3
THE STATIC MAGNETIC FIELD

In Chapter 2 we introduced the electric field as a force field associated wi�h
a region of space in which charges at rest experience forces. In this chapti:r
we introduce a second kind of force field, known as the magnetic field an d
associated with a region in which charges in motion experience forces. TheBe
forces experienced by moving charges are in addition to any electric forc(!S
experienced by them by virtue of an electric field in the region. Just as we
were concerned only with the static electric field in free space in Chapter
2, we are in this chapter concerned only with the static magnetic field in frne
spac�. We know that the motion of charges constitutes a current. Currents
are, however, classified into different categories according to 4ow they
are produced. Currents arising from movement of charges such 'as space
charges in vacuum tubes and electron beams in cathode-ray tubes are calle:d
convection currents. Two other types of current known as conduction amd
polarization currents result from different effects on charges in materi1a.l
media under the influence of electric fields, as we will learn in Chapter :5.
Yet another type of current is the magnetization current which results frotn
magnetic effects in materials, as we will learn also in Chapter 5. For the
purposes of this chapter, it is not necessary to distinguish between thetn
because they are all basically equivalent to rate of flow of charges with time
in free space. Thus the laws which we will learn in this chapter can be applie;d
equally well to all of these currents..
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The Magnetic Field Concept
In Section 2.1 we learned that if, in a region of space, a fixed test charge q
experiences a force F, then the region is characterized by an electric field of
intensity E given by
F
E =
(2-3)
q
Here we introduce the concept of magnetic field by considering a test charge
moving in a region of space. If the test charge q moving with a velocity v
experiences a force F, then the region is said to be characterized by a magnetic
field, which we will represent by the symbol B. This force F is related to
q, v, and B as given by
F=qvxB
(3-1)
According to (3-1), the force experienced by the moving charge due to the
magnetic field is directed normal to both v and B, as shown in Fig. 3.1, in

Fig. 3.1. Force experienced by a test charge moving
with a velocity v in a magnetic field B.

contrast to the same directions of electric force and electric field intensity.
The magnitude of the force is equal to qvB sin oc, where oc is the angle between
v and B. Since the force is always normal to v, there is no acceleration along
the direction of motion. Thus, the magnetic field changes only the direction
of motion of the charge and does not alter the kinetic energy associated with
it.
From Eq. (3-1), we note that if the test charge moves in, or opposite
to, the direction of B, it does not experience a force. Also, rewriting Eq. (3-1)
as
F = qvB i, x iB = qvB sin oc iF
(3-2)

where i., iB, and iF are unit vectors along v, B, and F, respectively, we observe
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that it is only possible to deduce B sin (I. by knowing the force for only one
direction of motion of the test charge. On the other hand, if we know two
nonzero forces F 1 and F2 for two velocities v 1 and v 2 in different directions,
then we have
F1 x F2 = (qv 1 x B) x (qv2 x B)
= q2 [(v 1 x B •· B)v2 - (v 1 X B • v 2 )B]
= -q(F 1 • v 2)B
or
(3-4)

Alternatively, we note from (3-1) or (3-2) that the force is maximum fo�
v normal to B so that if we find a maximum force Fm by trying several directions of v, keeping its magnitude constant, then

B = Fm X jm

(3-5)

1

where im is the direction of v for which �:e force is Fm .
As in the case of defining the electric field, we assume that the movemen�I
of the test charge does not alter the magnetic field in which it is placed.
From a practical point of view, the movement of the charge does influenceI
the magnetic field irrespective of how small it is and how slowly it is moved.I
However, theoretically, we can define B as the right side of (3-5) in the limi�
that qv tends to zero; that is,
B = lim Fm x im
(3-6j
qv
qv-o
From (3-5), we observe that the units of B are

newtons per coulomb _ newton-seconds _ newton-meter x seconds
meters per second - coulomb-meter - coulomb
(meter) 2
Recalling that newton-meter per coulomb is a volt, we can write these unit�
as volt-seconds per square meter, commonly known as webers per square
meter, and abbreviated Wb/m 2 , giving the character of a flux density for B.
Accordingly, B is known as the magnetic flux density vector.
3-1. An electron moving with a velocity v 1 = ix m/sec at a point in a mag,
netic field experiences a force F 1 = e(-iy + i,) N, where e is the charge ol
the electron. If the electron is moving with a velocity v2 = iy m/sec at thJ
same point, it experiences a force F2 = e(ix - i,) N. Find B at that point!
Using (3-4), we have

EXAMPLE

B = F2 X F 1
q(F 1 • v 2)

e(t - i,) x e(-iy + i,)
e[e(-iy + i,) • iy]
2
i
_
e
- (-ix - y - i,)
_

-e2
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and

(3-10)
J = pv
Now, the force experienced by the charge dQ moving with the velocity
vis given by
dF = dQv x B
= p(dl)(dS)v x B
(3-11)
= (di • dS)pvx B
= J x Bd(vol)
where d(vol) is the differential volume (di • dS). Thus the magnetic force
experienced by the charges in a differential volume in a region of current is
given by (3-11). To obtain the total force experienced in a large volume, we
need to integrate the right side of (3-11) throughout the vblume under con
sideration; that is,

(3-12)
J x B d(vol)
=
F fvol
For a filamentary wire carrying current I, the current density J is
infinity since dS is zero but the product J • dS is equal to I so that (3-11)
becomes
dF = (di) (dS) J x B
= (J • dS)dl x B
= I di x B

(3-13)

as illustrated .in Fig. 3.3. The total force experienced by the filamentary
wire is obtained by integrating the right side of (3-13) along the length of
the wire. Thus
F

=f

.

wire

(I di x B)

=If

.

wire

(di x B)

Fig. 3.3. Illustrating the · force experienced by an
infinitesimal segment of a filamentary wire carrying current
I in a magnetic field B.

(3-14)
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3-2. Show that the total magnetic force experienced by a closed loop of
wire carrying a current I in a uniform magnetic field B is equal to zero.
Applying (3-14) for the contour C of the wire, we have

XAMPLE

F=

Ifc (di x B) = 1(fc di) x B

(3-15)

where, since B is uniform, we have taken it outside the integral on the right
side of (3-15). Now,

Hence F = 0.

f dl = f (dx ix + dy iy + dz iz)
c
c
dx) t +
=
dy) iy +
c
c

I

(f

(f

(f

c

dz) iz = 0

(3-16)

3.3 Ampere's Law of Force

In Chapter 2 the concept of electric field was introduced in terms of force
experienced by a small test charge placed in the presence of a larger charge
in analogy with the gravitational force associated with two masses. We then
presented an experimental law known as Coulomb's law and obtained from
it the expression for the electric field intensity of a point charge. Just as
static charges which are influenced by electric fields are themselves sources
of electric fields, moving charges or currents which are influenced by mag
netic fields are themselves sources of magnetic fields. To demonstrate this, we
will in this section present an experimental law known as Ampere's law of
force, analogous to Coulomb's law, and use it in the next section to obtain
the expression for the magnetic field due to a current element.
Ampere's law of force is concerned with the forces experienced by two
loops of wire carrying currents I1 and /2 , as shown in Fig. 3.4. As a result of

Fig. 3.4. Two loops of wire carrying currents /1 and /2 •
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Equations (3-21) and (3-22) yield a general expression for the magnetic
flux density due to a current element I di at any point located at a vector
distance R from it as
dB = µ 0 I dl X3 R = µ 0 I dl X2 iR

4,r

4n

R

R

(3-23)

where iR is the unit vector in the direction of R. Equation (3-23) is kno+n
as the Biot-Savart law and is analogous to the expression for the electric
field intensity of a point charge. The Biot-Savart law tells us that the magnetic flux density at a point P due to a current element is directed nornial
to the plane containing the current element and the line joining the cum:nt
element to the point, as shown in Fig. 3.6. It is therefore directed circu�1 ar
1
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Fig. 3.6. The magnetic field dB dpe
to a current element I di, at a
distance R from the current ele
ment.
I

to the straight-line axis along the current element. In particular, the senise
of the normal is that towards which the fingers are curled when the fila
mentary wire is grabbed with the right hand and with the thumb pointing in
the direction of the current; it is the same as the sense of turning of a riglithand screw as it advances in the direction of I di. The magnitude of the
magnetic flux density is proportional to the current I, the element leng\th
di, and the sine of the angle between the current element and the line frdm
it to the point P, and inversely proportional to the square of the distan�e
from the current element to the point P. Hence the magnetic field is zero alo11g
the straight line in the direction of the current element. The magnetic fl x
density B due to a filamentary wire of any length can now be obtained y
integrating the right side of (3-23) along the contour C of the wi e.
Thus
iR
B = µ0 f I dl X
4,r c R2

In evaluating the integral in (3-24), we note that iR and R are functions oft e
location of di. In terms of source point-field point notation, (3-24) is writt n
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Fig. 3.9. For evaluating the magnetic field due to a magnetic
di pole at distances very large from it comp ared to its radius.
if> = if>' is then given by
{Ia def>' (-sin</>' ix + cos</>' iy)
µ
X [-a cos</>' ix + (r sin() - a sin ef>')iy + r cos() i,] }
0
=
dB1
(a2 + r2 - 2ar sin() sin</>') 312
4n
_ µ0Ia def>' [r cos() cos </>' ix + r cos() sin</>' iy + (a - r sin() ,sin ef>')i,]
4n(a2 + r 2 - 2ar sin() sin</>')312
The magnetic field at P due to the symmetrically situated current element
2 at if> = n - if>' is given by
)
{Ia def>' (- sin</>' ix - cos</>' iyX [a cos</>' ix + (r sin() a sin</>')iy + r cos() i,] }
dB 2 = µo
4n
(a2 + r 2 - 2ar sin() sin</>') 312
- r sin() sin</>') i,]
_
- µ 0Ia dif>'[-r cos() cos if>'2 i,, +2 r cos() sin if>' iy + (a
4n(a + r - 2ar sin() sin</>') 312
The contribution to the magnetic field at P due to the pair of current elements
1 and 2 is then given by
dB= dB 1 + dB2
sin</>' iy + (a -r sin() sin ef>')i,]
= µ 0Ia def,' [r cos()
2n(a 2 + r2 - 2ar sin() sin</>') 312
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Denoting dB= dB, i, + dB8 i8, we have

I

dB, = dB • i, = dB • (sin O iy + cos O iz )
µ ola 2 cos def/
_
2
- 2n(a + r 2 - 2ar sine sin cp') 312

