medium, we can
use the analogy developed above. For the given M, V « M = 0 so that the
analogous volume charge density is zero. However,

©— Mji)+(—i)=M, forx=0 |
0 — M) i, = —M, forx=d |

The analogous surface charge density is therefore given by |

. {—GMO forx =10
- €M, forx =d

From the solution to Example 6-3, the electrostatic potential and the electric
field intensity for this surface charge distribution are

V=Mx
—Mji, O0<x<d
0 otherwise

<M2—M1>-in={

-

E=
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The surface charge distribution and the electric field lines are shown in
Fig. 6.5(b). Now, from (6-31a), the required magnetic field intensity is
given by

Hz{_Moi" O0<x<d

0 otherwise

The corresponding magnetic flux density is

wo(—Mi, + M,i,) O<x<d

100 4 0) otherwise
=0 everywhere

These are shown in Fig. 6.5(a). i

B:ﬂo(H‘l"M):{

We now consider the solution of Laplace’s equation in two dimensions.
If the potential is a function of the two coordinates x and y and independent
of z, then it satisfies the equation
@V oV _
dxz " gy? —
Equation (6-32) is a partial differential equation in two dimensions x and y.
The technique by means of which it is solved is known as the “separation
of variables” technique. It consists of assuming that the solution for the
potential is the product of two functions, one of which is a function of x
only and the second, a function of y only. Denoting these functions to be
X and 7Y, respectively, we have

0 (6-32)

Vix, y) = X(x) Y(3) (6-33)

Substituting this assumed solution into the differential equation, we obtain
X a*yY

YE_*_XW =0 (6-34)

Dividing both sides of (6-34) by XY and rearranging, we get
1dX_ 1y
Xdx*~ ~ Y d?
The left side of (6-35) involves x only whereas the right side involves y only.
Thus Eq. (6-35) states that a function of x only is equal to a function of y
only. A function of x only other than a constant cannot be equal to a function
of y only other than the same constant for all values of x and y. For example,
2x is equal to 4y for only those pairs of values of x and y for which x = 2.
But we are seeking a solution which is good for all pairs of x and y. Thus the
only solution which satisfies (6-35) is that each side of (6-35) must be equal
to a constant. Denoting this constant as &2, we have
d*X
dx?

(6-35)

= a2X (6-36a)
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and
d*Y
dy*
Note that we have obtained two ordinary differential equations involving the
separate independent variables x and y, respectively, starting with the partigl
differential equation involving both of the variables x and y. It is for this
reason that the method is known as the separation of variables technique,
The constant a? is known as the separation constant.
For a nonzero a2, the solutions for Eq. (6-36a) must be functions of |x
which when differentiated twice result in the same functions multiplied by af2.
The functions that satisfy this property are the exponential functions ef=
and e~**. Since (6-36a) is a linear differential equation, the general solution
consists of a superposition of the two solutions multiplied by arbitrary coin-
stants. For a*> = 0, the solution for (6-36a) can be obtained by integrating
it twice. Thus

— —a2Y (6-36b)

™

Ae** 4 Be~* for o = 0
A.x + B, fora =0 ‘
where 4, B, A,, and B, are the arbitrary constants. Similarly, for a? {0,
the solutions for Eq. (6-36b) must be functions of y which when differentiated
twice result in the same functions multiplied by —a?. The functions that
satisfy this property are cos ay and sin ¢y. Again, since (6-36b) is a linear
differential equation, the general solution consists of a superposition of the
two solutions multiplied by arbitrary constants. For a2 = 0, the solution for
(6-36b) can be obtained by integrating it twice. Thus
Ccosay -+ Dsinay fora = 0

Y =
) {C(,y—l—D0 fora =0

where C, D, C,, and D, are the arbitrary constants. Substituting (6-37a) and
(6-37b) into (6-33), we obtain the required solution for (6-32) as

V(x, y) — {(Ae“" + Be™**)(Ccosay + Dsinay) fora =0
, (4ox + By)(Cyoy + D,) fora =0
We now consider an example of the application of (6-38).

X&) = { (6-37a)
(6-37b)

(6-38)

P

EXAMPLE 6-6. Let us consider the idealized problem of an infinitely long rectangular

slot cut in a semiinfinite plane conducting slab held at zero potential as shown
in Fig. 6.6."With reference to the coordinate system shown in the figure,
assume that a potential distribution given by V = V sin (ny/b), where V/, is
a constant, is created at the mouth x = a of the slot by the application of a
potential to an appropriately shaped conductor away from the mouth of the
slot not shown in the figure. It is desired to find the potential distribution in
the slot.

The problem is two dimensional in x and y and hence the general solution
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X =4
V = Vosinﬂ

/
b >

x
V

0
0

Fig. 6.6. An infinitely long rectangular slot cut in a semiinfinite
plane conducting slab at zero potential. The potential at the
mouth of the slot is ¥, sin (wy/b) volts.

for V is given by (6-38). The boundary conditions are

V=0 y=0,0<x<a (6-39a)
V=20 y=5b0<x<a (6-39b)
V=20 x=0,0<y<bd (6-39¢)
V=1, sin”—by x=a0<y<b (6-39d)

The solution corresponding to & = 0 does not fit the boundary conditions
since V is required to be zero for two values of y and in the range 0 < x < a.
Hence we can ignore that solution and consider only the solution for & = 0.
Applying the boundary condition (6-39a), we have

0 = (4de** + Be **){(C) for0<x<a

The only way of satisfying this equation for a range of values of x is by
setting C = 0. Next, applying the boundary condition (6-39c), we have
0= (4 -+ B)Dsinay for0 <y <b
This requires that (4 - B)D = 0, which can be satisfied by either D =0 or
A + B = 0. However, D = 0 results in a trivial solution of zero for the
potential. Hence we set '
A+B=0 or B= —4

Thus the solution for ¥ reduces to

V(x,y) = (de** — Ae **)D sin ay

6-40
= A’ sinh ox sin ay (6-40)
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where 4" = 24 D. Next, applying boundary condition (6-39b) to (6- 40),

we have |

0 = A’ sinh ax sin ab for0<x<a |
To satisfy this equation without obtaining a trivial solution of zero for th,
potential, we set r
sinab =0
or
ab = nn n=1213,...
(6-41)

_n_7z —3
= a=123,...

Since several values of & given by (6-41) satisfy the boundary condition,
several solutions are possible for the potential. To take this fact into account,
we write the solution as the superposition of all these solutions multipli¢d
by different arbitrary constants. In this manner we obtain

b

Vix,y) = 3 A,sinh ””—x sin” for0<y<b (642
n=1,2,3,. i
Finally, applying the boundary condition (6-39d) to (6-42), we get /

V,sin 72}) > 4,sinh m sin % for0<y<b (6-:{}3)
n=1,2,3,...

On the right side of (6-43), we have an infinite series of sine terms in y wher%as
on its left side, we have only one sine term in y. Equating the coefficients of
the sine terms having the same arguments, we obtain “

h nna VO fOl‘ nh = 1 ‘
b o forn =1 ‘
or I

sm

AI — Vo |
' sinh<ma/b) /
A,=0 forn==1
Substituting this result in (6-42), we obtain the required solution for V' a
_ smh (mx/b) _. 44
Vx») = Vo 5ol (ma/b) )
Having found the solution, it is always worthwhile to check if it satisfies
Laplace’s equation and the given boundary conditions to make sure that no
error was made in obtaining the solution. The above solution does satisfy
these two criteria. ]

sm— (6-

If the solution, irrespective of how it is obtained, satisfies Laplace’s
equation and the specified boundary conditions, it is the solution according
to the uniqueness theorem. To prove this theorem, let us assume to the
contrary that two solutions ¥, and ¥, are possible for the same problem.
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Then each of these must satisfy Laplace’s equation so that

vy, =0 (6-45a)
vy, =0 (6-45b)

The difference V; = V, — V, must also satisfy Laplace’s equation. Thus
VIV, =V, = V)=V, —VI,=0 (6-46)
Also, both V| and V, must satisfy the same boundary conditions, so that
Wis =1V, = Vals=lVils = [Vals = 0 (6-47)

where S represents the boundary surface. Now, using the vector identity
V.(VA)=VV.A+VF.A
we have
\ (VdVVd) =V, V2V, 4+ |VV,|? (6-48)

Integrating both sides of (6-48) throughout the volume enclosed by
the boundary S, we have ’

f \RIAIPYE f (VY dv + f AWV, (649)
However, from the divergence theorem and from (6-47),
j (V- ViWdv=§ (V,VV,)+dS =0
vol S
Also, noting that V2V/; = 0 in accordance with (6-46), Eq. (6-49) reduces to
f VW, dv=0 (6-50)
Since | VV,|? is positive everywhere, the only way that (6-50) can be satisfied
is if | VV,|? is equal to zero throughout the volume of interest. Thus
VV,=0
or
V, =V, — V, = constant (6-51)

However, V, is equal to zero on the boundaries and hence the constant on
the right side of (6-51) must be zero, giving us ¥, = ¥, throughout the volume
of interest and thereby proving the uniqueness theorem.

ExXAMPLE 6-7. The rectangular slot of Fig. 6.6 is covered at the mouth x = a by
a conducting plate which is kept at a potential V' = V, a constant, making
sure that the edges touching the corners of the slot are insulated as shown
by the cross-sectional view in Fig. 6.7(a). We wish to find the potential in
the slot for this new boundary condition.
Since the boundary conditions (6-39a)-(6-39c) remain the same, all
we have to do to find the required solution for the potential is to substitute



364 Applied Electromagnetics Chap. 6

Insulated Insulated

[V]x=a
\ x=a V=" /

— Vo
y=20 - b I | | | 1
V=0 J I I [ I )
V=0 "5 ol b 21 3 7
X | ! | I |
T L I _p, L J —_
X—>
Y x=0,V=0
(@) (b)

Fig. 6.7. (a) Cross section of an infinitely long rectangular slot
cut in a semiinfinite plane conducting slab held at zero potential
and covered at the mouth by a conducting plate held at a
potential of ¥, volts. (b) Choice of potential to create an odd
periodic function of period 26 in y for [V],—,.

the new boundary condition
V=V, x=a0<y<b
in (6-42) and evaluate the coefficients A4,. Thus we have

Vo= 3 Asinh?2sn"™  for0<y<b (6-J2)
n=1,2,3,... b b |
We have an infinite series of sine terms in y having periods 2b/n on the rigf;ht
side of (6-52) whereas the left side of (6-52) is a constant. Thus we canrlot
hope to obtain A, simply by comparing the coefficients of the sine terms
having like arguments. If we do so, we get the ridiculous answer of V', == 0
and all A4, = 0 since there is no constant term on the right side and there
are no sine terms on the left side. The correct way of evaluating A, is to make
use of the so-called orthogonality property of sine functions, which reads

» 0 m¥=n
f sin"ﬂsinwdy= p
»=0 p 14 5 m=n

where m and # are integers. Multiplying both sides of (6-52) by sin (mzy/b) dy
and integrating between the limits 0 and b, we have

5 -
V, sin @ dy = J 1;3 A, sinh % sin '%) sin m—ZZdy (6-53)
y=0 #=1,2,3,...

y=0

The integration and summation on the right side of (6-53) can be inter-
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changed, giving us

oo b
V, sin mny dy= 3 A,sinh"%2 sin 7Y sin @’ dy
yeo n=1,73,... b ), b
or
Vob1 _ — (4 «int.mma\ b
—02(1 — cos mm) = <A,,, sinh 7)7
or
4v, 1
A, = { mmn sinh (mralb for m odd (6-54)
0 for m even

Substituting this result in (6-42), we obtain the required solution for the
potential inside the slot as

o 4V, sinh (nnx/b nm

V= n 1;25, .. nm sinh Enna;bg sin =5 y (6-55)
The above procedure for evaluating the constants 4/, can also be appreciated
by recognizing that the right side of (6-52) is the Fourier series for an odd
periodic function in y having the period 2b. We must then have an odd
periodic function of period 2b on the left side of (6-52). To achieve this, we
note that, since the solution is for inside the slot only, it is sufficient if we
satisfy the boundary condition for [V], ., for the range 0 < y < b. We are
therefore at liberty to choose [V], -, for the remainder of y so that an odd
periodic function of period 26 is obtained. Obviously, the choice must be
as shown in Fig. 6.7(b). The evaluation of A, then consists of finding the
coefficients of the Fourier series for this function and comparing these with
the coefficients of the series on the right side of (6-52). The steps leading
from (6-53) to (6-54) are essentially equivalent to this procedure.

Another class of problems for which Laplace’s equation is applicable
is those involving the determination of steady current in a conducting slab
under the application of potential difference between different surfaces of
the slab. For the steady-current condition we have

V.J=0

where J, is the current density. Replacing J, by oE, where o is the conduc-
tivity of the slab, we have

V.cE=0
Substituting for E in terms of V, we get
—VeoVV=0 (6-56)
If o is constant, Eq. (6-56) reduces to
ViV =0
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Thus the potential associated with the steady current flow satisfies Laplace’s
equation. Hence the solution for this potential can be obtained in exactly
the same manner as for the charged conductor problems. In fact, the solution
for the potential for a particular steady-current problem can be written down
by inspection if the solution for the potential for an analogous charged con-
ductor problem is already known and vice versa. Having found the solution|
for the potential, the current density can be found by using

J.=0E=—aVV (6-57)

ExAMPLE 6-8. A thin rectangular slab of uniform conductivity o, mhos/m has it
edges coated with.perfectly conducting material. One of the edges is kept a
a potential ¥, relative to the other three by appropriate placement of insu
lators as shown in Fig. 6.8(a). It is desired to find the steady-current distri
bution in the conductor.

Insulator
Insulator Insulator / Insulator
F\
1 g
. 1
SNOAASIN [
’ Conductor o
o = oo | I
/ N
1
X x=0,V=0
A7 / </
(//L y . /\
y=0 y=b \ V=0
V=20 V=0 Current Equipotential {
Flow Line
@) (b)

Fig. 6.8. (a) A rectangular slab of conductivity g, with one of its
edges kept at a potential V, relative to the other three. (b)
Equipotentials and direction lines of current density for the
conducting slab for the case b/a = 1.

The problem is exactly analogous to the rectangular slot problem| of
Example 6-7. Hence, from the solution for the potential found in that problem
and given by (6-55), we obtain the required current density as

o & 4V sinh (nmx/b) . nmy)

J. = aov(n=1.3,s,... nw sinh (nna/b) o b/
W, o nwx nwy .
- T ,- 125 Sl'ﬂ'h'fﬂ /b)(COSh sin b -

+ sinh n;zx cos nTny y>
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The approximate shapes of the equipotentials and the direction lines

of J, are sketched in Fig. 6.8(b) for b = a, that is, for a square conducting
slab. |1

We have illustrated the solution of the two-dimensional Laplace’s equa-
tion in the cartesian coordinates x and y and its applications. The technique
of solution in the other coordinate systems or even in three dimensions is
the same, that is, the separation of variables technique except that we get
some complicated functions in certain cases. Hence, instead of pursuing this
topic further, we will discuss a numerical method of solving Laplace’s equa-
tion which is well suited for adaptation to a digital computer. To illustrate
the principle behind the method, let us pose the following problem: Suppos-
ing we know the potentials V', V,, . . . , ¥ at six points which are equidistant
from a point P (0, 0, 0) and lying on mutually perpendicular axes (which
we call x, y, and z) passing through P as shown in Fig. 6.9, how do we

z
A
Vs ¢ (0,0,0)
Vs
(—a0,0)
©,-a0) P ©a0)
Vs Vo Vs
Vi
(a,0,0)
x Vs $ (0.0,-a)

Fig. 6.9. For showing that the potential at a
point P is approximately equal to the average of
the potentials at six points equidistant from P and

lying along mutually perpendicular axes through
P.

evaluate approximately the potential at the point P consistent with Laplace’s
equation? To answer this question, we recognize that

2 2 2
[VZV]P = [VZV](o,o,o) = A V] =0
(0,0,0)

3z Tar T o (6-58)
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However,

ﬂ’} ~ L{ ‘i} _ [97[ }
0x* Jo,0,0 a |Lx las2,0,0 0x _li—ar2,0,0
= j—{[V](B'O’O) — Voo _ Vogo = [V]<—a,o,0)}
‘12 ’ ¢ (6-59a)
= (Vi = Vo= Vo +72)
1
= S0+ V, =21
Similarly, “
02V] 1 B e
[072 o S @ Vst Va2V (6-59b)
and f
v 1 !
[o? won S @ T Ve =20 (6-5%)
Substituting (6-59a)~(6-59¢) into (6-58) and rearranging, we have |
\
Vo %(Vl TVt VitV + Vs + Vo) (6-60>
|

Thus the potential at P is approximately equal to the average of the potentialIs
at the six equidistant points lying along mutually perpendicular axes through
P. The result becomes more and more accurate as the spacing @ becomes
less and less. If the potential is a function of two dimensions x and y only,
we then have V; =V =V, and (6-60) reduces to

Vo (Vi + Vot Vi + V) (6-61)
To illustrate the application of (6-61), rwe now consider an example.

ExampPLE 6-9. Two sides of an infinitely long box having a right-angled equilateral
triangular cross section are kept at zero potential whereas the third side.is
kept at a potential of 100 volts as shown in Fig. 6.10. The region inside the
box is charge free. It is divided into squares and right-angled equilateral
triangles as shown in the figure. It is desired to find the potentials at the points
a, b, and ¢ using (6-61).

The solution consists of finding a set of values for the potentials at
a, b, and ¢ which, together with the potentials at points on the boundaries,
are consistent with (6-61). By averaging the potentials at 4, f, 4, and j which
are equidistant from @ and lie on mutually perpendicular lines passing
through it, we find an initial value of 1(0 4 0 + 0 + 100) or 25 volts for
the potential at a. Using this value and the potentials at d, 7, and j, we then
find the potential at b to be (25 4 0 + 100 4 100) or 56.25. However, we
round off all numbers to the nearest tenth of a volt. In rounding off a decimal
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f\ Insulator
V=0 i
(10 100
5
5
g J
a 0 51562 100
A 57 V = 100
/ 57.1
5
e 57.2 k
(40 al 25 c[562 100 |
[ 281 57 Insulator
¢ 28.5 57.1
o ol286 0572 0
f Z 2Ll 2222 L L Ll Vo4
8 h V=0

Fig. 6.10. For illustrating a numerical method of solving La-
place’s equation.

ending exactly with 5, we increase the previous number by 1 if it is odd and
keep it unchanged if it is even. Thus the potential at b is rounded off to 56.2
volts. Similarly, using the potentials at a, j, k, and A, we obtain a value of
56.2 volts for the potential at c¢. Since we now have potentials at points b
and ¢ which together with points e and g are closer to point a than the set of
points d, f, h, and j, we recompute the potential at a by averaging the poten-
tials at b, c, e, and g to obtain a value of 1(56.2 4- 56.2 + 0 + 0) = 28.1
volts. We now note that the potentials at 5 and ¢ have to be recomputed
because they are inconsistent with the newly computed potential at point
a and the potentials at the boundary points. We thus obtain a value of
1(28.1 4+ 0 4 100 + 100) & 57.0 volts for the potentials at » and c. This
requires a revision of the potential at a to (57 + 57 + 0 4 0) = 28.5 volts.
This process of iteration is continued until a set of values for the potentials at
a, b, and ¢ are obtained which, together with the potentials at the boundary
points, are consistent with (6-61). The final values obtained in this manner
are 28.6, 57.2, and 57.2 volts for a, b, and c, respectively. Obviously, these
values are approximate because of the finite spacing between the grid points.
By dividing the region inside the box into smaller squares and triangles,
more accurate values can be obtained. In cases where the potentials at the
insulated corners are required for the computation of initial values of

potentials at grid points inside, average values of potentlals on either side of
the corners are used. |
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The Method of Images ’

|

We learned in Chapter 5 that a conductor surface is an equipotential. We
also learned that the electric field at the conductor surface is entirely normal /
to it. In fact, these two properties are equivalent. In this section we will‘\
make use of this property to develop a method for computing the electric:
field due to charges in the presence of conductors. This method is called the;

“method of images.” We will illustrate the method of images by means of
two examples.

ExAMPLE 6-10. A point charge Q is situated at a distance d from a grounded infinite

plane conductor. We wish to find the electric field due to the point charge

and the induced surface charge density on the conductor. ‘
First, let us consider two point charges Q and — @ situated at a distance
2d apart as shown in Fig. 6.11. The potential at any point P located at a

distance r, from @ and r, from —Q is given by

Q Q (6-62)

= dner,  Amer,

If the point P lies in the plane normal to and bisecting the line joining the
point charges, r, is equal to #, and the potential is zero. Thus this plane is
an equipotential. In particular, it is at zero potential. If we insert an infinite

) Equipotentials
» . / |
Direction
Lines.of E
r 0
T
("‘ 4 in
> v
r 1 I -_l.-‘
N \)(/ /=
[
7N\ J/
Voo s
| - !

Fig. 6.11. For illustrating that the field due to a point charge
QO near a grounded infinite plane conductor is the same as that |
due to the point charge and an “image” charge (— Q) situated !
at the mirror image of Q in the plane conductor.
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plane conductor into this plane, the field distribution due to the point charges
will remain unaltered since the conductor satisfies the boundary condition.
Conversely, the field due to a point charge Q situated at a distance d from a
grounded infinite plane conductor is exactly the same as the field due to-
the charge Q plus an “image” charge — @ situated at the mirror image of
Q in the plane. The direction lines of the electric field intensity and the
equipotential surfaces due to the dipole formed by Q and — Q can be found
by using the methods of Chapter 2. These are sketched in Fig. 6.11. The
image charge is only a virtual charge. The field due to the real charge Q
exists only on the side of that charge, with the field lines terminating on the
induced charge formed on the surface of the grounded conductor. The virtual
nature of the image charge is shown by the broken field lines and equipo-
tentials on the side of the image charge.

The induced surface charge density is equal to the normal component
(which is the only component present) of the displacement flux density at
the conductor surface. With reference to the geometry shown in Fig. 6.11,
the displacement flux density at a point on the conductor surface situated
at a distance r from the projection of Q onto the surface is given by

D= —2WQ+—;*2) sine i,
Q4
2n(d2 _l_ r2)3/2 n
where i, is the unit vector normal to the conductor surface. The induced
surface charge density is thus given by

(6-63)

_ Qd
zn(dZ + r2)3/2

The total induced surface charge Q, is given by

- —Qd
0 = f p,dS = f J; N 2)3/21' dr dd
e (6-65)
0
=Q J. cos o doo = —Q
a=nr/2
Thus the total induced surface charge is equal to the image charge. This is
to be expected since all field lines ending on the conductor would end on

the image charge if the conductor were not present, but an actual charge of
— Q is present at the image point. |

p.=D i, = (6-64)

MPLE 6-11. Aninfinitely long line charge of uniform density p,, C/m is situated

parallel to and at a distance 4 from the axis of an infinitely long grounded
conducting cylinder of radius a (<<d) as shown by the cross-sectional view
in Fig. 6.12. We wish to find the image charge required for computing the
field outside the conducting cylinder.
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Let us postulate an infinitely long image line charge of uniform density
pro at a distance b from the axis of the conducting cylinder and in the plane
containing the axis of the cylinder and the real line charge, as shown in Fig.
6.12. Choosing the line through point P, and parallel to the axis of the cylinder

Equipotentials

Direction
Lines of E

9 ' PLY i
]

Fig. 6.12. For finding the image charge required for computing !
thea,ﬁeld due to a line charge of uniform density parallel to an °
infinitely long grounded conducting cylinder. ‘

as the reference for zero potential, the potential at any arbitrary point P\ on
the conductor surface can be written as {‘

V= —, 1n~/d2+a2+2adcos¢ pLo 1n~/b2+a2+2abcos¢‘
= 60 (d— a) 27:50 (a — b)

(6-66)

But this quantity must be equal to zero since the conductor is an equipotential

and the potential at P, is zero. This requires that !

PLo = —Pro ($_67)
and
/@’ F @ + 2ad cos § @a—20) —o
T W@-a /Pt ot 2abesgl |
or
~/d? + a® + 2ad cos ¢ (a —b) =1 (6-68)

(d—a) ~/b* + a* + 2abcos ¢
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To find the solution for (6-68), let us consider ¢ = 0. We then have
d+ a\(a— b\ _
(T=a)E=) =

a? = bd (6-69)

which satisfies (6-68) for all ¢. Thus, an image line charge of uniform density
—p., and located at a distance b = a?/d from the axis of the cylinder satisfies
the equipotential requirement for the grounded conducting cylinder. The
field outside the cylinder is therefore exactly the same as the field set up by
the actual line charge of density p,, at distance d from the axis and the
image line charge of density — p,, at distance @?/d from the axis. The direction
lines of the electric field intensity and the associated equipotential surfaces
can be obtained by the methods learned in Chapter 2. These are shown
sketched in Fig. 6.12. It is left as an exercise (Problem 6.15) for the student
to show that the total induced surface charge per unit length of the cylinder
is equal to the image charge density —p,,. The field inside the cylinder is,
of course, equal to zero since the image charge is only a virtual charge. ||

or

Proceeding in the same manner as in the preceding example, we can
obtain the image charge for a point charge near a grounded spherical con-
ductor. If the point charge Q is situated at a distance d from the center of the
spherical conductor of radius a, the image charge is a point charge of value
—Qa/d. 1t lies at a distance a?/d from the center of the sphere, along the
line joining the center to the charge Q and on the side of Q. We leave the
derivation as an exercise (Problem 6.16) for the student. The method of
images can also be applied for finding fields due to charges in the pres-
ence of dielectrics. We will, however, not pursue that topic here.

Conductance, Capacitance, and Inductance

In Chapter 5 we introduced conductors, dielectrics, and magnetic materials.
Let us now consider three different arrangements, each consisting of two
parallel perfectly conducting plates as shown in Figs. 6.13(a), (b), and (c).
For the structure of Fig. 6.13(a), the medium between the parallel plates is
filled with a conducting material of uniform conductivity . For the structure
of Fig. 6.13(b), the medium between the parallel plates is filled with a perfect
dielectric of uniform permittivity €. For the structure of Fig. 6.13(c), the two
parallel plates are joined at one end of the structure by a perfectly conducting
plate and the medium between the plates is filled with a magnetic material
of uniform permeability x. Note that free space may be considered as a
perfect dielectric of permittivity €, and a magnetic material of permeability
Uo. We apply a potential difference of ¥, volts between the parallel plates
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A ASIAITIFITTITEFTITS #T#

J.

THHTS I IERIT EEFEILAI T 4

V=20 V=20

|
Fig. 6.13, Three different structures each consisting of two i
parallel perfectly conducting plates. The medium between the ’
plates is a conductor for structure (a), a dielectric for structure |
(b), and a magnetic material for structure (c). The two plates j
are joined at one end by another perfectly conducting plate for |
structure (c). |
I
of structures (a) and (b) by connecting appropriate constant voltage solrces
which are not shown in the figure. We pass a z-directed surface current 1,
uniformly distributed in the y direction along the upper plate of stru;cture
(c) and return it in the opposite direction along the lower plate by conlmect-
ing an appropriate constant current source which is not shown in the ﬁltgure.
The medium between the plates of structure (a) is then characterized by
an electric field from the upper to the lower plate and hence by a condLllction
current in the same direction. The medium between the plates of striicture
(b) is characterized by an electric field only from the upper to the lower
plate and no current. The medium between the plates of structuref(c) is
characterized by a magnetic field parallel to the plates and towards the
direction of advance of a right-hand screw as it is turned in the sense jof the
current flow. Since the conduction current cannot leave the conductor, it has
to be tangential to the conductor surface. This forces the electric field for
structure (a) to be in the x direction. On the other hand, the electric field at
the surface of a dielectric need not be tangential to it. This results in fx}inging
of the electric field in the case of structure (b). However, by assumix?ng that

|
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d is very small compared to w and /, or by assuming that the structure is
actually part of a much larger structure, we can neglect fringing and consider
the electric field to be entirely in the x direction. For the same assumption
in the case of structure (c), the magnetic field can be considered to be entirely
in the y direction.

From the result of Example 6-3, the electric field in the case of structures
(a) and (b) is then given by

— —gﬂix (6-70)
The current density J, for structure (a) is given by
J,=oE = "_;/_Oix (6-71)

The total current I, flowing from the upper plate to the lower plate is given
by the surface integral of the current density over the cross section of the
conductor. However, since the current density is uniform and directed
normal to the plates, we can obtain this current by simply multiplying the
magnitude of the current density by the area of the plates. Thus

I =Jwl)= ";’o wl (6-72)

We now define a quantity known as the “conductance” ( e—w— ), de-
noted by the symbol G, as the ratio of the current flowing from one plate
to the other to the potential difference between the plates. From (6-72), the
the conductance of the conducting slab arrangement of Fig. 6.13(a) is given
by
I, _owl

G= V=a (6-73)
We note from (6-73) that the conductance is a function purely of the dimen-
sions of the conductor and its conductivity. The units of conductance are
(mhos/meter)(meter?/meter) or mhos. The reciprocal of the “conductance”
is the “resistance” ( e—w»— ), which is denoted by the symbol R and
has the units of ohms. Thus

"
R=7t
or
V,=LR

which is the familiar form of Ohm’s law applicable to a finite region of con-
ducting material. The resistance of the slab conductor is given by

-4 _4d

“owl g4

where A is the area of the plates.
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The phenomenon associated with conduction current is power dissipa-
tion. From Chapter 5, the power dissipation density is given by ‘

p;=J,+E=0E.E =0E? (6-74)
Performing volume integration of the power dissipation density over thé

volume of the conductor of Fig. 6.13(a), we obtain the total power d1ss1pated
in the conductor as |

P,,=J. pddv=f°laE2dv J‘

— f aV0 dv ‘;

vol (6-75)

= Z—I;"(volume of the conductor) !

|

|

= Ziawh = 2y = 613 l
Equation (6-75) gives the physical interpretation that conductance is the

parameter associated with power dissipation in a conductor.
Turning our attention to the structure of Fig. 6.13(b), the dlsplacement
flux density is given by

D =¢E =i, (6-7(6)

The surface charge density on the upper plate is given by }
[pdemo = [Dlemy + () = 2 (6-772)

The surface charge density on the lower plate is given by ‘ ;
[pJems = [Dlewy + (—1) = —42 (67Tb)

I
The total charge on either plate is given by the surface integral of the cha}rge
density on that plate over the area of the plate. However, since the charge
densities here are uniform, we can obtain the total charge simply by multi-
plying the charge density by the area of the plate. Thus the magnitude Q of
the charge on either plate is given by

Q=p,wh) = EV‘Z (6-78)

We now define a quantity known as the “capacitance” ( o—}— ),
denoted by the symbol C, as the ratio of the magnitude of the charge on
either plate to the potential difference between the plates. From (6-78), the
capacitance of the dielectric slab arrangement of Fig. 6.13(b) is given by

C= % -f—d”” (6-79)

We note from (6-79) that the capacitance is a function purely of the dimen-
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sions of the dielectric slab and its permittivity. The units of capacitance are
(farads/meter)(meter?/meter) or farads.

The phenomenon associated with the electric field in a dielectric medium
is energy storage. From Chapter 5, the electric stored energy density is given
by

_lp.g—lLep (6-80)
We =3 2
Performing volume integration of the electric stored energy density over the
volume of the dielectric of Fig. 6.13(b), we obtain the total electric stored
energy in the dielectric as

We=f wedv=f ieEzdv
vo vol 2
. 1 eV3
_j 5D ia
(6-81)
1 eV}

=5 (volume of the dielectric)

6‘;/20“ 1 = 1 ele2 =%CV%A

Equation (6-81) gives the phys1ca1 interpretation that capacitance is the
parameter associated with storage of electric energy in a dielectric.

Turning our attention to the structure of Fig. 6.13(c) and neglecting
fringing, the magnetic field intensity between the plates is the same as that
due to infinite plane current sheets of densities given by

I—Oiz forx =20
w

—iiz forx=4d
w

J =

Hence the magnetic field intensity is uniform between the plates and zero
outside the plates, that is,

H,i, 0<x<d
H= .
0 otherwise

From the boundary condition for the tangential magnetic field intensity,
the value of H, is equal to the surface current density I /w since the field is
zero outside the plates. Thus

H=Dh; foo<x<d
w
and

B=ﬂH=E;VI—°iy for0<x<d (6-82)

The magnetic flux y linking the current I, is given by the surface integral of
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the magnetic flux density over the area bounded by any contour along which
the current flows. This area is simply the cross-sectional area of the magnetic
material normal to the magnetic field lines. Since the magnetic field lines
are straight, it may seem like they do not link the current. However, straight
lines are circles of infinite radii and hence the magnetic field does link the;
current. For the structure of Fig. 6.13(c), since the magnetic flux density is;
uniform, we can obtain the required magnetic flux y by simply multiplying;
the magnetic flux density by the cross-sectional area normal to it. The:
quantity w is known as the magnetic flux linkage associated with the[*
current /,. Thus

v = Bdl) = 1‘710 dl (6-83'9

We now define a quantity known as the “inductance” ( a—vrr— ), denotecd
by the symbol L, as the ratio of the magnetic flux linkage associated with th‘
current [, to the current /,. From (6-83), the inductance of the magnetlnc
material slab arrangement of Fig. 6.13(c) is given by I
_y _ pdl
L=f=5F (6-871)
We note from (6-84) that the inductance is a function purely of the dimensions
of the magnetic material and its permeability. The units of inductance a?re
(henrys/meter)(meter?/meter) or henrys. |
The phenomenon associated with magnetic field in a magnetic material
medium is energy storage. From Chapter 5, the magnetic stored ener,gy
density is given by
1
=7
Performing volume integration of the magnetic stored energy density owver
the volume of the magnetic material of Fig. 6.13(c), we obtain the total
magnetic stored energy in the magnetic material as

W H.B =L uH (6-85)

(6-86)
1 ul? ‘
=5 Wﬂ(volume of the magnetic material) ‘\
|
1 ul? 1 udl 1 "
= 5 &2 aw) = 2/‘ I} = 5 LI} |

Equation (6-86) gives the physical interpretation that inductance is\’ the
parameter associated with storage of magnetic energy in a magnetic material.

To write general expressions for the conductance, capacitance 'and
inductance in terms of the fields, let us consider the three structures shown
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by the cross-sectional views in Figs. 6.14(a), (b), and (c), which consist of
identical pairs of parallel, infinitely long, perfect conductors having arbitrary
but uniform cross sections. Let the medium between the two conductors of
structures (a), (b), and (c) be characterized by uniform conductivity o,

(2) (b) ©

Fig. 6.14. For writing general expressions for (a) conductance,
(b) capacitance, and (c) inductance.

uniform permittivity €, and uniform permeability u, respectively. As in the
case of the structures of Fig. 6.13, we apply a potential difference between
the two conductors of structures (a) and (b) and pass a current into the
plane of the paper along one conductor of structure (c), returning it out
of the plane of the paper along its second conductor. Structures (a) and
(b) are then characterized by an electric field whose direction lines originate
normal to the inner conductor and terminate normal to the outer conductor.
The electric field results in a conduction current in structure (a). Structure
(c) is characterized by a magnetic field, whose direction lines lie in the plane
of the paper and surround the inner conductor.

Let us now consider unit lengths of the three structures normal to the
plane of the paper. We can then write the following quantities:

For structure (a),

V,, potential difference between the conductors = J "E.dl (6-87a)

I, current flowing from the inner to the outer conductor
= current crossing the area formed by the contour C, and length
unity in the axial direction

=¢ Jei,dl=c$ E.i,d (6-87b)
Cz Cz

For structure (b),

V,, potential difference between the conductors = r E.dl (6-88a)



380 Applied Electromagnetics Chap. ‘\\6

|

. . |

0, magnitude of surface charge on either conductor 3
= displacement flux crossing the area formed by the contour C, and

length unity in the axial direction |

=¢ Dei,dl=¢f E.i,d (6-88b)
Cz

Cs
For structure (c),

I, surface current flowing on either conductor = § H.dl (6-8%2)
Cs

|
v, magnetic flux linking the current 7
= magnetic flux crossing the area formed by the contour C, d

=j"B.inld1=uj"H.inldl 6-8

From (6-87a)—(6-89b), we can write the general expressions for G, C, an
per unit length, denoted by G, @, and £, as

b)
L

; o Esigal j
§=p=—G— (6:90)
0 [E.a :
a J
ed Ei,d |
e-2_ f B 6-91)
V b (
°  [E.a i
b |
H.i,d ;
ey ALHE (6-92)
L, H.dl ;‘
Cz |
From (6-90) and (6-91), we note that
g _ g
T= ?mhos/farads (6-93)

From the discussion of Section 3.10, the electric field lines of structure (b)
and the magnetic field lines of structure (c) are everywhere orthogonhl to
each other and their magnitudes are proportional, since the conductor cross

sections for the two structures are the same. Thus we can write ‘
E=kHx i, (6 -94)

where k is the constant of proportionality and i, is directed into the plane of
the paper. Substituting (6-94) into (6~ -91), we have ‘

€d kHxi,«i,d !
e:—ci——
- [kHxi @

ek Heiyxi,dl e$ H.dl
—_ Co J—

C»

kfiH.i,xdl _sz-i,,ldz
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From (6-92) and (6-95), we note that
£€ = ue henry-farad/m? (6-96)

Equations (6-93) and (6-96) provide simple relationships between the con-
ductance per unit length, capacitance per unit length, and inductance per
unit length of a structure consisting of two infinitely long, parallel perfect
conductors having arbitrary but uniform cross sections. Expressions for
these three quantities are listed in Table 6.2 for some common configurations
of conductors having the cross sections shown in Fig. 6.15.

[ w

(3

(@) | R0

B 2d | a <<d

2a 2a
ﬁ (d) ©) QF Ib *’@
le—a—

Fig. 6.15. Cross sections of some common configurations of par-
allel infinitely long conductors.

s

ExXAMPLE 6-12. It is desired to obtain the conductance, capacitance, and inductance

per unit length of the parallel cylindrical wire arrangement of Fig. 6.15(c).

In view of (6-93) and (6-96), it is sufficient if we find one of the three
quantities. Hence we choose to find the capacitance per unit length. To do
this, we refer to Example 6-11 and Fig. 6.12 and note that placing a cylindrical
conductor coinciding with the equipotential cylindrical surface having its
axis at a distance b from the line charge p,, and on the side opposite to the
grounded conductor will not alter the field. Hence the field of the parallel
wire arrangement of Fig. 6.15(c) is exactly the same as the field due to equal
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TABLE 6.2. Conductance, Capacitance, and Inductance per Unit Length for Some Struc- “
tures Consisting of Infinitely Long Conductors Having the Cross Sections

Shown in Fig. 6.15

382 Applied Electromagnetics

G, Conductance e, Capacitance £, Inductance
Description per Unit Length per Unit Length per Unit Length
Parallel plane
conductors, 4 % € % u %
Fig. 6.15(a)
Coaxial
cylindrical 270 2ne £ n b
conductors, In (b/a) In (b/a) 2n " a
Fig, 6.15(b)
Parallel 2o e d
cylindrical wires, cos=1 (@) cosh=L (@a) £ cosh~1 =
Fig. 6.15(0) cos, (d|a) cosh~1! (d/a) a
Eccentric inner 2no 2ne “ cosh—1a2+b2—d2‘
conductor, cosh-1 (a2+b2—d2) bt (a2+b2—d2) 2n 2ab |
Fig. 6.15(d) 2ab cos 2ab |
Shielded parallel nd(bz d2/4) \
cylindrical wires, In [al(b2 —d 2/4)] n d(b2 — d2 /4)] a(b> + dz/a) |
Fig. 6.15(¢) a(b? + d2[4) a(b? 4 dz/4) f
I

\
and opposite line charges situated as shown in Fig. 6.16. The potential

|

difference between the two points 4 and B is then given by ;

2d
|
|
|
a
A P.LO o [‘
)

Fig. 6.16. For the determination of G, £, and @ for the parallel
cylindrical wire arrangement of Fig. 6.15(c).
|

However, from Example 6-11, !

a2
b=2—3 |

or |
b=d4 /d* —a* (6-98)
Ignoring the plus sign on the right side of (6-98), since b has to be less than

|
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d, and substituting for & in (6-97) we have
v, = p“’l 2d—a—d+ A/d* — a?
a—d+ J/d* — a?
_ pLo ad*—at+ (d—a) (6-99)
sz —a*—(d—a)

_pu,lnd—{—/\/dz—a pmcosh‘d
e

Finally, the capacitance per unit length is given by

— Pro _ ne -
€= = o () (6-100)
which agrees with the expression given in Table 6.2. The corresponding
expressions for § and £ obtained by using (6-93) and (6-96), respectively,
are given in Table 6.2.

For volume current distributions, we have to consider the magnetic
field internal to the current distribution in addition to the magnetic field
external to it. The inductance associated with the internal field is known as
the “internal inductance” as compared to the “external inductance” asso-
ciated with the external field. The inductance we defined by (6-84) and (6-92)
is the external inductance. To obtain the internal inductance, we have to
take into account the fact that different flux lines in the volume occupied by
the current distribution link different partial amounts of the total current.
We will illustrate this by means of an example.

i
ExhmpLE 6-13. A current 7 amp flows with uniform volume density J = J,i, amp/m?

along an infinitely long, solid cylindrical conductor of radius @ and returns
with uniform surface density in the opposite direction along the surface of
an infinitely long, perfectly conducting cylinder of radius b (> a) and coaxial
with the inner conductor. It is desired to find the internal inductance per
unit length of the inner conductor.

The cross-sectional view of the conductor arrangement is shown in
Fig. 6.17(a). From symmetry considerations, the magnetic field is entirely in
the ¢ direction and independent of ¢. Applying Ampere’s circuital law to
a circular contour of radius r (< a) as shown in Fig. 6.17(a), we have

2rrHy = 7r?J,

or

H=Hj,=%5 r<a

The corresponding magnetic flux density is given by

B=,uH='ug°ri¢S r<a
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b
l z
_______ p J
a — - ]
} A\
dr
| :
(
(@) (b)

Fig. 6.17. For evaluating the internal inductance per unit length
associated with a volume current of uniform density along an
infinitely long cylindrical conductor.

where u is the permeability of the conductor. Let us now consider a rectangle
of infinitesimal width dr in the r direction and length [ in the z direction |at
a distance r from the axis as shown in Fig. 6.17(b). The magnetic flux dy,
crossing this rectangular surface is given by

dy, = By(area of the rectangle) (

_ udyrldr ‘

= &0 |
where the subscript i denotes flux internal to the conductor. This flux sur-
rounds only the current flowing within the radius #, as can be seen from Fig.
6.17(a). Let N be the fraction of the total current / linked by this flux. Then

N _ Surrent flowing within radius r (< a)
B total current 7

_ Jomr® ( r )2
T Jyma®  \a
The contribution from the flux dy, to the internal flux linkage associated
with the current I is the product of N and the flux itself, that is, N dy,. To
obtain the internal flux linkage associated with I, we integrate N dy, between

the limits r = 0 and » = q, taking into account the dependence of N upon
dy,. Thus

o " (N pdolr pdla?
Finally, the required internal inductance per unit length is
e =¥ Whal® _ u (6-101)

T T Uma®) 8
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Alternatively, we can obtain £, from energy considerations by making use
of the result (6-86) that the magnetic stored energy is equal to 1LI%. For £,
we have to consider the energy stored in the volume internal to the current
distribution. For unit length of the conductor, this is given by

1

2

mi =
vol

—f f f —rdrdqbdz—"”i]é’a
r=0 =0 z=0

The internal inductance is then given by

e — 2W,, _ (mpdiat/8)
=

I LR 87: I

which is the same as (6-101). Finally, to find the total inductance per unit
length of the arrangement of Fig. 6.17(a), we have to add the external induc-
tance due to the flux in the region a < r < b to the internal inductance
given by (6-101). This external inductance is given in Table 6.2. ||

From the steps involved in the solution of Example 6-13, we observe
that the general expression for the internal inductance is

Liy =+ J N dy (6-102a)

where S is any surface through which the internal magnetic flux associated
with I passes. We note that (6-102a) is also good for computing the external
inductance since for external inductance N is independent of dy. Hence

La=%>| dg=NY¥ (6-102b)

In Eq. (6-102b), the value of N is unity if 7 is a surface current as for the struc-
tures of Figs. 6.13(c) and 6.14(c). On the other hand, for a filamentary wire
wound on a core, N is equal to the number of turns of the winding in which
case w represents the flux through the core, that is, the flux crossing the
surface formed by one turn. To explain this, let us consider a two-turn winding
abcdefghi carrying current I as shown in Fig. 6.18(a) and imagine the flux
lines penetrating the surface formed by the two-turn winding. According
to definition, the magnetic flux linking 7 is the flux crossing the surface formed
by the two-turn winding. Let us twist the portion cdef of the winding and
stretch the winding to the shape shown in Fig. 6.18(b). We can now see that
the flux lines come from underneath the surface of the first turn (abed), go
below the surface of the second turn (efgh), and come out of it again as shown
in Fig. 6.18(b) so that the flux linking I is equal to twice the flux passing
through one of the surfaces abced and efgh.