(3-29)

e

Proceeding further, we obtain

µ 0 Ia 2 cos O dcp'
dB' =
2nr 3 [(a/r)2 + 1 - 2(a/r) sin O sin cp'pt 2
2
� µ0 Ja cos3 dcp'
for r a
2nr

e

(3-30))
i

»

Integrating the right side of Eq. (3-30) between the limits cp' = -n/2 anI,cd
cp' = n/2, we obtain the r component of the magnetic flux density due to tlie
entire ring as
B' -

µ oJa 2 cos dcp'
2nr 3
q,'=-n/2

f"

e

12

2 cos
µo lna
-�
��
2nr 3

e

Now, to find the O component of B, we note that

(3-3 )

dB8 = dB • i8 = dB • (cos O iy - sin O iz )
_ µ 0/a dcp' (-a sin O + r sin cp')
- 2n(a 2 + r 2 - 2ar sine sin cp') 31 2

(3-32)

Proceeding further, we obtain

rT

dBe = µ 0J;,i<p'[ -(�)sin O + sin cp'][1 - 2(�)sin O sin cp' + ( �
µ
= 0J; icp'[ -(�)sin O + sin cp'][1 + 3( �)sin O sin cp' + · · ·]
r
µ0
= J;,icp'[ -(�)sine+ sin cp' + 3( �)sine sin 2 cp'

+ ... terms involving higher powers of (�)J

for r

� it�[ -(�)sin O + sin cp' + 3(�)sine sin cp'] dcp'
2

12

]

» (l
)

(3-j3)
where we have retained the (air) term since the sin cp' term yields zero wh�n
integrated between cp' = -n/2 and cp' = n/2. Integrating the right side :of
Eq.(3-33) between these limits, we obtain the O component of the magnetic
flux density due to the entire ring as
µ °1
2nr
_ µolna 2 sine
4nr 3

B8 =

f"

12

q,'=-n/ 2

�[-(!!_) sin O + sin cp' + 3(!!_)sin O sin
Y

Y

2

cp'] dcp'

(3-34)
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Thus

2

lna
B = µo
- -- (2 cos
4 nr 3

e·.1, + sm. ().)
18
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(3-35)

We can consider Eq. (3-25) as the solution for the magnetic flux density
at very large distances compared to the radius a or as the solution for the
magnetic flux density at any point (r, (), ¢) in the limit that a -> 0, keeping
Ina2 constant. It should be noted that to keep Ina2 constant as a-> 0 requires
that I-• oo. The product Ina2 is known as the magnetic dipole moment
m. The magnetic dipole moment has also an orientation associated with it
which is normal to the surface of the loop. In particular, the sense of the
normal is that towards which the fingers pierce through the area of the ring
when the loop is grabbed with the right hand and with the thumb pointing
in the direction of the current. It is the same as the direction of advance of
a right-hand screw as it is turned in the sense of the loop current. Substitut
ing m for Ina2 in (3-35), the magnetic flux density due to a magnetic dipole
of moment m oriented along the positive z axis is given by
B=

µon: (2

4 nr

cos () i,

+ sin () i8)

(3-36)

The magnetic field given by (3-36) is analogous to the electric field due to
an electric dipole of moment p oriented along the z-axis and given by
(2-28). I
EXAMPLE 3-5.

A solenoid consists of continuously wound, circular current loops.
Let us consider an infinitely long, uniformly wound solenoid of radius a and
n turns per unit length, each carrying the same current I and with the z axis
as its axis. It is desired to find the magnetic flux density due to the infinitely
long solenoid.
Since the solenoid is uniformly wound and infinitely long, and since it
possesses cylindrical symmetry about the z axis, the magnetic flux· density
must be independent of z and must possess cylindrical symmetry about the
z axis. Hence it is sufficient if we compute the magnetic flux density at a
point P on the y axis. To do this, let us consider two sections of the solenoid
symmetrically placed about the xy plane at distances z' from it and having
infinitesimal lengths dz' as shown in Fig. 3.10. Since the lengths are infini
tesimal, these sections can be considered as current loops carrying currents
nl dz'.
In each of these current loops, let us consider two differential elements
of lengths a d<p' symmetrically situated about the yz plane, as shown in
Fig. 3.10. Applying the notation of Fig. 3.10 to (3-29) and (3-32), we obtain
the magnetic field at P due to the pair of current elements 1 and 2 as
a2 cos IX d<p' i 1 + a d<p' [- a sin IX+ (y/sin IX) sin ¢']i 2
dB
· 1 = µ 0 nl dz'
2n( a2 + y2 + z' 2 - 2ay sin ¢')312
(3-37)
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solenoid as

B

=

f"

12

¢,'=-n/ 2

µ0 a
= -n-

J"

J

=
z'=O

12

µ 0 (a 2 - ay sin</)') d</J' dz' i
,t..')312 z
n(a 2 + y2 + z' 2 - 2ay sin 'I'
nl

(a - y sin <p')d</J' ,
(3-40)
(a2 + y 2 - 2ay sin </J') lz
for y > a
=
µ o nliz
for y < a
Thus the magnetic field due to the infinitely long solenoid is zero outsi<;le
the solenoid and uniform inside the solenoid, having a value µ 0 l and directed
along the axis of the solenoid. I
nl

{o

¢,l=-n/ 2

n

3.5 The Magnetic Field of Current Distributions

In the previous section we considered the magnetic field computation for
filamentary wires carrying current. In this section we will extend the com
putation to current distributions. Current distributions can be of two types:
(a) Surface current for which current is distributed on a surface (planar
or nonplanar).
(b) Volume current for which current is distributed in a volume.
As in the case of continuous charge distributions, introduced in Section 2.4,
we have to work with current densities when a current is distributed on a
surface or in a volume. We have already introduced the current density for
volume currents in Sections 1.7 and 3.2. The magnitude of the volume cur
rent density J at a point is the current per unit area crossing an infinitesimal
area at that point with the orientation of the area adjusted so as to maximize
the current, in the limit that the area tends to zero. The direction of J at
that point is the direction to which the normal to the area approaches in
the limit. Similarly, the magnitude of the surface current density at a point
is the current per unit width crossing an infinitesimal line segment at that
point with the orientation of the segment adjusted so as to maximize the
current, in the limit that the width of the line segment tends to zero. The
direction of the surface current density at that point is the direction to which
the normal to the line and tangent to the surface approaches in the limit.
We will use the symbol J, for the surface current density, in contrast to J
for the volume current density. In each case, we represent the total current
as a continuous collection of appropriate filamentary currents and evaluate
the magnetic field as the vector superposition of the contributions due to
the individual filamentary currents.
E;x:AMPLE 3-6. A sheet of current with the surface current density given by
J,

= l,oiz amp/m
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where J, 0 is a constant, occupies the entire xz plane. Find the magnetic flu:x
density vector due to the portion of the current sheet lying between x -.ri
and x = +a as shown in Fig. 3.1 l(a) and then extend the result to that o.f
the infinite sheet.
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Fig. 3.11. For evaluating the magnetic field due to a sheet of
current flowing in the z direction and lying in the xz plane
between x
-a and x = +a.

We divide the current sheet into a number of filaments of infinitesimi:tl
width in the x direction, each of which can be considered as an infiniteJJy
long wire parallel to the z axis. Let us consider a filament of width dx' locateµ
at x = x' in the plane of the sheet, as shown in Fig. 3.l l(a). From Exampje
3-3, we know that the magnetic flux density due to an infinitely long wire is
dependent only on the distance away from the wire and is oriented circular
to the wire. Hence the magnetic field due to the current sheet will not �e
dependent on the z coordinate and also will have only x and y component�,
so that it is sufficient if we consider the two-dimensional geometry shown i:n
Fig. 3.1 l(b). Since the current density is l,oiz, the current flowing in the
filament of width dx' is J, 0 dx'. Applying (3-28) to the geometry associated
with this filament, we obtain the magnetic flux density due to it at any poirit
P(x, y, z) as
µo l,o dx'
dB =
i
(3-40
2n,j(x - x')2 + y2 "'
where i,. is the unit vector normal to the line drawn from the filament to tbe
point Pas shown in Fig. 3.l l(b). Expressing dB in terms of its components
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along the coordinate axes, we have
_
dB -

dx'
·
,
. ( - Slll OI: Ix
f µ0 , 0
211:,v (x - x')2 + y 2
J

+ COS OI: ly, )

(3-42)

The magnetic flux density at P due to the portion of the infinite current sheet
between x = -a and x = +a is then given by
B =[=- dB
•

_ J" [

µ 0 , 0 sin oi: dx' i + µ 0 :, 0 cos oi: dx' i
(3-43)
211:,./(x - x') 2 + y 2 x 211:�(x - x')2 + y 2 YJ
= µo l,o[coi: - oi: )i + ln(s�n Ol:2) i J
211:
i
z x
sm Ol: 1 J'
where we have used the transformation (x - x') = y cot oi: for evaluating the
integrals in (3-43), and the angles oi: 1 and oi: 2 are as shown in Fig. 3.ll(b).
Now, for the infinite sheet of current, oi: 1 = 0 and oi:2 = n for y > 0, and
oi: 1 = 211: and oi:2 = n for y < 0. However, to evaluate In (sin oi:2 /sin oi: 1 ), we
note that
-

'=-•
x

J

1

-

and hence

1-

(3-44)

Substituting for oi: 1 and oi:2 in (3-43), we then obtain the magnetic flux density
due to the infinite sheet of current as
B=

µol,o i
2 x

µOJsOj
2 x

= µo Js
2

X 1'

for y > 0

f or y

i f or y > 0
Wh ere I.n = { Y
-iy for y < 0

1- i.'

n

<0

(3-45)

The field given by (3-45) is sketched in Fig. 3.12. If the sheet current occupies
they= Yo plane, it follows from (3-45) that
B=

µo[sojx
µ0

0

ix

f or Y > Y o
for Y

< Yo I

EXAMPLE 3-7. Current flows in the axial direction iff an infinitely long cylinder of
radius a with uniform density 0 amp/m2 • Find the magnetic flux density
both inside and outside the cylinder.
Choosing the z axis as the axis of the infinitely long cylinder as shown
1
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Fig. 3.12. The direction lines of magnetic field due to an infinite
sheet of current flowing into the plane of the paper with uniform
density.
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Fig. 3.13. For evaluating the magnetic field due to a volume
current flowing along an infinitely long cylinder of radius a
with uniform density.
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in Fig. 3.13(a), we have the volume current density as
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J � Joiz
The cylindrical current distribution can be thought of as a superpositon
of filamentary currents parallel to the z axis so that the magnetic field is
independent of z. Hence it is sufficient if we consider the two-dimensional
geometry shown in Fig. 3.13(b). Furthermore, for every filamentary current
and for a given point P, there is another filamentary current so that the
combined magnetic field due to these two filamentary currents is entirely in
the </> direction. This is illustrated in Fig. 3. l 3(b) for a point P on the x axis.
Thus the magnetic field due to the entire current distribution has only a
</> component and possesses cylindrical symmetry about the z axis. Let
us therefore consider two filamentary currents corresponding to the infinites
imal areas rdrd</> at (r, </>) and (r, -</>) as shown in Fig. 3.13(b). The mag
netic field at P due to these two filamentary currents is given by
•
_
µ 0 J0 rdrd</>
dB 2n( r2 + x 2 - 2 rx cos ,l,.)1/2 2 cos ('/., 191
.,,
- µ0 0 rdrd</>(x - r cos <f,).I
- n(r 2 + x2 - 2rx cos </>) "'
J

(3-46)

The magnetic field at P due to the entire current distribution is then given by
B = S:= o s: = o dB
a
= µ0 0
rdr

f
a
= µ;o f
J

n

r=o

r= O

2
¢, = o (r

rdr(�

µ0 J0 na i
nx 2 "'
1
- µolo nx 2 i
nx T "'
2

f"

X

(x - r cos</>)d</>
+ x 2 - 2rx cos</>) i"'

for x < r

)
for x > r i "'
for x > a

for x < a

(3-47)

for x > a

for x < a

Recalling that B has cylindrical symmetry about the z axis, we substitute r
for x in (3-47) and obtain
for r > a
for r

<a

(3-48)
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Noting that nr 2/2 is the area of cross section of a wire of radius r, and that
there is no current for r > a, we can combine the two results on the righ
side of (3-48) as
_ current enclosed by the circular path of radius r.1.,,
B(r) µo
2nr

(3-49)

Viewed from any distance r from the axis of the infinitely long cylinder
carrying current, the current distribution is equivalent to an infinitely Ion
filamentary current of value equal to the current enclosed by the circular pat
of radius r. I
3.6 Ampere's Circuital Law in Integral Form

In Section 2.6 we started with the electric field intensity of a point charg
and derived Gauss' law, which was later found to be very convenient fo
computing the electric field due to certain symmetrical charge distributions
Similarly, in this section we will start with the magnetic flux density due t
an infinitely long wire carrying current and derive Ampere's circuital law
We will later find Ampere's circuital law to be very useful compared to th
Biot-Savart law for computing the magnetic field due to certain symmetrica
current distributions.
Let us consider an infinitely long filamentary wire along the z axi
carrying current f amp. The magnetic flux density due to this wire is directe
everywhere circular to the wire and its magnitude is dependent only on th
distance from the wire. Let us consider a circular path C of radius r in th
plane normal to the wire and centered at the wire .as shown in Fig. 3.14. Fo .
an infinitesimal length di = di i.,, on this contour C, we have
B • di = µo f i • di i = µo f di
2nr "'
"'
2nr

(J-50i-,

The integral of B • di along the entire path C is then given by

I

r�

I into the Pa per

c

di

Fig. 3.14. For evaluating

j

B · di,
c
where C is a circular path of
radius r in the plane normal to 1
straight, infinitely long wir6
carrying current I and centere
r
at the wire.
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,h µof di = µof ,h
,h B • dl =
di
Jc n
2 r
n
2 r Jc
Jc
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(3-51)

where we have taken µ 0 l/2nr outside the integral since r is constant for the
contour C. Proceeding further, we have
i B • dl = µ ° 1 (circumference of C)
2
nr
jc
µ
= ol (2nr) = µ O I
2nr

(3-52)

Equation (3-52) states that the line integral of B around a circular path in
the plane normal to an infinitely long wire carrying current I and centered
at the .wire is equal to µ 0 1. It is independent of the radius r of the circular
path. Whether r = I micron or 1000 km, the value of the line integral is the
same (provided, of course, that there is no other magnetic field in the me
dium). It should be noted that the current I in (3-52) is the current which
flows in the direction of advance of a right-hand screw as it is turned in
the sense in which the line integral around C is evaluated.
Before we proceed further, a few words about the line integral of B are
in order. In Chapter 2 we learned that

f: E • di has the meaning of work

or change in potential energy per unit charge associated with the movement
of a test charge from point a to point b in the electric field E. This is because
the force experienced by a charge due to an electric field is in the same direc
tion as the electric field. On the other hand, in a magnetic field B, the force
experienced by a test charge moving in the direction of di (or by a current
element I di) is perpendicular to both B and di. Hence the work associated
with the movement of the test charge is zero. Thus f B • di does not have
the meaning of work. Just as

fs E • dS provides us information about

charges enclosed by S, f B • di tells us about the current enclosed by C.
c
Therefore, in this respect

fc B • di is analogous to fs E • dS. We will simply

call it the circulation of B.
Let us now consider an arbitrary path C (not necessarily in a plane)
enclosing the current as shown in Fig. 3.15. For an infinitesimal segment
di at P along this path,
µ
µ 1 di COS OC
(3-53)
B • di = 0 i</> • di = 0
2n R
n
2 R
!

where R is the distance of P from the wire, i"' is the unit vector at P directed
circular to the wire, and oc is the angle between di and i"'. The circulation of
B around the arbitrary path C is
,[ µol di COS 0C = µ 0 1 ,[ di COS OC
.
,[
B di =
2nR
2n Jc R
Jc
Jc

(3-54)
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f

Fig. 3.15. For evaluating cB · di,
where C is an arbitrary closed
path enclosing a straight, infinitely:
long wire carrying current I.

c

In (3-54), di cos rx, is the projection of di onto the circle of radius R centered
at the wire and passing through P. Hence (di cos rx,)/R is the projection of
di on to the circle of radius unity in the plane normal to the wire and centered
at the wire, and

fc (di cos rx)/R is the sum of the projections of all infinitesimal

segments comprising the contour C onto the circle of radius unity. Thus it
is equal to the circumference of the circle of unit radius, that is, 2n. Substi
tuting this result in (3-54), we have
· (3-55)

contour
enclosing I

If the arbitrary contour does not enclose the current, then, in evaluating

fc (di cos rx,)jR, we start at one point on the circle of unit radius, traverse to

another point on it and return to the starting point along the same path in
the opposite direction, obtaining a result of zero in this process. Hence

f

B·dl=O

contour not
enclosing I

(3-56)

Equations (3-55) and (3-56) may be combined into a single statement which
reads as
fc B • di= µ 0 (current enclosed by the contour C)

I

(3-57
r
This is Ampere's circuital law. Although we have derived it here for alfl
infinitely long straight wire, it can be proved for a current loop of arbitrary
shape. Also, if we have a number of current loops or infinitely long wiref
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carrying currents or continuous current distributions in the form of surface
or volume current, we can invoke superposition and conclude that Ampere's
circuital law as given by (3-57) holds for any closed path C provided the
current enclosed by C is uniquely defined.
Let us now discuss the uniqueness of a closed path enclosing or not
enclosing a current. To do this, let us consider the case of a straight fila
mentary wire of finite length in the plane of the paper carrying current I,
as shown in Fig. 3.16. This can be achieved by having a source of point
a

�---�-....- ----- ___.,.._ Position I

b

a'

--,

I

Sink of
Point Charge

t
I
1

1

___ ...._

__ __J

Position 2

b'
Fig. 3.16. For illustrating that the current enclosed by closed
path C surrounding a finitely long filamentary wire is not
uniquely defined.

charge at one end of the wire and a sink of point charge at the other end.
Let a closed path C be in the plane normal to the paper, emerging out of
the paper at a and going into it at b. Let us denote this position of the closed
path as position 1. Imagining the closed path to be rigid, we can bring it to
position 2 by sliding it parallel to the wire for some distance, pulling it down,
and then sliding it back parallel to the wire as shown by the dashed lines.
We are able to achieve this without cutting through the wire. We then say
that the current enclosed by the closed path C is not uniquely defined. Alter
natively, we can define the current enclosed by a path as that which pierces
through (passes from one side to the other side of) a surface whose perimeter
is the closed path. For the closed path C in Fig. 3.16, let us consider two
bowl-shaped surfaces S 1 and S2 • It can be seen that the wire pierces through
S 1 but not through S2 • This suggests t_hat we cannot uniquely define the
current enclosed by C in Fig. 3.16. It is clear that Ampere's circuital law
(3-57) cannot be used for the case of Fig. 3.16. In fact, if we evaluate fc B • dl
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around the contour C in Fig. 3.16, we will not obtain µ a l for the answer.
On the other hand, if the wire is infinitely long, we cannot bring the clos9d
path from position 1 to position 2 without cutting through the wire and there
can be no surface whose perimeter is C and through which the wire does n t
pierce. The current enclosed by C is then uniquely defined. Similarly, i r
surfaces whose perimeter is position 2 of the closed path in Fig. 3.16, the ini
nitely long wire does not pierce at all or it pierces through an even numb r
of times, entering from one side and emerging out on the same side so thlt
the net current enclosed by the path is always zero. Thus we can summarife
the discussion in this paragraph by stating that the current enclosed by 1a
path is uniquely defined if the net current which passes through each possible
surface whose perimeter is the closed path is the same.
1

I

3-8. An infi itely long filamentary wire along the z axis carries curre t
i
I amp. Find f B • di along the straight line joining P to Q, where P a d
P
Q are (1, -1, 0) and (1, 1, 0), respectively, in cartesian coordinates.
The geometry of the problem in the xy plane is shown in Fig. 3.117.

EXAMPLE

y

Q(l,1,0)
q, '\
\

dy iy

(l,y,o\

\

\A
�.....L..:�����..:--�_.::.=-���x

l

I

I

I

I

I

P( 1,-1,0)

Fig. 3.17. For evaluating

f; B • Ul

along the straight line

I

from

P to Q in the field of an infinitely
I
long wire carrying current l.

First we will solve this problem by actually evaluating

f: B • di along tte

given path. To do this, let us consider an infinitesimal segment di = dy iy �t
(1, y, 0). Since Bat this point due to the line current is [µa l/(2n,JI+"?)H¢,
we have
µa l
i • dy iy
2n,v'l+y2 ¢
= µa l dy COS <p = µ a l cf,y 2
2n(l + y )
2n,./I+?