The discussion pertaining to inductance thus far has been concerned
with “self inductance,” that is, inductance associated with a current distribu-
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(a) (b)

Fig. 6.18. For illustrating that the flux linking a filamentary
wire of N turns is equal to N times the flux crossing the surface
formed by one turn.

tion by virtue of its own flux linking it. On the other hand, if we have t ,fvo
independent currents I, and I,, we can talk of the flux due to one current
linking the second current. This leads to the concept of “mutual inductance;.”
The mutual inductance denoted as L, is defined as ' !

L,= le (6—1(‘;;’)3)

where w,, is the magnetic flux produced by 7, but linking one turn of the
N,-turn winding carrying current /,. Similarly,

L, = NZ% (6-104)
1
where y,, is the magnetic flux produced by I, but linking one turn of ‘the
N,-turn winding carrying current I,. It is left as an exercise (Problem 6. 24)
for the student to show that L,, = L,,. We will now consider a 31mLple
example illustrating the computation of mutual inductance.

ExXAMPLE 6-14. A single straight wire, infinitely long and carrying current I,, lies
below to the left and parallel to a two-wire telephone line carrying curicent
I,, as shown by the cross-sectional and plan views in Figs. 6.19(a) and 6-19(b),
respectively. It is desired to obtain the mutual inductance between the smgle
wire and the telephone line per unit length of the wires. The thickness of’ the
telephone wire is assumed to be negligible.
Choosing a coordinate system with the axis of the single wire as the z
axis and applying Ampere’s circuital law to a circular path around the single
wire, we obtain the magnetic flux density due to the single wire as

N
B = 2r

The flux dy,, crossing a rectangular surface of length unity and width dy
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Fig. 6.19. For the computation of mutual inductance per unit

length between a two-wire telephone line and a single wire paral-
Iel to it.

lying between the telephone wires as shown in Fig. 6.19(b) is then given by

- 7Y (S

dy,, = Bdycosa = 27z(h2+y2)
where « is the angle between the flux lines and the normal to the rectan-
gular surface as shown in Fig. 6.19(a). The total flux w,, crossing the

rectangular surface of length unity and extending from one telephone wire
to the other is

a+b atb
= = M
'//21 d‘//21 j 27[(}12 + yz) y
— Holy 1nh2 + (a+ b)?
4r h* 4 a? .
This is the flux due to I, linking 7, per unit length along the wires. Thus the
required mutuval inductance per unit length of the wires is given by

N b
£, = '//Tzli = 4_ __""_(i’*'—) henrys/m |}

y=a

Magnetic Circuits

Let us consider the two structures shown in Figs. 6.20(a) and (b). The struc-
ture of Fig. 6.20(a) is a toroidal conductor of uniform conductivity ¢ and
having a cross-sectional area 4 and mean circumference /. There is an infini-
tesimal gap a-b across which a potential difference of ¥, volts is maintained
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(@) (b)

Fig. 6.20. For illustrating the analogy between electric and
magnetic circuits.

by connecting an appropriate voltage source. Because of the potential differ-
ence, an electric field is established in the toroid and a conduction current
results from the higher potential surface a to the lower potential surface b
as shown in the figure. The structure of Fig. 6.20(b) is a toroidal magnetic
core of uniform permeability x4 and having a cross-sectional area 4 and
mean circumference /. A current I amp is passed through a filamentary wire
of N turns wound around the toroid by connecting an appropriate current
source. Because of the current through the winding, a magnetic field is estab-
lished in the toroid and a magnetic flux results in the direction of advance of
a right-hand screw as it is turned in the sense of the current.

Since the conduction current cannot leak into the free space surrounding
the conductor, it is confined entirely to the conductor. On the other hand, the
magnetic flux can leak into the free space surrounding the magnetic core and
hence is not confined completely to the core. However, let us consider the
case for which g > u,. Applying the boundary conditions at the bounda#y
between a magnetic material of x4 >> u, and free space as shown in Fig.
6.21, we have '

B, sing, = B, sin o, |
H, cosa, = H,cos o, (

or

B B
—Hiltanoc1 =F:tanoc2

tano, 4, 1
tanocz—,u1<< |
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I
I
| mi>>
[

freespaceand a magnetic material
of permeability x> u,.

B,
\\!
ay
|
Fig. 6.21. Lines of magnetic flux |I #2 = Ho
density at the boundary between | B,
I

Thus «, < a,, and

For example, if the values of u, and &, are 1000, and 89°, respectively,
then a, = 3°16" and sin «,/sin &, = 0.057. We can assume for all practical
purposes that the magnetic flux is confined entirely to the magnetic core
just as the conduction current is confined to the conductor. The structure
of Fig. 6.20(b) is then known as a “magnetic circuit” similar to the “electric
circuit” of Fig. 6.20(a).

For the structure of Fig. 6.20(a), we have

VXE=0 (6-1052)
jbE cdl=V, (6-105b)
J.=0E (6-105c¢)
1= j J . ds (6-105d)

A

For the structure of Fig. 6.20(b), we have
VxH=0 (6-1062)
$ H.a1=nI, (6-106b)
c

B — uH (6-106¢)
v = j B.dS (6-106d)

A

Equation (6-106a) results from the fact that there are no true currents in
the magnetic material. In Eq. (6-106b), the factor NV on the right side takes
into account the fact that the filamentary wire penetrates a surface bounded
by the path C as many times as there are number of turns in the entire
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winding. Alternatively, if we pull the path C out of the toroid, it will be cut
at as many points as there are number of turns in the entire winding, that is;,
N times. Equations (6-105a)-(6-105d) and (6-106a)-(6-106d) indicate ain
analogy between the electric and magnetic circuits of Figs. 6.20(a) and 6.20(t))
as follows:

E<—H (6-107z1)
V, <> NI, (6-1075)
J<>B (6-107)
o<~ U (6-107¢1)
I <>y (6-107 ¢)

This analogy permits the solution of magnetic circuit problems from a knovw-
ledge of the solution of electric circuit problems. |

The ratio of ¥, to I, is the resistance R of the electric circuit of Fiig.
6.20(a). The analogous quantity for the magnetic circuit of Fig. 6‘20(b)/: is
the ratio of NI, to y. It is known as the reluctance and is denoted by the
symbol ®. The resistance is purely a function of the dimensions of the
conductor and the conductivity. For a magnetic core of the same dimensicins
as the conductor, the reluctance can therefore be obtained simply by replaciing
o in R by u. We note, however, that, unlike o for conductors, u for magne‘:tic
materials used for the cores is a function of the magnetic flux density in jthe
material. This makes the reluctance analogous to a nonlinear resistor. Thus,
to complete the analogy, we have

R=Yocs@=N, (6-1017f)
IG '//

For the structure of Fig. 6.20(a), an exact expression for the resistance
can be obtained by taking into account the variation of E over the cross
section of the toroid. However, an approximate expression sufficient for
practical purposes can be obtained by assuming that E is uniform over the
cross-sectional area and equal to its value at the mean radius of the toroid,
especially if the radius of cross-section is small compared to the mean radius
of the toroid. Thus

\

IE, =V, |

\

I,=J4=""4 |

‘|

_Ve_ 1 |
R=o=L (6108

!
It follows from the analogy that the reluctance of the structure of| Fig.
|
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6.20(b) is
(6-109)

In fact, if we assume that the magnetic field intensity H is uniform over the
cross-sectional area and equal to its value at the mean radius of the toroid,

we have
IH, = NI,
B, = pH, = #01s
y = B4 'uNlIOA
_N, _ L
y ud

which agrees with (6-109). The equivalent circuit representations of (6-108)
and (6-109) are shown in Figs. 6.22(a) and (b).

1. ¥

(@ (b)

Fig. 6.22. Equivalent circuit representations for the structures
of Figs. 6.20(a) and (b).

EXAMPLE 6-15. The structure shown in Fig. 6.23(a) is that of a magnetic circuit
containing three legs with an air gap in the center leg. A filamentary wire
of N turns carrying current / is wound around the center leg. The core
material is annealed sheet steel, for which the B versus H curve is shown in
Fig. 6.23(b). The dimensions of the magnetic circuit are

A, = 5cm? A, = A, =3cm?
l,=10cm [I,=1,=20cm, /,=0.1cm

We wish to obtain the equivalent circuit and find NI required to establish
a magnetic flux of 8 x 10-* Wb in the air gap.



392 Applied Electromagnetics Chap. 6

B, Wb/m?
20| ,
Yy . ™3 -
— Yy 1 /——————
! X5 ! Lo
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1 B | & "
I
L —= it bse—— _ | |
T |
. |
@ Effective | = [ P “
Actual — ——1 J
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Fig. 6.23. () A magnetic circuit. (b) B-H curve for annealed
sheet steel. (c) Effective and actual cross sections for the air gap of
the magnetic circuit of (a).

The current in the winding establishes a magnetic flux in leg 2 which
divides between legs 1 and 3. In the air gap, fringing of the flux occurs. This
is taken into account by using an effective cross section which is greater than
the actual cross section, as shown in Fig. 6.23(c). Using subscripts 1, 2, 3,
and g for the fields and permeabilities associated with the three legs and
the air gap, respectively, we can write the following equations: 1

NI=H,, + H,l, + H,I, \

=%ﬁ+%ﬁ:+w1ﬁ (6-11‘3‘0)
=¥,®, + ¥, &, + ¥, &, “
0=H,l,— H
—yy iy, (6-111)
2V niA, ‘
=y,®; — ¥, &,

The equivalent circuit corresponding to Egs. (6-110) and (6-111) can‘w‘ be
drawn as shown in Fig. 6.24, taking into account the fact that w, =y,.
|

To determine the required NI, we note that |

e |
Yo X0 — 16 Whm® |

|

B, =
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7 NI £z
¥2
&, EE &2 EE ®s
&2 ®, v
Ra Y3

Fig. 6.24. Equivalent circuit for analyzing the magnetic
circuit of Fig. 6.23(a).

From Fig. 6.23(b), the value of H, is 2200 amp/m. Since legs 1 and 3
are identical, their reluctances are equal so that the flux y, divides equally
between the two legs. Thus y, = v, = y,/2 =4 X 10* Wb/m2. Then

B, =¥ 34X 107 _ 4 333 wh/m2

From Fig. 6.23(b), the value of H, is 475 amp/m. The effective cross
section of the air gap is (v/5 + /) = 2.34 cm?. The flux density in the
air gap is

_W,_ 8x107* 2
B, Zf = 533 < 10°F = 1.46 Wb/m
The magnetic field intensity in the air gap is ‘
H=B_Bs_ 146 _ 1165 x 10" Wb/m?

From (6-110), we then have
NI=H,l, + HJl, + H/],
= 2200 x 0.10 + 0.1162 x 107 x 1073 4+ 475 x 0.20
= 1477 amp-turns

We note that a large part of the ampere-turns is due to high reluctance of the
air gap. |

Quasistatics; The Field Basis of Low-Frequency Circuit Theory

In Section 6.4 we considered three structures, shown in Figs. 6.13(a), (b),
and (c), from the point of view of static fields. Let us now consider the three
structures driven by time-varying sources. The resulting fields are then time
varying. From Maxwell’s equations for time-varying fields, we know that
a time-varying electric field is accompanied by a time-varying magnetic field
and vice versa. Thus, for example, a time-varying voltage source applied
to the structure of Fig. 6.13(b) results in a time-varying electric field which
has associated with it a time-varying magnetic field as shown in Fig. 6.25(a).
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Fig. 6.25. For illustrating the behavior of the structures of
Figs. 6.13(b) and (c) for time-varying sources.

A certain amount of magnetic energy is then associated with the structuxfe
in addition to the electric energy. We can no longer say that the structure
behaves like a single capacitor as in the case of static fields. Furthermore,
applying Faraday’s law to a rectangular path abeda as shown in Fig. 6. 25(a)
we have

b ¢ i
waLJHLﬂ:%fumﬁ (6-112)
d

é \
area h
abed !

It follows from (6-112) that the voltage between a and b is not necessarily
equal to the voltage between d and ¢ because of the time-varying magnetic
field. The voltage along the structure is dependent on z. However, under
certain conditions, the time-varying magnetic field is negligible so that the
electric field distribution at any time can be approximated by the static ﬁeld
distribution resulting from a constant voltage source between the plates
having a value equal to that of the source voltage at that time. Such approx-
imations are known as quasistatic approximations and the corresponding
fields are known as quasistatic fields. Thus, for the structure of Fig. 6.13(b)
under the quasistatic approximation, dB/d? is negligible so that

VxE=0 (6-113)
B~ Y0 (6-114)
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The magnitude of the resulting time-varying charge on either plate is
0(0) = WEE.()) = v (1) = cv () (6-115)

where C = ewl/d is the same as the capacitance obtained for the direct
voltage source. Differentiating both sides of (6-115) with respect to time,
we have ‘

dQ _ d

= E(CV) (6-116)
But, according to the law of conservation of charge, dQ/dt must be equal

to the current / flowing into the plate from the voltage source. Thus Eq.
(6-116) becomes

d
1=2cv) (6-117)

which is the familiar voltage-to-current relationship used in circuit theory
for a capacitor. For the sinusoidally time-varying case, Eq. (6-117) reduces
to

I= joCV (6-118)

where 7 and ¥ are the phasor current and phasor voltage, respectively, and
w is the radian frequency of the voltage source.

Similarly, a time-varying current source applied to the structure of
Fig. 6.13(c) results in a time-varying magnetic field which has associated
with it a time-varying electric field as shown in Fig. 6.25(b). A certain amount
of electric energy is then associated with the structure in addition to the mag-
netic energy. We can no longer say that the structure behaves like a single
inductor as in the case of static-fields. Furthermore, applying the integral
form of Maxwell’s curl equation for H to a rectangular path efghe as shown
in Fig. 6.25(b), we have

f g d
fH-dl—j H-dl:E-JeEde (6-119)
e h

area
efgh

Since H is zero outside the structure, it follows from (6-119) that the current
crossing the line ef is not necessarily equal to the current crossing the line
hg because of the time-varying electric field. The current flowing along the
structure is dependent on z. However, under the quasistatic approximation,
dD/0¢ is negligible so that the magnetic field distribution at any time can be
approximated by the static magnetic field distribution resulting from the
flow of a direct current having a value equal to that of the source current
at that time. Thus

VxH~0 (6-120)

H) ~ % (6-121)
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The resulting time-varying magnetic flux linking the current is
w(0) = (duH @) = 42

where L = udlfw is the same as the inductance obtained for the direct current
source. Differentiating both sides of (6-122) with respect to time, we have

B2 14y = LIG) (6-122)

d
 — dan wi2p

However, applying Faraday’s law to the rectangu]ar contour bounding the
magnetic flux linking the current and noting that the contribution o
$ E . dl is entirely from the path ab shown in Fig. 6.25(b), we have

f E.dl = d*" (6-124)

The left side of (6-124) is the voltage V(t) across the current source. Thus

Eq. (6-123) becomes
_d

V=@ (6-125)

V = joLi (6-126)

where V and I are the phasor voltage and phasor current, respectively,
o is the radian frequency of the current source.

Finally, for the structure of Fig. 6.13(a) under the quasistatic apprl)xr
mation, both dB/d¢ and dD/d¢ are negligible so that

VXE=O0 (6-1?7a)

VxH=~J, (6-11:).7b)
In view of (6-127a), we have J
|

E() = V(‘) (6-128)

The conduction current flowing from the upper plate to the lower plate is
L) = (W) E.(f) = 2! 2y (1) (61129)

In view of (6-127b), § H « dl around a rectangular path surrounding the
conductor in the cross-sectional plane is equal to the conduction cuyrent
I.. But the same quantity is also equal to the current 7 drawn from the voltage
source. Thus

1) = "W’ 'viey = 6y (6-130a)
or
V() = aiwlz(t) — RI() (6-130b)
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where G = gwl/d and R = d/owl are the same as the conductance and resis-
tance, respectively, obtained for the direct voltage source. Equations (6-130a)
and (6-130b) are the familiar voltage-to-current relationships used in circuit
theory for conductance and resistance, respectively. For the sinusoidally time-
varying case, we have

=6V (6-131a)
and
V=Rl (6-131b)

where I and ¥ are the phasor current and phasor voltage, respectively.

To summarize what we have learned thus far in this section, the voltage-
to-current relationships used in circuit theory for a capacitor, inductor,
and resistor given by (6-117), (6-125), and (6-130b), respectively, are valid
only under the quasistatic approximation. For the quasistatic approximation
to hold, dB/d¢ must be negligible for the case of the capacitor, dD/d¢ must
be negligible for the case of the inductor, and both dB/d¢ and dD/d¢ must be
negligible for the case of the resistor. To illustrate a method for determining
the quantitative condition for the quasistatic approximation to hold in a
particular case, we consider the structure of Fig. 6.25(b) in detail for the
sinusoidally time-varying case in the following example.

EXAMPLE 6-16. The parallel plate structure of Fig. 6.25(b) is driven by a sinusoidally
time-varying current source. It is desired to show that the quasistatic approx-
imation holds, that is, that the structure behaves like a single inductor as
viewed by the current source for the condition

1
IAS 2nl./ ue

where fis the frequency of the current source and g and € are the permeability
and permittivity, respectively, of the medium between the plates.

Under the quasistatic approximation, the time-varying magnetic field
distribution at any particular time must be approximately the same as that
of the static magnetic field resulting from a direct current equal to the value
of the source current at that time. Thus, denoting the phasor corresponding
to this magnetic field by H¢, we have

A= (6-132)

where I, = [I],_, is the phasor corresponding to the source current. This
time-varying magnetic field induces a time-varying electric field in the x
direction in accordance with Maxwell’s curl equation for E, given in phasor
form by

VxE=—joB
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Denoting the phasor corresponding to this electric field by E’,, we have

E' . = L= .
%Z—" = —joBs = —jouH; = —jopl (6-133)

Integrating (6-133) with respect to z, we obtain
E. = —jwﬂ%-(z =1 (6-134)

where we have evaluated the arbitrary constant of integration by using the
boundary condition that [E’],-, = 0. If dD/dt is not negligible, the time-
varying electric field corresponding to the phasor E’, produces a time-varying
magnetic field in the y direction in accordance with Maxwell’s curl equation
for H, given in phasor form by

VxH=joD
Denoting the phasor corresponding to this induced magnetic field by A,
we have

0ﬁ'_-'/__- B! 52 I-o -
— dzy = joD', = jweE’, = w ‘UGW(Z — 1) (6-135)

Integrating (6-135) with respect to z, we obtain

)= —oueh[E— D" ’7] (6-136)

where we have evaluated the arbitrary constant of integration by using th
boundary condition that [H}],_, = 0 since the condition that the current a -
z =0, as determined by the tangential magnetic field intensity at z =0
must be equal to the source current is satisfied by (6-132) alone.

Now, the time-varying magnetic field corresponding to the phasor give
by (6-136) induces a time-varying electric field. Denoting the phasor corre
sponding to this induced electric field by E”, we have

il _ T AV 2
OLs  —joutl, = jorprea[@ = D8 ’7] (6-137)

Integrating (6-137) with respect to z, we obtain

El = jcoa,uze%[(z 5 _ 12(22_ 1)} (6-138)

where we have again evaluated the arbitrary constant of integration by using
the boundary condition that [E’/],., = 0. Continuing in this manner, we
obtain the successively induced magnetic and electric fields as

= I‘ — N4 2(, ]2 4 p
Y =Q+FHZ_4 26220 Chll)) _%_l) +%%] (6-139)

Fo_ s s ol [(Z—1° 1z—1) | 54z —I)] ‘
B =—jotwe - —— 12+ T ] (6-140)
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G _ s a3 do[(Z— D5 P(z—1D* | 514z —1)? 611] !
By = —owe Sy m m— Tt 70l ©14D
El=...

ﬁ//// —_ ...
¥
The total electric field is given by
E,=E,+E/+E/+ .-

= —jw‘u_{_s_(z -0 +jw3/‘25{3 IL(Z —6 1)3 _ 12(22__ l)'}

¥ Pz — I | S5z — 1))
7 Tt

___./ﬂI w’uel* | Swtprerl* |
M O(H" + T )

[wf (z—l)—(wfy(z Dt @vm g ]
_ /_I sin wa/ue(z — 1)

2 r(z
— jolue ° 20
(6-142)

€ W coswa/uel
The total electric field at z = 0 is given by
[E.-o = j\/ ~2 tan wa/pel (6-143)

This result could have been obtained simply by adding [E.],.,, [E"],- 0
[E"""],-,, and so on. However, Eq. (6-142) was derived to point out that the
electric field and hence the voltage along the structure varies sinusoidally
with distance. Similarly, if we add Hg, H!, HY, H)', and so on, we obtain
the total magnetic field as

= I, cosw/ue(z — 1)
H, == 6-144
7w cos wa/ uel ( )

indicating that the magnetic field and hence the current along the structure
varies cosinusoidally with distance.
The phasor voltage across the current source is given by

Py = [Pheo = [ 1Edo

=j ﬁl"—dtanco./,uel
_ mudl tan w./ uel
o wa/ el

_ijI tan coA/ €l
uel

(6-145)

where L = udi/w is the inductance of the structure computed from static
_field considerations. Equation (6-145) represents the voltage-to-current rela-
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!
tionship at the source end of the structure under the condition for which
0dD/d: is not negligible. For w./uel K 1, tan w./uel =~ w./pel and Eq.
(6-145) reduces to '

V, = joLI,
which is the voltage-to-current relationship for a single inductor. Thus, fo
the quasistatic approximation to hold, the condition to be satisfied is

1
< N (6-146)

As a numerical example, for / = 0.1 m, g = u,, and € = ¢,, the value gf
1/27l./ e is (1500/m) x 105, For a value of 1/10 for w./uel, the frequen
must be less than 150/z MHz for the structure to behave essentially like
a single inductor. |

EXAMPLE 6-17. In Example 6-16 we showed that the quasistatic approximation holgs

for the structure of Fig. 6.25(b) for the condition f < 1/27l./ pe€. The structuye
then behaves like a single inductor as shown in Fig. 6.26(a). It is desireq
to examine the behavior of the structure as viewed from the source end fiyr
frequencies beyond the value for which the quasistatic approximation holgsg,

\J
c$:|
s

L@ % L§ 7o( T :C ES

)Tl L’—T.I_O( L

(2) (b) (©)

|
_—  _u-
h

Fig. 6.26. (a) Equivalent circuit for the input behavior of the
structure of Fig. 6.25(b) under quasistatic approximation. (b) and
(c) Same as (a) except for frequencies higher and higher than those
for which the quasistatic approximation is valid. The values of
L and C are udl/w and ewl/d, respectively.

Expressing tan w./uel as a sum of infinite series in powers of wa/[yel,
Eq. (6-145) can be written as

v, =ijfo(l + %a)zlusl2 + %-a)“yzezl“ + .- ) (6-147)

For the quasistatic approximation, we neglect all the terms involving poyyers
of wa/uel in comparison with 1 in the series on the right side of (6-147), For
a frequency slightly higher than the value for which condition (6-14¢) s

!

I
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acceptable, we have to include the second term in the series. Thus we have

7, kjcoLI_o(l + %wzﬂelz)
’ (6-148)
- jcoLio(l + —3-w2L0>

where C = ewl/d is the capacitance computed from static field considera-
tions if the structure were open circuited at z = I Rearranging (6-148), we
get

= v, 170 1
I = ~ joL(T + cozLC) (1 3

=7 (jaz tioF)

The voltage-to-current relationship given by (6-149) corresponds to that of
an inductor of value L in parallel with a capacitor of value 4 C as shown in Fig.
6.26(b). Thus the same structure which behaves almost like a single inductor
at low frequencies governed by (6-146) acts like an inductor in parallel with
a capacitor as the frequency is increased. For still higher frequencies, we
have to include one more term in the series on the right side of (6-147), giving
us

w?LC
) (6-149)

V, ~ joLI, (1 + co *uel* + 1= 2w ,uzezl“)

- ijfo(l + ; W LC + —a)“LZCZ)

or
- ]C;OL(I + %wZLC + 1_256041,20)'1
= f"z(l - %szC — z‘%co“'LZCZ + higher-order terms)
~ —VI:(I F0ULC — 415604LZC2>
_ KL 7 ( + C"SLCZ (6-150)
~ ot 1/[(JOJC/3)(1V+ @*LCTT3)]
= chL/_)L ' (3/jcoC)(l_I: w?LC[15)
VO

=0 - -
= oL * @liaC) + GaLl5)
The equivalent circuit corresponding to (6-150) is shown in Fig. 6.26(c). It is

now evident that as the frequency is increased, more and more elements are
added to the equivalent circuit. For an arbitrarily high frequency, we must
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include all terms in the series. We then have, from (6-145),

L o/ el (6-151)
= iy/% tnoyIc v

Since tan w./LC can be negative if w./LC falls in the second or third quadl-
rant, the reactance viewed by the current source can even be capacitive!

Transmission-Line Equations; The Distributed Circuit Concept

In Example 6-16 we obtained the fields between the parallel plates of the
structure shown in Fig. 6.25(b) by starting with the quasistatic magnetic field
and using successively the two curl equations

VxE=—joB=—jouH (6-152a)
V x H = joD = joeE (6-152 )
to find the successively induced electric and magnetic fields. The total electric
field is the sum of all the electric fields found successively and the total
magnetic field is the sum of all the magnetic fields found successively. These
two total fields must satisfy the two curl equations simultaneously. Thus,

denoting the total electric field by E(z) = E (2)i, and the total magnetic field
by H(z) = H,(2)i,, we have, from (6-152a) and (6-152b), respectively,

JF

= —jouH, (6-153a)
07, . =
—o = JweE, (6-153b)

However, the voltage between the two conductors in any plane normal to
the z direction is given by

7o) = | io E(dx=Ed (6-1542)

The current along the conductors crossing any plane normal to the z direc-
tion is given by

i = | ”0 A dy = Hw (6-154b)

Substituting for £, and H, in (6-153a) and (6-153b) from (6-154a) and
(6-154b), respectively, we get

%g = —joldf = —joct (6:155)
I _ €7 — _joei (6156)
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where £ = ud/w and @ = ew/d are the inductance and capacitance, re-
spectively, per unit length of the structure computed from static fields.
Equations (6-155) and (6-156) relate the time-varying voltage distribution
along the z direction to the time-varying current distribution along the
z direction. While we have obtained these equations for the particular case
of a structure consisting of two parallel plane conductors, they are general
and hold for any structure consisting of two parallel, infinitely long, perfect
conductors having arbitrary but uniform cross sections. To prove this, let
us consider such a structure having the cross section shown in Fig. 6.27.

Fig. 6.27. For deriving the transmission-line equa-
tions.

For the sake of generality, we consider the dielectric to be imperfect with
uniform conductivity ¢ and also work with arbitrarily time-varying fields
instead of sinusoidally time-varying fields. Thus the electric and magnetic
fields between the conductors are given by

E(x,y,2,1) = E.(x,y, 2z, Oi, + E/(x, 3, 2, i,

(6-157a)
=E, (x, 721
H(x, y, 2, 1) = H(x, y, 2, Di, + H,(x, y, 2, D, (6-157b)
= ny(x: Y, 2, t)
Substituting (6-157a) and (6-157b) in
VxE= 9
we have
dE,, ,0E,. _ 0B,. 0B,. )
B P e L (&-158)

Taking the cross product of both sides of (6-158) with the unit vector i,,




404 Applied Electromagnetics Chap. 6

we get
OE,. OE,. _ 4.
g b= g x B,y |
or !
"gz -3 9. xB,) (6-159)

Performing line integration of both sides of (6-159) from point a on the |
inner conductor to point b on the outer conductor, we have

J‘b
or /
b
a f 1 - _%— B.xy * (iz X dll)

. (6-160)
= _g_tj B,, - i, dl, |

where i, is the unit vector normal to dl, as shown in Fig. 6.27. The integral
on the left side of (6-160) is simply the voltage V between the conductors i
the plane in which the line integral is evaluated since the magnetic field ha
no z component. The integral on the right side of (6-160) is the magnetic flu
per unit length in the z direction, linking the inner conductor if the conductors
are carrying a direct current equal to the current 7 crossing the plane
containing the path ab. It is therefore equal to £1, where £ is the inductan
per unit length of the structure computed from static field considerations.
Thus we have

JdE,, ("0
az . dll = J‘EW(IZ X Bxy) . dll

WD _ 9 rere )= —e %0 (6-161)
Similarly, substituting (6-157a) and (6-157b) in
dD dD
VxH= J+at_ E+6t
we have
"g x+‘90 ri, = 0E,i, + 0E,i, + O 0t +‘9£y1y (6-162)

Taking the cross product of both sides of (6-162) with the unit vector i,, ‘we
get

"gn — "gx i, = ol x E,) + 20, x D)
or
oH,,

P = —0(i, x E,,) — l%(i, x D) (6-163)
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Performing line integration of both sides of (6-163) around the closed path
C, surrounding the inner conductor, we have

on}' . _— 1 Y J— i i [
§C2 (92 dlz - §c, 0'(]2 X Exy) dlz §Cg dl (lz X ny) dlz
or

J _ . i)— 9 . i
= §Cz H,.dl, = §02 oE., + (dl, x i) — 3 iz D,, « (dl, x i,)

(6-164)
- —§ OE,, + i,y dl, — %§ D,, i, d,
Ce Ca

where i,, is the unit vector normal to dl, on C, as shown in Fig. 6.27. The
integral on the left side of (6-164) is the current I in the positive z direction
on the inner conductor (or the current in the negative z direction on the outer
conductor) crossing the plane in which the closed path C, lies since the electric
field has no z component. The first integral on the right side of (6-164) is
the conduction current per unit length in the z direction, flowing from the
inner to the outer conductor if the voltage between the two conductors is
a direct voltage equal to the voltage ¥V in the plane containing the path C,.
This current is equal to GV, where G is the conductance per unit length com-
puted from static field considerations. The second integral on the right side
of (6-164) is the displacement flux, per unit length in the z direction, from the
inner to the outer conductor if the voltage between the two conductors is a
direct voltage equal to the voltage ¥ in the plane containing the path C,.
This flux is equal to the magnitude of the charge per unit length on either
conductor, which in turn is equal to @V, where € is the capacitance per unit
length computed from static field considerations. Thus we have

D) _griz,0) — Leve 1)
(6-165)
= —GV(z, 1) — e‘lngT’t)

Equations (6-161) and (6-165) describe the behavior of the voltage and
current as functions of distance along the structure and of time. The structure
itself is known as a transmission line since electromagnetic energy transmis-
sion occurs along the structure due to the time-varying fields, as we will learn
later. Equations (6-161) and (6-165) are therefore known as the transmission-
line equations. To obtain the circuit equivalent of the transmission-line.
equations, let us consider a section of infinitesimal length Az along the line
between z and z 4 Az. From (6-161) and (6-165), we then have

Lim Vet Az — V) £01(azt, 1)

Az—0 AZ

Lim Iz + Az,AtZ) —1(z,t) _ Lim| —G¥(z + Az, £) — e&V(z + Az, 1)

Az—0 Az~0 ot
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or, for Az — 0, /

Vz+ Az, 0)— V(s 1) = — Az% (6-166a)

I(z+ Az,t) — I(z,t) = —GAzV(z+ Az, t) — C Az IV(z j;tAz’—t)
(6-166b)

The circuit theory equivalent of Egs. (6-166a) and (6-166b) can be drawn a
shown in Fig. 6.28 by recognizing that Eq. (6-166a) is Kirchhoff’s voltag

I(z,t) c I(z + Azyp)

bO—>— 1YYV _ i -— o

+ LAz +

CAz
V(z,t) V(iz + Azp)
GAz

y- -

a® 3 -0
d

Fig. 6.28. Circuit equivalent for an infinitesimal length Az
of a transmission line.

law written for the loop abcda and that Eq. (6-166b) is Kirchhoff’s curre/nt
law written for node ¢. Thus an infinitesimal length Az of the structure7 is
equivalent to the circuit shown in Fig. 6.28 as Az — 0. It follows that the
circuit representation for a portion of length / of the structure consists of
infinite number of such sections in cascade as shown in Fig. 6.29. In other

LAz LAz LAz
oO—rYY L — Y, -
3 __@Az 2 CAz 2 CAz 0
gaze T gaz? GAz S -
o I | -

———— 7

Fig. 6.29. Distributed circuit representation of a transmission
line.
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words, the structure can no longer be represented by a collection of lumped
circuit elements. The conductance, capacitance, and inductance are “dis-
tributed” uniformly and overlappingly along the structure, giving rise to the
concept of a “distributed circuit.” Physically, the electric stored energy, the
magnetic stored energy, and the power dissipation due to conduction current
flow are distributed uniformly and overlappingly along the line.

Before we conclude this section, we wish to show that the power flow
across any cross-sectional plane of the transmission line as computed from
surface integration of the Poynting vector is equal to the product of the
voltage and current in that plane. To do this, let us again consider the
structure of Fig. 6.27. Considering an infinite plane surface (which is a spher-
ical surface of infinite radius and hence a closed surface) in the cross-sectional
plane and noting that the fields outside the conductors are zero, the power
flow P across any cross-sectional plane is simply the surface integral of the
Poynting vector over the cross-sectional surface S between the conductors.
Thus

P(z,t) = J.s Exy(z, ) x H, (z,¢)+1i,dS
- I b §c E,, x H,,) « (dl, x dl,)
- .[: §c E,, « dll)(ny . dl,)

_J.: §C2 (Exy * dlz)(ny «dl)

Since we can always choose C, such that dl, is everywhere normal to E_, or,
alternatively, since we can always choose the path ab such that dl, is every-
where normal to H_,, the second integral on the right side of (6-167) is

Xy

(6-167)

equal to zero. Since jb E,,  dl, is independent of the path on Schosen from

a to b or, alternatively, since  H_,  dl, is independent of the contour C,
Ca

on S, Eq. (6-167) simplifies to

PG, 1) = (f E, dll)( H,- a,
=V(z, 1) I(z, 1)

which is the desired result.

(6-168)



6.8

PART II. Electromagnetic Waves

The Wave Equation; Uniform Plane Waves and
Transmission-Line Waves

equations for such a medium are

VeD=0
V.-B=0
0B
VXE__W
JD
V><H=_é’7

Taking the curl of both sides of (6-169c), we have J

V><V><1«:=—V><‘f9_]t3 (6-1/70)

|
|

Using the vector identity
VxVxA=V(V.A— VA

for the left side of (6-170) and interchanging d/d¢ and the curl operatiori on
the right side since the curl operation has to do with differentiation f;vith

respect to space coordinates, we obtain ‘\
\

V(V.E)— VE — _%(v x B) (6-171)
|
|
However, from (6-169a), V « E = 0 and from (6-169d), V x B = ue dE/dt.

Thus (6-171) reduces to ‘(

\
V?E — pe %Ztlf (61172)

For sinusoidally time-varying fields, we have the phasor form of (6-172) as
|

V2E = —w?uck (6-173)
|

Note that the left side of (6-172) is the Laplacian of a vector and not of a
scalar. Equation (6-172) is known as the vector wave equation. Equating
the like components on either side of (6-172), we obtain three scalar "wave

408 1
|
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equations. Thus, in cartesian coordinates, we have

0%E,
d¢2

J°E,

VZEy = W

ViE, = ,ue%£

In the most general case, we can have all three components of E and
each one of these can be dependent on all three space coordinates x, y, and
z and on time. But let us assume for simplicity that E, = E, = 0. Then we
have

0’E, | 0*E, , §*E, d*E,

2 X — - 4

ViE, =G T 5 t g7 = KE G (€-174)

We are still faced with a three-dimensional second-order partial differential

equation. Our aim at present is to illustrate that time-varying electric and

magnetic fields give rise to electromagnetic wave propagation. Hence let us

simplify the problem further by assuming that E is independent of x and y.
Thus

E = E (2, i, (6-175)
and Eq. (6-174) simplifies to
2 2
%ZE — ue %ﬁz (6-176)

Equation (6-176) is the one-dimensional scalar wave equation. Its solution
can be found by using the Laplace transform technique or the separation of
variables technique. However, we will here write down the solution and show
that it indeed satisfies the equation. Thus let us consider -

E(z,t)= A f(t — /pez) + B gt + ~/pez) (6-177)
where f and g are any functions of the respective arguments and 4 and B
are arbitrary constants. Then

"f = —AJue f'(t — Juez) + Bg'(t + Ju‘éz)

s — Aue £t — /En) + Be g'(t + /e2) (6-178a)
9L, _ 41t — /uen) + Bg'(t + /e2)
"(,tz 47— JHED) + Bt + /D) (6-178b)

where the primes denote differentiation with respect to the respective argu-
ments. From (6-178a) and (6-178b), we note that (6-177) satisfies (6-176)
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and hence is the solution for (6-176). The forms of the functions f and 1g
depend upon the particular problem under consideration. Some examples
are cos w(t — ~/pez), e V¥ and (t + /uez)sin (¢t + ~/zez). In the
general case, the solution can be a superposition of several different functioxils
of (t — ~/uez) and (¢ + /pez).

To discuss the meaning of the functions ' and g in the solution for E,,
let us consider a specific example

f(t — N uez) = e EDu(t — /pez)

Assigning one value for ¢ at a time, we can obtain a series of functions of] z.
The time history of these functions can be illustrated conveniently b la
three-dimensional plot in which the three axes represent time ¢, distance) z,
and the value of the function f. Such a plot for the function under conside;‘ra-

tion is shown in Fig. 6.30. We note from Fig. 6.30 that the function of z at
|

L oxpl—(t = V)] u(t — ViEz) |

Fig. 6.30. Three-dimensional representation of the function
e-—Vauey(t — A/ pez) for illustrating the concept of a traveling
wave.

any value of time is exactly the same as the function of z at a preceding jvalue
of time but shifted towards the direction of increasing z. For example, by
following the peak in the function, we note that from time ¢ =0 t ' time
t =1, the peak shifts from z=0 to z = 1//u¢€. Thus the function f (¢ — }Ez)
represents a waveform traveling in the positive z direction with a velocity
1/+/ p€. The solution is said to correspond to a traveling wave in the ptBsitive
z direction, or a (+) wave. The word “wave” is used here in the sense (that it

|

I

represents any arbitrary function of z and not necessarily a sinusoidally
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varying function of z. The fact that the velocity of propagation is 1/./ ue can
be proved in general by following any particular point of the function and
noting down its positions z, and z, for two times #, and ¢,. Obviously then,

Iy — A HEZ) = 1, — A/ UEZ,

or the velocity of propagation is

v_Z—z _ 1
t,— 1t / UE
Note that the units of 1/./ue are
[ newtons (coulomb)? ]“‘/ % ampere-meters  meters
(ampere)® " (newton)(meter)> coulomb ~ second

For free space, 1//u€ = 1// 11,6, = 3 X 10% m/sec, which is the velocity
of light.

We now suspect that the function g(¢ 4 /u€z) represents wave motion
in the direction of decreasing values of z, that is, in the negative z direction.
To check if this is true, we note that, to follow a particular point associated
with the function, an observer has to move in space and time such that

t 4+ A/ H€z = constant

dt + Jucdz=20

or the velocity with which the observer has to move in the positive z direction
is

or

_dz 1

BT
The negative sign for the velocity signifies that the observer must actually
move in the negative z direction with a velocity of 1/./u¢€. Thus the function
g(t + /p€z) does indeed represent a traveling wave in the negative z direc-
tion, or a (—) wave.

Now, the solution for the magnetic field associated with the electric
field can be obtained by substituting (6-177) into (6-169c). Thus we obtain

_%_1; _ % i, = [—A/ue f'(t — S uez) + B/ ue g'(t + /ue)li,

v

or
H = Bz, 0, = | A€ 10— /i) — BJ< g+ VD),
Defining
n= @ (6-179)
we have

Hz 0= 5[4 = /AE) — Ba+ ae)]  (6180)
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The quantity # is known as the intrinsic or characteristic impedance of the
medium. Note that the units of # are

[newtons . (coulomb)? ]“ 2 npewton-meters __ volts

(ampere)? " (newton)(meter)? " coulomb-ampere  ampere

For free space, 1 = 17, = / Ho/€; = 1207 or 377 ohms.

Denoting the electric fields in the (4) and (—) waves as E} and Eg,
respectively, and the magnetic fields in the (+) and (—) waves as H;} and
H, respectively, we have

= ohms

E,=E: + E; : (6-181a)
H,= H; + H; (6-181b

Comparing (6-181a) and (6-181b) with (6-177) and (6-180), respectively, w
note that

Ef  and  H; = E: (6-182)
1 1

The Poynting vectors associated with the (4) and (—) waves are

H;:

P+ — Eti, x Hii, = Eti, x nxl — (E’;)Z (6-1838)

P™ = Exi, x H;l, = (E3i,) x (_Eﬂl i,) - —(ﬁ’;:—)zi, (6-1831%)

Equations (6-183a) and (6-183b) indicate that the power flow associate“d

with the (+) wave is indeed in the positive z direction and the power ﬂo‘w

associated with the (—) wave is indeed in the negative z direction. i
Summarizing what we have learned thus far in this section, tlme-varymg

_electric and magnetic fields give rise to electromagnetic wave propagation.

A simple solution consists of waves traveling in the positive and negative
z directions and having electric fields entirely in the x direction and magneﬁc
fields entirely in the y direction. Furthermore, the fields are uniform in :fle
planes transverse to the direction of propagation, that is, in the planes
z = constant. For this reason they are known as uniform plane waves. 'In
reality, uniform plane waves do not exist. However, at distances far from
a radiating antenna and the ground, the radiated waves are approx1mat‘ély
uniform plane waves. The uniform plane waves are a very important building

block in the study of electromagnetic waves.

ExaMPLE 6-18. A uniform plane wave traveling in the positive z direction in free

space has its electric field entirely along the x direction. The time variation
of the electric field intensity in the z = O plane is shown in Fig. 6.31 (a)
Find and sketch the variation with z of the magnetic field intensn)J

2 usec i
The magnetic field intensity is entirely in the y direction and its value
for any (z, £) is equal to the value of the corresponding electric field intensity

[
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[El;=0 , V/m [H))i=2 ysec » Amps/m
1 A
37.7
—————— (2) (b)
|
[ ——-0.1
| |
| |
| |
I I
] { fep ] [
0 1 2 3 4 5 - 600 0 600
t, pusec z,m

Fig. 6.31. (a) Electric field intensity in the z = 0 plane versus
time. (b) Magnetic field intensity at # = 2 usec versus z for the
uniform plane wave of Example 6.18.

divided by 377 ohms. The velocity of propagation of the wave in free space
is 3 x 10® m/sec. Since the wave is propagating in the positive z direction,
an amplitude which exists in the z = 0 plane at any time ¢ must exist in
the plane z = (2 X 1076 — ¢) X 3 X 108 m at ¢ = 2 usec. Hence the varia-

tion with z of the magnetic field intensity at ¢ = 2 usec is as shown in
Fig. 6.31(b). |

We now direct our attention to the (4) wave to define certain important
parameters for the sinusoidally time-varying case and to develop expressions
for the fields in a uniform plane wave traveling in an arbitrary direction with
reference to a coordinate system. Let us consider a uniform plane wave
characterized by sinusoidally time-varying electric and magnetic fields given
by

E(z, t) = E, cos [0(t — /uez) + @,li, (6-184a)
HG, f) = JE;? cos [o(t — ~/ez) + Boli, (6-184b)

where E; and ¢, are constants. At any particular value of z, say z,, the fields
vary with time in the manner shown in Fig. 6.32(a). Any particular value of
the field repeats in time at intervals of 2z/w. The number of times the value
repeats in 1 sec is equal to w/2z or f, which is the well-known parameter
frequency. At any particular value of time, say ¢ = ¢,, the fields vary with
distance z in the manner shown in Fig. 6.32(b). Any particular value of the
field repeats in distance at intervals of 27/w./ue. This interval is known as
the wavelength, A. Thus

1 2n 1

o ue  fAuE

But 1/./ ue is the velocity of propagation of the wave. In this case, it is known

(6-185)

m
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[Ex(t‘)]l=20 Eqcos (—w\/pezg + ¢0)

|
(2 ' —r
b L I L1 ] Ll >
®) 0 27 A >z
Ve @ Ve

Fig. 6.32. (a) Electric field intensity in a z = constant plane "
versus time. (b) Electric field intensity at a fixed time versus z, !
for a uniform plane wave in the sinusoidal steady state and
traveling in the z direction.

as the phase velocity since the argument of the cosine function is knowni as
the phase and an observer has.to travel with a velocity 1/./¢ in the z direc-
tion to follow a constant phase of the field, that is, to stay on a particular
constant phase surface. The constant phase surfaces are the planes z = con-
stant. Denoting the phase velocity by »,, we have

1
R (6-186)
Substituting (6-186) into (6-185), we get
v, =Af (6-187)

Equation (6-187) is an important relationship which relates the space and
time variations of the fields in an electromagnetic wave. For free space,

Eq. (6-187) gives a simple formula ;

(wavelength in meters) X (frequency in megahertz) = 300

The quantity w./u€ is the rate at which the phase changes with dlstance
z at any particular time. It is known as the phase constant and is denoted by
f. Thus |

B — o /iie <6J(188)
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and
(6-189)

(6-190)

v, =

=8 =¥

The units of B are (radians/second)(seconds/meter) or radians per meter.
For a wave traveling in the z direction, the phase changes most rapidly
in the z direction since, looking in any other direction, the distance between
any two particular constant phase surfaces is longer than the distance
between the same two constant phase surfaces as seen looking in the z direc-
tion, as shown in Fig. 6.33. Thus, if we choose the coordinate system such

Constant Phase
/ Surface

Distance Between
/ " Constant Phase
% 7 Surfaces
— 2, Direction
of
Propagation

Fig. 6.33. Distances between two constant phase sur-
faces for a uniform plane wave as seen along different
directions. -

that the wave is traveling in an arbitrary direction with reference to the
coordinate system, the rates at which the phase changes along the coordinate
axes are all less than the rate at which the phase changes along the direction
of propagation which is normal to the constant phase surfaces. Denoting the
phase constants along the x, y, and z directions by f,, B,, and f,, respectively,
and the phase at the origin at t = 0 by ¢,, we note that the phase at any
point (x, y, z) is wt — (B,x + B,y 4+ B.2) + ¢,. The constant phase surfaces
are the planes given by

B.x + B,y + B,z = constant (6-191)
The direction of the gradient of the scalar function B.x + B,y + B,z is
the direction of the normal to the constant phase surfaces and hence is the
direction of propagation whereas the magnitude of the gradient gives
the rate of change of phase with distance or the phase constant § along the
normal and hence along the direction of propagation. Thus, noting that

V(ﬁxx + ﬂyy + ﬁZZ) = ﬂxix + ﬂyiy + ﬁziz
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the direction of propagation is along the vector f.i, 4 fB,i, + f.i, and the
phase constant along the direction of propagation is

B=(Bi+ B+ B (6-192)
We can combine these two facts by defining vector B as
B=B.i. + B,i, -+ B.i. (6-193)

so that the direction of P is the direction of propagation and the magnitude
of P is the phase constant. Hence B is known as the propagation vector.
The phase at any point (x, y, z) can then be written as wt — B « r + ¢,,
where r is the position vector xi, 4+ yi, 4 zi,.