B • di=
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Thus

I

Q
p

B • dl =

'J

µ f dy

_ 2n(l + y 2)
y--1

"/4
2n J

f
dcp = µo

= µo f

(3-58)

4

¢--n/4

This result can, however, be obtained without performing the integration
if we note that, according to Ampere's circuital law,

1

:rPQAP

B • dl = 0

(3-59)

where QAP is part of a circle centered at the line current. Equation (3-59)
may be written as

f

which yields

Q

P

f

B • dl

+ fQAP B • dl = 0

f
However, from symmetry considerations, f
Q

P

B • dl = -

QAP

B • dl

QAP

(3-60)

B • di is equal to -µ 0 f(QAP)

divided by the circumference of the circle, or -µ 0 f(n/2)/2n = -µ0 f/4. From
(3-60), we then obtain a value µ 0 f/4 for

f: B • dl, which agrees with (3-58).

I

Given B and a closed path C, it is always possible to compute the
current enclosed by the path by evaluating

pc B • dl analytically or numer

ically and then dividing the result by µ 0 in accordance with Ampere's circuital
law given by (3-57). The inverse problem of finding B for a given current
distribution by using (3-57) is possible only for certain simple cases involving
a high degree of symmetry, just as in the case of the application of Gauss'
law for finding E for a given charge distribution. First, the symmetry of the
magnetic field must be determined from the Biot-Savart law and second,
we should be able to choose a closed path C such that

pc B • di can be reduced

to an algebraic quantity involving the magnitude of B. Obviously, the closed
path must be chosen such that the magnitude of B is uniform and the
direction of B is tangential to the path along all or part of the path, while
the magnitude of B is zero or the direction of B is normal to the path along
the rest of the path in the latter case. We will illustrate this method of obtain
ing B by reconsidering Examples 3-6 and 3-7.
EXAMPLE 3-9. A sheet of current with the surface current density given by
J, = J,oi,
where J, 0 is a constant, occupies the entire xz plane as shown in Fig. 3.18.
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w

xxxxxxxxxxxxxxxxxxxxxxx

J_x

Fig. 3.18. For evaluating the magnetic flux density due to an
infinite plane sheet of current.

The magnetic field due to such a current sheet was found in Example 3 6
by using the Biot-Savart law. It is here desired to find the magnetic fl x
density due to this infinite sheet of current using Ampere's circuital la
From purely qualitative reasoning based upon the magnetic flux dens'ty
due to an infinitely long, straight filamentary wire of current, we can co elude that the magnetic flux density due to the infinite sheet of current f
uniform density is (a) entirely in the +x direction for y > 0 and in the I x
1
direction for y < 0, (b) uniform in planes parallel to the current sheet, and
(c) symmetrical about y = 0. Thus
B = B,i,
(3-61)
where i, is the unit tangential vector to the current sheet given by
I

i1 = iz X in
(3-�2)
in which i. is the unit normal vector to the current sheet. We can therefdre
choose a rectangular path abcda having length I parallel to the current sheet
and width w normal to the current sheet and symmetrical about the current
sheet as shown in Fig. 3.18. Then
1.

j abcda

But

B • dl =

f B • dl + fc B • dl + fa B • dl + fa B • dl
b

a

b

c

d

(3-63)

f: B • dl and f: B • dl are equal to zero since B is normal to the paths

be and da. For p�ths ab and cd, B is parallel and directed along these paths.
Furthermore, the magnitudes of B are the same for these paths since they
are equidistant from the current sheet. Thus (3-63) reduces to

1.

jabcda

B • dl = 2

f B • dl = 2 f B,i, • di i,
b

a

= 2B,

f: di = 2B,I

b

a

(3-64)

But, from Ampere's circuital law,
1.

jabcda

B • dl = µ 0 (current enclosed by abcda) = µ 0J,of

(3-65)
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Comparing (3-64) and (3-65), we have
BI = µo J,o
2

(3-66)

• - µo J ·
B = µo J,o jz X In
- 2 s X In
2

which agrees with the result obtained in Example 3-6.

(3-67)

I

EXAMPLE 3-10. Current flows in the axial (z) direction in an infinitely long cylinder
of radius a with uniform density J0 amp/m 2 as shown in Fig. 3.19. The magnetic field due to such a current distribution was found in Example 3-7 by
'i
using the Biot-Savart law. It is here desired to find the magnetic flux density
both inside and outside the cylinder using Ampere's circuital law.
I

Fig. 3.19. For evaluating the
magnetic flux density due to a
volume current flowing with uni
form density along an infinitely
long cylinder.

In Example 3-7 we established from purely qualitative arguments that
B, due to the given current distribution, has only a </> component and
possesses cylindrical symmetry so that it is a function only of the distance
from the axis of the cylinder. Thus
B = Bq,(r)i"'

(3-68)

Choosing, therefore, a circular path C of radius r � a centered at the axis
of the cylinder and in the plane normal to the axis, as shown in Fig. 3.19,
we have

t

B • dl =

t

B"'i"' • di i"' = B"'

t

di

= B/circumference of the circle of radius r)
= Bq,(2nr)

(3-69)
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But, from Ampere's circuital law,

t

B • dl = µo(current enclosed by C)

= µo (current enclosed by circular path of radius r)

Comparing (3-69) and (3-70), we have

current enclosed by circular path of radius r
B"' _
- µ0
2nr

_ current enclosed by circular path of radius r i
Bµ0
"'
2nr

I

which agrees with the result of Example 3-7.

I
(3-70)
I

(3-71)

3.7 Ampere's Circuital Law in Differential Form (Maxwell's Curl
Equation for the Static Magnetic Field)

I

Let us consider a volume current distribution with the current density vect r
J as a given function of the coordinates. The current enclosed by ln
arbitrary closed path C is given by the surface integral of the current densi y

f

over any surface S bounded by the closed path C; that is, s J • dS. Accor, ing to Ampere's circuital law (3-57), we then have

f

J

f

I.

B • dl = µ0 s J • dS
c

(3-7f)

where C is traversed in the sense in which a right-hand screw needs to je
turned if it is to advance to the side of S towards which the current on t'e
right side of (3-72) is evaluated. If we now shrink the path C to a very
small size AC so that the surface area bounded by it becomes very small,
AS, we can write (3-72) as
I

,( B • dl = µ0
Tac

f

as

J • dS

(3-7B)
I

Since the surface area AS is very small, we can consider the current density

to be uniform over the surface so that

f

AS

J • dS

= J • i. AS, where i. lis
I

ls

the normal vector to AS pointed to the side towards which a right-ha�d
screw advances as it is turned in the sense of the closed path. This relati1n
becomes exact in the limit AS _, 0. Dividing both sides of (3-73) by
and letting AS ---> 0, we have
lim

as-o

f

AC

B • dl

AS

f

J • dS
µ0
= lim __A_S�-as-o

AS

. J • i AS
= µ 0 hm
Ans
u
as-o

(3-7 )
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Now, the curl of Bis defined as the vector having the magnitude given
by the maximum value of the quantity on the left side of (3-74) and the direc
tion given by the normal to the AS for which the quantity is maximized.
Looking at the right side of (3-74), we note that this maximum value occurs
for an orientation of AS for which the direction of in coincides with the direc
tion of Jand it is equal to µ0 times the magnitude of J. Thus

( f

IV x BI = maximum value of lim

as-.o

so that

Ac

B·dl)

AS

= µ 0 J JI

direction of V x B= direction of J

(3-75a)
(3-75b)
(3-76)

Equation (3-76) is Ampere's circuital law in differential form. It states that
the curl of the magnetic flux density at any point is equal to µ0 times the
volume current density at that point. This is Maxwell's curl equation for
the static magnetic field.
The right side of (3-76) represents a volume current density. For problems
involving line and surface currents, we make use of Dirac delta functions
just as in the case of Gauss' law in differential form for point charges, line
charges, and surface charges. For example, following the method employed
in Example 2-12, we obtain for a surface current of density J. occupying the
y = Yo plane,
(3-77)
3.8

Magnetic Vector Potential

Thus far we have discussed the determination of the magnetic field due to
a current distribution directly from the current distribution using initially
the Biot-Savart law and then Ampere's circuital law. In Chapter 2, we
first discussed the determination of the electric field due to a charge distri
bution directly from the charge distribution using initially an integral for
mulation based on the electric field intensity due to a point charge and then
Gauss' law. Later we introduced the electric potential field from energy con
siderations and discovered the relationship of the electric field intensity to
the scalar potential through the gradient operation as an alternative approach
to the determination of the electric field. In this section we introduce a similar
alternative method for the computation of the magnetic field due to a given
current distribution.
To do this, we note from (3-25) that, for a filamentary wire carrying
current I, the magnetic flux density is given by
'
B(r) = µ0 f Idl' 2x iir, r )
(3-78)
4n c' R (r, r')
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We note the similarity of the right sides of (3-83a)-(3-83c) with the expres
sions for the electrostatic potential V due to line, surface, and volume charges
given, respectively, by

v = _1_ J
4nf0

c'

pL d/'
R

for line charge

V=-1-f p8 '
4nf0 8, R

for surface charge

dS

v

--1-f p dv'
-417:fo

for volume charge

V'�

In view of this similarity, and since A is a vector in contrast to the scalar
nature of V, A is called the magnetic vector potential. Unlike V, A does not
have a physical significance. It serves as a convenient intermediate step for
the computation of B. This is especially so because of the similarity of the
expressions for V and the expressions for A. The components of A due to
a particular current distribution can be written without actually evaluating
the integrals if the analogous integrals for the electrostatic potential have
already been evaluated in the corresponding electrostatic problem.
EXAMPLE 3-11. An infinitely long straight wire carrying current I amp lies along the
z axis. Obtain the magnetic vector potential due to this wire and then find
the magnetic flux density by performing the curl operation on the vector
potential.
Applying (3-83a) to the infinitely long wire, we have the vector potential
given by
or
A=

s

(µ =
0

4n

I dz')i
R z
z'=-oo

(3-84)

where R is the distance of the point P at which A is to be computed from an
infinitesimal current element I dz' iz , as shown in Fig. 3.20. Let us now con
sider the quantity
PLO dz'
_1 f =
(4nf
z'= -= R )
0

This is the integral for computing the electrostatic potential due to an infi
nitely long line charge of uniform density ho lying along the z axis. This
expression is analogous to the expression inside the parentheses on the
right side of (3-84). Thus, finding the vector potential due to the infinitely
long wire is analogous to determining the electrostatic potential due to the
infinitely long line charge of uniform density. However, we already know the
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!

Fig. 3.20. For evaluating the magnetic vector po

x

tential due to an infinitely long, straight wire car
rying current I.

solution for this electrostatic potential from Example 2-17. This is given

=
n
(2-ll )
V
0 I ;0
where r is the distance of the point P, at which V is desired, from the li e
charge and r0 is the distance from the line charge to the point at which t te
.
potential is zero, as explained in Example 2-17. Thus
=
_I_
PLo dz' = - PLo ln 2'.._
(3-86)
2n€o ro
4nfo z' = -= R
We can immediately write down by analogy that

-f;;

f

(3-8�)
I

Substituting this result into (3-84), we obtain the vector potential due to the
infinitely long wire as
A= - µo f In 2'....iz
(3-8�)
2n r0
Using the expression for the curl in cylindrical coordinates, we then have
!

I

a
az
AZ
µof .
2,r/¢
which is the same as the result obtained in Example 3-3.
B=VXA= a a
ar a</)
0 0
I
aA
Z . - a AZ , =
,aq;•, a,•1> -

I
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3-1 2. A loop of wire carrying current I amp occupies an arbitrary contour
C' as shown in Fig. 3.21. Find the vector potential due to this current loop
at distances r from the origin large in magnitude compared to the distances
of the points on the loop from the origin.

J:�xAMPLE

z

x

Fig. 3.21. For evaluating the vector potential due to an arbitrary
loop of current I at large distances from the origin compared
to the distances of the points on the loop from the origin.

Let P be the point at which the vector potential is desired. Then, from
(3-83a), the vector potential at P due to the current loop is given by
A(r) = µo ,[ I di'
4n c I r - r' I

J'

µ0 /

di'

(3-88)

J c' (r + r' 2rr' cos oc) 1
If ( 1 +�-�
2
=&._
di'

= 4n

,[

2 -

2

1

4nr c'

2

,2

1 2

I

)-1/2

,2

Using the binomial expansion employed in Example 2-15, we have
A= µo l f {1 + r' •2 r
r
4nr C'

+ _1 4 [3(r' • r)2 - ,2,' 2]
2r

+ ... higher-order terms} di'

= µo l
4nr

[IJ ' di' + J,[ ' r'r: r di'+ J,[ c' 3(r' • r2)r ;- , r'
c

c

2

2

(3-89)
2

di'+ ... ]
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Fig. 3.22. For evaluating t e
dipole moment of a plane loo
of wire carrying current I.

Returning to Eq . (3-82) and taking the curl of both sides, we obtain
V x B = V x V x A= V(V • A) - V 2A
(3-10 )

where we have used the vector identity for V x V x A. But, from Amperets
circuital law in differential form, we have

v x B = µO J

(3-76)

V(V • A) - V 2A= µO J

(3-101)

Thus, from (3-100) and (3-76), we get

However, considering a current loop, we have
V • A= V •

J µo f di'
J c' 4nR

(3-102)
di'
f
µ
o
v.
=
4n J c'
R
where C' is the contour of the current loop and di' is an infinitesimal length
element on C'. Using the vector identity

I

we write (3-102) as

V ·VA= A· VV + VV • A

v. A= µ4n0 1 (I

I

__!_ v. di')
di'. v__!_ +
(3-103)
R
J c,R
J c,
On the right side of (3-103), the second integral is zero since V • di' = 10.
Using V(l/R) = -V'(l/R) where the prime denotes differentiation wirh
respect to the primed variables, and then using Stoke's theorem, the first
integral can be written as

I

v_!_ = - I

(3-104)
V'_!_ • di' = - f V' x V'__!_ • dS'
JC' R
S'
R
R
where S' is any surface whose perimeter is C'. But the curl of the gradient
of a scalar is identically equal to zero. Hence, the right side of (3-104) is

JC'

di' •
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zero. Thus, for a current loop, V • A = 0. If we now consider a region of
volume current in which there is no accumulation of charge, we can represent
the volume current as a superposition of a number of current loops for each
of which V • A = 0 so that, for the entire volume current, V • A = 0. Sub
stituting this result in (3-101), we obtain
In analogy with

V 2A = -µ O J

(3-105)

v 2 v = -.P....

(2-140)

€0

Equation (3-105) is known as the Poisson's equation for the vector poten
tial. It is a differential equation which relates the magnetic vector poten
tial at a point to the volume current density at that point, just as (2-140)
is a differential equation which relates the electrostatic potential at a point
to the volume charge density at that point. Equation (3-105) is a vector equa
tion and hence it is equivalent to three scalar equations. For example, in
rectangular coordinates,
so that we have

V 2A = (V 2A)t

+ (V 2Ay)iy + (V2Az)iz

(3-106a)
v2Ax = -µOJx
2A = (3-106b)
v y
µoJy
2
(3-106c)
V Az = -µ OJz
If the volume current density is zero in a region, then the right side of (3-105)
is zero for that region so that (3-105) reduces to
V 2A = 0
for J = 0
(3-107)
which is Laplace's equation for the magnetic vector potential, in analogy with
Laplace's equation for the electrostatic potential given by
V' 2 V= 0
(2-141)
for p = 0

It states that the Laplacian of the magnetic vector potential in a region
devoid of current is zero, just as (2-141) states that the Laplacian of the elec
trostatic potential in a region devoid of charges is zero. Again, using the
expansion for V 2A in rectangular coordinates, we obtain the three component
equations for (3-107) as
(3-108a)
V 2Ax = 0
V 2Ay = 0

(3-108b)

V 2A

(3-108c)

z

=0

For a given current distribution, the solution to Poisson's equation (3-105)
is obtained by solving the three component equations (3-106a)-(3-106c).
Again, we can take advantage of the similarity of (3-106a)-(3-106c) with
(2-140) and in many cases simply write down the solution from previous
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I

knowledge of electrostatics, without the necessity of solving the differenti I
equations.
3.9 Maxwell's Divergence Equation for the Magnetic Field
The divergence of the curl of a vector is identically zero. Since
it then follows that

B=VxA

(3-8 )
(3-109)

Equation (3-109) is Maxwell's divergence equation for the magnetic field.
Together with Maxwell's curl equation for the static magnetic field given by
(3-76), (3-109) completely defines the properties of the static magnetic fl.el! .
Equation (3-109) determines whether or not a given vector field is realizab e
as a magnetic field, whereas Eq. (3-76) relates the field to the current di tribution responsible for producing the field. When compared with Maxwel 's
divergence equation for the electric field intensity,
Eq. (3-109) reveals the fact that isolated magnetic charges do not exist.
Taking the volume integral of both sides of (3-109) in a volume V, vi fe
have
�
(V • B) dv = 0
(3-11 )

L

But, according to the divergence theorem,

fs B• dS = fv (V • B) dv

where S is the surface bounding the volume V. Since (3-110) is true for any
volume, we obtain the result that

(3-111)
B • dS = 0
fs
for any closed surface S. Equation (3-111) is the integral form of the dive:r
gence equation (3-109). Since Bis the magnetic flux density, § 8 B • dS is tlb.e
total magnetic flux emanating from the surface S. Thus Eq. (3-111) stat es
that the total magnetic flux emanating from any closed surface is equal ito
zero. Whatever flux goes into the volume bounded by the surface must co e
out of it. The magnetic field lines form closed paths, unlike electric field Ii es
which begin from positive charges and terminate on negative charges. Sin e

fc B• dl = µ (current enclosed by C)
0

the closed paths must form around the current producing the magne ic
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field. Vectors which, in this manner, are characterized by zero net flux over
all possible closed surfaces are said to be solenoidal. The current density vec
tor J for static fields is another example of a solenoidal vector since, from
(3-112)
V VxB=O
we have
0

or

(3-113)
The solenoidal nature of J follows from the fact that, in the absence of accu
mulation of charge at a point with time, current must flow in closed paths.
Since we are here considering static phenomena, there cannot be any accu
mulation of charge and hence V • J = 0. On the other hand, when we con
sider time-varying or dynamic fields, we can allow for the accumulation of
charge, in which case we will find that (3-113) does not necessarily hold
everywhere.
EXAMPLE 3-14. Determine if the following vector fields are realizable as magnetic
i
fields:
(a) Fa = (-yix + xi)
cartesian coordinates
(b) Fb = µ° m; (-sin<{> i, + cos<{> iq1)
2
nr

(c) Fe = (sin fJ ,i + cos fJ i8)

a
(a) V •Fa= a/-y)

+ aa/x) = 0

cylindrical coordinates
spherical coordinates

Hence Fa can be realized as a magnetic field. In fact, if we note that, in
cylindrical coordinates,Fa = riq1, the solenoidal nature ofFa becomes obvious.
(b) V •F = __!_
b

i.(- µo

r ar

m

L sin <t>)

2nr

o m2L cos<!>) = 0
+ __!_r i_a<{> (µ2nr

Hence Fb can be realized as a magnetic field. It is left as an exercise (Problem
3.21) for the student to show that Fb is the magnetic field due to a two
dimensional magnetic dipole of moment mL.