Denoting the electric field intensity in the plane of zero phase as E,,
we can now write the expression for the electric field intensity vector asso-
ciated with a uniform plane wave propagating along the direction of B as

E=E;cos(@wt—B+r+ ¢,) (6-194a)
or the complex vector as
E = Eje/%e 0t = Ejeior (6-194b) I

where E; = E,e’#. Since E, must be entirely transverse to the direction of
propagation, it follows that

B-E,=0 or PB-E,=0 (6-195)

Similarly, the magnetic field intensity vector associated with the wave which
is in phase with E can be written as

H=H;cos(wt—p-r+ ¢, (6-196a)
or the complex vector as |
H = H,e'te#+ = Hye /#~ (6-196b)

where H, = H,e’%. Since H, must be entirely transverse to the direction of
- |

propagation, it follows that ‘ |

B-H,=0 or PB-H,=0 (6-1971?

Furthermore E, and H, must be normal to each other with their cross
product (Poynting vector) pointing in the direction of propagation and with
the ratio of their magnitudes given by :

VZZ 7ﬂ_€ - % (6-194)

In vector notation, we express the preceding statement as

1
H, = B xE, (6-19?)

and hence |

A__LlpxE (6:200)

f
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These properties associated with a uniform plane wave are illustrated in

Fig. 6.34.
The wavelength A along the direction of propagation is given by

1= Eﬂ’_‘ (6-201)

t = Constant

Constant Phase Surface
$ = ¢g — 27

Constant Phase Surface
¢ = ¢o

Fig. 6.34. For illustrating the various. concepts associated with
a uniform plane wave traveling in an arbitrary direction.

The apparent wavelengths 4,, A,, and A, along the coordinate axes x, y,
and z, respectively, as shown in Fig. 6.34 are given by

2z 2n 2n
A, =7 A, =5 A, =5 6-202
5. *=F 2 (6202
Substituting (6-201) and (6-202) into (6-192), we have

1

1 1 1
r-ntptn (6-20%)
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The phase velocity along the direction of propagation is given by

v, = % (6-204)
For an observer moving along the x axis, ¥ and z are constants. Hence the
observer has to travel with a velocity equal to w/f, to remain on a particular

constant phase surface. This velocity is known as the apparent phase velocity

in the x direction. Thus the apparent phase velocities v,,,, v,,, and v,, in the
X, ¥, and z directions are L
Y, = ﬁ Vyy = % v,, = % (6-205) |
Substituting (6-204) and (6-205) into (6-192), we have
1 1 1 1 y
w=on tap Tz (200}

|
Note that the apparent wavelengths and phase velocities along the coordinate"
axes are greater than the wavelength and the phase velocity, respectively,
along the direction of propagation, since the phase changes less rapidly
with distance along the coordinate axes than along the direction of prog--
agation. We will now consider an example to consolidate our understanding;
of the uniform plane wave propagating in an arbitrary direction with referenc'é
to a set of coordinate axes. ?

ExaMpLE 6-19. The orientation of the propagation vector p for a uniform plane
wave of 12 MHz propagating in free space is as shown in Fig. 6.35. It makes

Fig. 6.35. Orientation of the prop-
agation vector B for the uni-
x  form plane wave of Example 6-19.

an angle of 30° upwards with the horizontal (xy) plane and its projection on
the xy plane makes an angle of 60° with the x axis. The electric field intensity
has no upward (z) component and its magnitude as a function of time at
x=0,y=0and z=0is 10 cos (wt — 30°) volts/m, where w is the angular
frequency. It is desired to find the expressions for the complex field vectors
E and H.
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Since the medium is free space, the phase velocity along the propagation
vector is 1/./u,€, = 3 X 108 m/sec. From (6-204), we have

p=0 a2z X 12 X190 _ 0.0z

v, v, 3 x 108

From the given orientation of the propagation vector, we have
B = 0.087(cos 30° cos 60° i, + cos 30° sin 60° i, + sin 30°i,)
= 0.027(,/ 31, + 3i, 4 2i,)

The solution for E is of the form E, e~/**. Since E has no z component, we
can write

E0 = E_xoix + E_iny
From (6-195), we have
B- I_Eo = ﬁxE_xU + ﬁyE_yo =0

Since B, and B, are both real, £ , and E,, must be either in phase or in
phase opposition for the above equation to be true. Hence let

E.,,=F,e"* and E,, = E,e™*"

so that
E, = (E,i, + E,l,)e’
and
B.E.., + B,E,, = 0.02n(/3E,, + 3E,) =0
or

E.n= v—«/_3— E,,
From the given function of time for the electric field intensity magnitude
atx =0,y =0and z = 0, that is, r = 0, we have '

|Epoi, + E,i, | €/ = 10e-13"
or

IEinx + Eyoiyl = [EJZCO + Eio]llz =10 and o = —16I_

Substituting E,, = —a/ 3 E,, in the above equation, we obtain 4E2, = 100
orE,,=5and E,, = —54/3. Thus

E, = (—5./3 e ™¢i, + Se~in/si)
The required expression for E is then given by

E — 5(_ / ; ix + iy)e—jn/Ge—i0,0Zn(s/_Ix—r3y+2:)

The corresponding expression for H can be obtained by using (6-200) as



420 Applied Electromagnetics Chap. 6

follows:
-1 —
H= w_,uﬁ x E
i, i, i,
zg—éﬁ ,\/—3— 3 2| e-in/6g=i0.02n(Fx+35+22)
/3 10

1 i i 1)o7 - 1 x z
= 1% —i, — /31, + 2,\/—3—1,)e Jnl6g=70.027(v I x+3y+22)

We can also find the wavelength along the direction of propagation and
the apparent wavelengths and velocities of propagation along the x, y, and
z axes. Thus

? = 008z — 25m
lx_%f:ﬁ?_n:”jm
A, = Z—ny = Q_%Fﬁ =333m ‘
i, = %" = & =50m
v,, = % = (2)_‘1)”2—:;_;(:: = 6.928 X 10° m/sec
v, = % = —2476.5;6;06 =4 X 10% m/sec
vp,=%=%=6 X 108 m/sec
Note that
TR R A
and

1 1 1 _ 1
A N L
in agreement with (6-203) and (6-206), respectively. ||

In Section 4.9 we discussed polarization of vector fields. The fields
we found in the preceding example are linearly polarized. We then say |that
the wave is linearly polarized. If we combine two linearly polarized uniform
plane waves propagating in the same direction and having electric /field
vectors equal in magnitude but oriented perpendicular to each other and
differing in phase by 7/2, we obtain a circularly polarized uniform plane
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wave. For example, a uniform plane wave characterized by the electric field
intensity vector

E=2.5—1i, — N Ti, 4 2,/ Fi,)ein3ei0-02x3x43r420)
when superimposed with the uniform plane wave of Example 6-19, would
result in a circularly polarized uniform plane wave. In general, two linearly
polarized uniform plane waves propagating in the same direction result in an
elliptically polarized uniform plane wave.

We have introduced the topic of electromagnetic wave propagation by
considering uniform plane waves. The uniform plane waves are a special class
of waves known as transverse electromagnetic waves, abbreviated TEM
waves, so named because the electric and magnetic fields are entirely trans-
verse to the direction of propagation, that is, components of E and H along
the direction of propagation are zero. For a general TEM wave, the fields
are not uniform but are functions of position in the transverse plane.. The
electromagnetic field between the conductors of a transmission line made
up of perfect conductors is entirely transverse to the line axis and is in general
nonuniform in the cross-sectional plane. In fact, we considered such a field
[Egs. (6-157a) and (6-157b)] in Section 6.7 and, by substituting into Maxwell’s
curl equations, we obtained the transmission-line equations given by (6-161)
and (6-165). For a perfect dielectric medium between the conductors, that is,
for ¢ = 0, these equations are

WV(z,t) di(z, t) :
7 -~ : (6-207)
and
61(2, t) _ _‘aﬂV(z, t) -
= 3t (6-208)
where, with reference to Fig. 6.27,
Ve = "Ex, 3, 7, 0) « dl, (6-209a)
and
I(z, 1) = § H(x, y,z,1) + dl, (6-209b)
C:2

are, respectively, the voltage between the conductors and the current along
the conductors for any (z, ¢).
Eliminating 7 from (6-207) and (6-208), we obtain a differential equation
for ¥V alone as
0?V(z,t) pd?V(z, 1) :
A £GT (6-210)
This equation is completely analogous to Eq. (6-176). It is the wave equation
for the TEM wave propagation guided by the conductors of the transmission
line except that it is written in terms of the voltage between the conductors
instead of the electric field in the medium between the conductors. We can
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write the solution for (6-210) from our experience with the solution of
(6-176). The solution is

V(z, 1) = V*(t — /€Cz) + V(t + /€C2) (6-211)

where the subscripts 4+ and — indicate (+) and (—) waves. The correspond-
ing solution for the line current I can be obtained by substituting (6-211) into
(6-207) or (6-208). This gives

I(z,1) _[[VW — JE€Cz) — V(¢ + /LC2)]

Defining

Z,— :(S_ (6-212)

we have

I(z,t) = —-[V+(t — JE£Cz) — V(t + /LC2)] (6-213

The quantity Z  is the characteristic impedance of the transmission line analo
gous to the intrinsic impedance of the dielectric medium. !
Thus the general solutions for the voltage and current along a transt
mission line are superpositons of (+) and (—) traveling waves along the
line with velocities equal to 1/,/£€ in the respective directions. We will refef
to these voltage and current waves as “transmission-line waves.” They are
completely analogous to the uniform plane waves with the analogy as follows':
V<—>E,
I<—H,
L<>u ‘
i
C<«¢ (6-2111)
1

<>

/£ ., &
C €
|

We should, however, keep in mind that the phenomenon is one of transverse
electromagnetic waves guided by the conductors of the transmission line.
It is not necessary to work with the fields since, because of the transveﬂse
electromagnetic nature of the fields, we are able to define uniquely the voltage
and current for any transverse plane. In other words, if we consider two
points a and b in the same transverse plane on the two conductors, the
voltage between these two points is uniquely defined by the electric ﬁe]d in
that plane since a closed path lying in that plane and passing through a and
b does not enclose any magnetic flux. Similarly, the current flowing across a
transverse plane in one direction along the inner conductor and returning in
the opposite direction along the outer conductor is uniquely defined by the

|

|

gﬁ
m
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magnetic field in that plane since a closed path surrounding the inner con-
ductor and lying in that plane does not enclose any electric flux. One or both
of these properties are not satisfied if one or both of the fields have axial
(or longitudinal) components. This is the case for TE or transverse electric
waves which contain a magnetic field component along the guide axis and
for TM or transverse magnetic waves which contain an electric field com-
ponent along the guide axis. We will discuss such waves in Section 6.12.
Returning to the solutions for the voltage and current for the trans-
mission-line waves given by (6-211) and (6-213), we write them concisely as

V="V*4 V- (6-215a)
I=1I"+1I" ' (6-215b)

In writing (6-215a) and (6-215b), we follow the notation that both I* and
I~ flow in the positive z direction along one conductor (say, a) and return
in the negative z-direction along the other conductor (say, b) and that both
V+ and ¥V~ have the same polarities with conductor a positive with respect
to conductor b, as shown in Fig. 6.36. These notations are consistent with

—_— Conductor a

+

1408

- Conductor b

—_—

Fig. 6.36. Polarities for voltages and currents as-
sociated with (+) and (—) transmission-line waves.

the corresponding notations for the z-directed uniform plane waves which
consider the electric fields for both (+) and (—) waves to be in the x direction
and the magnetic fields for both (4-) and (—) waves to - be in the y direction.
Comparing (6-215a) and (6-215b) with (6-211) and (6-213), respectively, we
have

y+
+ — -
It = z (6-216a)
and
V- .
I~ = ~Z (6-216Db)

The power flow in the z direction associated with the (4) wave is

Pt — VIt — V+(§) — (’g)z (6-2172)
0 0
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The power flow in the z direction associated with the (—) wave is

e VN _ (V) i

P =y =v( Zo> - (6-217b
where the minus sign on the right side signifies that the power flow is indee
in the negative z direction. Thus, if the notation of Fig. 6.36 is followed
together with Egs. (6-216a) and (6-216b), the different directions of powe;
flow for the (+) and (—) waves are taken care of automatically.

=y

-

=)

Traveling Waves in Time Domain

In the previous section we introduced uniform plane waves and transmissiof-
line waves and discussed the analogy between them. We are now ready to
consider simultaneously uniform plane waves incident normally on plape
boundaries between different dielectric media and transmission-line waves.
In this section we will discuss transient waves. To do this, let us consider
the case of two semiinfinite perfect dielectric media characterized by €,, %,
and €,, u,, respectively, and separated by the plane z = 0 as shown in Fig.
6.37(2). A uniform plane wave with electric field E} and magnetic field F;
is incident normally on the boundary. The transmission-line analogy |of
this problem consists of two transmission lines of different characteristic

Medium 1 Medium 2
Kt €1 "2, €2 /
EY.Ex Et
(+)
— {++)
_ (a)
(=)
HV.H;, Ht*
yoily ¥
z =0 {
It~ I It —_—z
€ = .I, = — “
]
Line 1 I Line 2 \
+ - ++ (b) |
Zot, vpi and b Zo, Vp2 “
| i
- ' _ !

Fig. 6.37. (a) Normal incidence of a uniform plane wave on a
plane boundary between two semiinfinite dielectric media.
(b) Transmission-line analog of (a).
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impedances Z,; and Z,, and velocities of propagation v, and v,,, respec-
tively, connected in cascade as shown in Fig. 6.37(b). The specification of
Z, and v, for a transmission line is equivalent to the specification of £ and @
since Z, = ,/£/€ and v, = 1/./€C. A (+) wave characterized by voltage
V* and current I* is incident on the junction z = 0. We are not interested
in the time variation of the incident waves at present. We merely wish to
determine the transmission and reflection properties at the boundary.
Obviously, there is no need to write equations for both the plane wave and
transmission line cases because of the analogy. Hence we will simply write
the equations in terms of the transmission-line parameters ¥, Z, and Z, with
the understanding that they can be replaced by E,, H,, and #, respectively.
The relationship between V'* and I* is given by

V+
I'=_— 6-218

The incident wave cannot be transmitted into line 2 as it is, since the voltage-
to-current ratio in line 2 must be equal to Z,,. Thus, let the transmitted wave
voltage and current be V'**and I**, respectively. The incident and transmitted
waves alone cannot satisfy the boundary conditions at the junction, which
require that the voltages on either side of the junction be equal and the
currents on either side of the junction be equal. These conditions are analo-
gous to the boundary conditions for the fields, which state that the tangential
electric fields (E,) must be continuous and that the tangential magnetic fields
(H,) must be continuous (in the absence of a surface current) at the boundary
between the dielectrics. To satisfy the boundary conditions, there is only one
possibility. This is setting up a (—) wave in line 1 which reflects part of the
incident power into line 1. Let the voltage and current in this reflected wave
be V'~ and I-, respectively. The voltage-to-current relationships for the trans-
mitted and reflected waves are

y++
I = 6-219
Zo (6-219)
and
=Y (6-220)
Zy,
The boundary conditions at z = 0 are
Vt4+ V=V (6-221a)
r+~r=r* (6-221b)

Substituting (6-218), (6-219), and (6-220) into (6-221b), we have
yr_r_r-
Z 01 Z 01 Z 02
Solving (6-221a) and (6-222) for V-, we get
ZOZ _ ZDl

V- = Lﬁ - 6-223
02 T Zoy ( )

(6-222)
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We now define a quantity I', known as the voltage reflection coefficient
as the ratio of the (—) wave or reflected wave voltage to the (+) wave o
incident wave voltage. From (6-223), the voltage reflection coefficient i
given by

V- Z,,— Z
7= Zos T Zor (6-229)

We then note that the current reflection coefficient is

£_—V_/Zo1__K:__ o4

We also define a quantity ,, known as the voltage transmission coeflicientt,

as the ratio of the (4 ) wave or transmitted wave voltage to the (4) watye
or incident wave voltage. Thus
++ + — - A
(6-22,6)
— 14T =_22u
Zoy + Zo,
The current transmission coefficient t, is given by
I I+ I
=g = —}t—— =1+ Via
(6-227)
—1_T=_2%2u
ZOZ + ZDI

At this point, we may be surprised to note that the transmitted voltage: or
the transmitted current can be greater than the incident voltage or the incidfent
current, respectively, depending upon whether I" is positive or negative, fhat
is, Zy, > Z,, or Z,, < Z,,. However, this is not of concern since it is{the
power balance that must be satisfied. To check this, we note that

P*, incident power = V*I*
P, reflected power = VI~ = TV*)(—TI'I")
= —T2V+[* = —_T2P*

where the minus sign signifies that the actual power flow is in the negative
z direction, and

P**, transmitted power = V**I** = [(1 + D)V*[(1 — I)I*]
=0 -T)V*I*=01—-T?P"*

Thus P** = P* + P~, which verifies the power balance at the jurction. The
fact is that if the transmitted voltage is greater than the incident voltage, the
transmitted current is less than the incident current and vice versa so| that
the transmitted power is less than the incident power. We will now consider
an example to illustrate the application of the formulas for the reflectiom and
transmission coefficients.

v
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ExamrLE 6-20. In Fig. 6.38, the region z <C O is free space, the region 0 < z < 1.5m
is a perfect dielectric of permittivity 4¢,, and the region z > 1.5 m is a perfect
dielectric of permittivity 9¢,. The leading edge of a uniform plane wave of
0.01 usec duration and having E, equal to 1volt/m is incident on the z= —3m
plane at ¢ = 0. It is desired to find and sketch E, in the planes z = —3 m
and z = 2.5 m as functions of time for 1 > 0.

| 1
| Medium 1 Medium 2 |[Medium 3{
! Bo, €0 wo, 4eg ro. 9o

I |
E, |
| 2 :
i |
I : |
| l

z= -=3m z=0 z=15m z=25m

Fig. 6.38. Three dielectric media for Example 6-20.

The intrinsic impedances for the three media are #,, #,/2, and #,/3,
respectively, where #, (= ~/ 1,/€,) is 377 ohms. The velocities of propagation
in the three media are ¢, ¢/2, and ¢/3, respectively, where ¢ (= 1//f€,)
is 3 x 10® m/sec. The leading edge of the uniform plane wave strikes the
interface z = 0 at t = 3/(3 X 10®) sec = 0.01 usec. The reflection coefficient
for this wave at z = 0 is (17,/2 — 1,)/(11,/2 + 1,) = —% and the transmission
coefficient is 1 + (—4) = %. Hence the reflected wave E, has a value —%
that of the incident wave E, and its leading edge reaches the z= —3m
plane at ¢ = 0.02 usec. The transmitted wave E, has a value % that of the
incident wave E, and its leading edge strikes the interface z = 1.5m at
t =[10"% + 1.5/(1.5 x 10%)] sec = 0.02 usec. The reflection coefficient for this
wave at z = 1.5 m is (#,/3 — 1,/2)/(1,/3 + 1,/2) = —1 and the transmission
coefficient is 1 4 (—1) = 4. Thus the transmitted wave E, in medium 3 has
a value of (4 X %) or & that of the incident wave E, in medium 1. Its leading
edge reaches the z = 2.5m plane at t = (2 x 1073 4 1/10%) = 0.03 usec.
Now, the reflected wave at the interface z = 1.5 m travels towards the
interface z = 0 and strikes it at = 0.03 usec. It then violates the boundary
conditions at z = 0, which have thus far been satisfied by the incident and
reflected waves in medium 1 and the transmitted wave in medium 2 if they
still exist at the interface. In any case, to satisfy the boundary conditions, it
sets up a reflected wave into medium 2 and a transmitted wave into medium
1. By superposition, the reflection and transmission coefficients are the same
as if this wave alone were incident on the interface. Hence the reflection
coefficient for this wave at z =0 is (1, — #,/2)/(1, + #,/2) = % and the
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transmission coefficient is 1 + 1 = 4. The transmitted wave travels towards
the interface z = —3 m. The reflected wave travels towards the interface
z = 1.5 m and sets up reflected and transmitted waves. This process continues
indefinitely.

To keep track of the bouncing back and forth of the transient waves
between the interfaces, we resort to a “bounce diagram” as shown in Fig.
6.39. The bounce diagram is essentially a two-dimensional representation

e

frs l
wla w]a
—

I

T o=
[Ex]z= —-3m

0 1 [Ex]l:<25m

1 o—
—1/3 2/3 | 0.5
2 |
'——:’j—‘_waxw)
4
' 159
/(3x
tl 6l 8/(
I __8/(3)(153)
8
l 3/(3)(154)

10,

¢, 1078 sec

z= -3m z=0 z=15m z=25m

—_—

Fig. 6.39. Bounce diagram for keeping track of transient waves
in the dielectric media of Fig. 6.38.

of transient waves bouncing back and forth. Distance along the direction of
propagation is represented horizontally and time is represented vertically.
Reflection and transmission coefficient values at the interfaces are written
at the top of the diagram for quick reference, with appropriate arrows ingli-
cating directions of incidence. Criss-cross lines are drawn as shown on the
diagram to indicate the progress of the waves as functions of z and ¢, with the
numerical value of E, for each leg of travel shown beside the line corresponding
to that leg. The time functions of E, representing the waves for each leg are
drawn along the time axes in the planes of interest as shown on the bounce
diagram. The bounce diagram of Fig. 6.39 is for E, (or V). Similar bounce
diagrams can be drawn for H, (or I), taking note that the reflection coefficient
for H, (or I) is the negative of the reflection coefficient for E, (or V). From
Fig. 6.39, we can now draw the required sketches of E, versus ¢ in the planes
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z=—3m and z = 2.5 m. These are shown in Figs. 6.40(a) and (b), re-
spectively. |} '

[Ex]z= =3m » V/m

A
1
1
(@
2 3 a4 5 8/675 8 9
0 1 ] 6 7 —s/012s -8
hryyy t, 107° sec
—-1/3
[EX]Z=2.5m ) V/m
y
(b
8/15
. . ? l6 873375
0 1 2 34 —8/225 7 8 9 1, 1078 sec
Fig. 6.40. E, in the planes z = —3 m and z = 2.5 m versus

time from the bounce diagram of Fig. 6.39.

6.10 Traveling Waves in Sinusoidal Steady State;

|

Standing Waves

In the preceding section we discussed transient traveling waves. In this section
we consider traveling waves in sinusoidal steady state. Once again, we deal
simultaneously with uniform plane waves at normal incidence and trans-
mission-line waves, keeping in mind the analogy between the two. From
(6-211) and (6-213), the general solutions for the line voltage and line current
in the sinusoidal steady state are

V(z,t) = V* cos[w(t — /£C2) + ¢*] + V- cos[w(t + /£C2) + ¢7]
1(z, ) = ZL{V’L cos[w(t — /£€z) + ¢*] — V'~ cos[w(? + /£€2) + ¢7]}

The corresponding expressions for the phasor line voltage and phasor line
current are

V(z) = Vte it 4 V-eit= (6-228a)
Iz) = Zi(m—fﬂz — Veit?) (6-228b)
o

where we have substituted § for w./£€. For sinusoidal steady-state problems,
it is convenient to use a distance variable d which is in opposition to z, that
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|
is, a variable which increases as we go away from the load and towards the
generator as shown in Fig. 6.41. The wave which progresses away from the;
generator is still denoted as the (+) wave and the wave which progresseg"

= . ]

(+) Wave
Generator - Load
« ——
e
(—) Wave

—_—
d +——

Fig. 6.41. For illustrating the distance variable d used for sinu-
soidal steady-state analysis of traveling waves.

towards the generator is still denoted as the (—) wave. In terms of d, thee
solutions for ¥ and I are then given by

V(d) = Vteitd - Ve b (6-229%)
i(d) = ZL(17+efﬂd — ey (6-229b)
0

We will be working with these equations for the remainder of this sectiojn.

Let us now consider a semiinfinite perfect dielectric medium character-
ized by € and u and bounded by a perfect conductor in the plane d = 0 fas
shown in Fig. 6.42(a). The corresponding transmission-line equivalent is| a

Pctrfect . > Perfect
Dielectric Conductor
A

E, —

Hy

7
e

Zo, VP f/_
-~

d —— d= d

(@ (b)

Fig. 6.42. (a) Normal incidence of a uniform plane wave on a
plane perfect conductor. (b) Transmission-line analog of (a).

line short circuited at d = 0 as shown in Fig. 6.42(b). Let us assume that
sinusoidally time-varying traveling waves exist in the medium due to a
source which is not shown in the figure and that conditions have reaghed
steady state. We wish to determine the characteristics of the waves satisfying
the boundary condition at the perfect conductor (or short circuit). This bq‘)un-
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dary condition is
[EJizo =0 or [V]jey =0

Applying this boundary condition to the general solution for ¥ (d) given by
(6-229a), we obtain

=V++ V- or V- = —p+*
The particular solutions for the voltage and current are then given by
V(d) = V*eltd — V*e itd = 25V* sin fd (6-230a)
f(d) = L(Prem + Preinay — 2V o5 ga (6-230b)
Z, Z,

The instantaneous voltage and current are given by
V(d, t) = Re[V(d)e’]
= Re(2e/™ | V*| e sin fd &) (6-231a)
= —2 |V*|sin fd sin (et + 6)
I(d, 1) = Re[I(d) ']

= Qe (Zl—uef" cos fid ef“”)
Z, (6-231b)

— 217 o Bdcos (wt + 6)
Z,

where @ is the phase angle of ¥*. The instantaneous line voltage and line
current given by (6-231a) and (6-231b), respectively, are sketched in Fig.
6.43 as functions of d for various values of ¢. The following characteristics
can be inferred from these sketches:

(@) The line voltage is zero at d=0, #n/f, 27/B,...=0,1/2, 4,...for
all values of time. Hence there is no power flow across these planes
for all values of time. If we short circuit the line (or place perfect
conductors) at these values of d, there will be no effect on the voltage
and current (fields) at any other value of 4.

(b) The line current is zero at d = n/28, 3n/28,...= A/4, 3A/4, ... for
all values of time. Hence there is no power flow across these planes
for all values of time. If we open circuit the line (or place imaginary
magnetic conductors) at these values of d, there will be no change
in the voltage and current (fields) at any other value of d.

(c) Wherever the line voltage has maximum amplitude, the line current
has zero amplitude and vice versa. Thus the line voltage and line
current are out of phase in distance by z/2f or A/4.

(d) Whenever the line voltage is maximum at all values of d, the line
current is zero at all values of d and vice versa. Thus the line voltage
and line current are out of phase in time by #/2w or T/4, where T is
the period corresponding to .
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~I
+

>
D
™

Fig. 6.43. Voltage and current versus distance for various
values of time for the short-circuited line of Fig. 6.42(b).

We conclude from these characteristics that the situation for a short-
circuited line consists of voltage and current waves which stand still and onl
increase and decrease in amplitude in each section of 1/2 in length betwee
the voltage nodes (zeros) and between the current nodes (zeros), respectively,
similar to the oscillations executed by a string tied down at one end an
vibrated at a point half a wavelength from the tie-down point. These waves
are therefore known as “complete standing waves.” Complete standing waves
are the result of (+) and (—) traveling waves of equal magnitude. Whatever
power is incident on the short circuit by the (+4) wave is reflected entirely
in the form of the (—) wave since the short circuit cannot absorb any poweﬁr.
While there is instantaneous power flow at values of d between the voltage
and current nodes, there is no time-average power flow for any value of d, as
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can be seen from

(P> = L Reli(a)i*a))

(Re[(ZjV* sin ﬁd)(z’;_’:" cos [idﬂ

| I7+|2 .
Re ZJT sin2fd) =0
0

= N = =

The amplitudes of the sinusoidally time-varying line voltage and line current
as functions of d are

| V(d)| = 21/11 7*||sin Bd| = 2| P*||sin d|  (6-232a)
|Fd)| = 2IIZ/—+||cos Bd | (6-232b)
1]

These amplitudes are sketched in Fig. 6.44. The patterns of Fig. 6.44 are
known as “standing wave patterns.” Standing wave patterns are easily meas-
ured in the laboratory with the aid of moving probes which sample the
electric field.

17

Fig. 6.44. Standing wave patterns for voltage and current along
a short-circuited line.

EXAMPLE6-2]. A transmission line of length / and short circuited at both ends has
certain energy stored in it. From the preceding discussion, this energy must
exist in the form of complete standing waves on the line. What are the pos-
sible standing wave patterns and the corresponding frequencies ?

The voltage must be zero at both ends of the line since it is short cir-
cuited at both ends. It follows from the standing wave patterns of Fig.
6.44 that the current must be maximum at both ends. Thus the possible
voltage and current standing wave patterns are as shown in Fig. 6.45. They
must consist of integral numbers of half-sinusoidal variations over the length
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Voltage Current

— S

(@ (b)

Fig. 6.45. Standing wave patterns for (a) voltage and (b) current
along a line short circuited at both ends.

of the line; that is, the wavelengths A, corresponding to these standing wav
patterns must be such that

ln%

I

n=123,...

or

I

=2 a=1,23,...
n

The corresponding frequencies are

fn=j{_:=% n=1,2,3,...
where v, is the phase velocity. These frequencies are known as the “naturfl
frequencies of oscillation.” The standing wave patterns are said to correspond
to the different “natural modes of oscillation.” The lowest frequency (corrg-
sponding to the longest wavelength) is known as the “fundamental” frequency
of oscillation and the corresponding mode is known as the fundamental
mode. The quantity » is called the mode number. ||

Returning now to the expressions for the phasor line voltage and the
phasor line current given by (6-230a) and (6-230b), respectively, we define
the ratio of these two quantities as the line (or wave) impedance Z(d) at that
point seen looking towards the short circuit. Thus

Fay=VD _ _2Vsinpd _ 5 00 gy (6-2T3)
/

I(d) 2(V*]Z,)cos fd

In particular, the input impedance Z;, of a short-circuited line of length
given by }

is

|
Z. = jZ, tan Bl = jZ, tan ";;_”Jfl (6-234)
P |
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This expression is the same as the expression (6-151) derived by the step-by-
step solution of Maxwell’s curl equations for the fields in the parallel-
plate structure of Fig. 6.25(b). We now note that the condition for quasistatic
approximation given by (6-146) can be stated alternatively as

BlK1 or <A

For a fixed [, tan (2nf]/v,)| becomes alternatively positive and negative as -
f increases and hence the input reactance alternates between inductive and
capacitive as illustrated in Fig. 6.46. It can be seen that frequencies at which

Input Reactance
A

[
<
o

I

—_—— e e

|
|

21

~
=
~
N
=

Fig. 6.46. Variation of the input reactance of a short-circuited
line of length ! with frequency.

the input reactance is zero are the same as the natural frequencies of oscil-
lation if the input were short circuited. Likewise, the frequencies at which
the input reactance is infinity are the same as the natural frequencies of
oscillation if the input were open circuited. These properties of short-circuited
line sections permit them to be used as inductive and capacitive elements and
resonant circuits at high frequencies. We will illustrate an application by
means of the following example.

ExAMPLE 6-22. To determine the location of a short circuit in an air-insulated parallel
wire line, a voltage generator of variable frequency is connected at its input.
The generator frequency is varied continuously from a value of 100 MHz
upwards and the current drawn from the generator is monitored. It is found
that the current reaches a minimum at 100.02 MHz and then a maximum at
100.05 MHz. How far is the location of the short circuit from the generator?
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The current minimum occurs at a frequency for which the input imped-
ance is infinity. The current maximum occurs at a frequency for which the
input impedance is zero. From Fig. 6.46, the difference between adjacent
frequencies for which the input reactances of a short-circuited line are infinity
and zero is equal to v,/4/. Hence, for this problem, v,/4/is (100.05 — 100.02)
or 0.03 MHz. Since the line is air insulated, the velocity of propagation is
3 X 10®* m/sec. Hence /= (3 x 10%)/(4 x 0.03 x 10°) = 2500 m. Thus the
location of the short circuit is 2.5 km away from the generator. ||

We have thus far discussed complete standing waves which result from
the superposition of (+) and (—) waves of equal magnitudes. Let us now
consider the general case of the superposition of (+) and (—) waves of
unequal magnitudes, thereby giving rise to “partial standing waves.” Such
a situation can arise when uniform plane waves are incident normally on a
plane interface between two different dielectrics or interfaces between several
dielectrics in cascade. We first define the generalized reflection coefficient T'(d)
as the ratio of the phasor voltage associated with the (—) wave to the phasor
voltage associated with the (4) wave at a given d. Thus, from (6-229a), we
have _ _

T(d) = %F‘f _ l;:e—fw — F(0)e-72#¢ (6-235)
where T'(0) = V-/V* is the reflection coefficient at d = 0. We note that the
magnitude of I'(d) is constant whereas the phase angle changes linearly with
d. Using (6-235), we can write the general solutions for ¥(d) and I(d) as

(d) = V*e's 1 + T(d)] (6-236a)
i) = g—+efﬂ”’[1 — F(d)] (6-236b)
0 I
The line (or wave) impedance Z(d) is given by

Z(d) = ?((5)) — Zoi + II:EZ; (6-237)

Conversely, |

() = Zd) = Z, (6-238)

To study the standing wave patterns corresponding to (6-236a) and
(6-236b), we look at the magnitudes of ¥(d) and I(d). These are given by

| D) =171 4 T(@)]

— _ -239
7111+ Fe-) &P
@)= o)1 — Fay)
lel (6-239b)

T —j2pd
7 |1 = T@e ]
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To sketch | P(d)| and |I(d)|, it is sufficient if we consider the quantities
|1 + T'(0)e=/2#4| and |1 — ['(0)e72#4| since |V*| is simply a constant,
dependent upon the source of the waves. Each of these quantities consists
of two complex numbers one of which is a constant equal to (1 +;0) and
the other of which has a constant magnitude |I’(0)| but a variable phase
angle 6 — 28d, where 6 is the phase angle of I'(0). To evaluate
|1+ T(0)e~72#4| and |1 — T'(0)e~72#¢|, we make use of the constructions in
the complex I' plane as shown in Figs. 6.47(a) and (b), respectively. In both

gml Iml
I b

’@( d=0,A/2 A,

T A
v (-10 1o+

= O ) Qe ~ R —" QT
(=10 \lf(o)l /]\ﬁ _IT(0)|
iz N S d
d = 0, A/2, A, e

() (b)

Fig. 6.47. f'-plane diagrams for sketching the voltage and
current standing wave patterns for a partial standing wave.

diagrams, we draw circles with centers at the origin and having radii equal
to |T'(0)|. For d = 0, the complex number I'(0)e~/2#¢ is equal to I'(0) or
|T'(0) |e’?, which is represented by point 4 in Fig. 6.47(a). To add (1 + j0)
and I'(0), we simply draw a line from the point (—1, 0) to the point 4. The
length of this line gives |1 + I'(0) |, which is proportional to the amplitude
of the voltage standing wave at d = 0. As d increases, point 4, representing
I'(0)e~72#4 moves around the circle in the clockwise direction. The line joining
(—1, 0) to the point 4 whose length is |1 + I'(0)e~72#¢| executes the motion
of a “crank.” To subtract I"(0) from (1 -+ jO) we locate point B in Fig. 6.47(b),
which is diametrically opposite to point 4 in Fig. 6.47(a), and draw a line
from (—1, 0) to point B. The length of this line gives |1 — I'(0)|, which is
proportional to the amplitude of the current standing wave at d = 0. As
d increases, B moves around the circle in the clockwise direction following
the movement of 4 in Fig. 6.47(a). The line joining (—1, 0) to the point B
whose length is |1 — T'(0)e=/2#¢| executes the motion of a “crank.” From
these constructions, we note the following facts:

(@) Point A lies along the positive real axis and point B lies along
the negative real axis for 8 — 28d =0, —2x, —4n, —6x, ... or
d = (A/4n)(@ + 2nm), where n=0,1,2,3,.... Hence, at these
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values of d, the voltage magnitude is maximum and equal tjo
| 7*|[1 +|T°(0)|] whereas the current magnitude is minimuign
and equal to (| V*|/Z)[l — |T'(0)[]. The voltage and current age
in phase. Thus their ratio, that is, the line impedance, is real anjd
maximum, '

(b) Point A4 lies along the negative real axis and point B lies along the
positive real axis for 8 — 2fd = —n, —3n, —5n, —Tm,... @r
d=(A/4n)[@ + 2n — Dn], where n=1,2,3,4,.... Hence, at thefse
values of 4, the voltage magnitude is minimum and equal fto
| 7*|[1 — |T'(0)[] whereas the current magnitude is maximum apd
equal to (| 7* |/ Z,)[1 4| T(0) [|. The voltage and current are in phage.
Thus their ratio, that is, the line impedance, is real and minimumj.

(c) Between maxima and minima, the voltage and current magnitudles
vary in accordance with the lengths of the lines joining (—1, 0)(to
the points 4 and B, respectively, as they move around the circlles.
These variations are not sinusoidal with distance. The variatigns
near the minima are sharper than those near the maxima. Also, the
voltage and current are not in phase. Hence their ratio, that is, the
line impedance, is complex.

With the aid of the preceding discussion, we now sketch the standjing
wave patterns for the line voltage and line current as shown in Fig. 6{48.
The standing wave patterns should not be misinterpreted as the voltage and
current remaining constant with time at a given point. On the other halnd,

viated as VSWR, as the ratio of the maximum voltage V,,,, to the mini
voltage V,;, in the standing wave patterns. Thus

VSWR — Vous _ 70 +IFO0 _1+IFOL  (5pag)
A AT O] O]

measurable parameter. We note the following special cases:

(a) For a pure traveling wave, that is, for a (-) wave alone, V'~ |=
I' =0, and hence VSWR = 1; that is, the standing wave paftern
is simply a line representing constant magnitude. This is the case if
the line is infinitely long or if it is terminated by its characteristic
impedance.

(b) F_or a complete standing wave, ¥~ and 7* have equal magnitudes;
[T'| =1 and hence VSWR = co. This is indeed the case with the
standing wave pattern of Fig. 6.44.
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Fig. 6.48. Voltage and current standing wave patterns for a
partial standing wave. The insets show time variations of voltage
at points along the line.

ExiampLE 6-23. In Fig. 6.49(a), a plane dielectric slab of thickness 3.75 cm and per-

mittivity 4e, is sandwiched between two semiinfinite media 1 and 3. Medium
1 is free space and medium 3 is a perfect dielectric of permittivity 9¢,. A
uniform plane wave of frequency 3000 MHz is incident normally on the slab
from medium 1 and sinusoidal steady-state conditions are established in all
media. It is desired to find and sketch. the standing wave patterns for the
fields in all media.

The intrinsic impedances of the three media are #,, #,/2, and 7,/3,
respectively. The velocities of propagation in the three media are ¢, ¢/2, and
¢/3, respectively, where ¢ = 3 X 10%® m/sec. The wavelength in medium 2
for 3000 MHz is 5 cm. Hence the electrical length of medium 2 is 31/4. The
transmission-line analog of the problem is shown in Fig. 6.49(b). We solve
this problem in a step-by-step manner as follows:

(a) Line 3 has only a (-+) wave since it extends to infinity. Hence VSWR
for that line is equal to 1. The line impedance is independent of distance and
equal to the characteristic impedance 7,/3.

(b) At the junction between two lines, the boundary conditions dictate
that ¥ and I be continuous (analogous to E, and H, being continuous at
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Medium 1 Medium 2 Medium 3
, 4 , 9¢
Ko, €0 Rro, 4€o Mo 0 (@)
(+) (+) (+)
—e——
~-——————— -
(=) (=)
+—3.75 cm—~
| |
| | -
i |
Zot = 1o | Zoz = mo/21 Zy = no/3 (b)
Vpi = ¢ I ovpy = ¢/2 | Vo3 = ¢/3
| |
! |
3\
4

Fig. 6.49. (a) A plane dielectric slab sandwiched between two
semiinfinite dielectric media. (b) Transmission-line analog of
(a) for uniform plane waves at normal incidence.

|

the interface between the two dielectric media). Hence the ratio of these two
quantities must be continuous. The line impedance at the right end of ltne
2 is therefore equal to the line impedance at the left end of line 3, whic

equal to #,/3.

(c) From (6-238), the reflection coefficient at the right end of line 2 is

| ol 770/3 _ 770/3 - 770/2 _1_
! mB+Zn Mol3+ 1,27 5

(d) From (6-240), VSWR for line 2 is

1+, 1414

1—F, 1-1

=15

Also, since I', is purely real and negative, the voltage magnitude is minimum
at the right end of line 2, as can be seen from the construction of Fig. 6.47(a).

(e) From (6-235), the reflection coefficient at the left end of line 32 is

FZ — I_-‘le".izﬂz(fllz/‘l) —_

1

e i3n —

i

5

(f) From (6-237), the line impedance at the left end of line 2 is

1+0, 1+

“1-T, 21—

1
3 _
1
5

371
470
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(g) Since the line impedance at a junction between two lines has to be
continuous from the discussion in (b) above, the line impedance at the right

end of line 1 is 3#,. From (6-238), the reflection coefficient at the right end
of line 1 is

1_“ _ 3’10/4_201 _3770/4_'770 1

P3[4+ Zy, 3n,/4 + 1, T
(h) From (6-240), VSWR for line 1 is
1+ |T,] _1+3 4

1—|T,| 1—-4 3

Also, since T, is purely real and negative, the line voltage is a minimum
at the right end of line 1.

From the above results and noting that the wavelength in medium I
for 3000 MHz is 10 cm, we now sketch the standing wave pattern for the
electric field intensity (based on a magnitude of unity in medium 3) as shown
by the solid curves in Fig. 6.50. The standing wave pattern for the magnetic

Medium 3

L
|r S cm 3.75 cm~—l

‘ Fig. 6.50. Standing wave patterns for the fields in the three
i media of Fig. 6.49.

i field intensity follows from the fact that |E, || Iu_(y] =1,/3 in medium 3
| and by noting that wherever | E, | is maximum, | H,| is minimum and vice
| versa. It is shown by the dashed curves in Fig. 6.50. ||
EXAMPLE 6-24. One important type of problem is that of matching between two
dielectric media of different permittivities. For example, in Fig. 6.49(a), we
can choose the thickness and permittivity of medium 2 so that reflected wave
is eliminated in medium 1. Then all the power incident on the interface
between media 1 and 2 is transmitted into medium 3 (although standing
waves exist in medium 2). Let us determine the minimum thickness and
permittivity of medium 2 required to achieve such a match.

To determine the required quantities, we note that, for a particular line
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of characteristic impedance Z,, the product of the line impedances at twq
values of d separated by an odd multiple of 1/4 is given by

(ZId) {Z[d—]—(Zn—l) ]

{ 1 + Td) 1+ Td + 2n— 1)/1/4]}
°1 — ') I{d 4+ (2n — 1)A/4]

}
1%

[ +rwq[ +rwk1”mle (6-241)
Ik

I"(d) 1 r(d)e F28(28—1)2/4
[ + T [1 + T(d)em 11
— (@)1 —T(@)eiev=

=%Li§ﬂL+%ﬁ=%

where n can take any integer value. For eliminating standing waves in line (I,
the impedance seen at the right end of line 1 must be equal to Z,, = #o-
Hence the line impedance at the left end of line 2 must be #,. However, tfi¢
impedance seen at the right end of line 2 is equal to Z,, = #,/3. Hend¢®,
according to (6-241), we must have a minimum length of A/4 and a character-
istic impedance equal to /7,(#1,/3) ot #1,/+/ 3 for line 2to achieve the required
match. For the intrinsic impedance of medium 2 to be #,/+/ 3, its pern'*it-
tivity must be 3¢,. Since the wavelength for 3000 MHz in medium 2 is thlen
10/,/3 cm, the minimum required thicknessis 2.5/,/3 or 1.4434cm. This tech-
nique of matching is known as matching by “quarter-wave transformer.” . i

Transmission-Line Matching; the Smith Chart

In the previous section we discussed complete standing waves resulting from
(+) and (—) waves of equal magnitudes, and then partial standing waves
resulting from (<) and (—) waves of unequal magnitudes. While standing
waves are useful from the point of view of energy storage, they are unwanted
from the point of view of energy transmission. To elaborate upon this, W
note that the time-average power flow down the line is given by

(P = 3 Re(VI¥)
- %(Re{p‘“ef'”[l i f(d)]’%‘ e ip] — I_“*(d)]}
= soe{lZLn — F@p + F@) - P} ‘

i - irarn = o —1ro (6:242
- (o + iron{ - iron) J

!
i

— Vmamein — ImaxlminZ }
- - 2

2 2
Vmax Imax

= 2(VSWR)Z, ~ 2(VSWR)
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where Vi.xs Viins Imaxs and I ;, are the maximum and minimum magnitudes
of voltage and current, respectively, in the standing wave patterns. From
(6-242), the limitations imposed by standing waves on power transfer down
a line are evident. For a particular line, there is an upper limit for the electric
field which the dielectric can withstand and hence there is a breakdown
voltage. For a particular value of the breakdown voltage, the power that can
be transmitted down the line is inversely proportional to the VSWR, accord-
ing to (6-242). Similarly, there can be an upper limit for the current that
‘ can be carried by the conductors of the line without overheating them. Again,
| (6-242) states that, for a particular value of this current, the power that can
\ be transmitted down the line is inversely proportional to the VSWR.
Another and perhaps more serious limitation imposed by standing waves
concerns the input impedance of the line. In the presence of standing waves,
that is, when the load impedance is not equal to the characteristic impedance,
\ it follows from (6-237) that the input impedance of the line will vary with
1 frequency since the electrical length of the line and hence I'(d) = T'(0)e-72#¢
‘ changes. This sensitivity to frequency increases with the electrical length of
the line. To show this, let the length of the line be / = ni. If the frequency
is changed by an amount Af, then the change in 7 is given by

| an=A1) =MLy =Lar=2ar=n?!
) A v, v, v, f
Thus An, the change in the number of wavelengths corresponding to the line
length, is proportional to .

For these reasons, it is necessary to eliminate standing waves on the line
by connecting a “matching” device near the load such that the line views an
effective impedance equal to its own characteristic impedance on the generator
side of the matching dévice. The matching device should not at the same
time absorb any power. Small sections of short-circuited lines known as
stubs connected in parallel with the line at appropriate distances from the
load are used for this purpose since their input impedance is purely reactive
and hence they do not absorb any power. Indeed we are making use of
standing waves (on the stub) to eliminate standing waves (on the line between
the generator and the stub)! This technique of matching is known as stub
matching. We now illustrate the principle behind the stub matching technique
by means of an example.

ExAMPLE 6-25. A lossless transmission line having a characteristic impedance of

50 ohms is terminated by a load impedance Z, equal to (30 — j40) ohms.

It is desired to find the location and the length of a lossless, short-circuited

stub connected in parallel with the line so that a match is obtained between

the generator driving this line and the load, assuming that the characteristic
impedance of the stub is 50 ohms.

The principle behind the stub matching technique consists of finding

. the location nearest to the load at which the real part of the line admittance

| (reciprocal of the line impedance) is equal to the line characteristic admittance
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Y, (reciprocal of the line characteristic impedance Z,). The imaginary par
of the line admittance is then cancelled by placing in parallel with the lin
a short-circuited stub of appropriate length so that its input susceptance is
equal to the negative of the imaginary part of the line admittance to the right
of the stub as shown in Fig. 6.51. The line admittance seen from the left of

|
I
| 1
Z, YO——’: > Yo + jB Zp
—jIIN
| -—d d

=0

Fig. 6.51. Transmission-line matching by means of a stub.

the stub is then equal to (¥, + jB) + (—jB) = Y,. The line impedance seen
from the left of the stub iuto the junction of the line and the stub is therefore
equal to Z; and a match is achieved. To find the required parameters, we
proceed in a step-by-step manner as follows:

(a) Find the reflection coeflicient at the load.

PO =Ze =2y - GO j0) =50 _ 5,
Zx+Z, (30 — j40) -+ 50
(b) Find the reflection coefficient as a function of 4.
I'(d) = T'(0)e~72#¢ = 0.5¢~(2pd+a/2)
(c) Find the line admittance as a function of d.
)= -1 [1 = I_'(d)]
Zd) Z,!1+T(d)
1 1 — 0.5¢—/(28d+x/2)
= 30 |:1 T 0.5€_j(zﬂd+”/2)j|

. 0.75 4 jcos 28d
= 0.02 1.25 — sin 2f3d

(d) Set the real part of ¥(d) equal to Y, and solve for d. !

0.75 _ !
0.021‘2—5__sil]_2‘ﬂ_d -_ 0-02 “
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or
sin 28d = 0.5

= Sn

2pd = or S

A 54

Thus the stub must be located at a distance 1/24 or 54/24 from the load.
_ (e) To find the length of the stub, we note that the imaginary part of
Y(d) is (0.02 cos 28d)/(1.25 — sin 2d). Its value at the stub location is

0.02 x 1.15 ford= 2
B 24

_ _ 52
0.02 x (—1.15) ford = 34

(f) The input impedance of a short-circuited line of length / is given by
(6-234). The input admittance is

1 |

fomt oL iy oeotp
Z., jZ,tan Bl J¥o cot B
Thus the stub length / must be such that
—j0.02 X 1.15  ford— ;_4
—jY,cot fl = 51
j0.02 x 1.15 ford=;;—4
or
_ A
. 0.1131 ford—ﬁ

03874  for =;_'1 i

The steps involved in the analytical solution of the stub matching
problem in the preceding example consist of conversion from line impedance
to reflection coefficient, then going along the constant |I'| circle in the
complex-plane diagram of Fig. 6.47 to find I'(d) and then converting back to
impedance. This process of conversion and reconversion from one quantity
to the other can be eliminated by constructing a chart which associates
with each point in the complex I' plane the corresponding impedance or
admittance. One such chart is known as the Smith chart. To discuss the basis
of Smith chart construction, we define the normalized line impedance, Z(d),
as the ratio of the line impedance Z(d) to the characteristic impedance Z,,.
Thus
Zd) 1+ T@)

) = Z, 1-T@)

(6-243)
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Conversely,

) = %—} (6-244)

Letting z2(d) = r + jx, we have

son_Fr+jx—1_ (r—1D+jx
By A S Ve

and
= _ (l" _ 1)2 __'_ xZ:(l/Z
D= <!

for positive values of r. Thus, for passive line impedances, the reflectio
coefficient lies inside or on the circle of unit radius in the I' plane. We will
hereafter call this circle the unit circle. Conversely, each point inside or o
the unit circle represents a possible value of reflection coefficient correspond-
ing to a unique value of passive normalized line impedance in view of (6-243).
Hence all possible values of passive normalized line impedances can be
mapped onto the region bounded by the unit circle.

To determine how the normalized line impedance values are mapped
onto the region bounded by the unit circle, we note that

f=r+jx—l_r2—l+x2+. 2x
r¥pxFl FEFx JrFD F R

so that
= 2 . 1 2
Re) = e
= 2x
D =iy r= |

Let us now discuss different cases: “

(a) zis purely real; that is, x = 0. Then

Re@®=""1 " and sm@® =0

r+1
Purely real values of Z are represented by points on the real axis.
For example, r =0, 1, 1,3, and oo are represented by I' = +1,

—1%, 0,4, and 1, respectively, as shown in Fig. 6.52(a).
(b) zis purely imaginary; that is, » = 0. Thus

sy |x2—-1 . 2x | _
IT= x2+1+Jx2—l—1 =1
and
= - 2x
I“=tan1x2__1

Purely imaginary values of 7 are represented by points on the |unit
circle. For example, x = 0, 1, co, —1, and —co are represented by
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r =

gml

(@)

©

©

Fig. 6.52. Development of the Smith chart by transformation
fromzto I,

= 1/, 1/m/2,1/0°% 1/—n/2 and 1/2m, respectively, as shown in
Fig. 6.52(b).

Z is complex but its real part is constant. Then

[Ge@) — L | + [omyr

- [(:2+_1;21x;2 T 4r- 1]2 + [(r + 12)35 + x2:|2 - <r_11LT>2

This is the equation of a circle with center at Re(I’) = r/(r + 1)
and 9m(I") = 0 and radius equal to 1/(r + 1). Thus loci of constant
r are circles in the T" plane with centers at [r/(r + 1), 0] and radii
1/(r + 1). For example, for r =0, 4,1, 3, and oo, the centers of
the circles are (0, 0), (4, 0), (1, 0), (3, 0), and (1, 0), respectively, and
the radii are 1, 3,1, 1, and 0, respectively. These circles are shown
in Fig. 6.52(c).
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(d) Z is complex but its imaginary part is constant. Then

[Re(T) — 1] + l:am(l_“) _ -lx-]z

- [’Z_—l_tﬁ _ 1]2 + [_EL_ _ L]z — (L)z
(r+ 1)+ x2 (r+ 1) 4+ x2 x x

This is the equation of a circle with center at Re() =1 an
gm(T") = 1/x and radius equal to 1/|x|. Thus locii of constant
are circles in the T plane with centers at (1, 1/x) and radii equal t
1/|x]. For example, for x = 0, 44, =1, £-2, and 4-oo0, the center,
of the circles are (1, ), (1, 42), (1, £1), (1, £4), and (1,0},
respectively, and the radii are oo, 2, 1, 4, and 0, respectively. Pox-
tions of these circles which fall inside the unit circle are shown in
Fig. 6.52(d). Portions which fall outside the unit circle represent
active impedances.

Combining (c) and (d), we obtain the chart of Fig. 6.52(¢). In a com-
mercially available form shown in Fig. 6.53, the Smith chart contains circles
of constant » and constant x for very small increments of r and x, respectively,
so that interpolation between the contours can be carried out accurately,
We now illustrate the application of the Smith chart by means of some
examples.

ExXAMPLE 6-26. A transmissio_p line of characteristic impedance 50 ohms is terminated
by a load impedance Z, = (15 — j20) ohms. It is desired to find the following
quantities by using the Smith chart.

(1) Reflection coefficient at the load.
(2) VSWR on the line.

(3) Distance of the first voltage minimum of the standing wave pattern
from the load.

(4) Line impedance at d = 0.0541.
(5) Line admittance at d = 0.054.

(6) Location nearest to the load at which the real part of the line adnit-
tance is equal to the line characteristic admittance.

We proceed with the solution of the problem in the following stepoy-
step manner with reference to Fig. 6.54.
(a) Find the normalized load impedance.
Z— % B0 _03—joa
(b) Locate the normalized load impedance on the Smith chart atthe
intersection of the 0.3 constant normalized resistance circle and —0.4 consant
normalized reactance circle (point A4).



449 Transmission-Line Matching; the Smith Chart Sec. 6.11
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Fig. 6.53. The Smith chart (Copyrighted by and reproduced with
the permission of Kay Elemetrics Corp., Pine Brook, N.J.).

(c) Locating point A4 actually amounts to computing the reflection coeffi-
cient at the load since the Smith chart is a transformation in the I" plane.
The magnitude of the reflection coefficient is the distance from the center
(0) of the Smith chart (origin of the T" plane) to the point 4 based on a
radius of unity for the outermost circle. For this example, |T'(0)| = 0.6.
The phase angle of T'(0) is the angle measured from the horizontal axis to
the right of O (positive real axis in the I plane) to the line OA in the counter-
clockwise direction. This angle is indicated on the chart along its circum-
ference. For this example, m = 227°, Thus

I'(0) = 0.6e/227°
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0.185 A Unit Conductance
Circle

. 4
Toward
Generator

Fig. 6.54. For illustrating the various procedures to be followed
in using the Smith chart.

(d) To find the VSWR, we recall that at the location of a voltage maxi-
mum, the line impedance is purely real and maximum. Denoting this imped-
ance as R,,,, we have

Rupe = Ymex = LV IAFTD__ 7 vswr) (6249
L. (V'Z)A—|T)

Thus the normalized value of R, is equal to the VSWR. We therefore move
along the line to the location of the voltage maximum, which involves going
around the constant || circle to the point on the positive real axis. To do
this on the Smith chart, we draw a circle passing through 4 and with center
at O. This circle is known as the “constant VSWR circle” since for points jon
this circle, |I'| and hence VSWR = (1 + |T'|)/(1 — |T'|) is a constant.
Impedance values along this circle are normalized line impedances as s¢en
moving along the line. In particular; since point B (the intersection of the
constant VSWR circle with the horizontal axis to the right of O) correspopds
to voltage maximum, the normalized impedance value at point B whicl is
purely real and maximum, is equal to the VSWR. Thus, for this example,
VSWR = 4.

(e) Just as point B represents the position of a voltage maximum| on
the line, point C (intersection of the constant VSWR circle with the horizoptal
axis to the left of O, i.e., the negative real axis of the I" plane) repres F.nts
the location of a voltage minimum. Hence, to find the distance of the first
voltage minimum from the load, we move along the constant VSWR ciircle
starting at point A (load impedance) towards the generator (clock";wise

|
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direction on the chart) to reach point C. Distance moved along the constant
VSWR circle in this process can be determined by recognizing that one
complete revolution around the chart (I'-plane diagram) constitutes move-
ment on the line by 0.51. However, it is not necessary to compute in this
manner since distance scales in terms of 4 are provided along the periphery
of the chart for movement in both directions. For this example, the distance
from the load to the first voltage minimum = (0.5 — 0.435)4 = 0.0651.
Conversely, if the VSWR and the location of the voltage minimum are
specified, we can find the load impedance following the above procedures in
reverse.

(f) To find the line impedance at d = 0.054, we start at point 4 and
move along the constant VSWR circle towards the generator (in the clockwise
direction) by a distance of 0.054 to reach point D. This step is equivalent to
finding the reflection coefficient at d = 0.051 knowing the reflection coeffi-
cient at d = 0 and then computing the normalized line impedance by using
(6-243). Thus, from the coordinates corresponding to point D, the normalized
line impedance at d = 0.051 is (0.26 — j0.09) and hence the line impedance
at d = 0.051 is 50(0.26 — j0.09) or (13 — j4.5) ohms.

(g) To find the line admittance at d = 0.054, we recall that

Z@)|Z(d+ %) | =z

()] [z(d T %)] =1

7d) = z'(d + %) (6-246)

so that

or

Thus the normalized line admittance at a point D is the same as the nor-
malized line impedance at a distance A/4 from it. Hence, to find 7(0.054), we
start at point D and move along the constant VSWR circle by a distance 1/4
to reach point E (we note that this point is diametrically opposite to point
D) and read its coordinates. This gives 7(0.054) = (3.4 4+ j1.2). We then have
¥(0.051) = 7(0.051) X Y, = (3.4 + j1.2) X 1/50 = (0.068 -+ j0.024) mhos.

(h) Relationship (6-246) permits us to use the Smith chart as an admit-
tance chart instead of an impedance chart. In other words, if we want to
find the normalized line admittance 7(Q) at a point Q on the line, knowing
the normalized line admittance 7(P) at another point P on the line, we can
simply locate j(P) by entering the chart at coordinates equal to its real and
imaginary parts and then moving along the constant VSWR circle by the
amount of the distance from P to Q in the proper direction to obtain the
coordinates equal to the real and imaginary parts of y(Q). Thus it is not
necessary first to locate Z(P) diametrically opposite to j(P) on the constant
VSWR circle, then move along the constant VSWR circle to locate z(Q),
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and then find §(Q) diametrically opposite to Z(@). To find the location
nearest to the load at which the real part of the line admittance is equal to
the line characteristic admittance, we first locate y(0) at point F diametrically
opposite to point 4 which corresponds to Z(0). We then move along the
constant VSWR circle towards the generator to reach point G on the circle
corresponding to constant real part equal to unity (we call this circle the
“unit conductance circle”). Distance moved from F to G is read off the chart
as (0.325 — 0.185)4 = 0.14A. This is the distance closest to the load at which
the real part of the normalized line admittance is equal to unity and hence
the real part of the line admittance is equal to the line characteristic admit-

tance. §

ExampLE 6-27. It is desired to solve the stub matching problem of Example 6-25

by using the Smith chart. l
We make use of the principle of stub matching illustrated in Examplz

6-25 and the procedures learned in Example 6-26 to solve this problem i
the following step-by-step manner with reference to Fig. 6.55.

(a) Find the normalized load impedance.
Zy 30—}’40_06 —j08

Locate the normalized load impedance on the Smith chart at point A4.

1.16
0IBA  g137A

e,

G 0.1665 A
B
c
0 06 1 D} 0.25 A !
* |
\ |
N4 F f
/ Toward ;
7 Generator E
/ {
/ E 0.3335 A !
—03 0.363 A !
—-1.16

Fig. 6.55. Solution of transmission-line matching problem by
using the Smith chart.
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(b) Draw the constant VSWR circle passing through point 4. This is
the locus of the normalized line impedance as well as the normalized line
admittance. Starting at point 4, go around the constant VSWR circle by
half a revolution to reach point B diametrically opposite to point 4. Point
B corresponds to the normalized load admittance.

(c) Starting at point B, go around the constant VSWR circle towards
the generator until point C on the unit conductance circle is reached. This
point corresponds to the normalized line admittance having the real part
equal to unity and hence it corresponds to the location of the stub. The
distance moved from point B to point C (not from point 4 to point C) is
equal to the distance from the load at which the stub must be located. Thus
the location of the stub from the load = (0.1665 — 0.125)A = 0.04154.

(d) Read off the Smith chart the normalized susceptance value corre-
sponding to point C. This value is 1.16 and it is the imaginary part of the
normalized line admittance at the location of the stub. The imaginary part
of the line admittance is equal to 1.16 X ¥, = (1.16/50) mhos. The input
susceptance of the stub must therefore be equal to —(1.16/50) mhos.

(e) This step consists of finding the length of a short-circuited stub having
an input susceptance equal to —(1.16/50) mhos. We can use the Smith chart
for this purpose since this simply consists of finding the distance between
two points on a line (the stub in this case) at which the admittances (purely
imaginary in this case) are known. Thus, since the short circuit corresponds
to a susceptance of infinity, we start at point D and move towards the gen-
erator along the constant VSWR circle through D (the outermost circle)
to reach point E corresponding to —j1.16, which is the input admittance
of the stub normalized with respect to its own characteristic admittance.
The distance moved from D to E is the required length of the stub. Thus
length of the short-circuited stub = (0.363 — 0.25)A4 = 0.1134.

(f) The results obtained for the location and the length of the stub agree
with one of the solutions found analytically in Example 6-25. The second solu-
tion can be obtained by noting that in step (c) above, we can go around the
constant VSWR circle from point B until point F on the unit conductance
circle is reached instead of stopping at point C. The stub location for this
solution is (0.3335 — 0.125)A = 0.2085A. The required input susceptance of
the stub is (1.16/50) mhos. The length of the stub is the distance from point
D to point G in the clockwise direction. This is (0.137 + 0.25)A = 0.3874.
These values are the same as the second solution obtained in Example
6-25. 1

We have illustrated the use of the Smith chart by considering the trans-
mission-line matching problem. However, from the procedures learned in
Example 6.26, it can be seen that the Smith chart can be used for all trans-
mission-line and analogous plane-wave problems involving reflection,
transmission, and matching. As a further illustration of the applications of
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the Smith chart, we will learn in the following section that waveguide prob-
lems can be treated by using transmission-line equivalents. Thus the Smith
chart can be used for solving these and many other problems.

Waveguides ; Dispersion and Group Velocity

In Section 6.8 we obtained the solution for the one-dimensional wave equa
tion as (+) and (—) uniform plane waves traveling along that dimension ang
then deduced the expressions for the fields in a uniform plane wave travelin
in an arbitrary direction with reference to a coordinate system. We now mak
use of these expressions to discuss uniform plane waves incident obliquel
on a perfect conductor and then introduce the concept of waveguides. Sing
an arbitrarily polarized uniform plane wave can be decomposed into linear]
polarized uniform plane waves, we consider linearly polarized uniform plan
waves only for this discussion. Let us consider a perfect conductor occupyin
the x = 0 plane and upon which is incident a uniform plane wave havinpg

the electric field vector

E,

=

R o< o< &08

Eje=bri,
— E"oe—j(,e c0s 8; iz+f sin 6 i;)uriy (6-247 )

I

— F o7 8y+pz sin 6,03
— Eoe J{Bx cos Oyt Bz sin ‘ly

where E, is a constant, § = w./u€, and 8, is the angle between the propaga-
tion vector B, and the normal to the conductor as shown in Fig. 6.56. The
expression for the corresponding magnetic field vector can be obtained by
using (6-200) as follows: |

!
\

H, = wipx x E, |
£ (6-247b)
— ./ %(—.EO Sin ei ix + EO cos 01’ iz)e—i(ﬁx cos §;+ 8z sin 6;) ‘\
[
|
i
| |
\ / Hi ' H, / |
l \+/E,
E\ | W, £ Er i
I
B |
R
b; 9,
_ L Perfect
x=0 Y ¥ z Conductor

X

Fig. 6.56. Oblique incidence of a uniform plane wave on a
perfect conductor.
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Since the boundary condition at a perfect conductor surface dictates
that the tangential component of the electric field be zero, a reflected wave
must exist which cancels completely the tangential component (which is
the only component in this case) of the electric field vector of the incident
wave at the surface of the conductor. Such cancellation is possible only if
the tangential component of the electric field in the reflected wave at the
surface of the conductor is entirely in the y direction, that is, the same as
the direction of the tangential component of the electric field vector of the
incident wave. Furthermore, since we are dealing with linearly polarized
uniform plane waves, the electric field in the reflected wave must everywhere
be in the same direction. Hence it must have a y component only everywhere.
Thus the electric and magnetic fields of the reflected wave can be written as

E, = Eje/*i,
= Elei-hcostrixtpoia 0, iri (6-248a)
— E_Ioej(ﬁx cos 0,—fz sin 0')iy

B, — L8 xE,
~ (6-248b)
=,/ %(—E_’o sin, i, — E_’o cos @, iz)ei(ﬁx cos 8;—fz sin ;)

where E % is a constant, § = w~/ €, and 0, is the angle between the propaga-
tion vector B, and the normal to the conductor as shown in Fig. 6.56.

Adding the incident and reflected fields, we obtain the components of
the total electric and magnetic fields as

E — E e —Jj(Bx cos O+ fz sin 0‘) + El e;(px cos 6,—fz sin 6,) (6_2493)

H = A [ — E —Jj(Bx cos 6;+fz sin 6;)
[ sin 6 ¢ (6-249b)

— EIO sin er ej(/?x cos 8, —fz sin 0,)]

H =, /i[E-0 COS @, g™ J(Bx cos b1+ pz sin 60
z
y2i

_ E_IO cos 0r ej(ﬂx cos 8,~fz sin 0,-)]

(6-249¢)

Applying the boundary condition at the surface of the conductor, we have
(£, -y = Eje-ibesinec | Ere=itzsine: — 0 for all z (6-250)

Equation (6-250) can be satisfied only if the exponential factors are equal for
all z. Thus we obtain the result
0, =20, (6-251)

that is, the angle of reflection is equal to the angle of incidence, which is the
familiar law of reflection in optics. Substituting (6-251) into (6-250), we have

Ey = —E, (6-252)
Substituting (6-251) and (6-252) into (6-249a)—(6-249¢), we obtain the follow-
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ing expressions for the components of the total fields: |
E, = —2jE, sin (Bx cos §,) e~ 5= sin % (6-253a)

7. = A /%2;5‘0 sin 8, sin (Bx cos B,) ¢~z sin b (6-253b)
H,=,/ %250 cos B, cos (fx cos B,) e~z sin & (6-253¢)

The exponential factor in (6-253a)-(6-253¢) lends a pure traveling wave
character in the z direction to the fields whereas the sine and cosine factors|
involving x lend a complete standing wave character in the x direction. In
fact, the complex Poynting vector is given by

P

I

N[»— 0f —

[Eyﬁ?‘ix + (—E)HH)i,]

E x H*
1/ ,u —2j| E, |* cos 8, sin (2fx cos 8) i, (6-254L
+ 4| E, |? sin 8, sin®(Bx cos 8,) i,]

Thus the time-average power flow is entirely in the z direction whereas th
reactive power flow is associated entirely with the x direction. The situation
can therefore be described as one of complete standing waves in the x direc-
tion traveling as a whole in the z direction. \

We note from (6-253a) that E_y is equal to zero not only at the surface ¢of
the conductor (x = 0), but also in other planes given by

sin(Bxcosf) =0 :‘
or |
Bxcosf, = —mn m=1,2,3,...
or

X = g = 20”;’:9 m=1,2,3,. (6255)
where A = 2r/f is the wavelength along the direction of incidence (or
reflection). Introduction of perfect conductors in planes paralle! to the con-
ductor surface and at distances of integral multiples of 4/(2 cos 8,) fro it
does not alter in any way the total field, once it is established. Let us introduce
a perfectly conducting plate in the plane x = —ml/(2 cos 8,) as shown|in
Fig. 6.57, where m can take any integer value. The two conductors support
standing waves in the x direction while permitting traveling waves in the z
direction. The phenomenon is actually one of uniform plane waves bouncing
obliquely between the two plane conductors as shown in Fig. 6.57. The
structure is known as a parallel-plate “waveguide.” The total magnetic field
has a component in the z direction, which is the direction of time-average
power flow whereas the electric field is entirely transverse to the z direction.
For this reason, the waves are known as “transverse electric” or TE waves.

Let us now fix the spacing between the parallel plates as @ and discuss| the

/
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/\+/Hi
EiN 4

Fig. 6.57. Bouncing of a uniform plane wave obliquely along a
parallel-plate waveguide.

behavior of the guided waves as the frequency of the source exciting these
waves is varied. Setting mA/(2 cos 8,) equal to a, we have

_ ma

cos 0, =

(6-256)
From (6-256), we note that, for very high frequencies, 4 =~ 0, cos 8, = 0,
0, =~ 90°, and the waves slide between the plates almost like a TEM wave.
As the frequency is decreased, A increases, cos @, increases, 8, decreases,
and the waves bounce. obliquely between the plates, progressing in the z
direction until, for A = 2a/m, cos 8, = 1, 6, = 0°, and the waves bounce back

and forth between the plates and normal to them so that there is no progress
in the z direction. These different cases are illustrated in Figs. 6.58(a)-(d).

Small A
@ _ a (b)
f Very High Larger A Lower f
Still Still
Larger A Lower [ A= 22 f=- (@
m 2aVpe
© l

Fig. 6.58. Bouncing of uniform plane waves of different fre-
quencies between parallel plane conductors of fixed spacing for
illustrating the “cutoff” phenomenon.

For A > 2a/m,cos @, > 1, sin§, = /1 — cos? §, becomes imaginary, the
exponents in the expressions for the total fields become real, and the situation
no longer corresponds to one of wave propagation; the fields diminish in
magnitude along z. Thus there is a wavelength below which propagation
occurs and above which there is no propagation. This is known as the cutoff
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wavelength and is denoted by the symbol A,. Here,

L=22 1,23, .. (6-257)
m
The corresponding cutoff frequency is given by
=Y M —1,2,3... 6-258
fe 1~ %0 ne , (6-258)

where v, = 1/,/u€ is the phase velocity along the direction of incidence
(or reflection). For f > f,, propagation occurs and for f<C f,, there is no
propagation.

Substituting A, for 2a/m in (6-256), we have

cos §, = }%, sin §; = W

ﬂcose.szn)“ 2n _mn

A A a
Bsing, =27 1_(%—)2

But f sin 6, is the component of the propagation vector g, in the z directiot) ,
that is, along the guide axis. Hence the wavelength in the z direction, whiclh
we call the guide wavelength 4,, is given by

_ 2n A - 2 ~20%
be = peing, = JT= Gy ST G =y

Now, substituting for § cos 8, and g sin 8, in the expressions for the éor;i:—

ponents of the total fields given by (6-253a)-(6-253c), we obtain expressiojps
independent of 6, as

E, = —2jF, sin (”L;‘-’f) ¢~ itantio: (6-260/a)

A - 2]% L sin (7] gstartaos (6-260jb)
g

H = 270 %cos (r—"%> e /it (6-260c)

where 1 = »/ u/e and A, and A, are given by (6-259) and (6-257), respectively.
The solution for the fields corresponding to each value of m is called a mogde.
The x dependence of the fields is sinusoidal with m half-sine variations
between the plates. The fields are independent of the y coordinate; that| is,
they have zero half-sine variations along the y direction. The solutions [are
therefore said to correspond to TE, , modes, where the first and second
subscripts represent the number of half-sine variations of the fields in |the
x and y directions, respectively. The cutoff wavelength is smaller and |the
cutoff frequency is higher, the larger the value of m. For any particular
frequency, all modes for which the cutoff frequencies are less than the.
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frequency can propagate down the guide. The mode which has the lowest
cutoff frequency is known as the dominant mode. Here, the TE, , mode is
the dominant mode.

From the expressions for the fields, we note that the constant phase
surfaces are the planes z = constant. The rate of change of phase with
distance along z, that is, along the normal to the constant phase surfaces,
is 2m/4,. Hence the phase velocity in the z direction, which we denote as v,,,,
is given by

S N N v, _ vy
o Q@ali)  BsinG, JT— QLY ST—(FIN)?

where v, = 1//ue. We note that v, is simply the app_arent' phase velocity of
the obliquely bouncing waves along the z direction. We also note that v, is
a function of frequency f, the consequence of which we will discuss later in
this section. The constant amplitude surfaces are given by x = constant.
Thus, for the total fields, the amplitude is not constant over the constant
phase surfaces.

From the point of view of time-average power flow, the field components
of interest are ——E_y and H,, as can be seen from (6-254). The wave impedance
obtained by taking the ratio of these two components is known as the guide
impedance and is denoted by the symbol 7,. Thus

”:__E—y:nzi: n — n
* H, A NT—=GRY  ST—(fIf)

Now, using the analogy

(6-261)

(6-262)

—E <>V
H <«—>1T
Ag<—> 14 . (6-263)
v, <>, '
: e <1
we can develop a transmission-line equivalent as shown in Fig. 6,59 which is
valid for power flow in the z direction. Employing the transmission-line

techniques discussed in Sections 6.9, 6.10, and 6.11 in conjunction with this
equivalent, we can solve reflection, transmission, and matching problems

+ 7, = L/
& NT —(rir2
T . o 1= (fe/f)?
Fig. 6.59. Transmission-line equiv- = —Ey _ vp
alent for power flow along the Vpz = 1= (f/f)?
guide for TE waves in a parallel- - . < —~

plate waveguide. -z
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involving TE modes in waveguides. The proof is left as an exercise (Problem
6.68) for the student. We will now consider some examples, to consolidate
what we have learned thus far in this section. |

ExaMpLE 6-28. The dimension a of a parallel-plate waveguide is 5.0 cm. Determin
the propagating TE,, , modes for a wave frequency of 10,000 MHz, assumin,
free space between the plates. For each propagating mode, find (a) the cuto
frequency f,, (b) the angle 6, at which the wave bounces obliquely betwee
the conductors, (c) the guide wavelength 4,, (d) the phase velocity v,,, a
(e) the guide impedance #,.

From (6-257), the cutoff wavelengths are A, = 2a/m = 10/m cm. Th
wave frequency of 10,000 MHz corresponds to a wavelength 4 of 3 cm i
free space. Hence the propagating TE, , modes are TE, ;(4, = 10cm),
TE, ((4, = Scm), and TE, ((4, = 10/3 cm). For each propagating mode,
the quantities f,, 8,, 4,, v,,, and 7, can be computed by using the following
formulas:

f — vp —
A A/\/ﬂofo

0. = cos ‘%c
A, A
TGy
=Y where v, = 1
~1T—(@J2) ? Ho€o

= —_’Z__ where = Lo
= A=y T= Ve,

The computed values are as follows:

Mode TE\,o TE2,0 TE3, o
fe; MHz 3000 6000 9000
0;, deg 72.55 53.13 25.15
Ag,cm 3.145 3.75 6.883
vpz, M[sEC 3.145 x 108 3.75 x 108 6.883 x 108
g, Ohms 395.2 471.2 864.9 |

ExXAMPLE 6-29. A parallel-plate waveguide extending in the z direction and has‘[/ing
a = 3 cm has a dielectric discontinuity at z = 0 as shown in Fig. 6.60(a).
For TE, , waves of frequency 6,000 MHz incident from the free-space side,
(a) find the fraction of the incident power transmitted into the region z > 0,
and (b) find the length and permittivity of a quarter-wave section required
to achieve a match between the two media.
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|
ng1 = 682 Q | Ng2 = 207.35 Q (b)
|
I
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i

z =0

Fig. 6.60. (a) Diclectric discontinuity in a parallel-plate wave-
guide. (b) Transmission-line equivalent for power flow across
the discontinuity for the TE, o mode.

Since the discontinuity exists over the entire transverse section of the
waveguide, we can use the transmission-line equivalent of Fig. 6.59 for each
section of the guide. For the TE, , mode, 4, = 2a = 6 cm. For f = 6000
MHz, the wavelength in free space is A, = 5cm and the wavelength in a
dielectric of permittivity 4¢, is 4, = 2.5 cm. Since 4, and A, are both less
than 4,, the TE, , mode can propagate in both sections. Denoting the guide
parameters associated with sections 1 and 2 by subscripts 1 and 2, respectively,
we have

7, _ 377

= = = 682

T = T Giy — JT= R oo ohms
g 185 _

N2 A=y~ A=05 207.35 ohms

The transmission-line equivalent for power flow in the z direction is shown
in Fig. 6.60(b). The reflection coefficient at z = 0 is then given by

5 fer — Moy 20735 — 682

=l e e — 0537
Thus the fraction of incident power transmitted into the region z > 0 is
1I'— |2 = 1 — 0,53372 = 0.715. The characteristic impedance of a quarter-
wave section required to achieve a match between line 1 and line 2 must be
equal to ./#,,%,,. Denoting the parameters associated with the quarter-
wave section by subscript 3, we have

=M - Snm
T = A=y e
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or

N/ €1/€; -
T = Oufa)ilefey) Y Meille J

€,/€, _ Haifler _ 682 X 207.35 _ 1 995 ‘6

T= GOy nt 37 |
€, = 1.6995¢, ' i

Hence the permittivity of the quarter-wave matching section must be equal
to 1.6995¢,. To determine the required length of the matching section, we
compute the guide wavelength in the section as

1 Ay _ 1,/,/1.6995
£ VT —=Gsfd)? /1= (Ay/A)2(1]1.6995)

3.8355
_ 38355 49874
/T —0.4036 T4cm

Hence the required length = 4,/4 = 1.24685 cm. |

|
We have merely introduced the concept of a waveguide by considering
TE,, , modes in a parallel-plate guide. Since the electric field is entirely along
the p direction, that is, tangential to the plates, introduction of two mor
conductors in two y = constant planes, say y = 0 and y = b, does not i
any way alter the field configuration of the TE, , mode. We then have
metallic pipe with rectangular cross section in the xy plane as shown in Fig.
6.61. Such a structure is known as a “rectangular waveguide.” The fields

Fig. 6.61. Cross section of a rejc-
a tangular waveguide.

in the TE,, , modes have m half-sinusoidal variations in the x direction and
no variations in the y direction. They are due to uniform plane waves having
electric field in the y direction only and bouncing obliquely between the wallls
x =0 and x = a. In a similar manner, we can have uniform plane wayes
having electric field in the x direction only and bouncing obliquely between
the walls y = 0 and y = b, resulting in TE, , modes. The cutoff wavelengths
and frequencies for these modes can be obtained by substituting b for a and
n for m in (6-257) and (6-258), respectively. We can even have TE,, , modes
due to uniform plane waves having both x and y components of electric
field and bouncing between all four walls, satisfying the boundary condition
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that the tangential electric fields at the walls are zero. We can repeat the
entire discussion by starting with uniform plane waves incident obliquely
on a perfect conductor with their magnetic field entirely parallel to the plane
of the conductor, leading to transverse magnetic or TM modes. We should,
however, note that TM,, , and TM, , modes are not possible in rectangular
waveguides. To see why this is so, we note, for example, that TM,, , modes
in parallel-plate waveguides contain x components of electric fields and it is
not possible to place conductors in y = constant planes without creating
half-sine variations of E, in the y direction. For a particular frequency, all
modes for which the cutoff frequencies are less than that frequency can prop-
agate along the guide. However, in practice, waveguides are designed to
transmit only the dominant mode, that is, the TE,, mode by a suitable choice
of the dimensions a and .

We will now discuss the consequence of v,,, the phase velocity along
the guide axis, being a function of frequency. Let us consider a wave which
is made up of a group of waves of different frequencies. If the phase velocity
is independent of frequency, the different frequency components maintain
the same phase relationships at each and every point along the direction of
propagation, thereby preserving the waveshape as it travels. We can then
say that the group as a whole travels with the phase velocity. If, on the other
hand, the phase velocity is dependent on frequency, the different frequency
components do not maintain the same phase relationships at points along the
direction of propagation, thereby changing the waveshape. This phenomenon
is known as “dispersion,” so termed after the phenomenon of dispersion of
colors by a prism. In the presence of dispersion, we cannot say that the
group as a whole travels with any one of the phase velocities of its com-
ponents. However, we can attribute a velocity known as the “group velocity,”
denoted by v, for the group travel under certain conditions.

To discuss the concept of group velocity, let us consider a group of two
waves of frequencies w, and w, (> w,). Let the associated phase constants
be f, and B,. Then the phase velocities associated with w, and w, are
v, = @,/f, and v,, = w,/f,, respectively. Let us consider an instant of
time, say ¢ = 0, at which the variations of the two waveforms with distance
are as shown in Fig. 6.62(a), in which there is a coincidence of the two
waveforms at the point designated 4,, 4,. For the parallel-plate waveguide,
Eq. (6-261) indicates that the phase velocity decreases as frequency is
increased. Hence, as the two waves travel along z, the waveform for w,
slides backwards relative to the waveform for w,. Thus, while the points
B, and B, of Fig. 6.62(a) both move in the positive z direction as time pro-
gresses, the spacing between them decreases continuously until, at a time
At, the two points coincide as shown in Fig. 6.62(b). The variation with dis-
tance of one waveform relative to the other is then exactly the same as in
Fig. 6.62(a). For an observer, the group as a whole appears to be shifted in



464 Applied Electromagnetics Chap. 6 \

vy < v
p2 pl
w2 > W] (a)

E W
\‘ A} / =0
S e pr /7 N
/ \ / \\ / \\ / \
/ \ \ / / \
im0, \ - / x
! Li \ 41,42 ; \\ / \
A2 \ \ / \
// \_ ) \_/

E

// \\ <—d //ﬁ\\
/N *‘
1 \ f
\ r 4
\ / // Y 31,32 Az Al
\ / \
\_s

Fig. 6.62. For illustrating the concept of group velocity and for
deriving an expression for the group velocity.

distance by d in time A¢. Hence the group velocity is

d

1)=A—

But
the distance moved by B, in time At = 4, + d
the distance moved by B, in time At = 4, + d

where 1, and A, are the wavelengths corresponding to @, and w,. From fthe
phase velocities associated with w, and w,, we then have

A4+d=21A
1 ta=rp
A d=%2A¢
2 Hd="p

These two equations can be solved to obtain Af and d as
Ay — 4, B, — B,
(w,/B, ) - (C"z/ﬂz) Jﬁz — 0,5,

_ (@y/BIA — (@,/B.)2, _ — gD — @y
(@/B,) — (@,/82) W f, — @,

At =




pz
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so that

Wy — @y
’Ug:———

(6-264)

17 ﬂ 1
Between times zero and A, the distance variation of one waveform
relative to the other is obviously such that the group is not identical to a

displaced version of the group at = 0. However, let us look at the waveform
obtained by adding the two signals. This is given by

E = E, cos(w,t — f,z) + E, cos(w,t — B,2) .
= E, cos[(wl '{2" @y By _?l: 'B2z) - (“’2 > CIPR - ﬂlz>]

+ E, Cos|:(w1 ‘2{" @ay __ B, ‘2i‘ ﬁzz) s (wz ;aht _ b ; ﬁlz)]

_—_2E0cos(w2_2_w1t—ﬁz;ﬁ%)cos(wlé—wzt—ﬂ‘_2)_322)

(6-265)
The right side of (6-265) represents a wave of frequency (0, + ®,)/2 travel-

ing with a phase velocity (0, + ®,)/(8, + B,) and with its amplitude modu-
lated in accordance with another wave of frequency (0, — ®,)/2 traveling

with a phase velocity (w, — w,)/(f, — B,), as shown in Fig. 6.63. Thus,

Wy — W]

T A~ B2 — B /”—/\\\
/f\/ /\ - ~ //7\ \\

. v )
Vd .

\ 7

M

Fig. 6.63. For illustrating that the envelope of the superposi-
tion of two waves of frequencies w; and @, and phase constants
B1 and f,, respectively, moves with the group velocity

(@, — @0:)/(B; — B1).

aJthough the waveform for (w, + w,)/2 is changing in phase in accordance
with the phase velocity (@, + @,)/(f, + f,), its envelope is moving with
the velocity (w, — w,)/(8, — B,). As far as the amplitude is concerned, the
entire group appears to be moving with the velocity (@, — w,)/(f, — B.)-

For the parallel-plate waveguide, the phase constant corresponding to

1S
1 i 3
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The variation of f, with @ is shown in Fig. 6.64. A diagram of this kind is{
known as the @ — f, diagram or the dispersion diagram. The phase velocity,
corresponding to any particular frequency is given by the slope of the ]ine“

w

i
|

3we
2w,

We

0 > B }

Fig. 6.64. [3, versus w for the parallel-plate wave- 1
guide. ’

drawn from the origin to the point on the curve corresponding to that fre-
quency. The group velocity corresponding to any two frequencies w, and ®,
is given by the slope of the line joining the two points on the curve corre-
sponding to those two frequencies. If we have a band of frequencies, we can
find group velocities for each pair of these frequencies in this manner. We
can attribute a group velocity to the entire group only if all these group
velocities are equal. From Fig. 6.64, we see that this is not possible for a
wide band of frequencies because of the nonlinear dependence of f, upon
. Hence it is not meaningful to talk of a group velocity for a group of waﬁ/es
comprising a wide band of frequencies. If, on the other hand, the frequencies
are contained in a narrow band about a predominant frequency w, then we
can approximate the nonlinear @ — B, curve in that narrow band by a
straight line having the slope equal to that of the actual curve at @ so that
it is meaningful to attribute a velocity to that group. This group velo&ity
is given by

'vgz = ZT? (6- 67)
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For B, given by (6-266),

and

(6-268)

Substituting for /1 — (A/,lc)2 in terms of 0,-, we have
v,, = v,sin @,
Thus the group velocity is the component of », along the z axis. It is the
distance between two constant z planes divided by the time taken by a point

on the obliquely bouncing wavefront to pass from one plane to the other
as shown in Fig. 6.65. This gives the physical interpretation for the group

Fig. 6.65. For illustrating that the group velocity is the velocity
with which energy propagates along the guide axis.

velocity as the velocity with which energy propagates along the guide

axis. In fact, this physical interpretation is valid not only in this case but,

in general, whenever a meaningful velocity can be attributed to the group.
Finally, we note a simple relationship between v,,, v,,, and v, as

V0, = V3 (6-269)

Because the dispersion which we have discussed here is caused by the geome-
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try associated with the bouncing of the waves between the walls, it is known
as “geometric dispersion.” There are other types of dispersion as we will
learn in later sections. The relationship (6-267) also holds for these other
types of dispersion since its derivation is independent of the mechanism
causing the dispersion.