*

a (r 2 sin fJ) + ----!..----- a (sin fJ cos fJ) 0
(c) V ·Fe =--;· rsm 0 afJ
r ar
Hence Fe cannot be realized as a magnetic field. I

ExA MPLE 3-15. In Example 3-5, the magnetic field due to an infinitely long, uniformly
wound solenold of radius a and n turns per unit length carrying current I
was found by using the Biot-Savart law. It is here desired to find the magnetic
field due to the solenoid from Ampere's circuital law and the solenoidal
character of the magnetic field.
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Employing a cylindrical coordinate system with the z axis as the al(is
of the solenoid, let us assume that the magnetic field due to the solen1>id
has all three components B,, Bif> , and B z. Because of the cylindrical symmetry
and infinite length of the solenoid, all three components must be independbnt
of</> and z. Thus B,, B¢> , and B z can be functions of r only. Now, apply ng
(3-111) to a cylindrical box of radius b, length I and coaxial with the solen 1 id,
as shown in Fig. 3.23(a), we have
surf.t of the

cylindrical box

(3-1�4)

B • dS = O

Rectangular
Paths
e

I

1.

e'

f'

(a)

But

(b)

Fig. 3.23. For evaluating the magnetic field due to an infinitely
long, uniformly wound solenoid using Ampere's circuital law
and the solenoidal character of the magnetic field.
B · dS =

surface of the
cylindrical box

J

cylindrical
surface

B • dS +

On the cylindrical surface,

B . dS = [B,i, + B¢,i¢, + Bzizlr -b •

J B • dS = s::: s:: [B,],-b

since [B,],-b is a constant.
0

b

J

upper plane
surface

B • dS +

d</> dz i, = [B,J,-b b d</> dz

d</> dz = 2nbl[B,J,-b
b

J

lower plane
surface

B • dS

(3-115)

(3-116)
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On the upper plane surface,
B • dS

= (B, i, + B¢i¢ + B,iz) • r dr dcp iz = B,(r) r dr dcp

(3-117a)

On the lower plane surface
B • dS = (B,i,

+ B¢i¢ + Bziz) • ( -r dr dcp iz ) =

-B,(r) r dr dcp

(3-117b)

We see from (3-117a) and (3-117b) that f B • dS on the upper plane
surface cancels exactly with f B • dS on the lower plane surface since the
integrands are equal and opposite and the limits of integration are the same.
Thus
surface of the
cylindrical box

B • dS = 2nbl[B,J,-b

(3-118)

Comparing (3-118) and (3-114), we obtain the result that [B,J,-b = 0. Since
the radius b can be chosen to be any value, it follows that

B, = 0
for all r
Applying Ampere's circuital law to a circular path of radius b, as shown
in Fig. 3.23(a) in the plane normal to the axis of the solenoid and centered
at the axis of the solenoid, we have

f

circular
path

B • dl = 0

(3-119)

since the path does not enclose any current. But, along the circular path,
B • dl = [B,i , + B¢i¢ + B,izl r-b • b dcp i¢ = [B¢1,-b b dcp
(3-120)
[B¢],-bb d cp = 2 nb[B\6],-b
B • dl =

f

f::

0

since [B\61,-b is a constant. Comparing (3-120) with (3-119), we obtain the
result that [B¢1,-b = 0. Since the radius b can be chosen to be any value, it
follows that
B¢ = 0

for all r

Thus the magnetic field due to the solenoid has only a z component and we
are now left with the task of finding this component.
Applying Ampere's circuital law for two rectangular paths cdefc and
cde'f' c in the plane containing the solenoid axis, as shown in Fig. 3.23(a), .
we have

!

j cdefc

B • dl =

!

j cde'f'c

B • dl = µ 0 nl(cd )

(3-121)

Since the three sides cd, de, and Jc are common to the two rectangular paths,
(3-121) gives us

fI B • dl = Jr B • dl
e

e'

(3-122)
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Along paths ef and e'f',

B • di= [Br r
i

Cha). 3

I

+ B"'i"' + B,i,] • dz i, = B, dz

and since B, is independent of z, (3-122) yields

[B,],r(ef) = [B,],,r(e'f')

or

(3-123)
[B,],1 = [B,],,1,
Thus B, is independent of r (in addition to tfJ and z) outside the solenoid.
Similarly, by applying Ampere's circuital law to the two rectangular paths
cdefc and c'd' efc' in the plane containing the solenoid axis, we can show
that B, is independent of r (in addition to tfJ and z) inside the solenoid. T�us
the values of B, both inside and outside the solenoid are constants. 1his
requires that B, outside the solenoid be equal to zero since, if it is nonzJro,
the amount of magnetic flux outside the solenoid will be infinity and for lhis
I
flux to return in the opposite direction inside the solenoid as shown in fig.
3.23(b), the flux density inside the solenoid must be infinity. But then, ifithe
flux density inside the solenoid is infinity and that outside the solenoid is
finite, (3-121 ) cannot be satisfied. On the other hand, for a finite amount
of flux inside the solenoid in one direction to return in the opposite direction
outside the solenoid, it requires zero flux density outside the solenoid since
the area of cross section outside the solenoid is infinity ( oo x O = nonzero).
Thus we conclude that B, is zero outside the solenoid. It remains to evaluate
B, inside the solenoid. To do this, we write (3-121 ) as
s:B •di+ s:B •di+ ( B •di+
In (3-124),

s:
s:
s:

s:

(3-124)

B • dl = µ0 n/(cd)

B • di= [B,]ca(cd)
B •di= 0

( B • dl = 0
B •di= 0

(3-125a)

since B is normal to the path

(2-125b)

since B is zero outside the solenoid

(3-125c)

since B is normal to the path

(3-125d)

Substituting (3-1 25a)-(3-125d) into (3-124), we obtain
[B,]0a(cd) = µ0 nl(cd)

or

[B,lca = µon!

The constant value of B, inside the solenoid is equal to µ 0 n/. Thus
B=

{oµ 0 n/ i,

inside the solenoid
outside the solenoid

(3-126)
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which agrees with the result obtained in Example 3-5 by using the Biot
Savart law. However, compared with Example 3-5, we have here obtained
the solution in a conceptual manner, gaining in this process considerable
insight into the properties of the magnetic field. I
3:.10 Summary and Further Discussion of Static Electric and
Magnetic Field Laws and Formulas

Now that we have gained familiarity with the static magnetic field as well
as the static electric field, it is worthwhile to list the basic laws governing
the two fields and important formulas derived from them and make a few
further comments. Accordingly, these laws and formulas are summarized
in Table 3.1. Note that we have repeated Maxwell's equations at the end of the
table. These equations pertain to the divergence and curl of the static electric
and magnetic fields. We note from these equations that static vector fields,
that is, vector fields independent of time, may be classified into four groups,
depending on the values of their divergence and curl in the region of inter
est. These groups are as follows:
(a) Divergence of the field is not zero but its curl is zero. This represents
a static electric field.
(b) Divergence of the field is zero but its curl is not zero. This repr�sents
a static magnetic field.
(c) Both divergence and curl of the field are zero. This represents either
a static electric field in a charge-free region or a static magnetic
field in a current-free region.
(d) Both divergence and curl of the field are not zero. Obviously, this
represents a combination of the fields belonging to groups (a) and
(b) and hence cannot be realized solely as a static electric field or
solely as a static magnetic field.
In Table 3.2 we list the expressions for the electric and magnetic fields
for two simple analogous pairs of source distributions: infinitely long line
charge of uniform density versus infinitely long filamentary wire of current
along the z axis, and infinite sheet charge of uniform density versus infinite
sheet current of uniform density. For each pair, the analogy between the two
fields is obvious from the expressions: The magnitudes of the fields are
proportional to each other whereas their directions are orthogonal. This
analogy is actually more general than is indicated by these two cases. To
illustrate this, let us consider a charge distribution of density p(x, y) and a
current distribution of density J = Jz(x, y)iz such that
(3-127)
fz(x, y) = kp(x, y)
where k is a proportionality constant. The electrostatic potential V(x, y)
corresponding to p(x, y) and the magnetic vector potential A= A z(x, y)iz

TABLE 3.1. Summary of Basic Laws and Important Formulas Associated w th
the Static Electric and Magnetic Fields
Static Electric Field
Definition
Experimental
laws

F=qE

Coulomb's law:
F21= Q1Q2 R21
4nt:oR1 1

Static Magnetic Field

F=qvXB=JdlXB
Ampere's law of force:
µo
12 dl2 X (/1 dl1X 1)
F21 _ 4,r
' RL

ff
C1C2

Fields due to
E=-Q-3 R
B=µo JdlXR
point sources
4nt:0R
4,rR3
Fields due to continuous source distributions:
µol di'X (r-r')
Line
E= [PL(r')](r-r') 3di'
B=
c' 4ir Ir-r' 1 3
c' 4irt:ol r-r' 1
(r-r') dS'
·
E= [p,{r')]{r-r') dS'
Surface
B= µ0J,(r') X
4irlr-r'l3
s• 4nt:o Ir - r' 1 3
s'
dv'
E= [p(r')J(r-r') dv'_
Volume
B= µoJ(r') X (r-r')
v' 4nt:o Ir-r'l3
4ir lr-r' l3
v'
Gauss' law:
Integral laws
Ampere's circuital law:
c
involving
arge
urrent enclosed
h
_l
•
E d S= (
B • di=µo (
)
sources
by C
s
t:o enclosed by S) c
Differential
VXB == µoJ
V·E=.£..
laws involving
fo
sources
Conservative property:
Integral laws
Solenoidal property:
independent of
B dS=0
tE·dl=O
sources
S ·
VXE=O
Differential
V·B=O
laws independent
of sources
Scalar potential:
Potentials
Vector potential:
E=-VV
B=VXA
Potentials
µoldl
_Q_
V= 4nt:oR
A= 4nR
due to
point sources
Potentials due to continuous source distributions:
pL(r') di'
µol di'
V=
Line
A= c' 4ir Ir - r' I
c' 4nt:o Ir-r' I
p,(r') dS'
µoJ,(r') dS'
=
Surface
A= s' 4ir Ir-r' I
s' 4nt:o Ir-r' I
V
p(r') dv' ,
µoJ(r') dv'
Volume
_
AV= v,4nt:o Ir-r' I
v' 4ir Ir - r' I
Differential
V2V=_J!..
V 2A=-µoJ
equations for
fo
potentials
Maxwell's equations:
Divergence
V • E=.!!..
V ·B =0
equation
fo
VXB=µoJ
VXE=0
Curl equation

f

f
f
f

f

f
f
f

f

f
f
f
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TABLE 3.2. Electric and Magnetic Fields for Two Pairs of
Analogous Source Distributions
Electric Field

Magnetic Field

Infinitely long, straight line
charge of uniform density PLO:

Infinitely long, straight
wire of current J:

E = PLO j
21tfor r

B = µoliif>

2nr

Infinite sheet charge of
uniform density p,o:

Infinite sheet current of
uniform density J,o:

E = Psoin
21:0

B

µOJsO
=Z

X ln

corresponding to Jz(x, y)iz satisfy the equations

v2 v =
and

_J!....
€0

(V2 Az)iz = -µo J)z = - µo kPiz
respectively. Comparing (3-128) and (3-129), we have
Az = kµo Eo V
We then obtain

and

E _ I vv I _ [(av;ax) 2 + cav;ay) 2]112
B - IV X A)z I - [(aAz/ax) 2 + (aAz/ay)2]1 12
1 [(av;ax)2 + cav;ay)2]1 1 2
1
=
kµo€o [(av;ax) 2 + cav;ay)2]1 1 2 = kµo €o

(3-128)
(3-129)
(3-130)

(3-131)

E • B = -VV • (V X A,iz)
= -VV • (V X kµ0 €o Vi z)
= -kµ0€0 VV • (V X Vi.)
(3-132)
= -kµ0 €0 VV • (VV X iz + V V X iz)
= -kµ0 €0 [VV • VV X iz] = 0
Thus, for analogous charge and current distributions which vary only in
two dimensions x and y (or rand <p in cylindrical coordinates) and with the
current flow along the z direction, the electric and magnetic fields are pro
portional in magnitude and orthogonal in direction. We will use this impor
tant result in chapter 6.
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PROBLEMS
3.1.