Waves in Imperfect Dielectrics and Conductors;
Attenuation and the Skin Effect

Thus far we have been concerned with wave propagation in perfect dielectri
media (o = 0). In this section we will discuss wave propagation in loss
media, especially in good conductors. We restrict our discussion to sinusoid
steady state. For a medium characterized by conductivity o, permittivity ¢,
and permeability u, we recall that Maxwell’s curl equations are given b

0B _ JH
VxE= —gF= —H o
_ oD JE
VxH—J+W—aE+6W
For sinusoidally time-varying fields, we have
VxE=—jouA (6-270%1)
V x H = oE + jweE = (0 + jwe)E (6-270b)

Taking the curl of (6-270a) on both sides and using the vector identity f(")r
V x V x E, we obtain

V(V.E) — V:E = —jouV x H (6-271)
But from (6-270b), we have

1 0y — -
a—_l_—WV-VxH—O (6-272)
Substituting (6-272) and (6-270b) into (6-271), we obtain the vector wave
equation for the electric field as

V‘E:

V2E = jou(o + jwe)E (6-2173)
Defining a complex quantity 7 as
7* = joulo + joe) (6-274)
we write (6-273) as
V2E = 3E (6-275)

Assuming that the electric field has only an x component, which is dependent
on the z coordinate only, that is,

E = E (2,
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Eq. (6-275) reduces to

2
‘702E2 — PE (6-276)
The solution for (6-276) is given by
E (2) = Ae " + Ber* (6-277)

where 4 and B are arbitrary constants. Since ¥ is a complex number, we
can write

y=a -+ jf (6-278)
where o and B are the real and imaginary parts of 7, respectively. Substitut-
ing (6-278) into (6-277) and also writing 4 = Ae”® and B = Be’*, we have

E (2) = Ade 2 IP7ei® | Berzeibzeit (6-279)
and
E (z,1) = ®elE (z)e’']
= Ae”** cos (wt — Bz + ) - Be** cos (wt + Bz + @)

Ignoring the factors e~** and e** on the right side of (6-280) for a moment,
we note that the first and second terms represent the (4) and (—) waves,
respectively. The factor e™** decreases in value as z increases, thereby resulting
in attenuation of the (+) wave as it progresses in the positive z direction.
Similarly, the factor e** decreases in value as z decreases, thereby resulting
in the attenuation of the (—) wave as it progresses in the negative z direction.
The factor « is therefore known as the “attenuation constant.” The units of
o are nepers per meter. The word “neper” is a variation of the spelling of
the name Napier. The factor f is, of course, the “phase constant” associated
with the traveling waves. Since o and f together characterize the propagation
of the wave, the factor 7 is known as the “propagation constant.” Since we
have identified the two terms on the right side of (6- 277) as representing
(+) and (—) waves, respectively, we can replace 4 and B by E; and E3,
respectively, and write

(6-280)

E(z) = Ete™ + Eze (6-281a)
The corresponding solution for H contains a y component only which can
be obtained by substituting (6-281a) into (6-270a). Thus

A) = %(E;’e’” — Ezer) (6-281b)

i — Jou _ jou -
=15 ‘/a+jw€ (6-282)

is the intrinsic impedance of the medium, which is now complex. Equations
(6-281a) and (6-281b) together represent uniform plane-wave solution for
the lossy medium since, in the planes of constant phase, the amplitudes of
the fields are uniform although there is attenuation from one plane to another,

where
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To obtain the expressions for & and g, we substitute (6-278) into (6-274)
and equate the real and imaginary parts on both sides of the resulting equg-
tion. Thus we have

o2 — ft = —w?ue and  2af = wuoc

Solving these two equations for a, we get

2 2

The minus sign associated with the square root in the above equation malQies
o imaginary. Hence we ignore it to obtain "7'

o= o (14 Gm - 1)]" (6-283)

p—vo oo )1+ Ga+ 1) (28

Note that if ¢ = 0, Eqs. (6-283), (6-284), and (6-282) giveaa = 0, § = o~/ e,
and % = /pfe, which correspond to a perfect dielectric medium. Sirice
B given by (6-284) is not a linear function of e, the wave propagation in t.he
lossy medium is characterized by dispersion. This type of dispersion is knoy’wn
as “conductive” dispersion since it is due to the conductivity of the mediym.

The expressions for & and f given by (6-283) and (6-284), respectively,
are very complicated. They can, however, be reduced to simple expressipns
for two special cases. We now consider these two special cases:

(a) Good dielectrics: o < we; that is, conduction current is very srﬁall
compared to displacement current. We can then write

/ o\ __ o? ot
L+ (&) ~1+ e~ Bote

The simplified expressions for &, B, and 7 are
B o524 50 ) ~ o /me(1 + §£f—62) (6-285b)
~ e~ ) 125

where we have retained all terms up to and including the second powr in
o/we. Although the first-term approximation of the attenuation confstant
given by (6-285a) seems to be independent of frequency, ¢ and € are, in
general, functions of frequency as stated in Section 5.10. In fact, the quantity
o/we is very nearly constant for several dielectrics over wide freqTency
ranges.

and

~3I

(6-285¢)
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(b) Good conductors: ¢ >> we; that is, conduction current is very large
compared to displacement current. We can then write

V(G ~ 3

The simplified expressions for o, #, and 7 are

o~ o, HE ( —1~mﬁ F Jifue  (6-2862)
B~ w,/”f(w€+1)~wﬁ DU _ /afus  (6-286b)

1~ ja)ﬂ—— ] WL _ ] Zz.fﬁ -
i 128 = (4 ), [ = 1 4 ), [ (6-2860)

E‘&(AMPLE 6-30. For uniform plane waves in sea water (¢ = 4 mhos/m, € = 80¢,,
“ u=u,), find a, B,#%, and 1 for two frequencies: (a) 10,000 MHz and (b)
| 25 kHz.
The frequency at which ¢ = we is equal to 4/(2n x 80 x 107°/36x) or
900 MHz. Hence, for 10,000 MHz, 6 < we, sea water is a good dielectric
and for 25 kHz, ¢ >> we, sea water is a good conductor. '
Thus, for 10,000 MHz, we have

1 /_li(_0'2>~1 Z 1 Ly _ . 37
v~ 3 e\l ~8ge) = 79 € =7 X4 X430, = 2 X %0

= 84.3 nepers/m
ﬂkwﬁ(l +§£2L62)2w m:znx 1%>;11(2)98x¢8_0

= 1873 rad/m
7 %@]:(1 - %;%) +j2%g:| ~ @ = %% — 42.15 ohms
2= %t ~ 20— 3353 % 10 m = 3353 mm

as compared to 30 mm in free space.
For 25 kHz, we have

o~ /nfuc = /m X 25 X 10° x 4 x 1077 x 4 = 0.2z nepers/m
B & /nfuc = a = 0.2z rad/m /

s Ny . ~ 1 X 25 X 10% X 4z x 1077
A~ (4 Dy 2 =1 1)), .

= 0.05z(1 + j) ohms

2 2=n
A= =02

‘ as compared to 12 km in free space.

=10m
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From these values, we conclude that low-frequency waves are mor
suitable for communication with underwater objects. We should, however,
note that since the wavelength in free space is large for low frequencies, lonjg
antennas are required in air. ||

Let us now consider a uniform plane wave incident normally on
semiinfinite plane slab of good conductor as shown in Fig. 6.66. Since the
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Fig. 6.66. Normal incidence of a uniform plane wave on a
semiinfinite plane slab of good conductor, for illustrating the
concept of skin depth.

conductor is of infinite depth, only a (-}-) wave can exist inside the conductor.
The fields inside the conductor are therefore given by

E(2) = E,e77 = E, e /" norg1VaTuas (6-287a)
Afz) = %—e = Lo p-vapims - p/aFies (6-287b)

where E,, is the value of £, at the surface z = 0 of the conductor. To obltain
an idea of how rapidly the wave is attenuated, we use the concept of “g[skin
depth” or depth of penetration applied to plane conductors. The skin d‘ﬁ(epth
denoted by the symbol § is defined as the depth or distance from the surface
of the plane conductor at which the magnitude of the field is e™! times its
value at the surface. From (6-287a), we note that

1
~Tfuo

Thus the skin depth is inversely proportional to o, u, and f. For copper,

(6-288)
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the conductivity is 5.8 X 107 mhos/m so that the skin depth is given by

s 1 _ 0066
coerer T /pf X dm X 1077 x 5.8 x 107 T L/ f

For a frequency of 105 Hz, the skin depth of copper is 0.066 mm. Thus the
fields are attenuated to e~ ! times their values at the surface in a distance of
0.066 mm even at the low frequency of 1 MHz. In a distance of one wave-
length in the conductor, the attenuation is equal to e** = e*(2%/8) = ¢»
nepers/m since f is equal to a. In terms of decibels, this attenuation is
20 log,, €*" = 20 log, e**/log, 10 = 407/2.3026 = 54.5. In view of the rapid
attenuation of the fields inside the conductor, the fields and the current
given by density J = oK are concentrated close to the surface of the con-
ductor. This phenomenon is known as the “skin effect.”

Because of the skin effect, a conductor of finite thickness equal to a
few skin depths can for all practical purposes be considered as a conductor
of infinite depth. Hence, if a wave is incident upon it from one side, its effect
is not felt on the other side, thereby “shielding” one side of the conductor
from the other. Furthermore, since there is no reflected wave inside the
conductor, we can compute the power flow into the conductor by surface
integration of the Poynting vector corresponding to E, and H, given by
(6-287a) and (6-287b). Thus, noting that

(6-289)

E©=E, and H(0) :ffi

we obtain the complex Poynting vector at the conductor surface as

5 Loz o odxont L B
P — T[Ex(o)]x X J/(O)ly] - TEXOW*_IZ
L
2

l xolziz:_;‘_lﬁy(o_)lzlﬁlz
17*

1 _ 5 .
~ 7 O Pi,

.
lZ

For a surface S of length / in the x direction and width w in the y direction,
the complex power flow into the conductor is

B,=[ B.ds=FE@w) = 2w RO (6-290)
S

However, applying Maxwell’s curl equation for H in integral form to the
closed path abcda shown in Fig. 6.66, we have

ffi H.dl= j (oE + jweE) » dS (6-291)

abeda area
abed

The left side of (6-291) has a contribution from ab only, since along bc and
da, H is perpendicular to the path and along cd, H is zero. Along ab,
H = H(0)i, so that the integral is wH (0). On the right side of (6-291), the
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second term in the integrand can be ignored since o > we. Hence the integral
is simply the conduction current flowing in the conductor. Denoting this
by I, we have

wH©) =1, or H(0)= = (6-292)
Substituting (6-292) into (6-290), we get
R (6-293)
Substituting for # in (6-293) from (6-286c), we have
By=(+ iy e Lfp |
— 2+ D ILp (6-299)

1 7 5 .11 5 |

=7m|1x|2+1705_w|1x|2
From (5-206), the real part on the right side of (6-294) is the time-
average power dissipated in the conductor. It is also exactly the result that
would be obtained by computing the time-average power dissipated under
quasistatic conditions in a conductor of length /, width w, thickness d, and
conductivity ¢ if the current I, were distributed uniformly over the crass
section of the conductor. This gives an alternative significance for the skin
depth 6. We will denote the resistance //odw by the symbol R;. From (5-206),
the imaginary part on the right side of (6-294) is 2w times the time-average
magnetic stored energy in the conductor since the time-average electric
stored energy is negligible in view of o> we. In fact, a volume integration
of -},ulﬁy |* gives exactly the imaginary part of the right side of (6-294)

divided by 2w, that is,

1 !

1 T 12
4 wa&wll"]

This energy is the same as the time-average magnetic energy stored under
quasistatic conditions in an inductor of value //wadw if the current | I, | were
flowing in it. This inductance is the internal inductance of the conductor
which we denote as L,. Thus the impedance offered by a portion of the con-
ductor of length / and width w to the current flowing in it is given by

L !

Zi= R A jol =g T sy

+j (6-?.95)
This impedance is known as the “internal impedance.” We may emph#size
that the formulas for skin depth and internal impedance developed here
are strictly valid for plane conductors only. However, if the radius of a
cylindrical conductor is very large compared to the skin depth for the matErial

of the conductor, these formulas can be used with negligible error. ’

I
!
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ExAMPLE 6-31. Figure 6.67 shows the cross section of a hollow cylindrical conductor
of radius a and thickness d < a, in which current flows axially. It is desired
to find the approximate expression for the internal impedance of the con-
ductor per unit length in the axial direction if the skin depth § for the material
is<Kd.

Fig. 6.67. Cross section of a
hollow cylindrical conductor of
thickness small compared to its
radius,

Since d is < a, we can assume that the required internal impedance is ap-
proximately equal to the internal impedance of a plane conductor of appropri-
ate width. If dis not < a, we cannot use this approximation and the problem
must be solved in cylindrical coordinates. If § is < d, it is actually immaterial
whether the conductor is hollow or not since the current does not penetrate
much below the surface and hence the depth can be assumed to be infinity
for the purpose of computing the internal impedance. Thus the required
internal impedance is approximately the same as the internal impedance of
a plane conductor of infinite depth and width equal to 2za. From (6-295),
this is equal to (1 + j)/2racd per unit length in the axial direction. [

In Sections 6.8, 6.9, and 6.10, we considered transmission-line waves
between perfect conductors with the medium between them as a perfect
dielectric. These waves are exactly TEM since the perfect conductors (¢ = <o)
do not require any axial electric field to maintain a current flow along them.
If the dielectric is now made imperfect, the waves are still exactly TEM
except that attenuation takes place as they propagate down the line. In fact,
the transmission-line equivalent circuit in Section 6.7 was derived by con-
sidering the dielectric to be imperfect. On the other hand, if the conductors
are imperfect, the finite conductivity requires an axial electric field for the
current to flow along the conductors. This axial electric field in the conductors
is accompanied by an axial electric field in the dielectric since the boundary
condition at the interface between the dielectric and the conductor requires
that the tangential electric field be continuous. Thus the electric field between
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the conductors is no longer entirely transverse and hence the waves ar¢
no longer exactly TEM waves. However, if the conductors are good con-
ductors, as is the case in practice, the axial electric field is very small compared
to the transverse electric field and the waves between the conductors are
almost TEM waves. In the conductors, the axial component of the electric
field dominates so that power flow is almost normal to the dielectric-con-
ductor interface. The situation as compared to the perfect conductor case
is illustrated in Fig. 6.68. Thus, as the wave propagates, it gets attenuated

Perfect Conductor Imperfect Conductor
}
X X X X
rx f x ¥ x Y x [EJ EI,J
\ |
X X X X
} 4.—4/———!
(a) (b)

Fig. 6.68. Fields for a transmission line employing (a) perfect
conductors, and (b) imperfect conductors.

partly due to power dissipation in the lossy dielectric and partly due to energy
leakage into the conductors which is dissipated in the conductors. The power
dissipation in the lossy dielectric is accounted for in the distributed equivalent
circuit by the conductance in parallel with the capacitor. The power dissipa-
tion in the conductors can be accounted for by introducing into the sefries
branch an impedance which is offered by the conductors to the current
Since the current flow is almost parallel to the conductor surface, this imped-
ance is approximately the same as the internal impedance given by (6-295)
per unit length. Thus we obtain the distributed equivalent circuit for a lossy
transmission line as shown in Fig. 6.69, where the factor 2 takes into account
the two conductors and i‘

A

®, = resistance per unit length of the conductor due to skin equect
&£, = internal inductance per unit length of the conductor duie to
skin effect,
G, £, € = conductance, inductance, and capacitance per unit lewngth
if the conductors were perfect.

The circuit of Fig. 6.69 forms the basis for lossy transmission-line thleory
which follows along lines similar to lossless transmission-line theory but is
characterized by attenuation and dispersion.
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Fig. 6.69. Distributed equivalent circuit for a lossy transmission
line.

The concept of internal impedance is useful not only for a lossy trans-
mission line but for any system involving waves between imperfect but good
conductors, since it permits the estimation of the power loss in the conductors
from the solutions for the fields in the corresponding lossless case. This is
because, for good conductors, it is reasonable to assume that the fields
between the conductors differ very little from the lossless case so that the
current flowing in the conductors can be obtained from the tangential mag-
netic fields. Then, since these currents flow very nearly parallel to the con-
ductor surface, power loss can be computed by using 4|7[2R,. We will use
this technique in the following section for deriving the Q factor for a parallel-
plate resonator employing imperfect but good conductors.

Resonators; Laser Oscillation

In Section 6.10 we discussed complete standing waves resulting from the
superposition of (+) and (—) waves of equal magnitudes. For a short-
circuited line (or a semiinfinite dielectric medium terminated by a perfect
conductor), we found that the line voltage (or the electric field) is zero at
distances of integral multiples of A/2 from the short circuit (or the perfect
conductor). Hence, if we short circuit the line (or place a perfect conductor)
at these points, there will be no effect on the voltage and current (or fields)
at any other point. Alternatively, if we have a line of length / which is short
circuited at both ends (or a dielectric medium between two parallel, perfectly
conducting plates) and containing some stored energy, this energy must
exist in the form of complete standing waves having wavelengths such that
[ =n4,/2, that is, A, = 2l/n, or B, = 2xr/A, = nn/l, where n=1,2,3,...
as discussed in Example 6-21. The corresponding frequencies are given by
w, = nzv,/l

Thus let us consider a system of two infinite, parallel, perfectly conduct-
ing plates as shown in Fig. 6.70, between which the medium is a perfect
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Fig. 6.70. Parallel-plate resonator consisting of two [
infinite-plane, perfectly conducting plates.

dielectric and energy is stored in the form of standing waves having field
components E, and H,. From (6-231a) and (6-231b), the expressions for
these fields that satisfy the boundary condition at d = 0 can be written as

E.(d,t) = —2E, sin fd sin ot (6-296a)
Hd, 1) = 2% cos fd cos wt (6-2961)
where E, is a constant, the value of which we need not know, and # = ./ ,u/#

Substituting f = nzn/l and w = nav, [l = nn/l./ ue in (6-296a) and (6-296b),
we obtain

E(d, ) = —2E, sin 74 sin 17 297
(d, ©) o Sin == sin ; NI (¢ 29713')
Hyd, 1) =2,/ %Eo cos ”_’l’d cos - % (6-297)b)

which satisfy the boundary condition at d = [ for all ¢. The instantanedus
electric and magnetic stored energy densities associated with these fields are

w(d, 1) = é—eEi — 2¢E? sin? l’? sin2 l_:’/_’% (6-298a)
W (d, 1) = _é_ pH? = 2€E3 cos? @" cos? 1:1/7%2 (6-298b)

Let us for simplicity consider the case n = 1, that is, for which the standing
waves have one-half wavelength between the plates, and sketch the encrgy
densities as functions of d for different values of ¢, as shown in Fig. €71.
We note from Fig. 6.71 and from Eqs. (6-298a) and (6-298b) that the



479 Resonators; Laser Oscillation Sec. 6.14

We We Wm Wm
1 2
r=0 \/ZEEO
. .
i ,_ IV
Eor eE
eLo l 4 T~ _—|F0
5 A Y
28E0— N ;= l\/_IL_LE
2
1 i
1 A
E2 t= M E2
eEg - 4 €Lo
i \I/
‘ ZeEg
t = I\pe
1 1
d=1 172 d=20 d=1 172 d=10

Fig. 6.71. Electric and magnetic energy densities versus d for
various values of ¢ for the parallel-plate resonator of Fig. 6.70.

stored energy density at all points is entirely magnetic at certain times
(t =0, 1./ ue, .. .) and entirely electric at certain other times (r = I./z€/2,
31/ €2, . ..) with the bulk of the magnetic energy stored close to the
conducting plates and the bulk of the electric energy stored close to half way
between the plates for all times. The total energy density in the two fields
from d = 0 to d = / must be constant with respect to time. To show that
this is indeed true, we write

wy= [ wi@dndi+ [ w@nd

= J 2¢E? sin? &2 7zd sin? dd
d=0

zf

+ f 2¢E2 cos? == nd cos? ljt_

l
= 2¢E? ( 2 2 __) — 2
€E}—(sin lf -+ cos I €.E5l
The same result holds for any value of n. This process of exchange of energy
stored between the plates from one field to the other is the phenomenon of
resonance. The parallel-plate structure itself is known as a resonator, the

(6-299)
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distributed counterpart of a lumped parameter resonant circuit. The fre-
quencies f, = n/2l./u€ are the resonant frequencies or the natural frequencies
of oscillation of the parallel-plate resonator.

The same concept can-be extended to waveguides, discussed in Section
6.12. For example, by superimposing two TE,, , waves of equal amplitudes
propagating in positive and negative z directions in a parallel-plate wave-
guide, we can obtain complete standing TE,, , waves in the guide, having
nodes (zeros) of E, at intervals of integer multiples of 1,/2 in z. By placing
perfect conductors in these planes, we do not alter the fields in any othe?‘
plane. Conversely, by placing perfect conductors in two transverse planes
of a parallel-plate waveguide, separated by a distance d, we create a resonatof
which supports standing waves of guide wavelengths 4,, = 2d/l, wher
1=1,2,3,.... The corresponding modes are designated as TE,, , , mode
where / stands for the number of half-wavelengths in the z direction. Proceed
ing in this manner to rectangular waveguides leads to resonators which are
enclosed by perfect conductors on all sides. These are known as cavitly
resonators although the term “cavity” is also used for partially enclose(d
resonators. We will, however, not pursue these ideas any further, but considgr
the effect of conductor losses.

If the conductors of a resonator are imperfect, some of the energy (is
dissipated in them as it oscillates from one field to the other. We then ass-
ciate a Q or “quality factor” to the resonator. The quality factor is defingd

72N

as
_ energy stored
Q=2n energy dissipated per cycle
— 21 _ energy stored (6-3000)
energy dissipated per second/number of cycles per second
— 2nf energy stored

time-average power dissipated

If the conductors are good conductors, the losses are small. The stored energy
and power dissipated are then computed by assuming that the fields in the
resonator are the same as in the lossless case, that is, perfect conductor cajse.
We will use this technique to find the Q of a parallel-plate resonator in the
following example.

ExampLE 6-32. For the parallel-plate resonator of Fig. 6.70, it is desired to find {the
0, assuming that the plates are made up of imperfect conductors of conduc-
tivity ¢ and having thickness of several skin depths for the frequencies of
interest.

From (6-299), the energy stored in the resonator per unit area of|the
plates is given by

|
w= eE2l (6-301)
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To find the time-average power dissipated, we note that the current flowing
in the conductor per unit width in the y direction is equal to the tangential
magnetic field at the surface of the conductor in accordance with (6-292),
since the thickness of the conductor is several skin depths. Thus, for the
conductor at d = 0,

_ _ i nw
IL=H0) =2,/ 4 E, cos —lmt

fx:2,/%E0

From (6-295), the resistance offered by the conductor per unit length in the
x direction and unit width in the y direction is

R =1 _ [nfi
2 o
where § is the skin depth for the frequency of interest. Thus the time-average
power dissipated in the conductor per unit surface area is

Po= g ILF R, =25 B3\ — 2ep3, [2 (6-302)

Similarly, the time-average power dissipated in the conductor at d = / can
be found to be the same as given by (6-302). Thus, from (6-300), (6-301),
and (6-302), we have

or

_ €E} 1 1 :
Q= 2”f4—“eEgW = —z—a/nf,ua' =5 (6-303)

As a numerical example, we note that, for /= 1cm and free space
between the plates, the wavelength corresponding to the fundamental fre-
quency of oscillation, that is, for n = 1, is 2 cm and hence the frequency is
15,000 MHz. For plates made of copper, the skin depth at 15,000 MHz
is 0.066/(./15 x 10°) m or 5.38 x 107° cm. Hence, from (6-303), the
value of Q is 1/(2 X 5.38 x 107%) or 9280, which is very large compared to
values encountered in circuit theory. It is left as an exercise (Problem 6.82)
for the student to show that for a particular mode of operation, that is, for
a fixed value of n, Q is inversely proportional to ./ f. The above formula
for Q takes into account only the losses in the conductors. In practice,
there are other losses, for example, losses in the dielectric and losses due
to radiation.

The bouncing of (4) and (—) waves between two parallel plates which
results in resonance as we discussed for the parallel-plate resonator is
employed at optical frequencies in the Fabry-Perot resonator for laser
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amplification ‘and oscillation. The Fabry-Perot resonator consists' of two
plane reflecting surfaces between which is an optically active medium charac-
terized by a propagation constant § = & + jB, where o is negative. To
determine the condition for oscillation, let us consider a normally incident
uniform plane wave passing through the surface z = 0 and setting up incident
and reflected waves in the active medium as shown in Fig. 6.72. The steady-
state situation in the medium can be thought of as a superposition of an

T r ——

Active Medium
l‘_:oe ~¥z
———————————— -
TEge 2t
e S

T2E e ~2¥le— 72

z=0 z z = ] between two parallel plates.

infinite number of (+) and (—) waves due to reflections and rereflections

Fig. 6.72. Bouncing of (4) and
(—) waves in an active medium

at

the plates z = 0 and z = /. Thus, denoting the electric field in the initjal
(+) wave in the medium (i.e., the wave which would exist if the mediyim

extended to z = oo) to be E(;e:fz, we obtain the field at z = / in the reflect
or (—) wave due to it as TE e ?, where T is the reflection coefficient

ed
at

z = [. Since this (—) wave is propagating towards z = 0, its field at gny

value of z is T Eje e 702 or T'E e *"¢’. Thus the (—) wave field

at

z =0 is ['E,e 2. Then the field at z = 0 in the rereflected or (— +) wave

due to the reflection of the (—) wave at z = 0 is (I)(I"E,e~2#), where [we
assume that the reflecting surfaces are identical and hence the reflection ccPef—
ficient for the (—) wave at z = 0 is the same as the reflection coefficient |for
the (+) wave at z = I Since the (— --) wave is propagating towards z 3=/,

its field at any value of z is ['2E,e~2#¢~#>, We can continue in this manneir
obtain an infinite number of (+) and (—) waves in the active medium

to
as

shown in Fig. 6.72. The total field in the medium is the superposition of| the
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fields in all these waves. Thus it is given by
E(2) = Eje 7 + TE, e e
+ 1_"2E-0e-27'1e—}72 + fsE'oe—weiz
+ f4EOe—4ile—iz 4+ e
= Eyle(1 4+ T2e 27 4 Teemam ... (6-304)
+ Lerze27(1 4 T2e727 4 .. )]
_ Eo e 7z + ?e—Ziley'z
1 — T2e™2
From (6-304), we note that the conditi_on for oscillation, that is, for a field
to be set up in the medium for zero E,, is

1 —T2e 27 =0
or
Te = 41 (6-305)
Denoting T' = | T"| ¢/ and substituting for % in terms of & and B, we write
(6-305) as
|T'|efevte=i# = letim  p=0,1,2,3,...
or
ITle*=1 and 60— Bl= +n=n
az%lnll_“l and Bl=0+nm,n=01,23,... (6-306)

where we choose only those values of # for which B/ is greater than zero.
While the condition S/ = 6 + nn can be satisfied for several frequencies
for a given /, the condition & = (1//) In |T"| is satisfied by a particular active
medium only for a narrow range of frequencies, so that oscillation occurs
only in that narrow range of frequencies. Note that for I' = —1 as is the
case for perfectly conducting plates, the condition for oscillation is

tx=%ln1=0 and  fl—nmn=1,23,...

which agrees with the result for the parallel-plate resonator.

6.15 Waves in Plasma; lonospheric Propagation

Thus far we have discussed wave propagation in free space and perfect
dielectrics and then in lossy dielectrics and good conductors. In free space
and perfect dielectrics, the conduction current is zero so that the current is
entirely of the displacement type. In lossy dielectrics, we have both conduc-
tion and displacement currents but the conduction current is small compared
to the displacement current. In good conductors, the displacement current
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is negligible compared to the conduction current. In this section we will
discuss wave propagation in plasma. Plasma is a gaseous medium in whick|
the atoms are ionized to produce positive ions and electrons, which are free
to move under the influence of the electric and magnetic fields of a wave
incident upon the medium. The positive ions are, however, heavy comparec{,‘
to electrons so that they are relatively immobile. The electron motion pro-
duces a current which influences the wave propagation. This current is differ-
ent from the conduction current in metallic conductors, which is due to
electron drift with an average velocity owing to the frictional mechanism
provided by their collisions with the atomic lattice. The electrons in the
plasma, on the other hand, are accelerated by the electric field although
losing some of the energy due to their collisions with the heavy particles
and other electrons. We will, however, neglect the effect of these collisions
as well as the influence on the motion of an electron by the neighboring
electrons. In addition, since the magnetic field of the incident wave has
negligible influence on the electron motion, its effect will be ignored.
Thus the equation of motion of an electron is given by

dit(mv) = eE (6-307)

where e and m are the charge and mass of the electron, v is its velocity, and
E is the electric field of the wave. If N is the number density of the electrons
in the plasma, the current density resulting from their motion is given by

J = Nev (6-303)
Combining (6-307) and (6-308), we get
oJ _ . dv__ Ne? :
G =Neql ===FE (6-309)
For sinusoidally time-varying fields of radian frequency e, we have
jof = YEE
m
or
i .Nets .
J = ]%E (6-310)

Equation (6-310) gives the expression for the current density which we heve
to use for J in Maxwell’s equation for V x H to discuss wave propagation
in plasma. Thus we have

VxE=—jouH (6-31la)
VxH=1J+ jowe,E
.Ne?= .=

. NeZ —
= joe (1 - W)E
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Since the free electrons and heavy positive particles are distributed with
statistical uniformity in the ionized region, the net space charge is zero so
that

V.E—-Z -0 (6-312)
e-0
Taking the curl of both sides of (6-311a) and making use of (6-311b) and
(6-312), we obtain
- NeZ —
V2E — —coz,uoeo(l — ’%Z—GO)E - (6319)
Equation (6-313) is the wave equation for a plasma medium. Comparing it
with (6-173), we note that it is similar to the wave equation for a perfect
dielectric medium with the permittivity € replaced by €,(1 — Ne?/mw?€,).
We may therefore call the quantity €,(1 — Ne?/mw?¢,) the effective per-
mittivity of a plasma medium.
We now define a quantity known as the plasma frequency, f, as

1 /[N& e _
In= HV%Q = /80.6N (6-314)

where fy is in hertz and N is in electrons per cubic meter. The plasma fre-
quency is simply another way of specifying the electron density in the plasma.
Substituting (6-314) into (6-313), we have -

VE = —w2ﬂ060(1 — f—’z")l_*: = 72E
where the propagation constant 7 is given by
773y
7= Joog/ o1 — 1) (6:315)

Thus wave propagation in plasma is characterized by the propagation con-
stant given by (6-315). We note that for /> f,, (1 — f%/f?) > 0, 7 is purely
imaginary, and the wave is propagated. For f<f,, (1 — f%/f%) <0, 7 is
purely real, and the fields are attenuated. For the propagating range of fre-
quencies, the phase constant is

B= a’\/ﬂofo(l - %V) | (6-316)

and the phase velocity v, is given by
v = Q _ 1 c
PB T M€= [P ST — fRIf?
where ¢ is the velocity of light in free space. In view of the dependence of
v, on the wave frequency, wave propagation in plasma is characterized by

dispersion. This dispersion is known as parametric dispersion from the
point of view that it is a consequence of the frequency dependence of the

(6-317)
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effective permittivity of the medium. The group velocity is given by

v, EE—C fz

Note that

ExampPLE 6-33. An important example of plasma is the ionosphere, which is a region
of the upper atmosphere extending from about 50 km to more than 1000 km
above the earth. In this region the constituent gases are ionized, mostly due
to ultraviolet radiation from the sun. The electron density in the ionosphere
exists in several layers known as D, E, and F layers in which the ionization
changes with the hour of the day, the season, and the sunspot cycle. For the
purpose of our discussion, we will assume that the electron density increases
continuously from zero at the lower boundary, reaching a peak at some
height, typically lying between 250 and 350 km, and then decreases continu-
ously as shown in Fig. 6.73(a). We will assume that it is uniform geograph--
ically, which is not the case in reality, and that the geometry is plane instead
of spherical. Furthermore, wave propagation in the ionosphere is complicated
by the presence of the earth’s magnetic field. We will here ignore the effect
of the earth’s magnetic field. Let us consider a uniform plane wave of fre-
quency f'incident obliquely at the lower boundary of such a plane 1onosphefe
at an angle 0, with the normal to the boundary, as shown in Fig. 6. 73(@)

Height

A

Free Electrons -

> N
(a) (b) i'

Fig. 6.73. (a) Variation of electron density versus height for a ,
simplified ionosphere. (b) Path of a wave incident obliquely on i

the ionosphere. |
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|
|
|
|
l
|
|
|
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We wish to investigate the path of the wave as it propagates in the ionized
medium. »

We divide the region into several infinitesimal slabs, in each of which
the electron deusity can be considered to be uniform with height. Let us
consider the boundary between the free space and the first slab, for which
we will denote the plasma frequency as f ;. From (6-317), the phase velocity
along the direction of propagation, that is, normal to the constant phase
surfaces in this slab, is given by

c

bt = T = Jal]?
For the waves in the free space and in the slab to be in step at the boundary,
their apparent phase velocities along the boundary must be equal. This is
the same as saying that the apparent wavelengths along the boundary must
be equal. Since v, ; > c, this is possible only if the direction of travel of the
wave is bent away from the normal to the boundary as shown in Fig. 6.74.

Sn3

fna

$ Saa

Free Space

B

Fig. 6.74. For illustrating the bending of the path of a wave
as it propagates in the ionosphere.

Thus, denoting the angle between the normal to the boundary and direction
of travel in the slab by 8,, we have

c V.1
sinf, ~ sind,

or

c . .
—— sin @, = sin @,
p,1
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Applying the same argument from one slab to the next, we obtain, for the
ith and (i — 1)th slabs,

c

c .
——sinf, =
i p,i-1

sing,_,

The quantity ¢/v, is known as the phase refractive index. It is denoted by the;
symbol g, which is not to be confused with permittivity. Thus we have '

u;sin@, = p, ,sinf, \

which is known as Snell’s law. For the series of slabs, we then have

pisin@, = p, sin@,_, = p,_,sin,_, = ---
= u,sinf, = u,sin@, =sinb,

|

As the number of slabs is increased indefinitely, we approach the limitin,

case in which the path of the wave is no longer a series of straight lines but
a continuous curve. As the wave penetrates into regions of higher and higher
electron density, the phase velocity becomes larger and larger, the phase
refractive index becomes smaller and smaller, the angle 8 becomes largér
and larger, and the path bends gradually away from the normal to the
boundary. Finally, a level may be reached at which the electron density s
such that the phase refractive index is equal to sin 8,, so that sin 8 becomes
equal to unity, § = 90°, and the path is horizontal. Due to the curvature
of the path, it is bent over and the wave is returned to the ground by a sym-
metrical path as shown in Fig. 6.73(b). For the level at which the path
becomes horizontal, we have ‘

i =sinf,
or
J1— L8 —sing
PR (6-318)
Sy =fcosb,

Thus a wave of frequency f which is incident obliquely at an angle 8,
with the normal to the boundary is reflected from a level at which the plasma
frequency is equal to f cos 8,. For the special case of normal incidence on
the ionosphere, 8, = 0 and the condition for reflection is

f N = f ‘
The wave is then reflected from a level at which the plasma frequency is
equal to the wave frequency. Hence vertically incident waves of frequencies
less than the maximum plasma frequency, typically about 10 MHz (but
varying with time of the day, season, sunspot cycle, and geographic location)
are reflected. Vertically incident waves of frequencies greater than |the
maximum plasma frequency are transmitted. The same is, of course, true
if the transmitter is above the ionosphere. As the angle of incidence is made
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oblique, waves of larger frequencies are reflected in accordance with (6-318).

The earth’s curvature, however, sets a limit for the highest frequency which
can be reflected. || '

Radiation of Electromagnetic Waves

Thus far we have assumed that electromagnetic fields exist in a medium and
then discussed their characteristics based on Maxwell’s equations. In this
section we will discuss how these fields are produced and are “radiated”
away from the sources. To do this, we consider Maxwell’s equations including

the source terms and solve them simultaneously. The Maxwell’s equations
are

VeD—)p (6-3192)
V.-B=0 (6-319b)
_ B _
VxE= 8 (6-319¢)
VxH=1J+ %‘7) (6-319d)

where p and J are the source charge and current densities, respectively. To
solve (6-319a)~(6-319d) simultaneously, we recall from Chapters 3 and 4
the following: In view of (6-319b), we can express B as the curl of a vector
potential A; that is,
B=VxA (6-320)
Then, substituting (6-320) into (6-319¢c) and rearranging, we have
. JA\ _
V x (E + W) =0
so that E + dA/d¢ can be expressed as the gradient of a scalar potential.
Thus E + dA/dt = —VV, or
E——vy_ 94 (6-321)

We now substitute (6-320) and (6-321) into (6-319a) and (6-319d) to
obtain a pair of coupled equations in ¥ and A. These are

V.(—VV_%“:_‘)zi

€
J A\
VxVxA—,ueW(——VV—E—)—,uJ
or
L dy.a=_2 -
Vi SV ay= L (6-3222)

VA —V(VA+ ,ue%—lt/) _ ye%} - —ud (6-322b)



490 Applied Electromagnetics Chap. 6

Equations (6-322a) and (6-322b) seem to be very complicated. However,
a vector is uniquely defined only if both its curl and divergence are specified.
While the curl of A is given by (6-320), we have not yet specified the divergence
of A. We now do this by setting

VeA——u” (6-323)

ot

which is known as the Lorentz condition. This uncouples the equations
(6-322a) and (6-322b) to give us

vy — ﬂe‘;t’f - 2L (6-324)
VA — ﬂe‘;fj 3 (6-325)

If we can solve these two equations for given charge and current distributions
of densities p and J, respectively, we can then find the fields by using (6-321?
and (6-320). L

Before we discuss the solution of (6-324) and (6-325), we will show tha
the continuity equation is implied by the Lorentz condition. To do tth
we take the Laplacian of both sides of (6-323). We then have

VAV . A) = —,usZ%V

P
|

or

d
ot

Substituting for V2A and V2V in (6-326) from (6-325) and (6-324), respe‘ -

tively, we get
(A I A
Ve (uelr — wd) = —neg{ueSy — £)

V.V2A = —pelvey (6-326)

€
or

(a0 )
Thus, by assuming the Lorentz condition, we imply V «J + dp/dt =0,
which is the continuity equation. Since the continuity equation must |be
satisfied by physical charge and current distributions, it is appropriate to
use the Lorentz condition to uncouple (6-322a) and (6-322b).

Returning now to Egs. (6-324) and (6-325), we note that their forms are
familiar. They are wave equations with source terms on the right sides. Hence
they are inhomogeneous wave equations. We will discuss the solutions| to

l
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equation reduces to
vy =_2
€

which is Poisson’s equation for the electrostatic potential. Let us consider
a point charge Q, at the origin. The electrostatic potential due to this point
charge is given by

For the time-varying case, we know that electromagnetic effects propagate
with a finite velocity v which for the homogeneous wave equation correspond-
ing to (6-324) is 1/./ue. Hence, if the point charge at the origin is varying
with time (due to current flowing into and/or away from the origin), its
effect is felt at a distance r from the origin after a time delay of r/v. Conversely,
the effect felt at a distance » from the origin at time ¢ is due to the value of
the charge which existed at the origin at an earlier time ¢ — r/v. Thus, if the
point charge at the origin is varying in the manner Q, sin wt, we expect the
time-varying electric potential due to it to be

Ve, i) = oS00 1) o (6-327)

To verify if our reasoning is correct, we note that

_ w2[ Qo sin w(t — r/v)]
\ad vzL : 4ner |

= %’E{[Sin a)(t — -%)]VZ%

+ 2V sin a)(t — -%) . V% + %VZ sin co(t — %)}

_0,0(r)sin wt 20, sin w(t — r/v) (6-328a)

€ 47erv?

where we have used the vector identity
Vidy) = ¢ Vy + 2V « Vy + w V2§
and the relation (see Problem 2-58)
VZ% — —das(r)
We also note that
0*V _  ?*Q, sin w(t — r/v) )
HE Gz = 47erv? (6-328b)

From (6-328a) and (6-328b), we have

Vo — el — Q0@ sin o

which agrees with (6-324) for a point charge Q, sin w¢ at fhe origin.
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’

It follows from (6-327) that, for a time-varying volume charge of density
p(r’, t) in an infinitesimal volume dv’ at a point P(r’), the time-varying electric (
potential at a point Q(r) is given by

_ p | — X)) 4 6-329
dv,t) = TneTr =7 dv ( a){
Similarly, from Eq. (6-325), the time-varying magnetic vector potentiaf[
at a point Q(r) due to a time-varying volume current of density J(r’, ¢
in an infinitesimal volume dv’ at a point P(r’) is given by

dA(r, 1) = LI L = r ;l"l [%) g (6-329b

Equations (6-329a) and (6-329b) tell us that, to find the time-varying eleg-
tromagnetic potentials at a point Q(r) at a time ¢ due to a volume charge
pdv' and a volume current J dv’ at a point P(r'), we can make use of the
expressions for ¥ and A for the static case except that we have to use thoge
values of p and J which existed at P at a time ¢ — |r — r’|/v. For thjs
reason, these potentials are known as the “retarded potentials.” Tlﬁe
retarded potentials for volume charge and current distributions in drn
extended volume V' are given by the integrals of (6-329a) and (6-329b).
These are

| pat—Ir—x|P) ., .
200)) f R (6-330)
Ja',t —|r—1'|v) ,,
A(r, 1) = f I : o 6-331
® 7 - dz|r — 1’| ( )

We will now evaluate the retarded potentials and then the fields for a
simple but a very useful source known as the Hertzian dipole. We will find
that the field expressions we will obtain are quite complicated even for this
simplest case. The Hertzian dipole is an oscillating version of the static
electric dipole. It consists of two equal and opposite time-varying charges
0,)= 0, sinwt and Q0,() = —Q, sin wt separated by an infinitesimal
distance dl. We will place the dipole at the origin and orient it along the
z axis. The dipole moment is then given by dp = Q, dl sin wti,. To satisfy
the continuity equation, we connect the two charges by a filamentary vyire
so that the current flowing in the wire from Q, to Q, is

It = id% = —dTQtz = w0, cos wt = I, cos wt

where I, = wQ,. The Hertzian dipole and the time variations of Q,,/Q,,
and 7 are shown in Fig. 6.75.
With reference to the notation of Fig. 6.75(a), the time-varying eleg" tric
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Fig. 6.75. (a) Hertzian dipole. (b) Time variations of Q;, Q,, and
I for the Hertzian dipole.

potential at point P is given by

V — Q. —rfv) + 0,(t — ry/v)

4rer, 4ner,
_ Qpsina(t —rifv)  Q,sin @ —r,/v)
4mer, 4mer,

We will let dl — 0, keeping the product Q, d/ constant and thereby obtaining
a point dipole. We then have

v~ o sin {t — [r — (d!/2) cos B)/v}  Q, sin wft — [r 4 (dI/2) cos 0]/v}
47ze[r — (dl/2) cos 6] 47elr + (dlf2) cos 0]

= 4%27[(1 + 35, cos 0) sin @ (t % + gf) cos 0)

(1—_coso)sm (r— L — & cosp)]

v
- & fosn(5 ) enofe 1

+ dl c'f)s 0 cos (a) 4 cos 0) sin co(t — %)]
_, Qodl cos B[w cos ot — rfv) I sin c(t — r/v):l
) r

4drer

We note from (6-332) that the time-varying electric potential due to the
dipole is not simply equal to the electrostatic potential (Q, dl cos 8)/4ner?
times the retardation factor sin w(¢ — r/v), but has an additional term. This
arises because of the phase difference between the time-varying potentials
associated with the individual point charges of the dipole.
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To find the time-varying vector potential, we recall from Chapter 3 that
the static vector potential due to a current element I, d/i, at the origin is
(ul, dlf4mr)i,. Hence the time-varying vector potential due to the time-varying (
current element of the Hertzian dipole is given by ‘f

A— uly dlcos w(t — r/v) |
4zr
6-333
_uly dicos (t — rv) ( )
- 4nr

(cos 81, — sin 8 iy)

We will now obtain the electromagnetic fields due to the Hertzian dipole
by using (6-321) and (6-320). From (6-321), we have
J

— Wy %‘t* |
6-334a)
B (_a_g_aA,)i +(_L0_V_%)i ( a)
- o dt )T T ‘
From (6-320), we have
H = % = %V X A 1
e oA (6-334b)
= ﬁ[ﬁ(’fie) 20 |\
Thus the field components are given by
aV  d4 |
E = 3 :
r ar dt |
6-335a
2a) Q, dl cos B7 sin w(t — rfv) + cos (¢ — rfv) (6-3332)
4re wr® or?
19V 94,
Eo = T 98 or
on4a:zl€sm 9[sm wgra— r[v) , cos wgrz— r[v) (6-335b)
_ osino( — r/v)
v2r
Hq«, = 1—!:2-(1'143) — %] i
(6-335¢)

j

Alternatively, E, and E, can be obtained from H, by using Maxwell’s curl

equation for H in which case it is not necessary to determine V. Writing

the field expressions in phasor form, we have

P _ 21, dl cos 0( J
’ 4re wr?

_ Ly dlsin@fcos ot —r/v) _ wsin ot — r/v)}
4z r vr

1 ) ;
L e—}wr/v
+ or?

(6-336)
_ 2ppl,dicos@[ 1 1 7
= (e 8] o+ GE ) |
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- I-O dl sin 0 j 1 j_w> —Jjeor/v
EB_T(_Q?JF'U_"Z +,UZ'. e

- 6-
B2l disin O 1 n 1 4 1 }e_m (6-337)
4n LGBr)* * (Bry* * Jbr
5 ILdlsin@(1 | jo\
I:[qS — 20 - + S22 ) e Jeorlv
T (r2 vr) (6-338)

_ Bhdisingl 1 17
=~ [Gp jﬁr]e

where g = w/v, n = /ufe = fev, and I, = I, = 0 Q,.

We note from (6-335a)—(6-335¢) or (6-336)-(6-338) that the field expres-
sions contain terms involving 1/r3, 1/r2, and 1/r. Very close to the dipole, the
1/r® and 1/r? terms dominate the 1/r terms. Far from the dipole, the 1/r*
and 1/r? terms are negligible and the fields are determined by the 1/r terms.
To see how far from the dipole, let us first consider the H, component. The
magnitudes of the two terms are equal for » = vjow = 1/ = 1/2n =~ 0.164.
For the E, component the combined magnitude of the 1/ and 1/r? terms
is equal to the 1/r term for

() + Gr) =GB

@ () -

2 2m
Thus, even in a distance of few wavelengths from the dipole, we can neglect
the 1/, and 1/r? terms in comparison with the 1/r terms. The field expressions
then reduce to

or

E =0
Eﬂ — ]CDIoncEif)S’l‘n ee-—j(.f.)r/v — ]ﬂﬂIzZi.Sln ge'f"” (6-339)
H’¢ — ]CDIO (jzi)iln 0e_jw,/v — JBIO d;rsin ee-—jﬁr (6'340)

These fields are known as the “radiation fields” because they are the com-
ponents which contribute to radiation of electromagnetic waves away from
the dipole. In fact, we will learn later that the 1/r? and 1/r? terms do not
contribute to the time-average power flow even near the dipole. We note
that the ratio of E, to H, given by (6-339) and (6-340) is equal to n = / /e
as for the case of the fields associated with a uniform plane wave, although
the constant phase surfaces are r = constant and the constant amplitude
surfaces are (sinf)/r = constant. However, let us consider a spherical surface
of large radius and centered at the dipole and divide it into small regions,
in each of which sin § may be considered to be constant. Then each small
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\
region is approximately a plane surface on which the phase as well as mag-‘!
nitude are constants. Thus, over each small region, the fields are almost|
like uniform plane waves, with the amplitude differing from one region to!
the other. This is what we meant by the statement in Section 6.8 that, far(
from a radiating antenna, the radiated waves are approximately uniform
plane waves.
Returning now to the field expressions given by (6-336)-(6-338), we

obtain the complex Poynting vector as

_—_1_ o
P_7ExH

— (B, — Bty

Sl CEE R Cl
- BEg (o) L)kl

_ P @y?sin? (w0 .1\
_W—(vw jcors)l’

| I, | (d1)* sin 26
——376—*( 7t )

The time-average Poynting vector is given by
(P> = RelP]
_ LD sin® 6 o2 (6-342)
32n%e BEF .

which is exactly the same as the time-average Poynting vector due to the
radiation fields given by (6-339) and (6-340). Thus the near fields, that 1s,
the 1/r® and 1/r? terms, do not contribute to the time-average power flow
even near the dipole. They contribute only to the reactive power, which|is
entirely due to them since the reactive power associated with the radiation

fields is zero. :
By integrating the time-average Poynting vector given by (6-342) over
a surface of radius r centered at the dipole, we obtain the time-average

power radiated by the dipole as
n 2z N .
Cup= [ 7 @ rsindagagi,
$=0

—f f wZII" § (dl) sin® 0 d6 d¢
=0 gm0 S2TEVT (6-343)
_ @ L2 @n?8n _ o?| L2 @)?
T 32r%v3 3 127ev?
_ 0B\, P _ millolzfﬂ)2
127 3 \14
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We now see why the near fields cannot contribute to time-average power
flow. The reason is that, from conservation of energy, the time-average power
flow across a spherical surface of one radius must be equal to the time-
average power flow across a spherical surface of a different radius, that is,
it must be independent of » as indicated by (6-343). Since the surface area
of the sphere varies as #2, only those components of E and H which vary as
1/r can satisfy this condition.
Rewriting (6-343) as

P = -% | I-o |zl:23ﬂ(d71)2]

we note that the power radiated by the dipole is the same as the time-average
power dissipated in a resistance of value [(2z#n/3)(dl/2)?] when a current
I, cos wt is passed through it. This is known as the “radiation resistance”
and is denoted by the symbol R,,;. Thus, for the Hertzian dipole,

2
R4 = gﬁﬂ(ﬂ) ohms

3\1
For n = 5, = 120z, that is, for the dipole in free space, we have
Rup = 8072 (%)2 ohms (6-344)

As a numerical example, for d//A equal to 0.01, R,,4 is equal to 0.08 ohms.
This value is too small to make a Hertzian dipole of dl/A equal to 0.01 an
effective radiator. This is why a practical dipole must be an appreciable
fraction of a wavelength long. But then, Eq. (6-344) is no longer correct for
the radiation resistance since the variation of current along the length of
the dipole must be taken into account in obtaining the radiation fields and
hence the radiated power. This can be done by considering the dipole as a
series of Hertzian dipoles connected end to end and then using superposition.
We will illustrate this by means of an example.

E XAMPLE 6-34. A practical short dipole is a center-fed straight wire antenna, having
a length that is short compared to a wavelength. The current distribution
along the wire can be approximated as shown in Fig. 6.76(a) in which the
magnitude decreases uniformly from a maximum at the center to zero at the
ends. It is desired to find the radiation resistance of the short dipole.

With reference to Fig. 6.76(a), the current distribution along the dipole
can be written as
) f0< ——%) for0<z<%
I(z) = (6-345)
ﬂ,(l+%> for—%<z<0

where I, is a constant. To determine the radiation fields, we can represent
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Fig. 6.76. (a) Current distribution along a short dipole. (b)
Representation of the short dipole as a series of Hertzian dipoles
for computing the radiation fields and the radiation resistance.

the short dipole as a series of Hertzian dipoles of infinitesimal lengths t““dz
as shown in Fig. 6.76(b). From (6-339) and (6-340) and from superpositioin,
the radiation fields for the short dipole are then given by

L/2 . T, 3 ’
Fo_ JBnl(2)sin @' _jpr .
E, = f,__L/Z 7R e dz (6-34 a)
= [ BEsn0 ipr y, (6-346)
- z=-L/2 47[R

where R and @’ are as shown in Fig. 6.76(b). For R > L, as is the case for
radiation fields, we can set 8’ =~ @ and R = r in the numerators and denomi-
nators of the integrands on the right sides of (6-346a) and (6-346b). For the
R in the exponential factors, however, we substitute (r — z cos #) because,
depending on the value of §, e"/#R can vary appreciably for —L/2 < z < E,/2
Considering (6-346a), we then have

. J‘ jﬂﬂ[(z) sin ge jﬂrejﬁz cos dz
z=—L/2 4ﬂr
(6-347)

L/2 _
jﬁ}] Sln 06 ~jBr f I(Z)ejﬁz cos @ dZ
47Ir z=-L/2
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Substituting (6-345) into (6-347), we obtain

L/2
B = ]ﬂniﬂ:lne -jﬂr[f (1 _ Z_LZ)ejpzcosadz

z=0

+ fo_ N (14 22)ereecone dz}

JBnly sin 6 -ipr 2 22\, ipz cos 0 -J o (6349
— 4”r e~ (1 L)(ej z COS + e 'z cos )dZ

z=0
. T . L2

— ]ﬂﬂé;;ln 9e—mr f (1 — %Li)cos (Bzcos 0) dz
z=0

However, for L K A, fL = 2rL/A < 1, and

cos(ﬁzc039)=1—(’Lc§ﬂ+---zlfor——é—<z<%

so that (6-348) simplfies to
]ﬂﬂl Sin @ - pr fm ( _ 25) dz
27r s=0 L

j,BnLI sin @ - ipr
8nr

Likewise,

i — JBLI, sin @ o iBr
¢ 8nr

The time-average radiated power is then given by
n 2n -
P = f f %(EgH $)r2 sin 0 d9 d¢
8=0 ¢=0

f - /’)Z”L II"I sin® 0 d0 d¢
=0

- L 2
F &P 6(1)]
Thus, for # = #n, = 120z, the radiation resistance of a short dipole of length
L is given by

R, (short dipole) = 20z (%)2 (6-349)

As a numerical example, for L/A = 0.1, R, = 2 ohms. }

We will conclude this section with a brief discussion of the directional
properties of the Hertzian and short dipoles. In this connection, we define
the radiation intensity U of an antenna in a given direction as the power
radiated per unit solid angle in that direction. Since the surface area of a
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sphere of radius r is 4nr> and the solid angle subtended by it at its center is
47z, the surface area per unit solid angle is 2. Thus the radiation intensity is
given by

U = (P) « r?i, watts/steradian
From (6-342) the radiation intensity for the Hertzian dipole is

_ I, > (dD)? @*

sinz 8
32nev?

U

The quantity N
|1, |* (d])* o*
32n%ev?
is a constant for a particular frequency and hence, by dividing U by this
quantity, we obtain the normalized radiation intensity U, as

U,=sin26 (6-350
The same result holds for the short dipole of Example 6-34 since the powet

radiated by it is also proportional to sin? . A plot of U, given by (6-350)
versus @ is shown in Fig. 6.77. This plot illustrates the directional properties

8 =0°

N 45°
N | /

|

|

0§ = 45° /0

6 = 90°— ! —0 = 90°
|
A

Ng = 135°

/

f = 135°7
6 = 180°

Fig. 6.77. Normalized radiation intensity versus 6 for Hertzian
and short dipoles.

of the Hertzian and short dipoles. Their radiation intensities are maximym
for @ = 90°, that is, broadside to the dipole and zero for § = 0 and 180°,
that is, along the dipole. The directivity D of an antenna is defined as the
ratio of the maximum radiation intensity to the average radiation intensity.
Thus

— [Un]max — 4n[Un]maX
(fAm) [U, 4@ [* [* 5, ¢)sin 0 df dg
=0 =0

where Q denotes the solid angle. For the Hertzian and short dipoles,
4n[sin? 0. 4z 3

D = - _3
[* 7 sintgapdp 8z/3 2
=0 ¥ $=0
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PROBLEMS

6.

1.

6.2.

For the following charge distributions, find the electrostatic potential everywhere
using Poisson’s and Laplace’s equations.

(@ p= {z for |z} < a} cartesian coordinates
0 for|z|>a

®) p= {p o forr< a}cylindrical coordinates
0 forr>a
0 forr<a

© p=1<po for a < r < bspherical coordinates
0 forr>b

2
1— ’—) for r <
p 0( a? orr a} spherical coordinates

(d)/7={

0 forr > a

Show that the equation of motion of an electron in the space-charge limited
vacuum diode of Example 6-2 is given by

dx_ ey

dr’  me 0
where e and m are the charge and mass of the electron, respectively, and J, is the
current density. For an electron leaving the cathode at ¢ = 0 and subject to
the conditions stated in Example 6-2, obtain the solution for x(¢) by solving the
equation of motion. Then find the solution for ¥, which should agree with (6-22).

Verify the general solutions for the one-dimensional Laplacg’s equations and the
particular solutions for the particular sets of boundary conditions listed in Table
6.1.

Two conductors occupying the surfaces »r = g and r = b in cylindrical coordinates
are kept at potentials ¥ = ¥, and ¥ = 0, respectively. The region a < r < ¢ (< b)
is a perfect dielectric of permittivity €; and the region ¢ <r < b is a perfect
dielectric of permittivity €,. Find the solutions for the potentials in the two regions
and the potential at the boundary r = c.

Two parallel conducting plates occupying the planes x = 0 and x = d are kept
at potentials ¥ = 0 and V = Vj, respectively. The medium between the two plates
is a perfect dielectric of nonuniform permittivity given by

€ =¢€ +(€2—€1)%

where €, and €, are constants. Find the solutions for the potential and the electric
field intensity between the plates.

The region 0 < x < dis occupied by a medium characterized by the magnetization
vector M = M,(d — x)i,, where M, is a constant. By solving the analogous elec-
trostatic problem, obtain H and B both inside and outside the region 0 < x <d.



6.7.

6.8.

6.9.

6.10.

6.11.
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The region r < a in spherical coordinates is occupied by a medium characterize
by the magnetization vector M = M,i,, where M, is a constant. (a) Set up th
analogous electrostatic problem for obtaining H and B both inside and outsid
the region r < a. (b) Find the electric field intensity for this electrostatic proble:
from the answer to part (d) of Problem 5.11. (¢) Find H and B both inside an
outside the region r < a.

A conductor occupying the surfaces x >0, y =0 and y > 0, x =0 is kept a
zero potential. A second conductor occupying the surface xy = 2 is kept at
potential of 100 volts, making sure that the edges where the two conductors touc
are insulated. The medium between the conductors is charge free. Find the solu-
tions for the potential and the electric field intensity between the conductors.
Find the surface charge densities on the conductors.

The potential distribution at the mouth of the slot of Fig. 6.6 is given by

v="sin 4 stin? forx=a,0<y<b
where V; and V, are constants. Find the solution for the potential distribution in

the slot. Repeat the problem for

V=Vlsin3%y forx =a,0<y<b

Two conductors occupying the planes x = 0 and x = a are kept at zero potentials.
A third conductor occupying the surface y = 0,0 < x < a is kept at a const
potential V,, making sure that the edges are insulated. Find the solutions for the
potential in the region 0 < x < a for both y > 0 and y < 0. Show that the poten-
tial at large values of | y| varies with x approximately as sin (nx/a).

A thin rectangular slab of uniform conductivity o, mhos/m, shown in Fig. 6.78,
has its edges coated with perfectly conducting material, making sure that the

Edge 2
x=a
<
AN SO SSIASANANSIINS Edge3
4 =b
o
Edge 1 7 " g
4
Vxlz $
Y
\Edge4
x=0

Fig. 6.78. For Problem 6.11.
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corners are insulated. For each of the following cases, find the solution for the

potential and hence for the current density in the conductor:

(a) Edges 1 and 3 kept at zero potential; edge 2 kept at potential ¥, and edge
4 kept at potential — V5.

(b) Edges 1 and 3 kept at zero potential; edges 2 and 4 kept at potential V5.

(c) Edges 1 and 4 kept at zero potential; edge 2 kept at potential ¥; and edge
3 kept at potential V.

For the triangular box of Fig. 6.10, assume that the longer side is kept at zero
potential and the shorter sides are kept at a potential of 100 volts. Find the poten-
tials at points a, b, and c.

An infinitely long line charge of uniform density p,, C/m is situated parallel to
and at a distance d from a grounded infinite plane conductor. Obtain the image
charge and show that the induced surface charge on the conductor per unit
length parallel to the line charge is equal to — py,.

~ For each of the arrangements shown in Fig. 6.79, find the image charges required

to determine the electric field on the side of the actual charges. For case (a),
find the electric field intensity everywhere on the conductor surface and show
that the total induced charge is — Q.

b Q ,Point Charge
L]
y =0
x>0
a
Tx
90°
A —
x=20 __L Y
y >0 -
(2

Fig. 6.79. For Problem 6.14.

For the infinitely long line charge of uniform density Pro C/m parallel to an
infinitely long grounded conducting cylinder in Example 6-11, show that the
induced surface charge per unit length of the cylinder is —pro.

A point charge Q is situated at a distance d from the center of a grounded spherical
conductor of radius a (< d). Show that the image charge required for computing
the field outside the spherical conductor is a point charge of value — Qa/d, lying
at a distance a?/d from the center of the conductor along the line joining the

center to the charge Q and on the side of Q. What is the induced charge on the
surface of the conductor?

For the problem of Example 6-4:
(a) Find the electric field intensities in the two regions 0 < x < tand f < x < d.



6.18.

6.19.

6.20.

6.21.

6.22.
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(b) Find the surface charge densities on the plates x = 0 and x = 4.
(¢) Find the capacitance C per unit area of the plates and show that |
11, 1 |
C 76/t €jd—0 [[
For the parallel-plate arrangement of Problem 6.5, find the capacitance per unit
area of the plates in three ways:
(a) From the definition C = Q/V,, where Q is the magnitude of the charge pér
unit area on either plate.
(b) By evaluating the electric stored energy in the dielectric per unit area of the
plates and using (6-81).
(c) By dividing the dielectric into several slabs, each having an infinitesimal thick-
ness and using the result of Problem 6.17.

Derive the expressions for the conductance, capacitance, and inductance per unit
length of the two-conductor configuration of Fig. 6.15(b).

For the two-conductor configuration of Fig. 6.15(d), find the locations of a pair
of equal and opposite, infinitely long, uniform line charges parallel to the c<$n-
ductors such that two of the equipotential surfaces corresponding to the pair i of
line charges are the surfaces occupied by the conductors. Then find the expressions
for conductance, capacitance, and inductance per unit length of the conductor
system. Let d be equal to zero and show that these expressions reduce to thpse
for the configuration of Fig. 6.15(b).

A current [ amp flows with nonuniform volume density given by
r.
J = Jo*;lz

along an infinitely long cylindrical conductor of radius a having the z axis as| its
axis. The current returns with uniform surface density in the opposite directlion
along the surface of an infinitely long perfectly conducting cylinder of radlius
b (> a) and coaxial with the inner conductor. Find the internal inductance |per
unit length of the inner conductor by using the method of flux linkages. Verify yjour
answer by using the energy method.

A filamentary wire carrying a current I amp is closely wound around a torojidal
magnetic core of rectangular cross section as shown in Fig. 6.80. The mean rafiius

b

%4
L e
‘f_

f
t |
Fig. 6.80. For Problem 6.22.
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6.23.

6T24'
6125.

6.26.
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of the toroidal core is @ and the number of turns per unit length along the mean
circumference of the toroid is N. Find the inductance of the toroid.

An infinitely long, uniformly wound solenoid of radius ¢ and having N turns per
unit length carries a current I amp. Find the inductance per unit length of the
solenoid.

Show that L,; = L.

An infinitely long, uniformly wound solenoid of radius ¢ and having N, turns
per unit length is coaxial with another infinitely long, uniformly wound solenoid
of radius b ( > a) and having N, turns per unit length. Find the mutual inductance
per unit length of the solenoids.

A cylindrical slab of material lying between plane surfaces z = 0 and z = 4 and
having a cross-sectional area 4 = 7a? is characterized by nonuniform conductivity

— %o
T 1+ z/d

permittivity € = 4€,, and permeability u = 2u,, where g, is a constant. The
surfaces z = 0 and z = d are perfectly conducting. A current flows through per-
fectly conducting filamentary wires into the center of the plane surface z = 4 and
out of the center of the plane surface z = 0. Assume that this current is established
by appropriate connection of a battery of voltage ¥, which is far away from the
material so that the magnetic field outside the slab may be considered to be the
same as that due to an infinitely long wire along the axis of the slab (z axis).
Find the following quantities:

(a) The electric field intensity, the conduction current density, and the displace-
ment flux density in the material.

(b) The surface charge densities on the perfectly conducting surfaces z = 0 and
z=d.

(¢) The true charge density in the material.

(d) The polarization vector and the polarization charge distribution in the material.

(e) The magnetic field intensity and the magnetic flux density in the material.

(f) The current drawn from the battery and the magnetic field intensity outside
the material.

(g) The surface current density on the perfectly conducting surfaces z = 0 and
z=d.

(h) The magnetization vector and the magnetization current distribution in the
material.

(i) The power dissipation density and the power dissipated in the material and
the conductance of the configuration.

(j) The electric stored energy density and the electric stored energy in the material
and the capacitance of the configuration.

(k) The magnetic stored energy density and the magnetic stored energy in the
material and the internal inductance of the configuration.

() The power flow into the material evaluated by surface integration of the
Poynting vector.

g
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A toroidal magnetic core of circular cross section and with an air gap has the
following dimensions:

area of cross section = 2 cm?
mean circumference = 20 cm
air gap width = 0.1 cm

Find the ampere turns required to establish a magnetic flux of 3 X 10-¢ Wb in
the air gap if the core is made of annealed sheet steel. The effective area of the
air gap is that of a circle whose radius exceeds the actual radius by half the width
of the air gap. \

For the magnetic circuit of Fig. 6.23, assume that there is no air gap. If NI is equa“tl
to 150 amp-turns, find the magnetic flux density in leg 2. ‘

For the structure of Fig. 6.25(a), show that, under quasistatic conditions, the rate
at which energy flows into the volume of the structure as obtained by surface
integration of the Poynting vector over the surface bounding the volume is equal to

df1 )
lzero]
For the structure of Fig. 6.25(b), show that, under quasistatic conditions, the rate

at which energy flows into the volume of the structure as obtained by surfalce
integration of the Poynting vector over the surface bounding the volume is equal to

2320

By proceeding in a manner similar to that in Example 6-16, show that the qua‘lsi-
static approximation holds for the parallel-plate structure of Fig. 6.25(a), that /is,
the structure behaves like a single capacitor, for the condition

1
< 2nin/ ue
Examine the input behavior of the structure for frequencies beyond the value
which the quasistatic approximation holds.

for

A time-varying voltage source drives the structure of Fig. 6.13(a). Assume tjhat
the conductor is a good conductor so that the displacement current can be neglegted
compared to the conduction current. Show that the quasistatic approximatjion
holds, that is, the structure behaves essentially like a single resistor, for the conditjion

1

f< nuGi?

Investigate the approximation quantitatively for copper. Examine the imput
behavior of the structure for frequencies slightly beyond the value for which; the
quasistatic approximation holds and also for frequencies for which f>> 1/nuicl?.

The structure shown in Fig. 6.81 is an arrangement of two parallel perfectly con-
ducting plates connected at one end by a third perfectly conducting plate. A cugrent
source I(t) =1 cos 27 ft amp is connected between the plates at the other enfd so
that it supplies a z-directed current uniformly distributed in the y direction t@ the
structure. The medium between the plates is free space. For the purpose off this
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Ros &g 02 m

Fig. 6.81. For Problem 6.33.

problem, the arrangement can be assumed to be part of a structure infinite in
extent in the y direction. The dimensions of the structure are indicated in the figure.

(a) Find the voltage developed across the current source in the steady state if

f=150Hz.

(b) Repeat part (a) if f = 150 MHz.

Derive the transmission-line equations by considering the special case of two
infinitely long, coaxial cylindrical conductors. Also show that the power flow
along the conductor system is equal to the product of the voltage between the
conductors and current along the conductors.

Show that two alternative representations of the circuit equivalent of the trans-
mission-line equations (6-161) and (6-165) are as shown in Figs. 6.82(a) and (b).

1 1
2 LAz ) LAz
GAz CAz
o— o
Az Az
z 3 z + )
(@)

LAz
O
[%GAZ\
\x \
(Lga/
Y Y
2 )
(b)

Fig. 6.82. For Problem 6.35.

Starting with the curl of both sides of (6-169d), derive the wave equation for H

given by

J:H

V2H = ue ——

d:2
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Solve Eq. (6-176) by using the separation of variables technique.

Draw three-dimensional sketches similar to that of Fig. 6.30 for the following
functions:

(a) el

(b) e-lr+2l

© —0%u(z—1) —u(z —t—2)]

A spherical balloon of uniform surface charge density and having its center at th

origin possesses a constant total charge Q. Its radius ¢ is made to vary sinusoidall
between a minimum of (¢ — b) and a maximum of (g + b) in the manner

¢ =a + bcos 2nt.
(a) Describe and sketch how the electric field intensity vector E varies with tim
in three regions
0<r<(a—0>b) (a—b)<r<(a+b @a+b)<r<co
Assume uniform surface charge density for all z.
(b) From your answer to part (a) for the region (a + b) < r < <o, what can yo
infer about wave propagation due to the fluctuating balloon ? Explain.

A uniform plane wave traveling in the negative z direction in free space has ifs
electric field entirely along the x direction. The space variation of the electric field
intensity at time # = 0 is shown in Fig. 6.83. Find and sketch the time variation ¢f
the magnetic field intensity in the z = 200 m plane.

1 [EX]t=0 s V/m

37.7

1 L > Z, m (
—100 0 100 200 300 .

Fig. 6.83. For Problem 6.40. \

The electric field intensity associated with a uniform plane wave traveling in a
perfect dielectric medium is given by
E.(z,t) = 10 cos 2n x 107t — 0.17z) volts/m

(a) Sketch E, versus ¢ for two values of z, z = 0 and z = 5 m. What is the fre-

quency of the wave?
(b) Sketch E, versus z for two values of 7,7 = 0 and z = } x 10-7 sec. What is

the wavelength ?
(c) What is the velocity of propagation ?
(d) Write the expression for the magnetic field intensity associated with the wave
The complex electric field vector of a uniform plane wave propagating in |free
space is given by

E = (—i, — 24/31, + 4/ 3i,)e"i0-042(/3x-2y-30  yolts/m
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(a) What is the direction of propagation of the wave?
(b) Find the wavelength along the direction of propagation.
(c) Find the frequency of the wave.

(d) Find the apparent wavelengths and the apparent phase velocities along the x, y,
and z axes.

(e) Discuss the polarization of the wave.
(f) Obtain the expression for the complex magnetic field vector of the wave.

A complex electric field vector is given by
B = [(—v3 —ip)h + (1 =42 )i, +/0/Fi, oo 02mmersrian voltsym

(a) Perform the necessary tests and determine if the given E represents the electric
field of a uniform plane wave.

(b) If your answer to part (a) is “yes,” repeat Problem 6.42 for the electric field
vector of this problem. :

The complex electric and magnetic field vectors in a perfect dielectric medium are
given by

E = (—ji, — 2i, +/4/31,)e-i0-052/3x+2)  yolts/m
H= Eé?z(i" — J2i, — 4/ 3li)e 0 057W3x+2)  amp/m

(a) Perform the necessary tests and determine if these vectors represent the fields
associated with a uniform plane wave.

(b) If your answer to part (a) is “yes,” find the direction of propagation, the wave-
length along the direction of propagation, the velocity along the direction of
propagation, and the frequency. Also, discuss the polarization of the wave.

Show that the units of 1/4/£C are meters per second and the units of o/ £/C are
ohms.

The plane z = 0 is occupied by a perfect conductor. The medium z < 0 is free
space. The leading edge of a uniform plane wave traveling in the positive z direction

and having E.(z) as shown in Fig. 6.84 is incident on the plane z = —150m at
|
37.7 V/m |
|
[Ex]i=0 |
1 [11,)
Y fal
—~450 m —300 m I
|
o, €0 |
I

z=—-150m 2z=0

Fig. 6.84. For Problem 6.46.
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t = 0. Find and sketch E, and H, versus z for ¢ equal to } usec, 3 usec, 1 usec,
14 usec, and 2 usec. Also sketch E, and H, versus ¢ in the plane z = —150 m.

6.47. For the problem of Example 6-20:
(a) Sketch E, versus z for ¢ = 0.015 usec and 0.035 usec.
(b) Draw the bounce diagram for H, and sketch H, in the planes z = —3 m and
z = 2.5 m as functions of time for ¢ >> 0. Also sketch H, versus z for values of
t equal to 0.015 usec and 0.035 usec.
6.48. In the transmission-line system shown in Fig. 6.85, the switch S is closed at ¢ = 0.
(a) Show that, for 0 < ¢ < /v, a (+) wave of voltage
V(1) = Rg—Z%B—Z—o Vg<t - %)
exists on the.line. What is the current associated with the (+) wave?

Fig. 6.85. For Problem 6.48.

(b) Show that for /v < t < 2l/v, a (—) wave of voltage

21 z)

V_(Z’t)_R _I_ZFR <_7+T WhererR=RL_Z°

-RL + ZO
exists on the line in addition to the (+) wave specified in part (a). What is
the current associated with the (—) wave?

(c) Show that for 21/1) <t < 3lfv, a(—+) wave of voltage

21 z)

I yx

g—l-Z R R, +Z,

exists on the line in addition to the (+) and (—) waves specified in parts (a)
and (b), respectively. What is the current associated with the (—--) wave?

(d) Show that the line voltage and line current at ¢ = oo are given by the expressions

Vastar 1) = 728 L[S @y -2 - )

v
+ T 3 @Lyv( -2+ 2 2]

V-t(z,t) = where I,

v
Iss(z, t) = &—-ll-z—g[n{;o @) Vg(’ - ZTnl - %)
—Te 5, @y (e - 24 £ - 2]

(e) Obtain closed-form expressions for Vyg(z,t) and Igs(z, t) for two cases:
(i) V,(t) = Vo, a constant and (ii) V() = V, cos wt.
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A transmission-line of characteristic impedance Z, is terminated by an inductor
of value L henries. A (--) wave of constant voltage Vj is incident on the termination
at ¢ = 0. Show that the resulting (—) wave voltage at the termination is given by

V_'(t) = T‘Vo + 2Voe_(Z°/L)'

In Fig. 6.86, a transmission-line of characteristic impedance 50 ohms is terminated
by a passive nonlinear element having the volt-ampere characteristic indicated in
the figure. If a () wave of constant voltage 10 volts is incident on the termination,
find the resulting (—) wave voltage.

I,

+

Zy =508 }VL=5011%

Fs

Fig. 6.86. For Problem 6.50.

Draw sketches of ¥ and I given by Egs. (6-231a) and (6-231b), respectively, versus ¢
for values of d equal to 0, /8, 1/4, 31/8, and A/2. Consider 8 = 0 for simplicity.

A transmission-line of length [ is short circuited at one end and open circuited
at the other end. What are the natural frequencies of oscillation? Sketch the

voltage and current standing wave patterns for the first few modes. Repeat for a
line of length / which is open circuited at both ends.

The transmission-line system shown in Fig. 6.87 is in sinusoidal steady state. The
voltage source V,(z) is equal to 10 cos 1000zt + 5 cos 20007¢ volts.

100 © r——~)\/4'at 500 Hz———l

Z =
Vg(t)l 0 =508

d=1 d=0
Fig. 6.87. For Problem 6.53.

(a) What is the impedance seen looking into the input terminals of the line for

f=500Hz? Sketch the voltage and current standing wave patterns for
f =500 Hz.

(b) What is the impedance seen looking into the input terminals of the line for

f=1000 Hz? Sketch the voltage and current standing wave patterns for
f=1000 Hz.

(c) From the standing wave patterns of parts (a) and (b), compute the values of

root-mean-square line voltages and line currents at d = 0, d = /2, and d = L
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Find the two lowest frequencies (zero excluded) for which a transmission-line of
length 7 short circuited at its far end behaves at its input as an inductor of value
equal to its inductance computed from static field considerations. ‘J

Show that the minima in the standing wave patterns of Fig. 6.48 are sharper than “
the maxima. |

1
Show that the line impedance at a voltage maximum is Z,(VSWR) and the line }

impedance at a voltage minimum is Z,/(VSWR). |

Repeat Example 6-23 for frequency of the uniform plane wave equal to 6000 MHz. (

Find the fraction of the incident power transmitted into medium 3. \
|
Repeat Example 6-23 for frequency of the uniform plane wave equal to 1500 MHz. “
Find the fraction of the incident power transmitted into medium 3. Also find the
wave impedance in medium 1 at a distance of 4 cm from the interface between |

media 1 and 2. ‘

Find the thickness and permittivity of a quarter-wave dielectric coating which will
eliminate reflections of uniform plane waves of frequency 1500 MHz incident
normally from free space onto a dielectric of permittivity 16€,. Assume all media
to have 4 = u,.

A transmission line of characteristic impedance 50 ohms is terminated by an

unknown load impedance Z,. Standing wave measurements indicate VSWR equal

to 3.0. Distance between successive voltage minima is 20 cm and distance between

load and first voltage minimum is 15 cm.

(a) Find Zg.

(b) Find the location nearest to the load and the characteristic impedance of a
quarter-wave section required to achieve a match between the line and the load.

A transmission line of characteristic impedance 50 ohms is terminated by a certain
load impedance. It is found that the VSWR on the line is equal to 5.0. The first
voltage minimum is located to be at 0.14 from the load. Determine analytically
the location and the length of a short-circuited stub connected in parallel with
the line so that a match is obtained between the line and the load. Assume the
characteristic impedance of the stub to be 50 ohms. Repeat the problem for
characteristic impedance of stub equal to 100 ohms.

A transmission line of characteristic impedance 50 ohms is terminated by a certain
load impedance. It is found that the VSWR on the line is equal to 3.0. The first
voltage minimum is located at 5.80 cm from the load and the next voltage minimu“m
at 25.80 cm from the load. Find analytically the value of the minimum VSWR

that can be achieved on the line by placing a stub in parallel with the line at the Ioaﬂ.
A transmission line of characteristic impedance 100 ohms is terminated by a loé.d
impedance (80 + 7200) ohms. Using the Smith chart, find the following quantities:
(a) The reflection coefficient at the load. :
(b) YSWR on the line. ;
(c) The distance of the first voltage minimum of the standing wave pattern frdm
the load.
(d) The line impedance at d = 0.14.
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(e) The line admittance at d = 0.14.

(f) The location nearest to the load at which the real part of the line admittance
is equal to the line characteristic admittance.

Solve Problem 6.58 using the Smith chart.
Solve Problem 6.61 using the Smith chart.
Solve Problem 6.62 using the Smith chart.

The dimension a of a parallel-plate waveguide filled with a dielectric of permit-
tivity € = 4€, is 4.0 cm. Determine the propagating TE,, , modes for a wave
frequency of 6000 MHz. For each propagating mode, find (2) the cutoff frequency,
(b) the angle 8, at which the wave bounces obliquely between the conductors,
(©) the guide wavelength 4, (d) the phase velocity v,,, and (e) the guide imped-
ance 1],.

Consider a parallel-plate waveguide extending in the z direction with a dielectric
discontinuity at z = 0. A TE,, , wave is incident on the discontinuity from the
side z < 0. By making use of the boundary conditions at the discontinuity, show
that each section of the guide can be replaced by the corresponding transmission-
line equivalent shown in Fig. 6.59, for the purpose of solving reflection, trans-
mission, and matching problems involving power flow in the z direction.

In Section 6.12 we introduced transverse electric or TE waves by considering
oblique incidence of a linearly polarized uniform plane wave on a perfect conductor
with its electric field entirely parallel to the plane of the conductor. To investigate
transverse magnetic or TM waves, consider a linearly polarized, uniform plane
wave having its magnetic field entirely along the y direction and incident obliquely
upon a perfect conductor occupying the x = 0 plane as shown in Fig. 6.88.

|
T
E; / I \Er

Fig. 6.88. For Problem 6.69.

(a) Obtain the expressions for the total fields:

(b) Show that E, =0 at the surface of the conductor as well as in planes
x=—mA/QcosB), m=1,2,3,....

(c) For a parallel-plate guide of spacing a between the plates, find the expressions
for the cutoff wavelengths, cutoff frequencies, guide wavelengths, and the
phase velocities in the z direction for the TM,,,, modes.

(d) Write expressions for the total fields in the guide independent of 6,.

(e) Define guide impedance and obtain the transmission-line equivalent for power
flow along the guide.
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Using the transmission-line equivalent determined in Problem 6.69, repeat Example
6-29 for TM,,, waves of frequency 6000 MHz. ‘
Show that

Vpz

Yer = T = (@0/vy:) vy, dd)

For the parallel-plate waveguide of Problem 6.67, obtain the group velocities for
|

the propagating modes for a wave of frequency 6000 MHz. ‘

For a tapered transmission line, the inductance and capacitance per unit length

are functions of position z along the line.

(a) Show that the line voltage and line current in the sinusoidal steady state satlsfy
the equations

DT _ 1 (92)(07) | pogep— 0
gg ~ (%f’) (g’ ) + w2gel =

(b) If £(z) and C(z) for a particular tapered transmission line are given by
L@ =Lee=  and € = Cpe

where £,, Gy, and a are constants, find the solutions for ¥ and I and show
that there exists a cutoff frequency below which wave propagation does nojt
occur.

Obtain the expression for the attenuation constant per wavelength in a loss
medium characterized by o, u, and €. Plot the attenuation constant per wave-
length versus g/we.

For uniform plane waves in fresh lake water (0 = 10~2 mho/m, € = 80 €,
U= lg), find o, B, 7, and A for two frequencies: (a) 100 MHz and (b) 10 kH

=

A uniform plane wave of frequency f is incident normally from free space onto
a plane slab of good conductor of infinite depth and conductivity . Obtain the
expression for the fraction of the incident power reflected and the fraction of t:]:e
incident power transmitted into the conductor. Compute numerical values for
incidence from free space to copper at 30 MHz.

(a) Express Egs. (6-281a) and (6-281b) in terms of the distance variable d.
(b) Show that the wave impedance Z(d) is given by

Lt 1+ L@
T

Z(d) =

where T'(d) = T'(0)e~274 = ['(0)e-2+dg-7262,
(c) In Fig. 6.89, a thin slab of good conductor having a thickness ¢ is backed [by
a perfect dielectric of thickness A/4 at the frequency of operation, which|in
turn is backed by a perfect conductor. Show that, for uniform plane wawes
incident normally on the good conductor, reflections are eliminated if o,¢ K 1
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Lossy

Perfect
Conductor Dielectric
Frei Space # \ Perfect
ko, €0 Conductor
E, A
4

el
/

Fig. 6.89. For Problem 6.77. N P

and 0 = 1/#,¢, where &, and g are the attenuation constant and conductivity,
respectively, of the good conductor.

For the semiinfinite plane slab conductor of Fig. 6.66, show that (a) the real part
on the right side of (6-294) is the same as the result that would be obtained by
a volume integration of the time-average power dissipation density o |E,|? and
(b) the imaginary part on the right side of (6-294) divided by 2 is the same as
the result that would be obtained by a volume integration of the time-average
magnetic stored energy density }z | f?,,|2.

For the lossy transmission line of Fig. 6.69,

(a) Write the transmission-line equations.

(b) Find 7 and Z,.

(c) Show that for 2®R,/(2L; + £) = G/C, f = W/ 2L, F £)C. What is the attenu-
ation constant for this condition?

For the parallel-plate resonator of Fig. 6.71, show that the total energy density
in the two fields from d = 0 to d = I computed by considering the energy density
in the electric field at a time at which the magnetic field is zero everywhere between
the plates is the same as that given by (6-299).

The arrangement shown in Fig. 6.90 is that of a parallel-plate resonator made up
of two dielectric slabs of thicknesses zand (/ — #) and backed by perfect conductors.

o, €1 o, €2

L L

l
I
!
|
I
|
|
!
|
[
[

Fig. 6.90. For Problem 6.81.
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(a) Show that the resonant frequencies of the system are given by the roots of the
equation

tan wa/ o€t + €1 tan WA/ o€l — ) =0
u e,

(b) Find the three lowest resonant frequencies if z = 1/2, / = 5.0cm, €, =60,J
and €, = 4¢€,.

For the parallel-plate resonator of Example 6-32, show that, for a particular mode
of operation, Q is inversely proportional to 4/ f.

A resonator is formed by placing perfect conductors in two transverse planes
z = 0 and z = d of a parallel-plate waveguide of spacing a, as shown in Fig. 6.91.

x =0

Fig. 6.91. For Problem 6.83.

(a) Show that the resonant frequencies corresponding to the TE,, ;,, modes are

given by
oo =57 (5) + (2)'

Compute the lowest three resonant frequencies if a = d = 4 cm. Identify the
corresponding mode numbers. Assume free space for the medium between the
plates.

(b) Write the expressions for the fields corresponding to the TE,,,,; mode. Derive
the expression for the @ of the resonator for the TE, ;,; mode, assuming that
the plates are made up of imperfect conductors of conductivity o and havmg
thicknesses of several skin depths for the frequencies of interest. ;

For the parallel-plate resonator of Fig. 6.70, assume that the dielectric is slightly

lossy, having a conductivity o, < we.

(a) Assuming the plates to be perfect conductors, show that the @ of the resonator
is given by Q, = we€/a,.

(b) If, in addition to the slightly lossy dielectric, the plates are made up of slightly
lossy conductors, show that the Q of the resonator is given by

1—— ———
200
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where @, is as given in part (a) and Q, is equal to /2 as derived in Example
6-32.

Show that the units of / Ne2/me, are (seconds)™! and that e2/4n2me, is equal to
80.6.

The maximum plasma frequency of the plane ionosphere considered in Example
6-33 is 10 MHz.

(a) What is the minimum value of 8, at which a signal of frequency 20 MHz can
be incident on the ionosphere in order to get reflected and not to penetrate
the ionosphere? .

(b) What is the maximum frequency of a signal incident on the ionosphere at an
angle 8, = 30° so that it will be reflected ?

In Fig. 6.92, a satellite signal of frequency f = 20 MHz passes through a hypo-
thetical plane slab ionosphere of uniform plasma frequency fy = 12 MHz. The
earth’s magnetic field and the effect of electron collisions with heavy particles are
to be neglected. Find the true elevation angle of the satellite as seen from. the
receiver.

Satellite
h = 1000 km

Free Space

f =20 MHz

500 km ————— — —_————
Slab Ionosphere
fv = 12MHz
1(;0 __lfné) A _F_r—ee—Sche_ -

\
60°
Fig. 6.92. For Problem 6.87.

A technique of locating the position of an aircraft is by measuring its ranges
from a system of satellites of known locations. The apparent range between a
satellite and the aircraft is obtained by measuring the time delay of a pulsed con-
tinuous wave signal and multiplying it by the velocity of light in free space. The
range is an apparent value because the time delay is determined by the group
velocity of the signal in the intervening medium which is not free space. For a
signal of frequency f much larger than the maximum plasma frequency in the
ionosphere and neglecting earth’s magnetic field, show that the apparent range is

greater than the true range by the amount (40.3/f?) Jj N ds, where Jj N ds is the

" integrated electron density in a column of cross section 1 m?2 from the aircraft

(A) to the satellite (S) and f is in hertz. For JS Nds = 1018 electrons/m?2, find the
A
excess range for two frequencies: (a) 140 MHz, (b) 1,600 MHz.
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Two Hertzian dipoles situated at the origin and carrying currents of the same
frequency are oriented along the x and z axes, respectively. The dipoles are of the
same length and their currents are equal in magnitude and in phase. Discuss the
polarization of the radiation field due to the dipole arrangement at (a) a point
along the x axis, (b) a point along the z axis, (c) a point along the y axis, and
(d) a point along the line x = 0, y = z. Repeat for the dipole currents equal in
magnitude but differing in phase by 7/2.

The oscillating version of the static magnetic dipole consists of a circular loop of
wire of radius a carrying current varying sinusoidally with time. For circumference
of the loop small compared to the wavelength, the current can be considered to
be uniform and in phase around the loop so that it is given by I(¢t) = I, cos wt.
Assume the dipole to be centered at the origin and lying in the xy plane with
the current flowing in the ¢ direction.
(a) Find the time-varying magnetic vector potential due to the oscillating magnetic

dipole for r>> a.

(b) Obtain the electromagnetic fields due to the oscillating magnetic dipole.
(c) Show that the radiation fields due to the oscillating magnetic dipole are given by

— ﬂzﬂjonaz . .
= —4nr— sin 08 Jﬂrl¢

_ 2] a2

it = B o g oo,

Fig. 6.93 shows an oscillating electric quadrupole consisting of three time-varyin#;
charges given by
Q:() = 0,(t) = Q, sin wt
03(t) = —2Q, sin wr¢

The charges are connected by filamentary wires.

— 1y

Q.()

<t>\§ /”
dl
p

Y 7 S~
X / '\ Q23() >~ _
L) 020

N

Fig. 6.93. For Problem 6.91.

(a) Write the expressions for the currents 7,(¢t) and Z,(¢) such that the continujity
equation is satisfied. i

(b) Find the time-varying magnetic vector potential due to the oscillating quadru-
pole, in the limit that &/ — 0 keeping Q,(dl)? constant. :
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(c) Find the electromagnetic fields due to the oscillating quadrupole.

(d) Find the radiation fields due to the oscillating quadrupole. Verify by deriving
them directly from the radiation fields due to the oscillating dipole given by
Egs. (6-339) and (6-340).

Find the radiation resistance of a straight copper wire of length 1 cm carrying
current of frequency 100 MHz. Compare the radiation resistance with the ohmic
resistance of the wire (taking into account skin effect) if it has a cylindrical cross
section of radius 1 mm. Repeat for a frequency of 300 MHz.

A half-wave dipole is a center-fed, straight wire antenna having a length equal to
half the wavelength. The current distribution along the half-wave dipole is given by

f(z):focosnfz for —%<z<%

as shown in Fig. 6.94.

Current
+ Distribution

L
Fig. 6.94. For Problem 6.93. 2

(a) Show that the radiation fields of the half-wave dipole are

£, = Mhoe™/1) cos [(/2) cos 6]

2nr sin
H — jloe= 31 cos [(7/2) cos 0]
4 2nr sin 6

“(b) Show that the radiation resistance of the half-wave dipole in free space is
73 ohms, given that

f e [(RT/Z) 05 61 16 — 0.609
sin ’

=0

(c) Sketch the normalized radiation intensity pattern.

(d) Show that the directivity of the half-wave dipole is 1.64.