3.2.

An electron moving with a velocity v1 = ix m/sec at a point in a magnetic fi d
experiences a force F1 = -ei.v N, where e is the charge of the electron. If t e
electron is moving with a velocity v2 = (i.v + iz) m/sec at the same point, it expe i
ences a force F2 = eix N. Find the force the electron would experience if it w e
1.
moving with a velocity v3 = v1 x v2 at the same point.
A mass spectrograph is a device for separating charged particles having different
masses. Consider two particles of the same charge q but different masses m 1 aJld
m 2 injected into the region of a uniform magnetic field B with a known velocity v
normal to the magnetic field as shown in Fig. 3.24. Show that the particles are
separated by a distance d = l2(m2 - m 1 )vl/lqBJ in the plane normal to the
incident velocity.

Fig. 3.24. For Problem 3.2.
3.3.

A magnetic field given by
B = Boiz
where B O is a constant exists in the space between two parallel metallic plates· of
length L as shown in Fig. 3.25. A small test charge q having a mass m enters t:he

Fig. 3.25. For Problem 3.3

181 Problems

Chap. 3

region between the plates at t = 0 with a velocity v = v0 iy as shown in the figure.
(a) Show that the path of the test charge between the plates is circular.
(b) Find the position xL along the x direction and the velocity vL of the test charge
just after it emerges from the field region.
(c) Find the deflection xa undergone by the test charge along the x direction at
a distance d from the plates in the y direction.
3.4.

In a region of magnetic field B = Bo iz, where B 0 is a constant, an electron starts
out at the origin with an initial velocity v0 = Vxo ix + Vyoiy + Vzo iz, Obtain the
equations of motion of the electron and show that the path of the electron is
a helix of radius m.,,/v�o + v�o /leBo l and pitch 2nmlvzo l/leB0 1, where e and m
are the charge and mass of the electron.

3.5.

Find the current required to counteract the earth's gravitational force on a hori
zontal filamentary wire of length I and mass m and oriented in the east-west
direction in a uniform magnetic field B 0 directed northward. Compute the value
of this current for a wire of length 1 meter and mass 30 grams situated in the
earth's magnetic field at the magnetic equator assuming a value of 0.3 x 10-4
Wb/m2 for B 0 •

3.6.

A rigid loop of wire in the form of a square of sides a m is hung by pivoting one
side along the x axis as shown in Fig. 3.26. The loop is free to swing about the
pivoted side without friction. The mass of the wire is m kg/m. If the wire is situated
in a uniform magnetic field B = Bo iz and carries a current I amp, find the angle
by which the loop swings from the vertical.
z

1_y
I

Fig. 3.26. For Example 3.6
3.7.

A rigid rectangular loop of wire carrying current I amp and symmetrically situated
about the z axis is in the yz plane as shown in Fig. 3.27. If the loop is situated
in a uniform magnetic field B and is free to swing about the z axis, show that the
torque acting on the loop is /A(iy • B)i� where A is the area of the loop.
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z

1

I

1
..1__,,..o__.. --------.�y
Fig. 3.27. For Problem 3.7.

x
3.8.

3.9.

Show that the total force experienced by a current loop C1 carrying current I,
due to another current loop C2 carrying current 12 is equal and opposite to t e
total force experienced by the current loop C2 due to the current loop C1 ; that s,
show that Newton's third law holds for current loops.
Two circular loops of radii 1 m carrying currents 11 and 12 amp are situated in
the z = 0 m and z = 1 m planes, respectively, and with their centers on the z ax ·s,
as shown in Fig. 3.28. Find the forces experienced by the current elements 11 d 1,
12 dl 2 and 12 dl 3 due to each other.
z

x
3.10.

Fig. 3.28. For Problem 3.9.

Two square loops of sides a m are placed parallel to each other and separated Y
a distance d m as shown in Fig. 3.29. If the currents carried by the loops are 1,
and 1 2 amp, respectively, as shown in Fig. 3.29, find the force acting on one lo P
due to the second loop.
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Fig. 3.29. For Problem 3.10.
3.11.

An infinitely long straight wire carrying current 11 amp is situated in the plane
of and parallel to one side of a rectangular loop of wire carrying current /2 amp
as shown in Fig. 3.30. Evaluate independently the force experienced by the infinitely
long wire due to the magnetic field of the rectangular loop of wire and the force
experienced by the rectangular loop of wire due to the magnetic field of the
infinitely long wire.
Ii

d

Fig. 3.30. For Problem 3.11.
3.12.

3.13.

l

J

a

I,

.I.

b_J

Four infinitely long, straight filamentary wires occupy the lines x = 0, y = O;
x = 1, y = O; x = 1, y = 1 and x = 0, y = 1. Each wire carries a current of
value 1 amp in the z direction.
(a) Find the force experienced per unit length of each wire.
(b) Find the magnetic flux density at the point (2, 2, 0).
(c) Find the magnetic flux density at the point (0, 2, 0).
Two identical rigid filamentary wires, each of length l and weight W, are sus
pended horizontally from the ceiling by long weightless threads, each of length L.
The wires are arranged to be parallel and separated by a distance d, where d is
very small compared to l and L. A current I amp is passed through both wires
through flexible connections so as to cause the wires to be attracted towards each
other. If the current is gradually increased from zero, the wires will gradually
approach each other. A condition may be reached at which any further increase
of current will cause the wires to swing and touch each other. Determine the
critical current at which this would happen.
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3.19. A filamentary wire closely wound in the form of a spiral in the xy plane, starting
at the origin and. ending at radius a, carries a current I in the <f> direction. Consider
the turn density n to be an arbitrary function of r and show that the magnetic flux
density at a point (0, 0, z) is given by
B

=

µof

nr 2 dr

•

2 Ir=O (r + z 2 )3/ 2 z
a

2

l

Evaluate B for the following turn density distributions:
(a) n

=

(b) n

=

(c) n

=

n0
no

r

no

y2

where n0 is a constant.
320.

A filamentary wire carrying a current I is closely wound on the surface of a sphere
of radius a and centered at the origin. The winding starts at (0, 0, a) and ends at
(0, 0, -a) with the turns in the planes normal to the z axis and carrying current
in the </> direction. Consider the turn density to be an arbitrary function of O and
show that the magnetic flux density at a point (0, 0, z) is given by

f"

3 21.

3.22.

3
n sin 2 0 dO
B _ µ 0Ia
i
- -2- B=o [a + z - 2azcos ep12 z
Evaluate B both for \ z \ < a and for \ z \ > a for the following turn density distri
butions:
(a) n = no sine
(b) n =no/sine
where n0 is a constant.
Two infinitely long, straight filamentary wires situated parallel to the z axis and
passing through (d/2, 0, 0) and (-d/2, 0, 0), respectively, carry currents I in the
+z and - z directions, respectively. The arrangement is known as a two-dimensional
magnetic dipole in contrast to the three-dimensional magnetic dipole consisting
of a circular loop of current. (a) Obtain the magnetic flux density due to the two
dimensional magnetic dipole in the limit that d--> 0, keeping the dipole moment
Id constant. (b) Find and sketch the direction lines of the magnetic flux density.
2

2

Two infinitely long, straight filamentary wires situated parallel to the z axis and
passing through (d/2, 0, 0) and ( -d/2, 0, 0) carry currents 11 and /2, respectively,
in the z direction. Show that the equation for the direction lines of the magnetic
flux density is
/1

ln[(x

+ tr+ y J + / ln[(x - tr+ y J = constant
2

2

2

Obtain and sketch the direction lines for the following cases:

(a) /1
(b) I,

3.!23.
!

= 12 = Io

=

lo, l2

=

-Io

Two circular loops of filamentary wire, each of radius a and with their centers
on the z axis, are situated parallel to and symmetrically about the xy plane with
the separation equal to 2d. The loops carry. currents of I amp each in opposite
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directions. Such an arrangement is known as the magnetic quadrupole. Obtain tle
magnetic flux density due to the magnetic quadrupole at distances from the orig n
large compared to a and d, at points along (a) the z-axis and (b) in the xy plam.

A sheet of surface current flowing in the z direction occupies the portion of t�,e
= 0 plane lying between x = -a and x = +a. Consider the z-directed surfaie
current density J, to be an arbitrary function of x and show that the compone1}�s
of the magnetic flux density at a point (0, O,y) are given in cartesian coordinates
a
µ y
J ,dx
Bx
= - 21lo fx=-a (x 2 + y2 )
a
J ,xdx
B _ _ µof
y 21l x=-a (x 2 + y 2 )

y

,w

Bz = 0

Evaluate the field components for the following surface current density distribu
tions:
(a) J, = J,oiz

(b) J, =J, o (l

3.25.

-

l�l)jz

(c) J, = J,o�iz
a
where J , 0 is a constant.

Current flows on the xy plane radially away from the origin with density given y
J, = - i, amps/m
1
2nr

3.26.

Show that the magnetic flux density at any point above the xy plane is the sa�ne
as that which would be produced by a filamentary wire along the negative z ai"is
carrying current I from the origin to z = -oo. Show also that the magnetic fl'.ux
density at any point below the xy plane is the same as that which would be piro
duced by a filamentary wire along the positive z axis carrying current I from �he
origin to z = oo.

Current flows in the z direction in an infinite slab of thickness 2a symmetricaUy
placed about the xz plane. Consider the z-directed current density J to be unifoi.rm
in x but not necessarily in y and show that the magnetic flux density at any poj'int
(x, y, z) has only an x component given by
Bx

�io J: /dy
=_

=

io (J: dy
=/
io

I:=-a Jdy

y>a

-

J:=_/dy)

-a<y < a

Y< -a
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Evaluate Bx as a function of y for -oo < y < oo for the following current dis
tributions:
(a) J=J0 iz
-a < y < a
-a
<y < 0
i
Jo z
(b) J ={
.
O <y <a
-Jo•z
(c) J=lyliz
-a<y<a
-a < y < a
(d) J = yiz
where 10 is a constant. Discuss your results from considerations of symmetry.