Two identical short dipoles form an array as shown in Fig. 6.95. Show that the
radiation fields due to the array are given by the radiation fields due to one of
the dipoles multiplied by the factor 2 cos [(fd sin 8 cos ¢)/2]. Plot the normalized
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radiation intensity patterns in three planes: (a) ¢ = 7/2, (b) ¢ = 0, and (¢) 0 =n/2
for d = A/2.

Fig. 6.95. For Problem 6.94.




APPENDIX

UNITS AND DIMENSIONS

\
\

|

!

In 1960, the International System of Units was given official status at the
Eleventh General Conference on weights and measures held in Paris, France.
This system of units is an expanded version of the rationalized meter-
kilogram-second-ampere (MKSA) system of units and is based on six
fundamental or basic units. The six basic units are the units of length, mass,
time, current, temperature and luminous intensity.

The international unit of length is the meter. It is exactly 1,650,763.73
times the wavelength in vacuum of the radiation corresponding to the
unperturbed transition between the levels 2p,, and 5d; of the atom of
krypton-86, the orange-red line. The international unit of mass is the kilo-
gram. It is the mass of the International Prototype Kilogram which is a
particular cylinder of platinum-iridium alloy preserved in a vault at Sévres,
France, by the International Bureau of Weights and Measures. The inter-
national unit of time is the second. It is equal to 9,192,631,770 times the
period corresponding to the frequency of the transition between the hyperfine
levels F=4, M = 0 and F= 3, M = 0 of the fundamental state 2S,,, of
the cesium-133 atom unperturbed by external fields.

To present the definition for the international unit of current, we first
define the newton, which is the unit of force, derived from the fundamental
units meter, kilogram and second in the following manner. Since velocity is
rate of change of distance with time, its unit is meter per second. Since
acceleration is rate of change of velocity with time, its unit is meter per
second per second or meter per second squared. Since force is mass times
acceleration, its unit is kilogram-meter per second squared, also known as
the newton. Thus, the newton is that force which imparts an acceleration
of 1 meter per second squared to a mass of 1 kilogram. The international
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unit of current, which is the ampere, can now be defined. It is the constant
current which when maintained in two straight, infinitely long, parallel
conductors of negligible cross section and placed one meter apart in vacuum
produces a force of 2 X 10~7 newtons per meter length of the conductors.

The international unit of temperature is the Kelvin degree. It is based
on the definition of the thermodynamic scale of temperature by means of
the triple-point of water as a fixed fundamental point to which a temperature
of exactly 273.16 degrees Kelvin is attributed. The international unit of
luminous intensity is the candela. It is defined such that the luminance of a
blackbody radiator at the freezing temperature of platinum is 60 candelasj
per square centimeter.

We have just defined the six basic units of the International System of
Units. Two supplementary units are the radian and the steradian for plane
angle and solid angle respectively. All other units are derived units. Fofr'
example, the unit of charge which is the coulomb is the amount of charge
transported in 1 second by a current of 1 ampere; the unit of energy which
is joule is the work done when the point of application of a force of 1 newtor
is displaced a distance of 1 meter in the direction of the force; the unit qf
power which is the watt is the power which gives rise to the production of
energy at the rate of 1 joule per second; the unit of electric potential differenje
which is the volt is the difference of electric potential between two points
of a conducting wire carrying constant current of 1 ampere, when the powéf‘r
dissipated between these points is equal to 1 watt; and so on. The units forr
the various quantities used in this book are listed in Table A.l., together
with the symbols of the quantities and their dimensions.

Dimensions are a convenient means of checking the possible validity
of a derived equation. The dimension of a given quantity can be expressed
as some combination of a set of fundamental dimensions. These fundamentjal
dimensions need not be the same as the quantities corresponding to the
basic units. In mechanics, the fundamental dimensions are mass(M),length (L)
and time (7). In electromagnetics, it is the usual practice to consider the
charge (Q), instead of the current, as the additional fundamental dimensign.
For the quantities listed in Table A.1., these four dimensions are sufficient.
Thus, for example, the dimension of velocity is length (L) divided by time (
that is LT"'; the dimension of acceleration is length (L) divided by ti
squared (T'), that is, LT ~%; the dimension of force is mass (M) times acael-
eration (LT ~2), that is, MLT ~2; the dimension of ampere is charge (Q) divided
by time (7’), that is, Q7"!; and so on.

To illustrate the application of dimensions for checking the possible
validity of a derived equation, let us consider the equation for the velogity
of propagation of an electromagnetic wave in free space, given by

1
o€

v =

]
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Appendix
TABLE A.1. Symbols, Units and Dimensions of Various Quantities
Quantity Symbol Unit Dimensions

Acceleration a meter/(second)? LT-2
Admittance Y mho M-1L-2TQ2
Angular velocity w radian/second T-1
Area A square meter L2
Attenuation constant o neper/meter L1
Capacitance C farad M-1L-2T2Q2%
Capacitance per unit length e farad/meter M-1L-3T2Q2

X meter L
Cartesian coordinates { ¥y meter L

z meter L
Characteristic admittance Yo mho M-1L2TQ2
Characteristic impedance Zy ohm ML2T-1Q~2
Charge 0.q coulomb [0)
Closed path (o) meter L
Conductance G mho M-1L-2TQ2
Conductance per unit length S mho/meter M-1L-3TQ2
Conduction current I ampere T-1Q
Conduction current density J. ampere/square meter L-2T-1Q
Conductivity 4 mho/meter M-1L-3TQ2
Current I ampere T-1Q
Current transmission coefficient Te — —
Cutoff frequency fe hertz T-1
Cutoff wavelength e meter L

¥, Fe meter L
Cylindrical coordinates {gb radian —

z meter L
Differential length element dl meter L
Differential surface element das square meter L?
Differential volume element dv cubic meter L3
Directivity D - —
Displacement current I; ampere T-10
Displacement flux density D coulomb/square meter L-2Q
Distance R,d meter L
Drift velocity \ 7} meter/second LTt
Electric dipole moment p coulomb-meter LO
Electric energy W, joule ML2T-2
Electric energy density W, joule/cubic meter ML-1T-2
Electric field intensity E volt/meter MLT-2Q-!
Electric potential |4 volt ML2T-2Q-1
Electric susceptibility Xe — —
Electron density N (meter)~3 L3
Electronic charge e coulomb o
Electronic polarizability e farad-(meter)? M-1T2Q2
Energy w joule ML2T-2
Energy density w joule/cubic meter ML-1T-2
Force F newton MLT-2
Force per unit volume f newton/cubic meter ML-2T-2
Frequency f hertz T-1
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TABLE A.1. Cont’d

Appendix

Quantity Unit Dimensions
Gravyitational field intensity meter/(second)2 LT-2
Group velocity meter/sec LT-1
Guide impedance ohm ML2T-10Q-2
Guide wavelength meter L
Impedance ohm ML2T-1Q~2
Incremental relative — —
permeability
Inductance henry ML2Q~2
Inductance per unit length henry/meter MLQ-2
Internal impedance ohm ML2T-1Q-2
Internal inductance henry ML2Q-2
Internal inductance per unit henry/meter MLQ™2
length
Intrinsic impedance ohm ML2T-10-2
Intrinsic impedance of free space ohm ML2T-1Q-2
Length meter L
Line charge density coulomb/meter L-1Q
Linear velocity meter/second LT-1
Magnetic dipole moment ampere-square meter L2T-1Q
Magnetic energy joule ML2T-2
Magnetic energy density joule/cubic meter ML-1T-2
Magnetic field intensity ampere/meter L1r-1Q
Magnetic flux weber ML2T-1Q-!
Magnetic flux density weber/square meter MT-10~1
(or tesla)
Magnetic polarizability (meter)#/henry M-1L202
Magnetic scalar potential ampere T-1Q
Magnetic susceptibility — —_
Magnetic vector potential weber/meter MLT-1Q-1
Magnetization surface current ampere/meter L-i7T-109
density
Magnetization vector ampere/meter L-1T-10Q
Magnetization volume current ampere/square meter L-2T-1Q
_ density
Magnetizing field weber/square meter MT-10~1
(or tesla)
Mass kilogram M
Mobility of electron (meter)2/volt-second M-1TQ
Mobility of hole (meter)2/volt-second M-1TQ
Molecular polarizability farad-(meter)? M-1T2Q2
Mutual inductance henry ML2Q~2
Mutual inductance per unit henry/meter MLQ2
length
Natural frequency of oscillation hertz T-1

Normalized admittance
Normalized impedance
Normalized radiation intensity
Normalized reactance

QNl‘ﬁl;\s
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TABLE A.1 Cont’d
Quantity Symbol Unit Dimensions
Normalized resistance r — —_
Normalized susceptance b — —
Permeability u henry/meter MLQ2
Permeability of free space Uo henry/meter MLQO™2
Permittivity v € farad/meter M-1L-3T2Q2
Permittivity of free space € farad/meter M-1L-3T2Q2
Phase constant B radian/meter L1
Phase refractive index u — —
Phase velocity Vp meter/second LT-1
Plasma frequency Iy hertz T-1
Polarization current density J, ampere/square meter L2T-1Q
Polarization surface charge Pos coulomb/square meter L-2Q
density
Polarization vector P coulomb/square meter L-2Q
Polarization volume charge Pr coulomb/cubic meter L-3Q
density .
Polarizing electric field E, volt/meter MLT-20"1
Position vector of field point r meter L
Position vector of source point r meter L
Power P watt ML2T-3
Power density p watt/square meter MT-3
Power dissipation density Da watt/square meter MT-3
Poynting vector P watt/square meter MT-3
Propagation constant 7 complex neper/meter L1
Propagation vector p radian/meter Lt
Quality factor (0] — —
Radian frequency o radian/second T-1
Radiated power Praq watt MIL2T-3
Radiation intensity U watt/steradian ML2T-3
Radiation resistance Rraq ohm ML2T-1Q~2
Reactance X ohm ML2T-1Q~2
Reflection coefficient r — —_—
Relative permeability Ur — —
Relative permittivity € — —
Reluctance ® ampere-turn/weber M-1L-20Q2
Resistance R ohm ML2T-1Q~2
Resistance per unit length ® ohm/meter MLT-1Q~2
Skin depth é meter L
Skin effect resistance R; ohm ML2T-1Q~2
Skin effect resistance per unit ®Rs ohm/meter MLT-10~2
length
Solid angle Q steradian —
F,rs meter L
Spherical coordinates {0 radian —
¢ radian —
Surface S square meter L2
Surface charge density Ps coulomb/square meter L~2Q
Surface current density Js ampere/meter LiT-1Q
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TABLE A.1. Cont’d

Quantity Symbol Unit Dimensions
Susceptance B mho M-1L-2TQ2
Time t second T
Unit normal vector in, in — —
Velocity of light in free space ¢ meter/second LT-1
Voltage |4 volt ML2T-2Q-1
Voltage standing wave ratio VSWR — —
Voltage transmission coefficient Ty — —
Volume vV cubic meter L3
Volume charge density p coulomb/cubic meter L-3Q
Volume current density J ampere/square meter L27r-1Q
Wavelength A meter L
Work w joule ML2T-2

We know that the dimension of v is LT~ !. Hence, we have to show that th
dimension of 1/./u.€, is also LT-!. To do this, we note from Coulomb’
law that

.00,
° " 4gFR?
Hence, the dimension of ¢, is Q*/[(MLT~2)(L?)] or M~1L™3T2Q? We not
from Ampere’s force law applied to two infinitesimal current elements
parallel to each other and normal to the line joining them that

ﬂ z_ﬂR;
° U dl){A,dl)

Hence, the dimension of u, is [(MLT~2)(L*)]/(QT'L)? or MLQ~2. We no
obtain the dimension of 1/3/u,€, as 1// (M- TL3T20*)(MLQ"?) or LT {,
which is the same as the dimension of ». It should however be noted that the
test for the equality of the dimensions of the two sides of a derived equation
is not a sufficient test to establish the equality of the two sides since any
dimensionless constants associated with the equation may be in error. |

It is not always necessary to refer to the table of dimensions for checking
the possible validity of a derived equation. For example, let us assume that
we have derived the expression for the characteristic impedance of a trans-
mission line, i.e., ./£/C and we wish to verify that ./£/€ does indeed have
the dimension of impedance. To do this, we write

We now recognize from our knowledge of circuit theory that both wL and
1/wC, being the reactances of L and C, respectively, have the dimensions
of impedance. Hence, we conclude that ./£/C has the dimension of

«/(impedance)? or impedance.
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ANSWERS TO
ODD-NUMBERED PROBLEMS

1.1.

13.
15.
17.

115.
117.

1.19.

1.23.

Chapter 1

(a) 44/°3 units and directed 30° south of east (b) 0.51764 units and directed 45°

north of east (c) 9.928 units and directed 30° south of east (d) —6./3 (€) 6 units

and directed upwards (f) 0 (g) 0 (h) 2.784 (i) 1.607 units and directed upwards

(0 (k)0 (1) 24 units and directed towards the north (m) 24 units and directed

30° north of east

C? = A2 + B2 — 24B cos 0 where 0 is the angle between A and B.

© dl=Au2+2dui, + /2 +v¥dvi, +dzi, (d) dv =2+ v2)dudvdz

(©) & =129.25°, A =29.38°, S = 38673 Km (d) 208.97°, 25.17°

(. + 2i, + 3i,)/,/14

(a) Surfaces of constant magnitudes, T, are ellipsoids with intercepts on the x, y,
and z axes at +a/Ty, +4/To/4, and +4/T,/9, respectively.

(b) Surfaces of constant magnitudes, Uy, are cylinders parallel to the z axis, having
radii equal to 1/2U, and with their axes passing through x = +1/2U,,y = 0.

(c) Surfaces of constant magnitudes, V,, are toruses obtained by revolving, about
the z axis, circles in the ¢ = constant plane with centers at r. = 1/2¥, and
z = 0 and with radii equal to 1/2V,.

F = —(mMG/r2)i, in the spherical coordinate system having its origin at the

center of the earth. Constant magnitude surfaces are spheres concentric with the

earth. Direction lines are radial lines converging towards the center of the earth.

@) v = ai, + abri,, ‘;—;’ — —ab%i, + 2abi,

(b) v= —wasin wti. + wb cos wt i, + ci,
d . . .
Iv = —@w2acos wti, — wbsinwti,
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1.25.
1.27.

1.29.
1.31.
1.33.
1.35.
1.37.
1.39.
1.43.

1.49.
1.53.

1.63.

2.1.
2.3.

2.5.
2.7.

2.9.

2.11.

2.13.

2.15.

2.17.

2.19.

530 Answers fo Odd-Numbered Problems

G, — A/31y)/2

Scalar function x y oz ¢ rs 0
Gradient ix iy iz irc (l/rc)igb ir.v (l/r:)i9
6.983

(a) 1/720 (b) 2mal (c) w/16

(@) 0 (b) a2l)2

@ n/2 b n2 © 72 @ 2

—2/3

! — D)2

Unit vector i, iy i, ic iy i ig
Divergence 0 0 0 1/r. O 2/rs (cot @)/rs
(@) 21/16 (b) 1/2 () 0 (d) O

(@) —yi, —zi, — xi; (b) —2i; (¢) 2+ 2sin)i, (d) 0exceptforz=0
e —(er/r)iy

(@) 6xyz2 +2x3y (b) 0 (c) e~"/r (d) 2(yzi, + zxi, + xyi.)

Chapter 2

—(mg/q)i,, 55.7 x 10712 N/C

(b) yr = qEoL*2mvE, v, = woi, + (GEoL/mvy)i,

(©) ya = @EoLImv})(L[2) + d]

0Q2/€ol*mg = 4m| /6

(a) 6Qd?/4m€ z* away from the quadrupole

(b) 3Qd?*/4mer* towards the quadrupole

(@) E,=0,E,=0, E, = proaz/2€,(a® + z2)3/2

(b) E, =0, E, = —proa?/ney(a? + z2)32,E, =0

(c) E. = —proat/4€o(a? + z2)¥2, E, =0, E, =0

(d) E, =0, E, = —proa?/4€o(a® + 2232, E, = 0

(a) Ofor|z| < a, psoa?|z|/€yz? for|z|> a

(b) —psof3€o for | z| < a, 2p0ad/3€o|23 | for |z]| > a

(por[2€0)i, for r < a, and (poa?/2€,r)i, for r > a, where the axis of the cylindrical

charge is the z axis.

(@) E = (prod/2meor?)(cos @i, + sin ¢ iy)

(b) x2 + (y — ¢/2)? = (c¢/2)?, z = constant; circles in planes normal to the z
axis, with centers at x = 0 and y = 4-¢/2, and having radii ¢/2.

_ Pro_ z+a _ z—a .
e g oo v )

¥ r .
- (J(z —ar+r: Nzt a? Tt rz)l’}
where the line charge is located along the z axis between z = —g and z = a.
Direction lines are given by
Gz +a? +r2—A/(z—a)? F r? = constant
@nm (b)2wn/3 (¢c) m/6 (d) 2w (e) /2 (f) w/2




2.21,
2.23.

25.

2.35.
2.39.

241.

245,

2.47.

531 Answers to Odd-Numbered Problems

0/8¢,

(a) lforl [ < a,

—Ml for |z|> a
€oz

(b) g—:(lzl— a)i, for |z| < a, 0 for | z| > a

z3 . a’l|z|,

© 76,17 |Z|lz for|z| < a, T for|z|> a
2

@ === TP 1,for|z|<a Ofor|z|> a

1 z . a*z .,
(e) a(az —21—1)12 f0r|2[<a;m]z fOI‘|Z|> a

(@ Oforr <a,zE25(r3 —adi, fora<r <b 0_(b% — adi, forr > b

’36 ’36 2

(b)46a forr<a,4/2 i,forr>a
2 _ 5
(©) p_O(SILSGra—ZrX_)I for r < a, 125/;_ zi, forr>a

(po/2€4)c where ¢ is the vector drawn from the axis of the cylindrical surface of
radius a to the axis of the cylindrical surface of radius 4.
_[@Dpe z=0
@ 2. {(4/3)/%0 z=a
®) p=eir
_ [Qldma? r=a
© p. {—Q/4nb2 r=b
1 unit of work done by the field.
%ﬁ sin @ cos 0 cos ¢
@ 50 " Q(9 sin 8 cos ¢ + 3 sin O sin @)
327t6 r 32meyr?
) — _ sinfcos ¢ + sin @ sin @ + cos 8
47t€ ro. TEr?2

Q(sin 8 cos ¢ + cos B)
© 27€or2

Q(3 sin2 @ cos? ¢ -+ 3 cos2 f + 3sin@ cos B cosp — 2)

47:60}’3

L0 lnw +z% + 2o

NTE 4+ 22—z,
® 27tf Wrr +z% —vr)
() 0
(@ (psof2€0)(z,| — |2])
() (psol2€)(4/7E + 22 —1W/r3 + 23] — 2] + 12D
© (Psol2€0)( /7% + 22| — |&/r} + 22]
@o
() 0
For the line charge lying along the z axis between z = —a and z = q,
V= Lo M2+ a?+(z+a)

47t€0 /\/17—{— C—a?+(z—a)

(w4




2.49.

2.51.

2.53.

2.55.

3.1.
3.3.

3.5.
3.9.

3.11.

3.13.

3.15.

3.17.

532 Answers to Odd-Numbered Problems

Equipotential surfaces are given by

() ) -
4c a (c + D2\a

where c is constant.

Po 2 _ Po
ZEo(a 3)forr<a, forr>a

Po o 2 Poa a
(a) 3¢, (a r?) forr < a, %€, InZ forr>a

— p2
(b) 0f0rr<a,2p6°(aZ—zL——azlnT)fora<r<b,

Po (@2 — b a\ , Pod? —a?)
2—50% a?In b) —2€0—ln forr>b

©) poa %forr<a

_ 3
’96 r3) forr>a

(a) Bg-"—forlzl <a,p‘—2al—z—|for|z| >a
1] (1]
(b) Mlniforr<a l—’éLalni
Psoa —_-— = P:na 1 _1_
(©) (a b)forr<a, €, (r b)fora<r<b,0forr>b

(@) nazpz.oix (b) 0 (c) (proa?/2)(—mi, + 2mi,)
Dipole moments for cases (a) and (b) about any point other than the origin are the
same as the respective dipole moments about the origin.

fora<r <b,0forr>b

Chapter 3

—ei,

x-S -G
v, = B i, + v, qBo Zly

© x3=x, +qBo[o,d[ <q£30 ) } 172

mg/LBy, 9800 amp from west to east

F2 = —(ﬂo/475)1112 dly dl, i,, Fys = (Uo/4m)1,1, dl, dl, i,

Fay = (Uo/12/3 LI, dl, dl,i i, Fi3 = (4“0/12»\/—77:)11 Ldl d, i,
Fi3, = (ﬂ0/84/ 7:)12 dl dl ly, F,3 = (ﬂo/&\/ 7[)12 dl dla

I
ﬂoz;t 24 (% - ﬁ?}) towards the loop
1.1 .
ﬂoz;t 2“(% — (%—l—b) towards the infinitely long wire
4 [aW
IL

Uonla? sin (27t/n)
47l(a cos /n)2 + z2](a® + 22)1/2

@ &

Ia? 1 1 .
02 {[az TG = b + @+ G+ b)z}:/z} I



3.19.

341.

3.43.

3.45.

533 Answers to Odd-Numbered Problems

(@ ﬂgéiol[ a -+ A/a? + z2 a ]i,

Iz e+ 22
Honol [ 1 1 .
(b) 2 [m - /—-—a_“—z ¥ sz| 1;
,uonola i
( ) /az + Zz

(a) (uold/27zr2)( sin @i, + cos ¢ l¢)

(®) (x —¢/2)? + y2 = (c/2)?, z = constant; circles in planes normal to the z axis,
with centers at y = 0 and x = +¢/2, and having radii ¢/2.

(a) 3uolard/z* away from the quadrupole

(b) 3uolard/2r* towards the quadrupole

2
(a) %i¢f0rr<a,ﬂ°gﬁa igforr>a

(b) O for r < a, ”2°J°(r2 — a¥ji, fora < r < b, M(bz — i, for r> b

HoJoa? [ r\*t2
()(n0—|-02)r( > forr<a,( +2)

(@) —uodoyi, for |y| < a, —(oJoaly|/Mi, for |y| > a

(b) UoJo(ly| — @i, for |y| < a, Ofor |y|>a

© —(uoy?21yDi, for |p| < a, —(Uoa?|y|/2p)i, for |y]| > a
(@) [uo(a® — y»)/2]i, for |y]| < a,0for |y|>a

forr > a

(©) —polay — (213NN, for |y < a, —(pea? |y |120)i, for |¥| > a

(@) HoJ 5ol for |y| < a,0for|y|>a
(b) O for r < a, (uoJs0alr)is for r > a
(©) Oforr < a, (uoJsoa/r)igfora <r <b,0forr>b
0 inside the sphere, —(pol/27r,)i; outside the sphere
@ .ol for y =0, +-J.gi, for y = a
(b) 3Jpri, forr < a,0fora <r <b, —(Joa3/b)i,forr =b,0forr > b
© %Jso sinfi,forr=a
A— ,uoI [«/rz +z+a?+(z+ a):]
NP+ (z—a2 +(z—a)

B — HLI[ z+a z—a J

anr /2 F(z+aP A+ (z—a)p
A = Molma? sin 0.

dmr? i
B =472 ) cos 0, + sin i)

2 2
@ —”"—2"y—i forlyl <a, [—&’—0“— — todoa(ly] —a)]i, for |y|> a

) uoJolay — i, for |y| <a, ﬂ°"°ay1,forlyl> a
2| | 21y|

© — ﬂoly |5 Ho2a° —63a21yl)

i for|y| <a, i for|yl>a

Koaly
> 3y

(d ﬂo(3a J’ =%

i, for|y|<a i for|y|> a
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© ﬂ0(|y3|6— 3ay?) i, for [y| < a, /‘_D&G_M i;forly|>a

347. (a) UoJsoi; for |y| <a, (leJso |y Wi for |y > a
(®) poJsoaln —z— for r < a, poJspaln % fora<r<b,0forr>b

349. (@ m = @nola’/3)i; A = (Uonola®/12r?)sin @i,
(b) m = (mnola?/2)i, A = (Uonola?/8r2)sin B iy
(©) m = nnolai, A = (Uonolaj4r?) sin 8 i,
3.51. (Lo po@oas{15r2) sin B iy
3.53. ]:x — g—(fj—i—})]z +y2 = (%)2 where ¢ is constant, z =0
3.57. (a) Group (@) (b) Group (d) (c) Group (¢) (d) Group (b) (e) Group (c)

Chapter 4

41, E=i,+i,B=i

E,

4.3. X = @.B,

(ot — sin w.2) + %’(1 — cos @, 1)
(4

— _Eo vy
y = ®.B, (1 — cos w.t) + o, sin @, ¢

z=0
_gE, . (sinwt sin .t
4. x‘mw%—wz( w w, )
y= % W—Q—):W(cos Wt — cos W.t)
a c
Z =
4.7. Byvoab/y(y + a)
y +a\ . Byvgab
4.9, <ngco In ¥ ) sin wt + 0 T a) cos ¢
4.11.  waByi,
4.15 ,u_ol( z+d _ z—d )
) 2 \Wat+G+d? JaE+(z—d)?
,u_ol z—a _ z+a . h
4.17. > (Mrz TG VTGt a)2> for C outside the sphere
Mol z—a _ z+a . h
> (2 + NS e PR ro a)2> for C outside the sphere

4.19. @/18)uel
4.21. 1.0606 ¢
4.23. The magnetic field due to the moving charge is given by

B = 4o Qovo r i
an [r? + (wot — 2)2P2 ¢

at an arbitrary point (¢, ¢, z).
4.25. 0.1471/€; N-m

2
421. (2 %’S‘C/__’: (2b5 + 3a5 — 5a%b?) N-m




5\
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4:45.

5.7,

5.11.

5.17.
5.19.
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b 7L%as N-m

2
@) ”°I° [( < oy In < —Hn 2——(62“_ bz)]

N
(b) 90(“”“a+6>

The energies associated with the current distributions of Problem 4.32 are
@) uoJkha (b) 2p0/15
(I3 In c/a + 2111, In ¢/b + I3 1n ¢/b)
(Voly/4) sin 23z
2
?Zﬁfa‘; cos? (@t — Br)
4 cos (2t — 96.87°)

(@) E, =2/135°, E, = 2/225°

(b) The magnitude of the field vector is constant and equal to 2 units. The angle
which the vector makes with the x axis varies as (—¢ + 135°) with time.
Hence, the field is circularly polarized.

(@ +/3x — 2y — 3z = constant.

(¢) The direction of polarization makes an angle of 25.67° with its projection, on
to the xy plane, which makes an angle of 73.9° with the x axis.

(@) /3 x + 3y + 2z = constant.
0.047

© B= __h[( 1 +]2/\/—)lx + (— ,\/? —Jj2)i, + 2,\/'—12]3 70.027 (V3 x+3y+22)
The field is left circularly polarized.

2€,

Chapter 5

—50€,y for x =0,y > 0; —50€ox fory =0, x > 0;
(50€0/x)/x* + 4 for xy =2
0 for r = a, pr/27b for r = b, —pp./27c for r = ¢, and (pr; + pr2)/2md for
r=d '
(c) 3€0E, cos
(d) Ea = Eoiz
—Ey(cos @i, — sin@ip) forr < a
E; = an

(2cos@i, +sinfig) forr> a

fora<r <b s i, forr> b

_0 ) _0
®) Zmez - forr <a ez > Imeor?

(b) E, = Ey(cos 8 i, — sin 0 i)

-3 _{“’X Ey(cos 0 i, —sin0 i) for r < a
_Xeo an
3+ Xeo

foEo cos 0

E, =
Qcosfi, +sinf i) forr > a

(@

3+X



5.21.

5.23.

5.29.
5.31.

5.33.
5.35.

5.37.
5.39.
5.41.

5.43.
5.47.
5.49.

6.1.

6.5.
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@) peodles (6) peodid€a (©) peold + D)d€s (D) ”“’dllnj—j

z

2 2
@ €ofii. O 6Bk © 221+ 2)" 1 @ em[1 - 41+ ) i
@ — i €0, for z = 0,0 forz =d (f) EOE"( ¥ %)

(b) l¢f0rr<a ,Lt(,(l—i—)(,,,o)zﬂ 1¢f0ra<r<b'u° igforr> b

b Ba = By(cos @i, — sin 0 ip)

2){mo Pt .
T g By(cos 8 i, —sin B i) forr < a

3
A B (2 cos 0, + sin B iy) for r >

@ 31)_{'3; B;smHl,ﬁ :

@) HoJsod (b) duogJeod (©) poJso(4d — 2ty (D) [(uy + H2)[2)s0d

@ Boltolly () Boluiy © (1+5) Bty @ [(1+5) —1]224,
By i
Ko Hod

B, =

© 0 for z =0, 3Bo/po)is for z =d (£) —2(1 + EARLY

U =kH, ft;; =2kH, ¥, =kH — 1,M = (kH — )H
(a) phdf2€, (b) pid/8€,
(@) woJ2d2 (b) 2ueJid

2 B2
3 ko
By(5i, + 4i, + 5i;) Wb/m?

(a) H, = ,/%[E‘. cos W(t — A/ Ho€oz) — E, cos @t + ~/Tho€o 2)1iy
0
H, =2, /%E, cos Wt — 24/ Tho€o7) i,
0

E _ 1 E_2
®FE="3 E~3
Chapter 6
3a2z — ad|z|
(a) —66 for|z|<a, ez for|z| > a
®) f:—g(a2 —r2)forr <a, _p20€a L forr> a
© D2 — a2 forr <a, — B +2 '— 3b2) for a < r < b,

3€r(b3 —a¥)forr>b

ofr2  r* _a_2> 2poa’
@ —Bo(re - s — L forr < a, B forr > a

__V In €:d 4 (€2 — €)x
In €,/€, €.d




6.11.

6.13.

6.17.

6.21.
6. 23‘.
6. 25

627

6.31
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E — Vo €, — € i
" Iné€yfe, €.d T (€, — €x 1«
(@ p; =€Mycoslf forr =a

®) E = {—(M0/3)i, forr <a
(Moa3/3r3)(2 cos B i, + sin 8 iy) forr>a

© H— {—(Mo/3)i, forr<a
(Moa3/3r3)(2 cos 8 i, + sin @ i) forr>a

_ {(Z,uOMO/3)i, forr <a
(UoMoa?/3r3)(2cos B i, +sinf@iy) forr>a

__ 1, sinh (zx/b) . sinh (3x/b)
V="V m sin (ﬂy/b) + 7V, m sin (37ty/b)
__ 3V, sinh (wx/b) . V, sinh (3x/b)
=7 sinh (na®) S YD) — ' Sob Grragy S0 GR/B)
_ = 4V, sinh [n(x — a/2)/b] .
@ V= n=1,;,5,... 777?0 sinh (nma/2b) sin (7t y/b)
4Vy0,

L==5% %, SnomaD
X [cosh %(x — %) sin % i, + sinh nb (x — 7) cos n7l§y ly:|
O V= 5 R Gy Sn (o
Jo = _4-1%0_0 = ?’ .cosh (ina/Zb)

e ) con (x5 e

b
© V= ;5 [4 V', sinh (ntx/b) 4V, sinh (nmy/a)

w7 sinh (majb) S (7 YIB) + S Goh Gaehja) €08 X ")]
Jc = —0,
n=1,3,5,...
4V, cosh (nmx/b) . 4V, sinh (nty/a) .
R Gitasy S0 (e [B) + 222 SR ) cos (nmxfa) i
4V, sinh (nmx/b) 4V, cosh (nmy/a) . }

+ [ b sinh (nmafB) 8 P7YI0) + 5 Gk Gbla) S (””x/“)J I
The image charge is an infinitely long line charge of uniform density —p.o C/m
situated parallel to the actual line charge and at a distance d from the grounded
conductor on the side opposite to that of the actual line charge.

(a) €V,

"mixﬁ’ro<x<” —w+6g_ll/(:’i_t)ixfort<x<d
(b) —mf_%forx=0,€—z%forx=d
w/12%w
na’UN?
na?UNN,
1257

For f slightly larger than 1/21ls/ 1€, the input behaviour of the structure is equiva-
lent to a series combination of C = éwl/d and L where L = udljw. For still
higher frequencies, the input behaviour of the structure is equivalent to C in
series with the parallel combination of $L and 1C.



538 Answers to Odd-Numbered Problems

6.33. (a) —480m2 x 1077 sin 3007¢ volts (b) O volts

6.39. (a) For the region » < (@ — b), E = 0 for all .
For the region (a — b)) <r < (a + b),
E is zero for cos 27t > (r — a)/b and (Q/4m€ r2)i, for cos 27t < (r — a)/b.
For the region r > (a -+ b), E = (Q/dne€,r?)i, for all ¢.
(b) No wave propagation
6.41. (2) 10 cos2m x 107¢, 10sin 2w x 107¢, 107 Hz
(b) 10cos 0.17z, 10 sin 0.1z, 20 m
(¢) 2 X 10® m/sec

@ %z cos 2 x 107t — 0.172)

6.43. (a) The given E represents the electric field of a uniform plane wave
(b) Direction of propagation is along the unit vector §(,/3 i, -+ 3i, + 2i.).
A=25m
f=12MHz
Ay =577m, A, =33.3m, A, = 50m
v, = 6.928 X 108 m/sec, v,, = 4 X 108 m/sec, v,, = 6 X 10% m/sec
The polarization is left circular '

H= Tl()ﬁ[(_l + 72/ iy + (—/F — i, + 24/Fi,]e /0022 Ix+3y422)

2/3 —1.5 <z<0.75
647. (@) [Edeoois = {0/ o=z
—1/3 —75 <z <45
[E.] _ ] —8/45 —15<2z<0.75
*=0.035 8/15 2<z<3
0 otherwise
1 0 <t<0.01
1/3 0.02 <t <0.03
. 8/45 0.04 < <0.05
®) MlHJe--s =1 _g/675  0.06 < ¢ < 0.07
8/1025 0.08 < ¢ < 0.09
24/15 0.03 <t <004
—8/75 0.05 <t < 0.06
MolHy):-2.5 {8/1125 0.07 < ¢ < 0.08
4/3 —1.5<z<0.75
AolHli=0.035 = {0/ otherwisez
1/3 ~75<z<45 |
8/45 —1.5<z<0.75 |
”O[Hy t=0.035 = 25‘/15 2 <z<3 ’ ‘\
0 otherwise i
E, in volts/m, H, in amps/m, ¢ in x sec, and z in m.
651.  V(0,1)=0 ) 100, £) = 2(V*|/Z,) cos ot
V(A8,1) = —/2 | V*|sin ¢ I8, 1) = A/ 2(|V*|/Z,) cos wt

V(A/4, 1) = —2| 7, |sin ot I(Aj4, 1) =0
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VA8, 1) = —a/2 | V*|sin wrt I(3A[8,t) = —/2(V*|/Z,) cos wt
VA2, 1) =0 IA2, £) = —2(V*|/Z,) cos wt

653. (a) oo, |V(d)| = 10sin (mdj2D), | I(d)| = 0.2 cos (d/[2])

(b) 0, | 7(d)| = 2.5 sin (wd/l), | I(d)| = 0.05 | cos (md]l)|

© d 0 12 1
Voltage, volts 0 5.303 7.07
Current, amps 0.1458 0.1 0.03535

6.57. No standing waves in medium 3.

In medium 2, standing wave ratio is 1.5. Standing wave patterns consist of minima
for | E,| and maxima for | H,| at either end of medium 2. Both patterns contain
three wavelengths.

In medium 1, standing wave ratio is 3. Standing wave patterns consist of minimum
for | E, | and maximum for | H,| at the right end of medium 1.

Fraction of incident power transmitted into medium 3 =

2?.59. 2.5 cm, 4€,

3.61. Z, of stub stub location = stub length
| 50 ohms 0.0334 0.08114
50 ohms 0.1674 0.41891
?\ 100 ohms 0.0334 0.04344
100 ohms 0.1672 0.45661

663. (@) 0.75¢/9264= (b) 7 (c) 0.3164 (d) (220 — 7310) ohms

(e) (0.0015 + 70.00215) mhos (f) 0.2584
61-67. Propagating mode TE, o TE,, TE; o
fe; MHz 1875 3750 5625
0., degrees 71.79 51.32 20.37
Ag, cm 2.631 3.203 7.184
Vp;, M/sEC 1.5783 x 108 1.9215 x 108 4.3104 x 108
#1,, ohms 198.35 241.47 541.68

6169. (a) H,=2H,cos (ﬂx cos 8,) e—ifzsin 6,
E = 23/ ufe H, sin 8, cos (Bx cos §;) e~18zsin 6.
= j2a/1j€ Hy cos 0, sin (Bx cos B;) e=/#zsiné:
© A = 2alm, f, = m2a/ u€, A, = Ma/T — GJAo)%,
”pz_’vp/vl — (A2, m=1,2,3,.
(d) H, = 2H, cos (mmx/a) e~/\2/4z
E, = 2nHy(A/A,) cos (mmx/|a) e~/ =/t
E, = j2nHy(A/2.) sin (mnx/a) e~ @n/10
| © 1 =EJH, = n/T— (/A o
[ Transmission-line equivalent consists of V«— E,, I+> H,, Z, <> #,, and
il Vp € Vps.
6.7(3 b) V(z) = e~ WDer[ Jel1/2VaT—307uGs z | Be-(1/2Va—T0tE8ez |

=R (1/2)az
Iz) =¢ [ — @ = AT G ) Ae /T T

ja)£
+ 7(a + A/ — 4@2E ) Be (/Y30 ECaz]
f;; = a/47Zv aeoeo
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Frequency o, nepers/m B, rad/m 1], ohms A, m
100 MHz 0.0211 18.73 424 0.3354
10 KHz 2n x 10-3 2 X 1073 (1 +j)2=n 1000

(@) E.(d) = Eter + Egev
Ad) = —ﬁ[E;eV“ — Eze %]

(@ ‘;_;’ = —[2®, + j (2L, + £)i(2)

o g +ioope
®) 7 = 2R, +J08, + IS +/0e)

7, = [ [000 T D)

G +joc
© V289
(b) 1824.42, 4175.58, 7824.42 MHz
(@) fi1,0,1 = 5303.4 MHz, f5 6,1 = fi,0,2 = 8385.4 MHz, f, o,. = 10606.5 MHz.

(b) E =E, sm—sm% é
- |
I?xz—%%smn cos% 1

H, —j]iicosnxsmnz
7 2a d
0= nodn (a2 + d2)3/2
T4 (@ +d?)
56.3°

For currents equal in magnitude and phase: (a) linearly polarized in the z derCth]q
(b) linearly polarized in the x direction, (c) linearly polarized parallel to the vecthr
(i, + 1i.), and (d) linearly polarized parallel to the vector (—i, + i, — 3i.). L

For currents equal in magnitude but different in phase by 7/2: (a) linearly polarlze sd
in the z direction, (b) linearly polarized in the x direction, (c) circularly polariz {,d
normal to the y axis, and (d) elliptically polarized with major axis along i, arld

|
'1

minor axis along (i, — i,) and with the ratio of the major to the minor axis equjs]
to./2.
(a) I,(¢t) = I, cos wt, I,(t) = —1I, cos wt, where Iy = @0 Q.
U Qo(d)? cos R P
®) A= 47ty (]v + r)ej ke
= Qod)?sinfcosOr/w\? .3 (@ 60 | .67 s
© & = ~QUERECRBI(Q) — i (5) — o +imw e
+ Qod)?(Bcos?§ — 1) 30 .37 o
qmer? [(’U) +——_]r7:|ej tr
~ _ 0Qyd)?sin@cosf] [ 30 | 37 e
H = 47y [ (v) +]v_r+r2]ej I
= Q2w sin 0 cos @ oJor/vj
@ E= anéro’ o
~ _ Qo(d)?w?sin @ cos § R
- 47enro’ ¢
cos? [(m/2) cos 0] ,
© Un= sin2 @ j
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A (see Magnetic vector potential)
Acceleration:
due to gravity, 122
experienced by an electron, 74, 75
unit of, 521
Addition of vectors, 2, 20
associative property of, 3
commutative property of, 2
parallelogram law of, 2
Admittance:
characteristic, 443
input, 445
line, 443
Air gap, 391, 393
Aircraft, locating the position of, 517
Allowed bands, 264, 265

Ampere, 140
as unit of current, 522
Ampere-turn, 393 ‘
Ampere’s circuital law, 154, 163, 173,
178

dilemma of, 210-213
Ampere’s circuital law in differential
form, 162—-163, 178
for surface current, 163
modified, 218

541

Ampere’s circuital law in integral
form, 154-162, 178, 201
applications of, 159-162
modified, 210-217, 218
statement of, 156
Ampere’s law of force, 139-141, 178,
196
Analogous source distributions, elec-
tric and magnetic fields for,
177, 179
Analogy:
between electric and magnetic cir-
cuits, 390
between transmission-line and uni-
form plane wave parameters,
422
Anisotropic conductors, 268
Anisotropic dielectric materials, 281
Anisotropic magnetic materials, 304
Anode, 350
Antenna, 497
directivity of, 500
half-wave dipole, 519
Hertzian dipole (see
dipole)

Hertzian
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Antenna (contd.)

radiation intensity of, 499

short dipole (see Short dipole)
Antiferromagnetic material, 300
Antiferromagnetism, 299, 300
Apparent phase velocity, 418, 420
Apparent wavelength, 417, 420
Area as a vector, 13
Array, 519
Arrowhead, 1

- Associative property of vector addi-

B (see Magnetic flux density)
B—H curve, 316, 344
Band:
allowed, 264, 265
forbidden, 264, 265
Biot-Savart law, 142, 163, 211, 213,
214
applications of, 143—149
Bounce diagram, 428
Bound electrons, 263, 275

Candela, definition of, 522
Capacitance:
definition of, 376
physical interpretation for, 377
units of, 377
Capacitance per unit length:
for parallel wires, 381-383
for some structures, 382
general expression for, 380
related to conductance per unit
length, 380
related to inductance per unit
length, 381
Capacitor: (see also Capacitance)
electric stored energy in, 377
quasistatic approximation for, 394,
397
voltage-to-current relationship for,
395
Cartesian coordinate system, 10-14
arbitrary curve in, 13
arbitrary surface in, 13
coordinates for, 11, 18
curl in, 54
differential lengths, 13, 18

Associative property (contd.)
tion, 3
Atom, classical model of, 263
Atomic lattice, collisions with, 265
Attenuation, 469
Attenuation constant, 469
for good conductor, 471
for good dielectric, 470
units of, 469
Average macroscopic field, 279, 280,
302, 303

Boundary condition:
for normal component of B, 330
for normal component of D, 329
for normal component of J, 332
for normal component of P, 333
for tangential component of E, 330 .
for tangential component of H, 331
Boundary conditions, 327-336
statements of, 329, 330, 331, 332
summary of, 333

I

Cartesian coordinate system (contd.) .

differential surfaces, 13, 18

differential volume, 13, 18

divergence in, 47 “

gradient in, 33 |

Laplacian of scalar in, 59

Laplacian of vector in, 59

limits of coordinates, 18

orthogonal surfaces, 10, 18

position vector, 14, 15

unit vectors, 11, 18
Cathode, 350
Cavity resonator, 480
Characteristic admittance, 443
Characteristic impedance, 422
Charge, 73

conservation of, 74

continuous distributions of, 82

line, 82

magnetic, 172, 203, 210

of an electron, 73

of a neutron, 73

of a proton, 73

surface, 82

unit of, 74, 522

!