Current flows in the axial direction in an infinitely long cylinder of radius a having
the z axis as its axis. Consider the z-directed current density J to be uniform in tp
but an arbitrary function of r and show that the magnetic flux density is given by
B = �o f Jr dr i�
-o

Evaluate B for the following current density distributions:
0 <r <a
(a) J = J0 iz,
O <r<a
a<r<b
(b) J = J,oiz
b<r<oo
oo

l (a)"·

(c) J = lo

I

3.28.
I

I

3.29.

3.30.

r

lz,

n :2:: 1

where J0 is a constant.

O<r<a

An infinitely long straight filamentary wire occupying the z axis carries current I
amp in the z direction. Evaluate S B · di for the following paths:
(a) From (1, 0, 0) to (0, :h 0) along the path x + 2y = 1, z = 0.
(b) From (2, 0, 0) to (1, 1, 1) along a straight line path.
Check your answers from considerations of symmetry and Ampere's circuital law
in integral form.

Using Ampere's circuital law in integral form, obtain the magnetic flux densities
due to the following volume current distributions in cartesian coordinates:
i
IYI < a
(a) J = {Jo z
O
IYI > a
-a < Y < 0
iz .
Jo
(b) J ={
O < y <a
-lo•z
i
IYI < a
(c) J = {lyl z
O
IYI > a
iz
<a
J
IYl
Y
(d) ={
O
IYI > a
i
(e) J = {(a - lyl) z IYI < a
O
IYI > a
where 10 is a constant.

Using Ampere's circuital law in integral form, obtain the magnetic flux densities
due to the following volume current distributions in cylindrical coordinates:
O < r<a
a <r <b
(a) J = loiz
oo
b<r<oo

l
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(c) J =

I
naz •z
0

I
.
----�·
n(cz - bZ) •

IO
where 1 0 and I are constants.
3.31.

Chap. 3

O<r<a
a<r<oo
O<r<a
a<r<b
b<r<c
c<r<oo

Using Ampere's circuital law in integral form, obtain the magnetic flux densities 1
due to the following surface current distributions:
cartesian coordinates
Y=a
(a) J, = {1• 0 i, .
y = -a }
- 1 ,o•z
r=a
cylindrical coordinates
(b) J, = J, 0 i,
r=a
J, 0 ,
cylindrical coordinates
(c) J, = - .!!... •
r=b
Jso b ••
where J,0 is a constant.
11

I

3.32.

i

I

A toroid with a circular cross section is formed by rotating about the z axis the
circle of radius a ( < b) in the xz plane and centered at (b, 0, O) as shown in Fig.
3.33. A filamentary wire carrying current I is closely wound around the toroid
uniformly with n turns per unit length along the mean circumference. Using Am
pere's circuital law in integral form, find the magnetic field both inside and out
side the toroid.
z

Fig. 3.33. For Problem 3.32.
3.33.

Current I amp flows in a filamentary wire along the z axis from z = oo to z =
and then to the point z = -a via a spherical surface of radius a centered at th
origin, continuing on to z = -oo along a filamentary wire from z = -at
z = -oo. The surface current density on the spherical surface is given by
I
.
J =
() le ampI m
na
sin
2
s

Chap. 3
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Using Ampere's circuital law in integral form, find B both inside and outside the
sphere of radius a.
3.34.

Current flows axially with uniform density J0 amp/m2 in the region between two
infinitely long, parallel cylindrical surfaces of radii a and b (< a) and with their
axes separated by a distance c (<a - b) as shown in Fig. 3.34. Find the magnetic
flux density in the current-free region inside the cylindrical surface of radius b.

x x x x x
x x x x x
x x x x· x

Fig. 3.34. For Problem 3.34.
3.35.
3.

.

j6
3.37.

Verify your answers to Problem 3.29 by using Ampere's circuital law in differ
ential form.
Verify your answers to Problem 3.30 by using Ampere's circuital law in differ
ential form.
For each of the following magnetic fields, find the current distribution which
produces the field, using Ampere's circuital law in differential form:
-co < y <
µ oJ,oix
cartesian
µ
_
oJ,o.
(a) B - - - 1x
0 <Y < a
coordinates
3
a<y<oo
-���
2i
O<r<a
r
J
µ o o ¢,
cylindrical
a3.
a<r<b )
(b) B = oJo,1¢,
coordinates
�
b<r<oo
O<r<a
µ 0 J, 0 (cos(} i, - sin(} i9)
spherical
(c) B = !µ0['0
(2 cos(} i, + sin(} i )
a<r<oo
coordinates

j
j

0)

(�

3.38.

r

9

l

where J, 0 and J0 are constants.
A surface current of density J, amp/m occupies the plane surface y = y 0• Show
that
V X B = µoJ, O(y - Yo)
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3.39.

3.40.

3.41.

3.42.

3.43.

3.44.

3.45.
3.46.
3.47.

Ch 3
l
A surface current of density J, amp/m occupies the cylindrical surface r ro ,
Show that
V X B = µ 0J,o(r - r0)
An infinitely long filamentary wire carrying current I amp in the z directio is
situated parallel to the z axis and passes through the point (r0 , <p 0 ) in the z O
plane. Show that
Obtain the magnetic vector potential at an arbitrary point due to a finitely 1 ng,
straight filamentary wire lying along the z axis between z = -a and z = +a nd
carrying a current I amp in the +z direction. Then evaluate B by performing the
curl operation on the magnetic vector potential and compare the result with (3-�7).

Two infinitely long, straight filamentary wires situated paraliel to the z axis and
passing through (d/2, 0, 0) and ( -d/2, 0, 0), respectively, carry currents I in the
+z and -z directions, respectively. (a) Obtain the magnetic vector potential A.
(b) Find A in the limit that d------> 0, keeping Id constant. (c) Evaluate the curl of
A found in part (b) and compare with the result of Problem 3.21.

For the magnetic dipole of Fig. 3-9, obtain the vector potential at distances very
large from the dipole compared to the radius a. Find the magnetic flux density
by performing the curl operation on the vector potential.

For the magnetic quadrupole arrangement of Problem 3.23, obtain the magnetic
vector potential at distances from it large compared to the dimensions of the
quadrupole. Then find B by evaluating the curl of the magnetic vector potential
and verify the results for the special cases of Problem 3.23.

For the volume current distributions specified in Problem 3.29, obtain the magnetic
I
vector potentia
. 1s.
)
For the volume current distributions specified in Problem 3.30, obtain the mag�etic
vector potentials.

For the foliowing surface current distributions, obtain the magnetic vector p ten
tials:
Y ::: � }cartesian coordinates
(a) J, = {�o i,.
y- a
J,01,
J, 0 ,
r = al
r = cylindrical coordinates
(b) J, = I-J,o ,
b
�
i

i

3.48.
3.49.

where J, 0 is a constant.

For each of the arrangements of current loops shown in Fig. 3.35, find the mag letic
vector potential at distances very far from the loop.
]

For the spiraliy wound filamentary wire of Problem 3.19, show that the mag etic
dipole moment m is given by

m = n1(J:= nr 2 dr)i,

o
Evaluate m and hence A at large distances from the spiral for each of the t ree
cases specified in Problem 3.19.
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z

z

I

/I

I
(a)

x

(b)

x

Fig. 3.35. For Problem 3.48.
3.50.

For the filamentary wire wound on the surface of a sphere as specified in Problem
3.20, show that the magnetic dipole moment m is given by

e

ID= na 3I(f:=O n sin 2 dO)i,

3.51.

3.52.

Evaluate m and hence A at large distances from the sphere for each of the two
cases listed in Problem 3.20.

A spherical volume charge of radius a m and having uniform density p 0 C/m 3
and centered at the origin spins about the z axis with constant angular velocity
co 0 in the <p direction. Obtain the magnetic vector potential due to the spinning
sphere of charge at distances from the origin large compared to a.
Show that the magnetic flux enclosed by a closed path C in a magnetic field B is

equal to f A · di, where A is the magnetic vector potential corresponding to B.
c
Use this result to find the magnetic flux enclosed by the rectangular loop of Fig.
3.30 due to the current flowing in the infinitely long wire. Check your answer by

evaluating f B · dS, where S is the surface bounded by the rectangular loop.
s
Show that, if A = A,i,, where A, is independent of z, the direction lines of
B = V X A are the cross sections of the constant I A I surfaces in the z = constant
plane. Use this result to find and sketch the direction lines of the magnetic flux den
sity due to the infinitely long, filamentary wire-pair arrangement of Problem 3.42.
Determine if the following fields are realizable as magnetic fields:
(a) A = ;2 (yix - xiy)

cartesian coordinates

(b) B = _!_L
yn �

cylindrical coordinates

(c) C =

cylindrical coordinates

(1 + ,\)cos</Ji, -(1 - ,\)sin</Ji�

(d) D = ( 1 +

,

2

3)

cos O i, - ( 1 - \) sin O i8
,

spherical coordinates
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3.55.

For the· following current distributions, start with the assumption that all thr;e
components of B exist and use Ampere's circuital law and the solenoidal natu·e
of the magnetic field to eliminate some components and evaluate the remainiI,g
components:
(a) Infinite sheet of current with uniform density.
(b) Surface current flowing axially with uniform density along an infinitely lo g
cylinder.

3.56.

Make use of the solenoidal character of the magnetic field to find the radial deri tive of the magnetic flux density due to a circular loop of current I at a po· t
on its axis.

3.57.

In Sec. 3-10, we classified static vector fields into four groups. Determine to whi h
of the four groups does each of the following fields belong:
(a) A = xix + yiy
(b) B = xyix + yziy + zxiz
(c) C = (x2 - y2)ix - 2xyiy + 4iz
(d) D = e-\,, cylindrical coordinates
r

cos

</>.
(e) E = ,:y-1,

3.58.

sin <f>.
+ -,:y-1�,
. dnca
. 1 coord.mates
cy1m

From the examples and problems of Chapters 2 and 3, identify and prepare a table
of analogous pairs of charge and current distributions which vary only in two
dimensions x and y (or rand</>) and with the current flow in the z direction. List
the expressions for the corresponding electric and magnetic fields and demonstrate
that the fields are proportional in magnitude and orthogonal in direction.