»
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Charge (contd.)
volume, 82
Charge density:
line, 82
surface, 82; see also Surface charge
density
volume, 82; see also Volume charge
density
Charge neutrality, in a dielectric, 283,
288
Charges:
conduction, 317
polarization, 317
true, 317
Child-Langmuir law, 352
Circuit:
electric, 389
distributed, 407
magnetic, 389; see also Magnetic
circuit
Circuit theory, field basis of, 347
Circuital law, Ampere’s (see Ampere’s
circuital law)
Circular current loop, 144
dipole moment of, 147
magnetic field due to, 144-147
Circular polarization, 243
left, 243
right, 244
Circulation, 41
of H compared to circulation of B,
315
per unit area, 49
Closed path, line integral around (see
Circulation)
Closed surface integral, 39
Coefficients, metric, 60
Coercivity, 316
Collisions, frictional mechanism due
to, 265
Communication, with underwater ob-
jects, 472
Commutative property:
of vector addition, 2
of vector dot product, 4, 5
Complete standing waves, 432
Complex number, 234
Complex power, 248

Complex power density, 249
Complex Poynting’s theorem,
325
Complex Poynting vector, 248, 325
Components of vectors, 9, 19-25
relationships between, 23
Conductance:
definition of, 375
physical interpretation for, 376
units of, 375
voltage-to-current relationship for,
397
Conductance per unit length:
for some structures, 382
general expression for, 380
related to capacitance per unit
length, 380
Conduction, 263-265
Conduction current, compared to con-
vection current, 267
Conduction current density, 267
Conduction currents, 134, 317
Conduction electrons, 263
Conductive dispersion, 470
Conductivities:
ranges of, 268
table of, 269
Conductivity, 268, 318
definition of, 267
of semiconductors, 268
units of, 268
Conductor:
decay of charge placed inside, 270—
271
electric field at the boundary of,
272-274
power dissipated in, 326-327, 376
power dissipation density in, 322
secondary electric field inside, 271,
272,275
Conductors, 263
anisotropic, 268
in electric fields, 269-275
linear isotropic, 268
Conservation of charge, 74
law of, 215,219
Conservation of energy, 117
Conservative field, 117

250,
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Constant amplitude surfaces:
for radiation fields of Hertzian di-
pole, 495
in a parallel-plate waveguide, 459
Constant of universal gravitation, 73
Constant phase surfaces:
for radiation fields of Hertzian di-
pole, 495
for uniform plane wave, 414, 417
in parallel-plate waveguide, 459
Constant VSWR circle, 450
Constitutive relations, 72, 262, 318,
347
Continuity equation, 220, 244, 317,
318
in integral form, 320, 321, 328
in phasor form, 245
Continuous distributions of charge, 82
Convection current, compared to con-
duction current, 267
Convection currents, 134, 317
Coordinate system:
cartesian, 10-14
cylindrical, 14-16
left hand, 11, 15, 17
parabolic cylindrical, 62
right hand, 11, 15, 17
spherical, 16—-18
Coordinates:
cartesian, 11, 18
cylindrical, 15, 18
limits of, 18
relationship between, 19
spherical, 16, 18
Coulomb, 75
as unit of charge, 74
Coulomb field, 77
Coulomb potential, 107
Coulomb’s law, 75-76, 139, 178, 193,
196
Cross product of vectors, 5, 20, 60
defining unit vector by, 7
differentiation of, 32
distributive property of, 6
Crystalline solid, 263
Curie temperature, 299
Curl, 48-58
definition of, 48

Curl (contd.)
divergence of, 56
in cartesian coordinates, 54
in cylindrical coordinates, 54
in general coordinates, 61
in spherical coordinates, 53
of curl of a vector, 59
of gradient of a scalar, 56
physical significance of, 54-56
Curl meter, 54
Current:
conduction, 267
convection, 267
displacement, 215, 295
filamentary, 141
Current density:
conduction, 267
displacement, 219, 295
relation to charge density, 137138
surface, 149; see also Surface cur-
rent density
volume, 149; see also Volume cur-,
rent density ‘
Current element:
magnetic field of, 142, 178 :
magnetic force on, 137-139 ;
Current enclosed by closed path|
uniqueness of, 157-158, 210,
211 |
Current loop: |
dipole moment of, 169 \J
vector potential at large distances,
167-169
Current sheet, magnetic field due to,
149-151
Current transmission coefficient, 426
Currents:
conduction, 134, 317
convection, 134, 317
magnetization, 134, 317 \
polarization, 134, 317 |
true, 317
Cutoff frequency, 458
Cutoff wavelength, 457458
Cycloid, 196
Cylindrical coordinate system, 14—16
coordinates for, 15, 18
curl in, 54
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Cylindrical coordinate system (contd.)
differential lengths, 16, 18
differential surfaces, 16, 18
differential volume, 16, 18
divergence in, 46
gradient in, 36
Laplacian of scalar in, 59

D (see Displacement flux density)
Degree Kelvin, definition of, 522
Del operator, 32
Delta function, Dirac (see Dirac delta
function)
Density:
charge (see Charge density)
current (see Current density)
Depth, skin, 472
Depth of penetration, 472
Diagram:
dispersion, 466
Tplane, 437
w-B,, 466
Diamagnetic effect, 296
illustration of, 297-298
Diamagnetic materials, 296, 300
values of Xm for, 304
Diamagnetism, 296, 299
Dielectric, 265
charge neutrality in, 283, 288
electric stored energy density in,
322-323
polarization energy density in, 323
Dielectric constant, 291
Dielectrics, 263
anisotropic, 281
effects of polarization in, 281-289
linear isotropic, 281
polarization in, 275-278
secondary fields in, 281, 283, 289
table of relative permittivities for,
292
Differential lengths:
in cartesian coordinates, 13, 18
in cylindrical coordinates, 16, 18
in spherical coordinates, 17, 18
Differential surfaces:
in cartesian coordinates, 13, 18
in cylindrical coordinates, 16, 18

Cylindrical coordinate system (contd.)
Laplacian of vector in, 60
limits of coordinates, 18
orthogonal surfaces, 14, 18
position vector, 16
unit vectors, 15, 18

Differential surfaces (contd.)
in spherical coordinates, 17, 18
Differential volume:
in cartesian coordinates, 13, 18
in cylindrical coordinates, 16, 18
in spherical coordinates, 17, 18
Differentiation of vectors, 29—32
Dimensions, 522, 526
table of, 523-526
Diode, vacuum, 350
Dipole:
electric (see Electric dipole)
half-wave, 519
Hertzian (see Hertzian dipole)
magnetic (see Magnetic dipole)
short (see Short dipole)
Dipole antenna (see Dipole)
Dipole layer, electric, 349
Dipole moment:

electric ~ (see  Electric  dipole
moment)

magnetic (see Magnetic dipole
moment)

of circular loop of current, 147
of current loop, 169
per unit volume, 278, 301
Dipole moment per unit volume:
electric, 278
magnetic, 301
Dirac delta function, 102, 103, 163
three-dimensional, 133
Direction lines, 29, 90-92, 108, 109,
119
for electric dipole field, 91-92
for infinite line charge, 115
of D compared to direction lines of
E, 292, 293, 295
of P, 295
Directivity:
definition of, 500
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Directivity (contd.)
of Hertzian dipole, 500
of short dipole, 500
Dispersion, 463
conductive, 470
geometric, 468
parametric, 485
Dispersion diagram, 466
Displacement, 295
Displacement current, 215, 295
consequence of, 216
Displacement current density,
295
Displacement flux, 295
Displacement flux density, 290, 295
definition of, 290
relationship with E, 290, 291, 318
units of, 290
Distributed circuit:
concept, 407
representation of transmission line

219,

E (see Electric field intensity)
Earth, gravitational field of, 73
Effective permittivity, of a plasma
medium, 485
Electrets, 276
Electric dipole, 80
analogy with magnetic dipole, 47
direction lines for the field of, 91—
92
electric field of, 80-83
equipotential surfaces for, 109-110
potential field of, 109
schematic representation of, 276
two-dimensional, 118, 125
Electric dipole layer, 349
Electric dipole moment:
definition of, 82
due to electronic polarization, 276—
278
Electric energy:
for spherical volume charge, 225
stored in a capacitor, 377
stored in a resonator, 479
Electric energy density:
in a dielectric, 323, 377

Distributed circuit (contd.)
by, 406

Distributive property:

of vector cross product, 6

of vector dot product, 5
Divergence, 4448

definition of, 44

in cartesian coordinates, 47

in cylindrical coordinates, 46

in general coordinates, 61

in spherical coordinates, 47

of curl of a vector, 56

of gradient of a scalar, 59
Divergence theorem, 47-48
Division of vector by a scalar, 3, 20
Domains, magnetic, 299
Dominant mode, 459
Dot product of vectors, 4, 20, 60

commutative property of, 4, 5

differentiation of, 32

distributive property of, 5
Drift velocity, 265, 266, 267

Electric energy density (contd.) ‘
in free space, 225 )
time-average, 249, 323 ‘

Electric field (see also Electric ﬁeld

intensity)
as viewed by a moving observer,
206, 207
at the surface of a conductor, 273
concept, 73-75, 193
energy density in, 225, 324
energy storage in, 221-225
induced, 198, 199, 201

Electric field flux, 93-96, 212
evaluation of, 96-97

Electric field intensity:
definition of, 74, 135
due to dipole, 80-83
due to infinite line charge, 83-83,

97-99, 177, 179
due to infinite sheet charge, 85-86,
99-100, 179 N
due to line charge, 89, 178
due to point charge, 77, 79, 178
due to point charges, 77-78, 798
due to spherical volume char%k,
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Electric field intensity (corntd.)
87-89, 100-101, 348-350
due to surface charge, 89, 178
due to volume charge, 89, 178
from V, 120, 178
unit of, 74
Electric force:
as viewed by a moving observer,
- 207
between two point charges, 75, 76
on a test charge, 74
Electric polarization (see Polarization
in dielectrics)
Electric scalar potential (see also
Potential field)
due to a time-varying point charge,
491
due to a time-varying volume
charge, 492
time-varying, 202
Electric susceptibility, 281
Electromagnetic energy transmission,
405
Electromagnetic field, 72, 193
power flow in, 230-234
Electromagnetic field laws, summary
of, 251, 252
Flectromagnetic wave propagation,
252, 408; see also Wave propa-
gation
Electromagnetic waves, 347, 412
radiation of, 489-500
Electromotance, 197
Electromotive force, 197
Electron, 73
charge of, 73
mass of, 73
mobility of, 266, 267
Electron cloud, 263, 264
Electron drift, 263
Electron spin, 296
Electronic polarizability, 278
Electronic polarization, 275
illustration of, 276278
Electrons:
bound, 263
conduction, 263
free, 263

Electrostatic field (see Static electric
field)
Electrostatic potential (see also Poten-
tial field)
for line charge, 115, 178
for surface charge, 115, 178
for volume charge, 115, 178
from Laplace’s equation, 353369
from Poisson’s equation, 348-350
Elliptical polarization, 243
Empty energy levels, 265
Energy:
electric (see Electric energy)
kinetic, 135, 322
magnetic (see Magnetic energy)
potential (see Potential energy)
unit of, 522
Energy band, 264
Energy density:
in electric field, 225, 323
in magnetic field, 229, 324
magnetization, 324
polarization, 323
Energy levels, 263—265
Energy storage:
in electric field, 221-225
in magnetic field, 226-230
in parallel-plate resonator, 477-483
Equality of vectors, 1, 20
Equation, continuity (see Continuity
equation)
Equations, Maxwell’'s (see Maxwell’s
equations)
Equipotential surfaces, 107, 108, 109,
119
for electric dipole, 109-110
for infinite line charge, 115
for point charge, 107—-108
Equivalent circuit representation:
for input behavior beyond quasista-
tic approximation, 400-401
for magnetic circuit, 391-393
for transmission-line equations, 405—
407 '
External inductance, 383
Extrinsic semiconductor, 265



548 Index

Fabry-Perot resonator, 481-483
Farad, 377
Faraday, 193, 196, 215
Faraday’s law, 197
Faraday’s law in differential form,
203-210
statement of, 204
Faraday’s law in integral form, 196—
203
applications of, 198-201
consequences of, 202
statement of, 197
Feedback loop, 282, 305
Fermi level, 264, 265
Ferrimagnetic material, 300
Ferrimagnetism, 299, 300
Ferrites, 300
Ferroelectric materials, 276
Ferromagnetic materials, 299, 300
Ferromagnetism, 299, 300
theory of, 299-300
Field:
definition of, 25
electric (see Electric field)
gravitational, 73
local, 279, 301
magnetic (see Magnetic field)
magnetizing, 301, 303
polarizing, 276, 279
Field intensity:
electric (see Electric field inten-
sity) '
gravitational, 73
magnetic (see Magnetic field inten-
sity)
Field points, 89
Field vectors:
fundamental, 317
mixed, 318
Fields:
conservative, 117
irrotational, 118
quasistatic, 394
radiation, 495
scalar, 25-27
solenoidal, 173
static, 72
time-varying, 72

Fields (contd.)
vector, 2729
Filamentary current:
magnetic field due to, 142
magnetic force on, 138
Flux:
displacement, 295
magnetic, 172
of D compared to flux of E, 295
of electric field, 93-96
of a vector quantity, 37
per unit volume, 44
Flux density:
displacement  (see
flux density)
magnetic (see Magnetic flux den
sity)
Flux lines, 90
Flux linkage, 378
Forbidden band, 264, 265
Force:
Ampere’s law of, 139-141
electric (see Electric force)
gravitational, 139
Lorentz, 194
magnetic (see Magnetic force)
unit of, 522
Force equation, Lorentz, 193, 194
Force per unit volume, 194
Fourier series, 365
Free electrons, 263
Free space:
intrinsic impedance of, 412
permeability of, 140
permittivity of, 76, 140 ‘
velocity of light in, 140 \'
Frequency, 413 |
cutoff, 458 |
plasma, 485 ‘
Frequencies of oscillation, natural,
434 j
Function: |
scalar, 25 “
vector, 27 !
Fundamental frequency of oscillation,
434
Fundamental mode, 434

Displacement
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Gap, air, 391, 393
Gauss’ law, 154, 163, 178, 214, 215
Gauss’ law in differential form, 101-
103, 163, 178
for sheet charge, 103-104
statement of, 102
Gauss’ law in integral form, 92-101,
178, 273
applications of, 97-101
statement of, 96
Gaussian surface, 97, 98, 99, 100
Geometric dispersion, 468
Good conductor, 319
attenuation constant, 471
intrinsic impedance for, 471
Maxwell’s equations for, 321
phase constant, 471
skin effect in, 473
Good dielectric, 319
attenuation constant, 470
intrinsic impedance for, 470
phase constant, 470

H (see Magnetic fleld intensity)
Henry, 378

' Hertzian dipole:

directivity of, 500

electromagnetic fields for, 494495

normalized radiation intensity for,
500

radiation fields for, 495

radiation intensity for, 500

radiation resistance for, 497

retarded potentials for, 493-494

Identities:
involving curl, 56
vector, 61-62
Image charge:
for line charge near cylindrical con-
ductor, 371-373
for point charge near plane conduc-
tor, 370-371
for point charge near spherical con-
ductor, 373, 503
Images, method of, 370-373
Imaginary part, 237

Gradient, 32—-36

curl of, 56

definition of, 32

in cartesian coordinates, 33

in cylindrical coordinates, 36

in general coordinates, 61

in spherical coordinates, 36

physical significance of, 33
Gravitation, constant of universal, 73
Gravitationalfield, 73,75,103-105,117
Gravitational field intensity, 73
Gravitational force, 139
Gravity, acceleration due to, 122
Ground, 295
Grounded conductor, 293, 370, 371
Group velocity, 463—468

concept of, 463—465

in a parallel-plate waveguide, 465-

467

in a plasma medium, 486

physical interpretation for, 467
Guide impedance, 459
Guide wavelength, 458

Hertzian dipole (contd.)
time-average radiated power, 496
Holes, 263, 265
mobility of, 267
Hysteresis, 300, 315
Hysteresis curve, 316 -
Hysteresis curves, characteristics of,
316
Hysteresis effect, development of, 316
Hysteresis loop, 316

Impedance:
characteristic, 422
guide, 459
input, 434
internal, 474
line, 434, 436
normalized, 445
wave, 434, 436
Impedance matching:
by quarter wave transformer,
442
by stub (see Stub matching)
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Imperfect conductor (see Good con-
ductor)

Imperfect dielectric (see Good dielec-
tric)

Impulse function (see Dirac delta
function)

Incident wave, 425
Induced electric field, 198, 199, 201
solenoidal character of, 201
Induced voltage, 197
Inductance (see also Inductor)
definition of, 378
external, 383
internal, 383
mutual, 386
physical interpretation for, 378
self, 385
units of, 378
Inductance per unit length:
for some structures, 382
general expression for, 380
related to capacitance per unit
length, 381
Inductor (see also Inductance)
condition for quasistatic approxima-
tion for, 395, 397
magnetic energy stored in, 382
voltage-to-current relationship for,
396
Inhomogeneous wave equations, 490
Input admittance, of short-circuited
line, 445
Input behavior:
beyond quasistatic approximation,
400-402
under quasistatic
397-400
Input impedance, of short-circuited
line, 434
Input reactance,
line, 435
Input susceptance, 453
Insulators, 263

approximation,

of short-circuited

J (see Volume current density)

Kelvin degree, definition of, 522
Kilogram, definition of, 521
Kinetic energy, 135, 322

Integral:
closed line (see Circulation)
closed surface, 39
line, 40-43
surface, 37-40
volume, 36-37
Integration of vectors, 43
Intensity:
electric field (see Electric field in-
tensity)
gravitational field, 73
magnetic field (see Magnetic field |
intensity)
radiation (see Radiation intensity)
Internal impedance, 474
application of, 477
for hollow cylindrical conductor,
475
Internal inductance:
definition of, 383
general expression for, 385
Internal inductance per unit length,
383
computation of, 383-385
International system of units, 521
Intrinsic impedance:
definition of, 411-412
for good conductor, 471
for good dielectric, 470
for perfect dielectric, 411
units of, 412
Intrinsic semiconductor, 265 |
Ionic polarization, 276 [
Ionosphere, 486 .
condition for reflection of wave,
488 ;
description of, 486 i
path of wave in, 486—-489 :‘
Irrotational fields, 118 |
Isotropic conductors, linear, 268
Isotropic magnetic materials, 304 |
Tteration, 369

Joule, definition of, 522

Kirchoff’s current law, 406 |
Kirchoff’s voltage law, 406 ['
|
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Laplace’s equation:
applications of, 353—369
for electrostatic potential, 120, 348,
353
for magnetic vector potential, 171
in two dimensions, 359
numerical solution of, 367-369
solution of, 353, 359-360
solution of steady current problems,
365-367
Laplace’s equations, solutions for one-
dimensional cases, 356
Laplacian of a scalar, 59
in cartesian coordinates, 59
in cylindrical coordinates, 59
in general coordinates, 61
in spherical coordinates, 59
Laplacian of a vector, 59-60
in cartesian coordinates, 59
in cylindrical coordinates, 60
in spherical coordinates, 60
Laser oscillation, 481-483
Lattice, atomic, 265
Law of conservation of charge, 215,
..219 R
in differential form, 220
Law of reflection, in optics, 455
Leakage, of magnetic flux, 388
Left hand coordinate system, 11, 15,
17
Lenz’s law, 198, 298
Level, Fermi, 264, 265
Light, velocity of (see Velocity of
light)
Line admittance, 443
from the Smith chart, 448-452
Line charge, 82

M (see Magnetization vector)
m (see Magnetic dipole moment)
Macroscopic field, average, 279, 280,
302, 303
Macroscopic scale observations, 262
Magnetic charge, 172, 203, 210
Magnetic circuit, 389
analogy with electric circuit, 390
analysis of, 391-393
equivalent circuit representation for,

Line charge (contd.)
electric field of, 89, 178
infinitely long, 83
potential field of, 115, 178
Line charge density, 82
units of, 82
Line current:
magnetic field due to, 142-143, 178
magnetic vector potential due to,
164, 178
Line impedance:
for general case, 436
for short-circuited line, 434
from the Smith chart, 448-451
Line integral, 40—43, 105
around closed path, 41
evaluation of, 4243
to surface integral, 58
Linear isotropic conductors, 268
Linear isotropic dielectrics, 281
Linear polarization, 243
Linear quadrupole, 122
Lines: , :
direction (see Direction lines)
_transmission - (see--- Transmission
lines)
Linkage, flux, 378
Local field, 279, 301
Loop, current (see Current loop)
Lorentz condition, 490
Lorentz force, 194
Lorentz force equation, 72, 193, 194
230, 317
Lossy media, 468
Lossy transmission line, 475-477
Low-frequency circuit theory,
basis of, 393-402

field

Magnetic circuit (contd.)
391
Magnetic dipole, 144
magnetic field of, 144-147
oscillating, 518
schematic representation of, 296
two-dimensional, 173, 185
Magnetic dipole moment:
definition of, 147
diamagnetic effect on, 297-298
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Magnetic dipole moment (contd.)
of plane loop of wire, 169
Magnetic domain, 299
Magnetic energy:
for cylindrical surface current, 229—
230
in a nonlinear magnetic material,
324
stored in an inductor, 378
stored in a resonator, 479
Magnetic energy density:
in free space, 229
in a magnetic material, 324, 378
time-average, 249, 324
Magnetic field (see also Magnetic flux
density)
concept, 135-136, 193
energy density in, 229, 324
energy storage in, 226-230
realizability of, 172-173
Magnetic field intensity, 312
definition of, 312
relationship with B, 312, 318
units of, 312
Magnetic flux, 172, 196, 197
Magnetic flux density:
definition of, 135-136, 178
due to current element, 142, 178
due to cylinder of current, 151-154,
161-162
due to finitely long wire, 144, 177,
179
due to infinite sheet of current,
149-151, 159-161, 179
due to infinitely long solenoid, 147—-
149, 173-177
due to infinitely long wire, 144, 177,
179
due to line current, 142—-143, 178
due to magnetic dipole, 144—147
due to surface current, 178
due to volume current, 178
from A, 164, 178
units of, 136
Magnetic force:
between two current elements, 140
between two current loops, 139-141
in terms of current, 138

Magnetic force (contd.)
on a closed loop of wire, 139
on filamentary wire, 138
on a moving charge, 135
Magnetic materials, 296
anisotropic, 304
effects of magnetization in, 305-
310
isotropic, 304
magnetization of, 296-301
secondary fields in, 305, 307, 310
Magnetic polarizability, 301
Magnetic quadrupole, 186
Magnetic scalar potential, 356, 357
Magnetic susceptibility, definition of
304
Magnetic susceptibilities, table o“f
values of, 304 ‘
Magnetic vector potential, 163-172,
177
due to loop of wire, 167—169
due to time-varying current, 492
for Hertzian dipole, 494
for infinitely long wire, 165—-166
for line current, 164, 178
for surface current, 164, 178
for volume current, 164, 178
Laplace’s equation for, 171
Poisson’s equation for, 171 |
Magnetization, 296 |
Magnetization current, 134, 317
Magnetization currents, compared o
true currents, 317
Magnetization energy density, 324
Magnetization surface current, 306,
310
Magnetization surface current density,
308
in terms of magnetization vector,
310
Magnetization vector:
definition of, 301
relationship with B, 304
units of, 301
Magnetization volume current, 307,
310
Magnetization volume current density,
308
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Magnetization volume current density
(contd.)
in terms of magnetization vector,
310
Magnetizing field, 301, 303
Magnitude of vector, 1, 20
Mass, 73
of an electron, 73
of a neutron, 73
of a proton, 73
Mass spectrograph, 180
Matching:
between two dielectric media, 441—
442
by quarter wave transformer, 442
in a waveguide, 460—462
stub (see Stub matching)
transmission-line (see Transmission-
line matching)
Materials:
antiferromagnetic, 300
conductive (see Conductors)
constitutive relations for, 318
diamagnetic (see Diamagnetic mate-
. rials)
dielectric (see Dielectrics)
ferrimagnetic, 300
ferroelectric, 276
ferromagnetic, 299, 300
magnetic (see Magnetic materials)
Maxwell’s equations for, 317-321
nonmagnetic, 263
paramagnetic (see Paramagnetic
materials)
power and energy in, 321-325
Maxwell, 193, 214, 215, 295
Maxwell’s equations, 72, 347
applications of, 348-500
for good conductors, 321
for perfect dielectrics, 320, 321, 408
for static fields, 178, 318, 320-321
for time-varying fields, 244, 252,
317, 320-321

Natural frequencies of oscillation, 434
Natural modes of oscillation, 434
Neper, 469

Neutron, 73

Maxwell’s equations (contd.)
in integral form, 320-321, 328
in phasor form, 244-245, 251, 319
independence of, 317
summary of, 317-321
table of, 320-321
Meter, definition of, 521
Method of images, 370
application of, 370-373
Metric coefficients, 60
Mho, 375
Microscopic scale observations, 262
MKS rationalized units, 76, 521
Mobility, 266, 267
units of, 267
Mode, 458
dominant, 459
Modes:
TE, 458
TM, 463
Modes of oscillation, natural, 434
Modified Ampere’s circuital law:
in differential form, 218
in integral form, 210-217, 218

-..Molecular polarizability, 278 ..

Molecule:
nonpolar, 275
polar, 275

Moment:
electric dipole (see Electric dipole

moment)
magnetic dipole (see Magnetic dipole
moment)

Moving charge, magnetic force on,

135
Moving observer, electric field viewed
by, 206, 207
Multiplication of vector, by a scalar, 3,
20

Multipole, 82

Mutual inductance:
computation of, 386—387
definition of, 386

Neutron (contd.)
charge of, 73
mass of, 73
Newton, definition of, 521
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Newton’s third law, 141, 182
Nonmagnetic materials, classification
of, 319
Nonpolar molecule, 275
Normal component of B,
condition for, 330
Normal component of D, boundary
condition for, 329
Normal component of J,
condition for, 332
Normal component of P,
condition for, 333
Normal vector to a surface:
from cross product, 33-35

boundary

boundary

boundary

Observations:
macroscopic scale, 262
microscopic scale, 262

Observer:
moving, 206, 207
stationary, 206

Occupied levels, 264-265

Ohm, 375

Ohm’s law, 268, 375

-3, diagram, 466

P (see Polarization vector, Poynting
vector)
P (see Electric dipole moment)
Paddle wheel, 54, 118
Parabolic cylindrical coordinate sys-
tem, 62
Parallel conductor structures:
capacitance per unit length, 378-380
conductance per unit length, 378-
380
inductance per unit length, 378-380
Parallel-plate resonator, 477—483
energy storage in, 478-479
Q factor for, 480-481
resonant frequencies for, 480
Parallel-plate waveguide, 456
constant amplitude surfaces, 459
constant phase surfaces, 459
cutoff frequencies for, 458
cutoff wavelengths for, 458
group velocity in, 467
guide wavelength, 458

Normal vector to a surface (contd.)
from gradient, 33-35

Normalized line admittance, 451-453

Normalized line impedance, 445, 451-

453

definition of, 445

Normalized radiation intensity, 500

Notation:
source point—field point, 89
transmission-line waves, 423
vector, 1

Nuclear spin, 296

Nucleus, 263

Operation, Laplacian, 59

Operator, del, 32

Optical frequencies, 481

Orbit, electronic, 297-298
Orientational polarization, 276, 299

Origin, 11
Orthogonality property, of sine fung-
tions, 364

Oscillation, laser, 481--483

Parallel-plate waveguide (contd.)
TE,,, o modes, 458
TE waves in, 456
time-average power flow in, 459
Parallelepiped, 7
Parallelogram law:
of vector addition, 2
of vector subtraction, 3
Paramagnetic materials, 299, 300
values of y,, for, 304
Paramagnetism, 299
Parametric dispersion, 485
Partial derivatives, of unit vectors, 3
Partial standing waves, 436
patterns for, 436-439
VSWR for, 438
Path, closed (see Closed path)
Pauli’s exclusion principle, 264
Penetration, depth of, 472
Perfect conductor, 319
boundary conditions, 333, 334-336
normal incidence of uniform plane
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Perfect conductor (contd.)
waves on, 430
oblique incidence of uniform plane
waves on, 454-456
Perfect dielectric, 319
boundary conditions, 333
intrinsic impedance, 411
Mazxwell’s equations for, 320
phase constant, 414
velocity of propagation, 411
Permanent magnetization, problems in-
volving, 356-359
Permeability, 313, 318
definition of, 313
of free space, 140
of magnetic material, 313
relative, 312
units of, 140
Permittivity, 291, 318
definition of, 291
of dielectric material, 291
of free space, 76, 140
relative, 291
units of, 76
Phase, 414
Phase angle, 234
Phase constant, 414, 469
for good conductor, 471
for good dielectric, 470
for perfect dielectric, 414
for plasma, 485
units of, 415
Phase refractive index, 488
Phase velocity, 414
apparent, 418
Phasor, 234
graphical representation of, 234,
235
Phasor form:
continuity equation in, 245
Maxwell’'s equations in, 244-245,
251, 319
Phasor technique, 235-242
extension to vector quantities, 239—
242
illustration of, 235-239
Phasors, differences and similarities
with vectors, 239-242

Plane wave, uniform (see Uniform
plane wave)
Plasma:
description of, 484
effective permittivity of, 485
example of, 486
phase constant, 485
wave propagation in, 484-489
Plasma frequency, definition of, 485
Point charge:
electric field of, 77, 79, 178
equipotential surfaces for, 107, 108
potential field of, 107, 109-111,
178
Point charges:
electric field of, 77-78, 79-80
potential field of, 108, 111-112
Poisson’s equation:
applications of, 348~352
for electrostatic potential, 120, 348
for magnetic vector potential, 171
Polar molecule, 275
Polarizability:
electronic, 278
magnetic, 301
molecular, 278
Polarization in dielectrics, 263, 275
electronic, 275, 276278
ionic, 276
orientational, 276
Polarization of vector fields, 242—244,
420-421
circular, 243
elliptical, 243
left-circular, 243
linear, 243
right-circular, 244
Polarization charges, compared to true
charges, 317
Polarization current, 134, 285, 288,
289, 317
Polarization current density, 285
in terms of polarization vector, 288
Polarization currents, compared to true
currents, 317
Polarization energy density, 323
Polarization surface charge, 283, 284,
287, 288, 289
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Polarization surface charge density,
284, 286

in terms of polarization vector, 288
Polarization vector:

definition of, 278

relationship with E, 281

units of, 278
Polarization volume charge, 284, 287,

288, 289
Polarization volume charge density,
286

in terms of polarization vector, 288
Polarizing field, 276, 279
Position vector:
in cartesian coordinates, 13-14
in cylindrical coordinates, 16
in spherical coordinates, 17-18
Potential, 106, 107
electric scalar (see Electric scalar
potential)
electrostatic (see Potential field)
magnetic scalar, 356, 357
magnetic vector (see Magnetic vec-
tor potential)
time varying scalar, 210; see also
Electric scalar potential
time varying vector, 210; see also
Magnetic vector potential
Potential difference, 103-105, 202, 221
compared to voltage, 202
units of, 105, 522
Potential energy, 103, 105, 119, 155,
228
of continuous charge distribution,
223, 224
of solenoidal current distribution,
226-228
of system of point charges, 222
Potential field:
at large distances, 109-112
of electric dipole, 109
of infinite line charge, 113-115
of line charge, 115, 178
of point charge, 107, 109-111, 178
of point charges, 108, 111-112
of spherical volume charge, 348-350
of surface charge, 115, 178

Potential field (contd.)
of volume charge, 115, 178
Potentials:
differential equations for, 178
for Hertzian dipole, 492-494
retarded, 492
wave equations for, 490
Power:
associated with movement of charge,
230-231
dissipated in a conductor, 322, 376
radiated by an antenna, 233-234
time-average, 250
unit of, 522
Power balance, at junction of trans-
mission lines, 426
Power density:
associated with electromagnetic field,
232
complex, 249
time-average, 249
Power dissipation density, in a con:
ductor, 322, 376 i
Power flow: [
along a transmission line, 407, 442 :
for a parallel-plate waveguide, 456 |
in an electromagnetic field, 230+
234 |
into a good conductor, 473-474
Poynting, 232 ‘
Poynting theorem, 232 |
complex, 250, 325
Poynting vector, 232, 246, 247
complex, 248, 325
for material medium, 325
interpretation, 232
surface integral of, 232, 247
time-average, 248
units of, 232 ‘
Product: i
cross (see Cross product of vectors)
dot (see Dot product of vectors)
scalar (see Dot product of vectors)
vector (see Cross product of vectors)
Projection of vectors, 9
Propagation:
electromagnetic wave, 252, 408; see
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Propagation (contd.)
also Wave propagation
velocity of (see Velocity of propaga-~
tion)
Propagation constant:
‘for lossy medium, 469

Q factor:
definition of, 480
for parallel-plate resonator, 480-
481
Quadrupole, 82, 109, 111, 112
linear electric, 122
magnetic, 186
oscillating electric, 518
rectangular electric, 129
Quality factor (see Q factor)
Quantum theory, 263
Quarter wave transformer, 442

Radiation, 489-500
Radiation fields:
for Hertzian dipole, 495
for short dipole, 499
Radiation intensity:
definition of, 499-500
for Hertzian dipole, 500
normalized, 500
Radiation resistance:
definition of, 497
for Hertzian dipole, 497
for short dipole, 499
Rationalized MKS units, 76, 521
Reactance, input (see Input reactance)
Real part, 237
Rectangular coordinate system (see
Cartesian coordinate system)
Rectangular waveguide, 462
TE modes in, 462
TM modes in, 463
Reference point, 107, 113, 114
Reference potential, 107
Reflected wave, 425
Reflection coefficient:
current, 426
from the Smith chart, 448-449
generalized, 436

Propagation constant (contd.)

for plasma, 485
Propagation vector, 416
Proton, 73

charge of, 73

mass of, 73

Quarter wave transformer (contd.)
in a waveguide, 460—462
Quasistatic approximation:
behavior for frequencies beyond,
400-402
for a capacitor, 394, 397
for an inductor, 395, 397
for a resistor, 397
method of finding condition for,
397-400
Quasistatic fields, 394
Quasistatics, 393402

Reflection coefficient (contd.)
voltage, 426
Reflection condition, for incidence on
ionosphere, 488
Refractive index, phase, 488
Relative permeability, 312
for ferromagnetic materials, 315,
316
incremental, 316
Relative permittivity, 291
table of values of, 292
Reluctance, definition of, 390
Remanence, 316
Resistance:
definition of, 375
radiation (see Radiation resistance)
voltage-to-current relationship for,
397 .
units of, 375
Resistor (see also Resistance)
quasistatic approximation for, 397
Resonance, 479
Resonant frequencies, for parallel-plate
resonator, 480
Resonator:
cavity, 480
Fabry—Perot, 481483
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Resonator (contd.)
parallel-plate, 477—483
0 of, 480
Retarded potentials, 492
for Hertzian dipole, 493—-494
Retentivity, 316

Scalar:
definition of, 1
gradient of, 32
Laplacian of, 59
Scalar fields, 25-27
graphical representation of, 26
Scalar function, 25
rate of increase of, 32, 36
Scalar potential:
electric (see Electric scalar poten-

tial)
magnetic (see Magnetic scalar po-
tential)
Scalar product (see Dot product of
vectors)

Scalar triple product, 7, 21
Scalar wave equation, one-dimensional,
409
Scalars, examples of,1
Second, definition of, 521
Secondary fields, 281, 289, 305, 310,
311
Self inductance, 385
Semiconductors, 263, 265, 267
conductivity of, 268
extrinsic, 265
intrinsic, 265
Separation of variables technique, 359-
360
Sheet charge, 83, 99, 102, 103
Shielding, 473
Short-circuited line:
input impedance of, 434-435
standing wave patterns for, 433
voltage and current on, 430—433
Short dipole:
current distribution along, 497, 498
directivity for, 500
normalized radiation intensity for,
500
radiation fields for, 499

Right-hand coordinate system:
cartesian, 11
cylindrical, 15
spherical, 17

Ring charge, 123

Short dipole (contd.)
radiation resistance for, 499
time-average power radiated by, 499
Sink of charge, 157
Sink of fluid, 93
Sinusoidal steady state, traveling waves
in, 429-442
Sinusoidally time varying fields:
Maxwell’s equations for, 244-245
phasor representation of, 234-245
Skin depth, 472
for copper, 473
Skin effect, 473
inductance due to, 476
resistance due to, 476
Slab charge, 102
Smith chart, 445
applications of, 448—454
development of, 445—448
use as admittance chart, 451-452
Snell’s law, 488
Solenoid, 147 i
magnetic field due to, 147-149,
173-177
Solenoidal vector, 173
Solid, crystalline, 263
Solid angle, 94, 126, 522
computation of, 212-214
unit of, 94, 522
Source distributions, analogous, 177,
179
Source of charge, 157
Source of fluid, 93
Source point—field point notation, &9,
142
Source points, 89
Space charge, in vacuum diode, 350~
352
Spherical cavity:
average electric field due to min,
302-303
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Spherical cavity (contd.)
average electric field due to p in,
279-280
Spherical coordinate system:
coordinates for, 16, 18
curl in, 53
differential lengths, 17, 18
differential surfaces, 17, 18
differential volume, 17, 18
divergence in, 47
gradient in, 36
Laplacian of scalar in, 59
Laplacian of vector in, 60
limits of coordinates, 18
orthogonal surfaces, 16, 18
position vector, 17-18
unit vectors, 17, 18
Spin:
electronic, 296
nuclear, 296
Standing wave patterns, 433
example of determination of, 439-
441
for line short-circuited at both ends,
434
for partial standing wave, 436-439
for short-circuited line, 433
Standing wave ratio, voltage (see
VSWR)
Standing waves:
complete, 432
limitations imposed by, 443
partial, 436
Static electric field:
conservative property of, 117, 178
laws and formulas, 178
Maxwell’s equations for, 178
realizability of, 118
Static magnetic field:
laws and formulas, 178
Maxwell’s equations for, 178

Tangential component of E, boundary
condition for, 330

Tangential component of H, boundary
condition for, 331

Tapered trasmission line, 514

TE,,, o modes:

Steady state, sinusoidal (see Sinusoidal
steady state)
Stokes’ theorem, 5658
Stream lines (see Direction lines)
Stub, 443
Stub matching, 443
analytical solution, 443—445
solution by Smith chart, 452-453
Subtraction of vectors, 2—3
parallelogram law of, 3
Surface:
as a vector, 13
Gaussian (see Gaussian surface)
Surface charge, 82
electric field of, 89, 178
polarization, 283, 284, 287, 288,
289
potential field of, 115, 178
Surface charge density, 82
polarization, 284, 286, 288
units of, 82
Surface current, 149
magnetic field of, 178
magnetic vector potential due to,
164, 178
magnetization, 306, 310
Surface current density, 149
magnetization, 308, 310
Surface integral, 37-40
closed, 39
evaluation of, 39-40
to volume integral, 48
Surfaces:
differential (see Differential surfaces)
equipotential (see Equipotential sur-
faces)
of constant phase, 245, 415
Susceptance, input, 453
Susceptibility:
electric, 281
magnetic, 304

TE,, o modes (contd.)
guide impedance for, 459
in parallel-plate waveguide, 458, 460
transmission-line equivalent for,
459
TE,,, ¢, ; modes, 480



560 Index

TE wave, 423
in parallel-plate waveguide, 456
TEM wave, 421
TEM wave propagation, wave equa-
tion for, 421
Test charge, 74
in crossed electric and magnetic
fields, 194-196
moving, 135, 193
Test mass, 73
Tetrahedron, volume of, 62
Thermal agitation, 263
Three-dimensional representation, of
traveling wave, 410
Time-average energy density:
in electric field, 249, 323
in magnetic field, 249, 324
Time-average power, 250
Time-average power flow:
along a parallel-plate waveguide,
456
along a transmission line, 442
Time-average Poynting vector, 248
for Hertzian dipole fields, 496
Time constant, for decay of charge
inside a conductor, 271
Time domain, traveling waves in, 424
429
Time-varying fields, Maxwell’s equa-
tions for, 252, 317, 320-321
TM modes, 463
TM wave, 423
Toroid, 188
Toroidal conductor, 387
Toroidal magnetic core, 388
Torque:
on a current loop, 341
on an electric dipole, 339
Transient waves, 428
Transmission coefficient:
current, 426
voltage, 426
Transmission line, 405
characteristic impedance of, 422

distributed circuit representation of,

406, 476, 477
lossy, 475-477

Transmission line (contd.) [\
power flow along, 407 |
tapered, 514 \

Transmission-line admittance (see Line ‘

admittance)

Transmission-line current,

423

Transmission-line equations, 405
circuit representation of, 405-406
derivation of, 403—405

Transmission-line equivalent, for power

flow for TE waves, 459

Transmission-line impedance (see Line [

impedance) ‘w

Transmission-line input impedance, va- |

riation with frequency, 443 !

Transmission-line matching, 442-454 |
by stub (see Stub matching) ,

‘Transmission-line voltage, notation,]

423 :

Transmission-line waves, 422

analogy with uniform plane waves,
422

" between imperfect conductors, 475-

476 |

power flow associated with, 423-424

Transmission lines, power balance at

junction of, 426

Transmitted wave, 425

Transverse electric wave (see TE

wave)

Transverse electromagnetic wave, 421

Transverse magnetic wave, 423

Transverse plane, 421, 422
Traveling wave:
three-dimensional representation of,
410
velocity of propagation of, 410
Traveling waves:
in sinusoidal steady state, 429—442
in time domain, 424-429
True charge density, 289, 311, 317
True charges:
compared to polarization charges,
317
examples of, 317
True current density, 289, 311, 317

notation,

i
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True currents:
compared to magnetization currents,
317
compared to polarization currents,
317

U Uniform plane wave, 412
normal incidence on a good con-
ductor, 472
normal incidence on a perfect con-
ductor, 430
normal incidence on a perfect dielec-
tric, 424
oblique incidence on a perfect con-
ductor, 454
sinusoidally time-varying, 413
Uniform plane wave fields:
notation, 423
space variation from time variation,
412-413
Uniform plane wave impedance (see
Wave impedance)
Uniform plane wave in three dimen-
sions:
apparent phase velocities, 418
apparent wavelengths, 417
circularly polarized, 421
complex field vectors, 418—-420
electric field vector of, 416
illustration of properties of, 417
linearly polarized, 420
magnetic field vector of, 416

V (see Electric scalar potential)
Vacancies, 265
Vacuum diode:
i potential distribution in, 351-352
g simplified model of, 350
Vector:
area as a, 13
curl of, 48-58
definition of, 1
divergence of, 44—48
division by a scalar, 3, 20
graphical representation of, 1
Laplacian of, 59-60
magnitude of, 1, 20

True currents (contd.)
examples of, 317

Two-dimensional dipole:
electric, 118, 125
magnetic, 173, 185

Uniform plane wave in three dimen-
sions (contd.)
propagation vector for, 416
Uniform plane waves, 412
analogy with transmission-line
waves, 422
power flow associated with, 412
Uniqueness theorem, 362-363
Unit circle, 446
Unit conductance circle, 452
Unit normal vector to a surface:
from cross product, 34, 35
from gradient, 35 '
Unit vector, 4
from cross product, 7
Unit vectors:
cross products of, 22
dot products of, 22
in cartesian coordinates, 11, 18
in cylindrical coordinates, 15, 18
in spherical coordinates, 17, 18
partial derivatives of, 31
Units:
International system of, 521
MKS rationalized, 76
table of, 523-526

Vector (contd.)
multiplication by a scalar, 3, 20
position (see Position vector)
unit (see Unit vector)
unique definition of, 490
Vector addition (see Addition of vec-
tors)
Vector analysis, rules of, 1
Vector cross:product (see Cross prod-
uct of vectors)
Vector dot product (see Dot product
of vectors)
Vector fields, 27-29
Vector identities, 56, 61, 62
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Vector notation, 1
Vector product (see Cross product of
vectors)
Vector subtraction (see Subtraction of
vectors)
Vector wave equation, 408
Vectors:
addition of, 2, 20
components of, 19, 25
cross product of, 5, 6, 20
differences and similarities with
phasors, 239-242
differentiation of, 29-32
dot product of, 4, 20
equality of, 1, 20
examples of, 1
integration of, 43
proportionality of, 91
scalar triple product of, 7, 21
subtraction of, 2, 3
unit (see Unit vectors)
Velocity:
drift, 265, 266, 267
group (see Group velocity)
phase (see Phase velocity)
Velocity of light, in free space, 140
Velocity of propagation, of traveling
wave, 410
Volt, definition of, 105, 522

Watt, definition of, 522
Wave:
incident, 425
reflected, 425
TE (see TE wave)
TEM, 421
™, 423
transmitted, 425
Wave equation:
for a plasma medium, 485
for TEM wave propagation, 421
scalar (see Scalar wave equation)
vector, 408
Wave equations:
inhomogeneous, 490
scalar, 408—409
Wave impedance, 434; see also Line
impedance

Voltage:
compared to potential difference,
202
induced, 197
Voltage reflection coefficient, 426
Voltage standing wave ratio:
definition of, 438
from the Smith chart, 450
Voltage transmission coefficient, 426
Volume, differential (see Differentia’
volume)
Volume charge, 82
electric field of, 89, 178
potential field of, 115, 178
spherical, 83
Volume charge density, 82
polarization, 286
units of, 82
Volume current, 149
magnetic field of, 178
magnetic vector potential due to,
164, 178
Volume current density, 149

magnetization, 308, 310
polarization, 285, 288
Volume integral, 36-37
evaluation of, 37
VSWR (see Voltage standing wav
ratio)

Wave impedance (contd.)
for normal incidence on perfect con-
ductor, 434
for partial standing wave, 436
for TE waves in parallel-plate wave-
guide, 459
Wave propagation:
in good conductor, 472
in lossy media, 468
in perfect dielectric, 408
in plasma, 484
Waveguide:
parallel-plate  (see
waveguide)
rectangular (see Rectangular wave-
guide)
Wavelength:
apparent, 417

Parallel-plate
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Wavelength (contd.)
definition of, 413
guide, 458
times frequency, 414
Waves:
Electromagnetic (see Electromag-
netic waves)
Standing (see Standing waves)
Transient, 428
Transmission-line (see Transmission-

Waves (contd.)
line waves)
Traveling (see Traveling waves)
Work, 104, 117
for assembling a solenoidal current
distribution, 226-228
for assembling a system of point
charges, 221-223
in displacing a charge, 230
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